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FOREWORD 

Welcome to the Eastern Cape and to the 

23rd Annual National Congress of the 

Association for Mathematics Education 

of South Africa. 

The theme of the 2017 congress 

“Restoring the dignity of mathematics 

learners through quality teaching and 

learning” is enshrined in Section 10 of 

the South African Constitution, which 

states that “everyone has inherent 

dignity and the right to have their 

dignity respected, and protested.” As 

such every learner in our schools has the 

right to be respected, protected and 

fulfilled in every mathematics class. We 

need to ask ourselves if every learner 

has inherent dignity and if not, why this 

needs to be restored. 

One key aspect of dignity is quality and 

in South Africa we have seen over the 

years the sense of mediocrity which 

seems to be perpetuating through policy 

that determines that if learners obtain a 

mere 30% for a subject, they still pass. 

There appears to be a lack of urgency to 

give effect to dignity through quality 

education which implies that teachers 

and learners are not given sufficient 

equal respect and equal worth. 

For mathematics teachers, provision of 

quality mathematics education should 

be driven by the quest to restore the 

dignity of learners and learning. Over 

two decades post-apartheid, inequalities 

are still evident in the education system 

and the question is who is perpetuating 

such in a democratic era? We need to 

provide quality mathematics education 

in every school in South Africa and this 

implies-training teacher to teach 

competently and to cover the curriculum 

adequately. Mathematics teachers need 

to inculcate in learner’s confidence, 

logical reasoning, understanding and the 

ability to deal constructively with 

various situations that arise in diverse 

South Africa and the constantly 

changing world.  

A large number of long and short papers 

were submitted for AMESA Congress 

2017. The papers cover topics ranging 

from numeracy in the early years to 

designing a professional development 

intervention at tertiary level. 

The papers in the two volumes were 

grouped as follows: plenary and long 

papers in volume 1 and short papers, 

workshops and how I teach papers in 

volume 2. In addition a CD rom with 

activities and worksheets from 

workshops are included here. 

All long and short papers were reviewed 

by at least two reviewers. In some cases, 

papers were sent to a third reviewer if 

consensus could not be reached on the 

quality of the paper. Papers that required 

major revisions were reviewed by the 

academic review committee and authors 

were asked to re-submit them as short 

papers once revisions had been made. 

Our thanks go to Nico Govender and 

Tulsi Morar for their assistance in the 

preparation of the proceedings. 

 

Tom Penlington and Clemence Chikiwa         

 

June 2017 
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PRIVILEGE AND ECONOMY EXCLUSIVE POWERS 

DISREGARD LEARNERS’ POTENTIAL IN LEARNING 

MATHEMATICS IN SOUTH AFRICA 

Nosisi N Feza 

University of South Africa 

 

A socio economics status variable has been globally identified as a variable that has 
significant influence on mathematics performance of learners. However, the historical 
background of mathematics that has been there as the gatekeeping subject has been 
forgotten in research or ignored. Today the same continues but in a different mode 
where the included are the ‘haves’ and the ‘have nots’ have to be excluded. Socio 
economic status has become the variable where the socio- economic status of the home 
of the learner and the school has been found to play a significant role in learning of 
mathematics successfully. This paper gives a critical reflection on this research by 
bringing forth learners’ abilities as a departure to argue for quality of mathematics for 
all that is not influenced by the socio-economic perceptions and identity through a 
review of studies across grades.  
INTRODUCTION 

Mathematics poor performance of South African learners has become an issue of 

society. Continuously the Trends in Mathematics and Science Study (TIMSS) (1999, 

2003, 2011, 2015) and Southern and Eastern Africa for Consortium for Monitoring 

Educational Quality (SACMEQ) I, II, III highlight this poor performance even against 

countries that are economically poorer than South Africa. The increased performance 

shown in TIMSS over the years does not align with the monetary efforts to improve 

mathematics performance as indicated by the evaluation of the Dinaledi Project (QPIE, 

2008). This indicates a big challenge for the country. These findings leave the country 

with a low esteem status in the education sector. Spaull (2011), Feza (2013) have 

highlighted inequities as the major challenge in the schooling system as they have 

created gaps amongst learners. Specifically, low socio-economic status of a learner has 

become a strong variable in influencing this current status of mathematics performance 

as the majority of learners fall under the bracket of low socio economic background 

(Spaull, 2011; van der Berg, 2008; Visser et al., 2015).  

A different view in understanding this poor performance is needed urgently as the 

dignity of learners is compromised by these findings since they do not choose their 

backgrounds. Graven (2013) recommends that dialogue on mathematics education 

should move from insufficiency and helplessness towards discourse of opportunities. 

This paper therefore focuses on learner performance and thinking processes in their 

mathematical development. The paper achieves this exploration by bringing forth 

preschool numeracy levels of learners as the starting point in understanding this 
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dilemma and uses upper grades as bench marks in making more sense of the schooling 

system and its influence on the mathematical growth of South African learners from 

poor backgrounds.  

SOCIO ECONOMIC INFLUENCE IN MATHEMATICS PERFORMANCE 

The history of mathematics itself has not changed concerning who succeeds in 

mathematics. Historically it is known that only monks and noble man had access into 

learning mathematics successfully. In addition, discrimination of what constitutes 

mathematics had geographical exclusions in the past favouring Greece, Rome and other 

Western countries. Today the world would like to claim change but the reality indicates 

a continuation of exclusion in diverse forms. Socio economic status (SES) has globally 

become a subtle strategy for exclusions and in-depth investigations of this nature of 

discrimination seem not to bring forth different faces of who continues to have quality 

access to mathematics learning. 

Poverty a predictor of poor quality mathematics experiences  

Mathematics qualified teachers continue to be scarce globally. This scarcity of 

mathematics teachers is experienced by learners from low socio-economic 

backgrounds in developing countries resulting in poor opportunities for learning (Paola 

et. al., 2015; McConney & Perry, 2010). The impact of this scarcity results in poor 

knowledge for teaching mathematics demonstrated by teachers and poor instructional 

practices highlighted by global studies (Smidt et al., 2012; Ball et al., 2005; Adler, 

2009). Eradication of poverty is one of the promises voters receive globally from their 

politicians. Education has been sold as one strong variable for eradicating poverty by 

governments. However, the findings of these studies indicate a lack of commitment 

from governments in changing the status quo of a learner from a low socio economic 

background as literature shows that “the poorer you are the worst are the opportunities 

for you to learn mathematics”.  

White Privilege continues to determine success in mathematics learning 

The US literature has highlighted White Privilege as a predictor for success. Landson-

Billing (1995) describes ‘white privilege’ beginning from ‘whiteness and property;’ by 

this she means that property rights gives power, and privilege. This privilege then gives 

whites absolute right to exclude across tangible and intangible things, and a right to 

exclude (Harry, 1993). Hence, mathematics performance for white learners is not 

determined by low SES (Paola et al., 2015). Critical Race Theory is intensively used 

to address this entitlement broadly in the United States literature. Extending it and 

developing it further will benefit this kind of research as it has benefits for people of 

colour across the globe. 

Parents’ education a possible predictor to address poor mathematics performance 

Visser et al., (2015) revealed that not only SES contributes to mathematics performance 

in South Africa but parents’ education is also a predictor for success. In their paper, it 
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is revealed that learners with parents that have higher education than grade 12 

performed better with a positive effect of t=12.9 at p<.01. More research is needed to 

extend this kind of research into investigating further this new factor for future gains.  

RESEARCH DESIGN 

This paper uses learners’ data from early years of learning to secondary education. A 

desktop review of such studies was conducted. Earlier year studies that focus on 

learners’ work is too limited as most studies focus on teacher practices and pedagogy 

needs. Therefore, the data presented here for early years prior to formal schooling   

comes mostly from the author’s research. The primary school work will focus on the 

TIMSS 2015 numeracy study of grade 5 learners of South Africa, then grade 6 from 

the SACMEQ study, then grade 9 from TIMSS and a Master’s thesis on Grade 11 

learners’ work. Raw data will only be shared to put across an argument where 

applicable but this work focuses on analysed work.  

FINDINGS 

Numeracy levels of pre-Grader R learners (Eastern Cape) 

Feza (2016, 584-587) revealed the following numeracy levels of learners studied from 

no fee schools. 

Out of 26 learners 12 counted meaningfully in English up to 55. This meaningful 

counting means the following: 

 Verbal/Rote counting to 100 

 Object counting/one to one correspondence to 55 

 Able to respond to how many question to 55 (cardinality) 

 Able to write numerals in correct order from 1 to 20 

o In Isi Xhosa, Only count to “Ishumi” ten and could not proceed 

The other 8 learners demonstrated the following: 

 Verbal/Rote counting to 100 

 Object counting/one to one correspondence to 49 

 Able to respond to how many question confidently to 29 

 Able to write numerals in correct order to 10 

o In IsiXhosa, only count to ten “ishumi” while one learner counts in both 

languages “one-inye, two-zimbini, three-zintathu, four-zine, five-

zintlanu, six-zintandathu, seven-sizixhenxe, eight-zisibhozo, nine-lithoba, 

ten-lishumi. 

Then 3 learners show the following: 

 Verbal/Rote counting to 50 
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 Object counting/one to one corresponding to 20 

 Able to respond to how many question to 20 

 Wrote numerals from 1 to 10 

o In isiXhosa count to ten “ishumi” 

The last 3 learners were showing diverse levels as follows: 

 One learner counted only in English to 10 verbally and object counting, however 

he could not respond to the how many question nor count in isiXhosa or write 

numerals 

 The second learner could not count at all 

 The third learner tried but only in isi Xhosa to three “inye, zimbini, zintathu” 

Post-Grader R learners’ numeracy levels  

Spall and Kotze (2014) in their analysis identifying gaps and shortfalls indicate clearly 

that only 16% of grade 3 learners are performing at their appropriate level in South 

Africa. 

Grade 5 numeracy based on TIMSS 2015 

Table 1: Understanding Performance in South Africa adapted from TIMSS Highlights 

     (2015) 

 

Average <325 325-400 400-475 475-550 550-625 625 

Meaning Not achieved 

Unable to 

demonstrate 

knowledge of 

the most basic 

skills in 

mathematics 

Potential 

They can be 

pulled up to 

higher 

performance 

Low 

Have some basic 

mathematical 

knowledge 

Intermediate 

Can apply basic 

mathematics 

knowledge in 

straightforward 

situations 

 

 

High 

Can apply their 

knowledge and 

understanding to 

solve problems 

Advance 

Able to apply 

understanding 

and knowledge in 

a variety of 

complex 

situations and 

explain their 

reasoning 

SA 

Students 

School type 

 No fee 

344 

75% learners 

Fee paying 

445 

Independent 

506 

Over 60% learners 

Fee paying 

>550 

11 % learners 

Independent 

625 

14% learners 

Fee paying 

3% 
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Table 1 clearly shows that South Africa does not have learners who are unable to 

achieve who are from a low SES. It shows that no fee schools for now produce learners 

with potential and fee-paying schools also show intermediate performance in Grade 5 

for South African learners and there are possibilities for more learners joining high and 

advance performance. Generally, South African learners in no fee schools have no 

basic mathematics, and from public paying schools the majority can only work with 

straightforward problems in mathematics indicating attainment of basic skills.  

SACMEQ III at a glance 

South African students also participate in regional assessment in Grade 6 Table 2 below 

show how the numeracy  

Table 2: South African Grade 6 performance levels adapted from (Spaull, 2012) 

Performance 

level 

Drop outs or 

never attended 

school 

Innumerate by 

Grade 6 

 

Level 0 

With basic 

numeracy skills 

Level 1-2 

With higher 

order 

numeracy 

skills 

Level 6-8 

Grade 6 

Learner 

percentages  

2 % 39 % 50 % 9 % 

 

Generally, in Grade 6 South African learners perform at level 1 and 2 revealing that 

they only have basic numeracy skills. 

Grade 9 mathematics performance TIMSS 2015 

TIMSS 2015 also show Grade 9 learners performance from different SES schools. 

 

Figure 1: South African Grade R performance from TIMSS 2015  

3
4

1

4
2

3 4
7

7

N O  F E E  S C H O O L S F E E  P A Y I N G I N D E P E N D E N T

GRADE 9 MATHEMATICS 
PERFORMANCE TIMSS 2015
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The pattern continues to be the same for low SES learners being the lowest performing 

and with poor mathematics knowledge attained from the system as indicated in Figure 

1. 

Grade 11 detailed performance (Gauteng learners only) 

In this section only a simple algebraic problem given to grade 11 learners in a study 

will be shared from (Folashade, 2017). The research question is as follows 

Question1: The sum of two consecutive odd numbers is 52. What are the  

   two odd numbers?  

Learner Responses:   Learner Zee one of many who are lost  

 

Learner Bee representing quite a number of learners but ignored 
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Learner Cee one of the few and the accepted one 

 

 

Learner Zee indicates some understanding of translating the problem to the algebraic 

expression and partly understands the problem. S/he wrote x + y= 52 a promising step 

then moved to think about odd numbers which then resulted into x becoming 13 and 

then it was easy to find the 52-x=39. This indicates that the learner did not understand 

the meaning of consecutive as 13 and 39 are not consecutive odd numbers. 

While Bee on the other hand was marked by the researcher/teacher as completely 

wrong. Looking at the solution Bee started by listing natural numbers and underlined 

all odd numbers. This action shows that the learner understood the question, after that 

s/he used a trial an error method to check for consecutive odd numbers. The trial and 

error was 51+1; 41+11; 27+25 

The last one Cee understood the problem and was able to perform the required 

algebraic expression. 

DISCUSSION 

It is clear from episodes from different studies that South African learners begin school 

with advanced numeracy levels and loose them bit by bit along the way. Looking at the 

literature how does SES explain this regression? Do learners from low SES become 

poorer as they move up their schooling journey? Does the low SES  automatically label 

learners  as disadvantaged because the education system caters only for learning 

according to home SES? The theme of this conference is about restoring learners’ 

dignity. Is the South African education system able to restore the dignity of these young 

people who enter school?  

What about ‘white privilege’? Who is this learner who continuously experiences a lack 

of a qualified teacher, a lack of schooling infrastructure, a lack of books, a lack of 

opportunities to learn? Can the history of exclusion be taken away from the puzzle 
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while finding solutions? How do we restore learner dignity if entitlement continues to 

belong to ‘white privilege’? 

 In addition, as learners move up the grades their thinking processes are sometimes 

ignored and misunderstood leading to poor performance. This is a sign that these 

learners do not have property ownership; hence their ideas are ignored (Landson-

Billing, 1995). The grade 11 example also shows the same trend as other grades show 

that learners operate at different levels of development mathematically. Student Bee is 

still operating at the arithmetic level showing potential development but is ignored. 

What can we learn from these findings? South African learners have great potential but 

are ignored because of their identity that has been formulated through exclusion 

whether it is socio economic exclusion or racial exclusion. Moving forward we need 

to understand the significance of this exclusion. 
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SQUARES WITH INTERESTING DIGIT PATTERNS 

 

Florian Luca 

University of the Witwatersrand 

We look at how we can obtain perfect squares by adjoining a number with itself, or 
with its predecessor or with its successor.  
 

INTRODUCTION 

 

In this paper, we will look at digits of perfect squares. Here is the first challenge.  

 

Problem 1.1. Show that the only perfect squares all whose digits are odd are 1 and 9. 

Solution. We do some experimentation. Let x be some positive integer such that x2 has 

only odd digits. In particular, the last digit is odd, so x is odd itself. The smallest two 

odd numbers are x = 1, 3 and their squares are 1 and 9, so they satisfy the requirement. 

Let’s try out the next few odd squares:  

          

                                              25, 49,  81,121, 169, 225, . . . 

 

The penultimate digit of all the numbers above seems to be even. We ask ourselves if 

this pattern continues, since if it does, then this would solve our problem. Well, let’s 

single out the last digit of our number x as a ∈ {1, 3, 5, 9}, so we write  

x = 10b + a,  

where b is some other integer. Squaring we get 

x2 = (10b+a)2 = 100b2 +20ab+a2. 

 

Since a ∈ {1,3,5,7,9}, a2 ∈ {1,9,25,49,81}, so the last digit of a2 is odd, but the 

previous one is even. Since 100b2 is a multiple of 100, this number does not participate 

in the last two digits of x2. Since 20ab is 10 times an even number, its last two digits 

are one of 00, 20, 40, 60, 80. So, we then see that by computing  

100b2 + 20ab + a2,  

its penultimate digit is the sum between the penultimate digit of a2 (even) and the 

penultimate digit of 20ab (even) and there is no carry coming from the last position, so 

the digit in this position is even, and we are done.  
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In some sense, the previous solution shows that all perfect squares have the second 

digit from the right even, except that in the case of 1, 9, this digit is a 0 to the left of 

the leading digit, so we don’t take it into account! This problem is not new. There is a 

thread on Ask Dr. Math. about it and we refer the reader to [1].  

 

In 1954, the Hungarian Mathematician Richard Obláth proved that the only perfect 

powers whose digits are all equal to a fixed one a > 1 are 4, 8 and 9 (see [5]). This is 

too hard for us, but we can solve the case of the squares.  

 

Problem 1.2. Show that if x2 has all its digits equal to a fixed one, then x2 ∈{1,4,9}.  

Solution. We write  x2 = aa···a where a ∈ {1,2,...,9} and let m ≥ 1 be the number of 

digits of x2. If a is odd, then all digits of x2 are odd. By the previous problem, we 

conclude that a ∈ {1, 9} and m=1. Suppose now that a is even. Accounting for the 

solution x2 = 4, we may assume that m ≥ 2. Then x2 is one of  

22···2, 44···4, 66···6, 88···8 

each with m digits. The first and third above end in 22 and 66, so they are even but not 

multiples of 4. Thus, they cannot be squares. The last one is a string of m 8’s 

88···8=8(10m−1 +10m−2 +···+1), 

and the factor in parenthesis is odd (as a sum of the even numbers 10m−1, . . . , 10, and 

the odd number 1), so this number is divisible by 8 = 23 but not by 16. Thus, such a 

number cannot be a square. Hence, the only possibility is   

x2 =44···4                                                       (1.1) 

for which x is even. Writing x = 2y, we get x2 = 4y2. Inserting this into (1.1) and 

canceling a factor of 4, we get 

y2 =11···1 

so, a square with m ≥ 2 odd digits (all equal to 1), which doesn’t exist by the previous 

problem.  

 

The case of the digit a = 1 in Obláth’s problem reduces to finding all solutions to 

x y =11...1=10m-1 +10m-2 +...+1=
10m -1

9
 

in positive integers m,x,y ≥ 2. It took almost 50 years after Obláth published his paper, 

in 1999, when two French Mathematicians Y. Bugeaud and M. Mignotte [2] showed 

that in fact the above equation has no positive integer solutions. Their proof is non-
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elementary. So, the only perfect powers all whose digits are equal to the same one a 

are {1, 4, 8, 9}.  

 

So, I ask, what if instead of adjoining the same digit a over and over to get a square, I 

adjoin a larger block of digits over and over. Do I get interesting squares in that way? 

Let’s start with a number of two digits a and adjoin it to itself. Starting with a = 10, 11, 

12, . . ., I get  

1010, 1111, 1212, 1313, . . . , 9999. 

 

It seems I have 90 numbers to check if they are squares. I can take square roots of each 

to find out if they are integers, or I can factor them to see if all primes in their 

factorization appear at even exponents. Either way it’s a time consuming job. Instead, 

let’s look at the structure of aa:  

aa = 102a + a = 101a…. 

So, my problem is now finding a ∈ {10,11,...,99} such that  

101a = x2                                                   (1.2)  

for some integer x. Since 101 is a prime and 101 divides x2, I conclude that 101  

divides x. So, I write x = 101y. Inserting this into (1.2), I get that 

101a = (101y)2 = 1012y2, 

so a = 101y2. But this means a ≥ 101 (because y ≥ 1), which is false since a ≤ 99. So, 

I see that there are no such examples with two digits and I have bypassed the task of 

performing any time and energy consuming computations.  

 

Now that I know what to do, I can try out examples with three digits.  

Say a ∈ {1000,...,999}. Then I want to solve  

103a + a = x2.   

This is equivalent to  

                                             1001a = x2.                                                (1.3) 

 

Now 1001 = 7 × 11 × 13 is no longer prime, so maybe I get lucky. Well, since 7,11,13 

are primes and they all divide x2, it follows that they all divide x.  

So, x = 7 × 11 × 13y = 1001y for some integer y. Feeding this into (1.3), I get  
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1001a = (1001y)2 = 10012y2, 

so a = 1001y2 ≥ 1001, false because a ≤ 999. Hummm, would I even find any examples 

at all? Well, the fact that I didn’t with 2 and 3 digits was because 102 + 1 and 103 + 1 

are both squarefree. That is, they are a product of distinct primes. If a squarefree integer 

n divides x2, then the squarefree integer n divides x. This can be proved one prime at 

a time for each of the prime factors of n, in the same way as I did it for 1001 = 7×11×13. 

In particular, if a has m digits and if 10m + 1 is squarefree, then the analogous equation  

(10m + 1)a = x2                                                    (1.4)  

would force 10m + 1 to be a divisor of x. In turn, writing x = (10m + 1)y and feeding 

this into equation (1.4), we would end up with a = (10m + 1)y > 10m, which is false 

since a has m digits, so a ≤ 10m − 1. So, maybe I should look for m such that 10m + 1 

is not squarefree. Well, let’s see. I start with m odd. Then  

10m +1=(10+1)(10m−1 −10m−2 +10m−3 −10m−4 +···+100−10+1). 

The first factor in the right is 11. If the second (larger) factor is a multiple of 11, then 

10m + 1 is not squarefree. So, I observe that I can write the second factor as  

9×10m−2 +9×10m−4 +···+90+1=9090···91… 

In the above, I have (m−1)/2 digit of 9 each followed by a 0, except for the last  

block of two digits with is 91. I now recall the criterion of divisibility by 11:  

 

Proposition 1.3. Let n = a1a2 . . . ak be the decimal representation of n. Then n is a 

multiple of 11 if and only if the sum a1−a2+a3−a4+··· is a multiple of 11. 

 

 Well, using the above “signed” digit sum criterion, for us this signed sum is  

(9 − 0) + (9 − 0) + · · · + (9 − 0) + (9 − 1) = 9(m − 1)/2 − 1 = (9m − 11)/2. 

When is this a multiple of 11? Well, only when m is a multiple of 11 itself. The smallest 

such is m = 11. So, let me take m = 11. Equation (1.4) for me now is  

              

                                              112 1011 +1

112

æ

è
ç

ö

ø
÷a = x2.          (1.5) 

The integer N = (1011 + 1)/112 = 826446281 is squarefree. Thus, by the regular 

argument, we get 11 divides x and N divides x, and 11 does not divide N. Thus, 11N 
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divides x so I can write x = 11Ny for some integer y. Feeding this into the above 

equation (1.5), I get  

112aN = (11Ny)2 = 112N2y,         so           a = Ny2. 

Recall that a should have 11 digits. So, we want Ny2 < 1011,  

 

                                          y2 <
1011

N

æ

è
ç

ö

ø
÷ =

 1011 ´ 112

1011 +1

æ

è

ç
ç

ö

ø

÷
÷
<112. 

Thus, y≤10. Similarly, y≥4. That is, if y=1,2,3, then a=Ny2 is“too short” (it has at most 

10 digits). However, for y ∈ {4, 5, 6, 7, 8, 9, 10}, all works out and we get  

 

13223140496 13223140496 = 363636363642 , y=4; 

 

20661157025 20661157025 = 454545454552 , y=5; 

 

 29752066116 29752066116 = 545454545462 , y=6; 

 

 40495867769 40495867769 = 636363636372 , y=7; 

 

 52892561984 52892561984 = 727272727282 , y=8; 

 

 66942148761 66942148761 = 818181818192 , y=9; 

 

 82644628100 82644628100 = 909090909102 , y=10.  

 

I leave it as a homework to the reader to show that one can find infinitely many a 

number in that way. That is, there are infinitely many positive integers a such that 

adjoining a to itself we obtain a number which is a square. By the above method, it 

suffices to show that there are infinitely many m such that 10m + 1 is not squarefree, 

and then for each one of these to fabricate some suitable a having the correct number 

of digits m by the procedure explained above.  

Let’s move on to a different but similar problem. In [6], K. R. S. Sastry noted the 

following.  
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Problem 1.4. If one adjoins the consecutive integers 183 and 184 one gets a perfect 

square  

183184 = 4282. 

Are there other examples?  

 

I proved in 2000 [3], that there are infinitely many such a. Of course, they have a very 

special property so they must be very special themselves. Well, let’s try to find some. 

Assume a has only 1 digit. Then the square x2 is among  

 

                                            12, 23, 34, 45, 56, 67, 78, 89, 

but none of them is a square. If a has two digits, then the square x2 must be  

among  

1011, 1112, 1213, . . . , 9899, 

 

and again none of them is a square. This is not clear yet, but will become apparent later. 

Instead of trying to find the examples with three digits, let’s take a = 183 and try to 

understand why it works rather than how it was found. Denoting again our square by 

x2, we want 

                                                          a103+(a+1)=x2 . 

This is equivalent to 

a(103 +1)=x2 −1=(x−1)(x+1). 

 

We already factored 103 +1 = 7×11×13. When a = 183, then a = 3×61.  

Hence,  

3 × 61 × 7 × 11 × 13 = (x − 1)(x + 1). 

 

I should now be able to guess x. Namely, in the left–hand side above I should group 

somehow the 5 factors such that the product of some of them is x−1 and the product of 

the others is x + 1; namely, two consecutive odd numbers (odd numbers that differ by 

2). A bit of experimentation shows that 61 × 7 = 427 and 3 × 11 × 13 = 429 work giving 

x = 428.  

So, maybe all solutions are obtained in that way. Let’s see what we mean. Assume that 

a has m digits. Then the equation is                                                        

x2 =10ma+ (a+1), 
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therefore 

(x−1)(x+1) = (10m +1)a. 

Assume 10m +1 = u1 ·u2, where u1 > 1, u2 > 1 and u1, u2 are coprime.  

Clearly,  u1 and u2 are both odd. Write a = a1a2. Then 

 

(x − 1)(x + 1) = (10m + 1)a = (u1u2)(a1a2) = (a1u1)(a2u2). 

 

So, things work out if, up to interchanging the indices, we have 

 

x − 1 = a1u1      and     x + 1 = a2u2.    (1.6) 

 

We know u1 and u2, we don’t know a1, a2, x. We eliminate x from the two equations 

above (1.6), getting  

u2a2 − u1a1 = 2. 

 

I can now find a1, a2 with the Euclidean algorithm of finding the greatest common 

divisor of u1 and u2. For example, take m=3, u1 =7, u2 =11×13=143. We perform the 

Euclidean algorithm  

143 = 7×20+3,  

7 = 3×2+1. 

From here, we read 

 

1 = 7−3×2 = 7−2(143−7×20) = 7×41−143×2. 

Hence, 

 

2 = 7×82−143×4 = 7×(82−143)−143×(4−7) = 143×3−7×61 = u2a2−u1a1, 

 

where (a1, a2) = (61,3). Interchanging u1 and u2, we get from the above calculation 

that (a1, a2 ) = (82, 4) also works. To see that this is so, note that this solution gives a 

= a1a2 = 82 × 4 = 328, and indeed  

328329 = 5732. 

 

So, with the pair (u1, u2 ) = (78, 143), we solved the two equations  

 

u2a2 − u1a1 = ±2 

 

with the Euclidean algorithm to find the greatest common divisor of u1, u2 based on 

long division, found minimal solutions (a1, a2 ) = (61, 3), (82, 4), which gave us two 

values of a = a1a2, namely 183 and 328, respectively.  
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A few questions are in order. Are all a’s obtained in this way? When can 10m + 1 be 

written under the form u1u2 with coprime u1 > 1 and u2 > 1? Assume that  we write 

10m +1 = u1u2 with coprime u1 > 1, u2 > 1 and find the minimal solutions (a1, a2) to  

 

u2a2 − u1a2 = ±2. 

 

Is it always the case that a = a1a2 has exactly m digits? All these questions were 

addressed in my paper [3]. There it is shown that indeed, any solution a to K. R. S. 

Sastry’s question is obtainable in the above way. The number 10m + 1 can be written 

as u1u2 with coprime u1 > 1 and u2 > 1 if and only if it is not prime. Obviously, primes 

p cannot be written as u1u2 for u1 > 1, u2 > 1. But also prime powers cannot be written 

as u1u2 with coprime u1 >1and u2 >1. In [3], it is shown that 10m+1 is never a prime 

power of exponent > 1. The proof is elementary and this exercise was done in the 

workshop. For a while, there was an open question due to Catalan which asked whether 

the only consecutive perfect powers of exponent > 1 are 8 and 9. This was proved to 

be so by Preda Mihailescu [4]. That proof is not elementary. Note that the equation 

10m + 1 = py for m > 1 prime p and exponent y > 1 is a particular case of the Catalan 

equation, but this case has an elementary solution. Finally, in regards to the question 

of whether for each writing 10m + 1 = u1u2 with u1 > 1 and u2 > 1 coprime we get a 

valid solution to our problem, the answer is not always.  

 

Take again for m = 3, u1 = 11 and u2 = 7×13 = 91. The smallest solution to  

 

                                                          u2a2 −u1a1 = 2  

 

is (a1, a2) = (25, 3). Now a = 75, but a should have 3 digits!!!! If we lie and pretend it 

has three digits, then a = 075 is a valid solution since  

075076 = 2742, 

 

but we shouldn’t lie! However, it is shown in [3] that although one of the two equations 

u2a2 − u1a1 = ±2 might produce a solution a = a1a2 which is “too short” (it has fewer 

than m digits), at least one of the two equations produces an a of the correct number of 

digits. For our last example above (u1, u2) = (11, 91), the smallest solution to  

−2=u2a2 −u1a1 =91a2 −11a1  
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is (a1, a2) = (66, 8) and a = 66 × 8 = 528 has 3 digits and 

528529 = 7272. 

The point of that proof is that if one of the equations has the solution (a1,a2), the other 

has the solution (u2 − a1, u1 − a2). Since u1u2 = 10m + 1, it is not possible that both 

products a1a2 and (u2 −a1)(u1 −a2) are smaller than 10m−1, and the details are given 

in [3]. Interestingly enough, the following “parametric family” was found in [3]:  

 

Proposition 1.5. Let m ≥ 1 be a positive integer. Then the number  

 

is a number with 3m digits satisfying the fact that adjoining a and a + 1 one gets a 

square. 

 

The more advanced student will perhaps be able to prove the above proposition. 

Namely, for m ≥ 2, 

                       a > 6×102m−1 ×6×10m−1 = 3.6×103m−1,  

                      a < 7×102m−1 ×7×10m−1 = 4.9×103m−1,  

 

so a certainly has 3m digits. Next  

10a =
6

9
(102m -1)

6

9
(10m-1 -1)´10 +8

æ

è
ç

ö

ø
÷ =

4

9
102m -1( ) 10m+2( ). 

Thus,  

                      103ma+ (a+1) = a(103m +1)+1=
4

9
102m -1( ) 10m+2( )(103m +1)+1.  

Put X = 10m. Then the expression in the right–hand side is  

                                       
4

9
X 2 -1( ) X+2( )(X3 +1)+1.  

 

It turns out that the above expression is in fact  

4

9
X 2 -1( ) X + 2( ) X3+1( )+1=

1- 2X+2X2 +2X3

3

æ

è
ç

ö

ø
÷

2

. 
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With our value X = 10m, the number under the square in the right–hand side above is 

an integer. This parametric family was first noticed experimentally then proved to be 

so like indicated above. Giving m various values, one gets long examples.  

When m = 4, for example, we get  

a = 66666666 × 668 = 444533328888, 

and  

444533328888 444533328889 = 6667333266672. 

 

Earlier this year, while I was in Bonn preparing this paper, my colleague Igor 

Shparlinski asked.  

 

Problem 1.6. What about adjoining a and a − 1 to get a square? For example,  

a = 82 works since  

8281 = 912.      (1.7)  

Can I find infinitely many examples? Well, again let a have m digits. Now we  

want to solve so  

10ma + (a − 1) = x2, 

(10m +1)a = x2 +1. 

 

The right–hand side no longer has a factorization. However, that should not deter us. 

An interesting fact that should be better known is the following:  
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Proposition 1.7. If A and B are each sums of two squares, then so is AB.  

Proof. Write A = A1
2

 + A2
2

 and B = B1
2 + B2

2 and then verify that  

           (A1
2

 + A2
2)(B1

2 + B2
2) = (A1B1 + A2B2)2 + (A1B2 − A2B1)2.           (1.8) 

 

So, one way to do it is to start with an even m. Then 10m +1 = (10m/2)2 +12 is a sum 

of two squares. Now try a = a1
2

 + a2
2

 for some integers a1, a2 to be determined later. 

Using (1.8), we get  

 

((10m/2)2 + 12)(a1
2

 + a2
2) = (10m/2a2 + a1)2 + (10m/2a1 − a2)2. 

 

Now our best bet is to make one of the squares in the right equal to 1. For  

example, take a2 = 10m/2a1 ± 1. If a1 > 1 or the sign is +1, then   

 

a1
2

 + a2
2

 > a2
 > (10m/2)2 = 10m, 

 

so a won’t have m digits, it will have more. So, we take a1 = 1, the sign with −1 and 

get a2 = 10m/2 −1 for which x = 10m/2(10m/2 −1)+1 = 10m −10m/2 +1. When m=2, 

we get a1 =1, a2 =9, so a=12+92 =82 and x=102−10+1= 91, which gives example (1.7).  

When m = 2, 10m + 1 = 101 is a prime. It is known (not easy to prove) that every prime 

which gives remainder 1 when divided by 4 is a sum of two squares in only one way. 

So, for m=2, we can’t really do anything else. For m = 4, we get  

                                 104 +1 = 73×137, and 73 = 82 +32, 137 = 112 +42.  

 

So, for 104 +1, in addition to (102)2 +1, we get one more way of writing it as a sum of 

two squares, namely:  

104 +1=652 +762. 

Multiplying this with a = a1
2

 + a2
2, and using (1.8), we get  

(104 + 1)a = (652 + 762) = (65a2 + 76a1)2 + (76a2 − 65a1)2. 

Solving 76a2 −65a1 = 1, we get (a1, a2) = (7, 6), so a = 72 +62 = 85 but this is “too 

short”. As in Sastry’s problem, if we pretend it has 4 digits, namely a = 0085, then 

indeed it works  

00850084 = 9222. 
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However, the equation 76a2 − 65a1 = −1 has as smallest solution 

 (a1, a2 ) = (69, 59), giving a = 592 + 692 = 8242 for which 82428241 = 90792.  

 

I leave it to the reader to further explore this problem. For example, it is easy to show 

that m has to be even. Namely if m is odd, then in  

(10m +1)a = x2 +1 

 

the left–hand side is a multiple of 11. But the right–hand side cannot be a multiple of 

11. To see why, note that the only possible remainders of x upon division with 11 are 

in {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Squaring them and adding 1 we get the numbers  

1, 2, 5, 10, 17, 26, 37, 50, 65, 82, 101, 

 

and none of them is a multiple of 11. So, m has to be even. Next one may try to show 

that, as in K. R. S. Sastry’s problem, for each way of representing 10m +1 = u1
2+u2

2
 

as a sum of two squares, one of the equations u2a2 −u1a1 = ±1 will give a value for a 

= a1
2

 + a2
2

 which has exactly m digits. Next, one could try to show that there are m 

such that 10m + 1 can be represented as a sum of two squares in many ways, more 

ways than any fixed preassigned number of ways!  

 

For more advanced students, such problems may be linked to more advanced 

mathematics such as complex numbers, or quadratic residues. Which ever way we 

choose to go, we will encounter deeper and more advanced mathematics in our way 

and we will keep on creating squares with interesting digit patterns, which is the theme 

of this article.  

 

CONCLUSION  

This article explores the topic of creating perfect squares which have interesting digit 

patterns. We started with an easy exercise concerning the fact that for any square either 

the last digot or the one before the last digit is even. For more advanced students, this 

can be linked with congruences, especially congruences modulo powers of 10 which 

pick up the last digits. We saw that there are no squares with at least two digits all of 

which are equal to the same value. Then we moved on to adjoining two equal blocks 

of digits and getting a square. Here we got to use some divisibility tests, and used some 

divisibility arguments. When we asked the problem of adjoining a and a + 1 in order 

to get a square, we got a more interesting problem where we had to use the division 
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algorithm, the Euclidean algorithm for finding the greatest common divisor of two 

numbers and representing it as a linear combination of the two numbers involved, and 

even prove some results about prime factors of 10m + 1. Finally, when instead of 

adjoining a and a + 1 we adjoined a and a − 1, then we get to a problem regarding 

representability as a sum of two squares. Here, more advanced students can be 

introduced to complex numbers and Gaussian integers. Thus, an innocent looking and 

somewhat amateurish problem gives the lecturer and students the opportunity to 

explore some elementary concepts in arithmetic and use them in order to create 

solutions which, for the delight of everyone involved, there are infinitely many but not 

so easy to find (Wouldn’t it be boring to work hard and find no solutions? Sometimes 

this happens and a famous example being Fermat’s Last Theorem).  
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RESTORING THE DIGNITY OF MATHEMATICS LEARNERS 

THROUGH QUALITY TEACHING AND LEARNING 
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INTRODUCTION 

I will start this paper with an exploration of the different concepts captured in the 

conference theme from a legal perspective. A legal perspective would result in 

references to the Constitution and judgments of the courts, in particular the 

Constitutional Court. Judgments are of particular importance to lawyers, because it 

helps us to understand what the Constitution actually means and how we should 

interpret and implement the law.    

THE RIGHT TO DIGNITY AND RESTORATION 

Section 10 of the Constitution provides that: “Everyone has inherent dignity and the 

right to have their dignity respected and protected.” Dignity cannot be earned, acquired 

or lost (Leibenberg, 2005; Raath, 2007; Schachter, 1983). The Constitution guarantees 

the inherent dignity of all people, “thus asserting that respect for human dignity, and 

all that flows from it, is an attribute of life itself, and not a privilege granted by the 

state” (Chaskalson, 2000). 

The Constitution of the Republic of South Africa (Constitution) states that every 

mathematics learner is born with this inalienable, inherent dignity and requires that this 

right should be respected, protected, promoted and fulfilled in every mathematic class, 

must be reflected in every policy decision made or curriculum change and union action 

taken.  

The conference theme is actually an indictment. If every learner has inherent dignity, 

why is it necessary to restore it? What or who infringes on this inalienable right of 

learners that it needs to be restored? On whom should we serve this indictment? 

Teachers ? Parents ? Unions ? The Department of Basic Education ? What would be 

their defenses for infringing on the right to dignity of learners? Should we find them 

guilty? Are there any mitigating circumstances? How serious is an infringement on the 

dignity of a learner? Should the fact that most learners are actually children be regarded 

as an aggravating circumstance? What should be the punishment for this transgression? 

Normally the following consequences follow from an infringement of dignity: A fine, 

community service, incarceration or the payment of damages.   Considering the bigger 

picture and practical consequences these are probably not suitable consequences for all 

infringements in the school context. However, the harm caused by the infringement of 

dignity must be addressed. The question therefore arises: Are there any other remedies 

available to address this transgression?  
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I do not have all the answers to these questions and there are surely many more. 

Hopefully one would be able to answer more of these questions by the end of this 

conference. However, I hope the focus of this conference would rather be on what 

constitutes the dignity of learners, why is it important to restore their dignity and what 

can we do to assist to not only restore the dignity of learners but to actually respect, 

protect, promote and fulfill their right to dignity now and in their adult lives.  

 

WHAT IS DIGNITY AND HOW DO WE INFRINGE ON THE DIGNITY OF 

LEARNERS? 

Dignity has a dual role in the South African Constitution 

Dignity is a complex concept with no precisely determined content, which renders it a 

flexible and indeterminate concept. Despite all these complexities, most people across 

the world give similar interpretations to this concept (Cheadle, Davis & Haysome, 

2002). 

Dignity has a distinct, dual role in the South African Constitution. Dignity is enshrined 

in the Constitution not only as a founding value upon which a democratic society must 

be built, but also as a substantive and enforceable right (Constitution, 1996: s1 &10).  

The International Covenant on Civil and Political Rights (ICCPR) (UN, 1966; See also 

Schachter, 1983) provides that fundamental rights “derive from the inherent dignity of 

the human person”. This is equally true in South African jurisprudence, where 

fundamental rights, such as the right to life, to equality, the right to a basic education, 

not to be subjected to cruel, inhumane and degrading treatment or punishment as well 

as all socio-economic rights, are all closely linked to human dignity.(Cheadle, Davis 

& Haysome, 2002) In fact, dignity is at the heart of all these rights. 

Dignity is regarded as a cornerstone of the South African Constitution (Constitution, 

1996: s 7(1), 10, 36(1), 39(1); see also National Coalition for Gay and Lesbian Equality 

and Another v Minister of Justice and Others 1999 (1) SA 6 (CC)). Although rights 

cannot be prioritised, Chaskalson P held as follows in S v Makwanyane and 
Another1995 (2) SACR 1 (CC) 

The right to life and dignity are the most important of all human rights, and the 

source of all other personal rights in the Bill of Rights. By committing ourselves to 

a society founded on the recognition of human rights we are required to value these 

two rights above all others. 

 

Dignity is linked to the right to life 

In Makwanyane, O’Regan J held that the right to life includes the right “to live as a 

human being, to be part of the broader community”. It includes the right to “share in 



  PLENARY PAPERS 

26 

 

the experience of humanity”. Thus, every individual’s value must be recognised and 

treasured. She continued and held: 

The right to life, thus understood, incorporates the right to dignity. So the rights to 

human dignity and life are entwined. The right to life is more than existence; it is a 

right to be treated as a human being with dignity: without dignity, human life is 

substantially diminished. Without life, there cannot be dignity. 

There are many people in South Africa who seem to be unable to break the cycle of 

poverty in their families. Research indicates that this is often due to a lack of skills and 

or resilience to improve their desperate situation. There is a link between providing 

dignified living conditions for citizens and education (Patel, 2005). To deny people the 

opportunity to improve the quality of their lives through education would constitute an 

infringement of their right to dignity. This emphasises the need to address current 

challenges regarding mathematics and science since these subjects are pivotal to the 

growth and development of developing countries such as South Africa. 

Since dignity is a multi-faceted concept some of these facets will be highlighted and 

applied to the conference theme. In this discussion, I will also try to indicate how 

individuals, groups, the system and/or policies contribute towards the infringement of 

the right to dignity of learners. 

 

Dignity implies equal worth and respect 

Dignity entails the recognition of the equal worth of every individual, and that everyone 

therefore has a right to be treated “with equal respect and equal concern” (Cheadle, 

Davis & Haysom, 2010; Davis 1999). Educators often criticise parents for their lack of 

involvement in the lives of their children and their education. However, research 

indicates that some parents do want to be involved in the lives of their children, but 

due to their own illiteracy they do not approach educators to discuss the needs or 

challenges experienced by their children. This raises questions regarding the attitude 

of schools and educators towards parents. Is it welcoming? Are parents seen as equals 

or as mere instruments to deal with misbehaving learners? What can schools do to 

promote the dignity of parents to ensure that parents will play a rightful role in the 

upbringing and discipline of learners? On the other hand, parents also need to step up 

and ensure their children know what it means to respect oneself, others and the learning 

environment. 

Disparities in our communities are well known and are also reflected in schools with a 

lot of resources and schools with much less resources. Government should thus be 

commended for policies such as the quintile system where schools are subsidized on 

different levels.  

However, implementation of this policy cannot go without being scrutinized. Lately 

there are increasing reports of schools who do not receive their subsidies on time and 
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legal action had to be taken against several Departments of Basic Education officials 

(Pittaway, 2015).  

 

Dignity includes agency and autonomy 

Agency refers to the ability to make your own choices and to act accordingly.  In my 

opinion although the current quintile system should be commended for improving 

access to education it should be revisited to evaluate the degree of agency being taken 

away from schools and the school governing body in particular. School fee-free schools 

do not have the luxury to say that they have reached capacity and do not have the 

financial means to fight the Department of (Basic) Education in court. Consequently, 

these schools end up being over-crowded and with large classes where the ideal would 

be to have smaller classes in subjects such as mathematics where individual attention 

is important. Thus, school fee-free schools are not really in a position to protect the 

learners against the infringement of their dignity, because they lack financial means to 

exercise their right to autonomy and agency.  

 

Dignity incorporates freedom of choice 

As autonomous creatures, we have the ability to choose and should have the freedom 

to make choices that suit your own needs and desires. (Constitution, 1996: s 1) 

However, the question needs to be asked whether learners really have a choice with 

regard to mathematics. They have to take mathematics and have at best a choice to take 

either mathematics or mathematics literacy. Is this choice aligned with their right to 

dignity if mathematics is not presented at their school or if the mathematics literacy 

that is offered at the school is presented at a substandard level? 

 

Dignity and quality 

The courts have often linked poor quality workmanship, poor service delivery and 

abuse of power by state officials as an infringement of the right to dignity. Poor 

workmanship and poor service delivery tells the recipients of the goods and services 

that they are not worthy of high quality housing, proper water and sanitation or proper 

medical care. (Government of the Republic of South Africa and Others v Grootboom 

and others 2000(11) BCLR 1169 (CC). Centre for child Law and Other v MEC for 

Education, Gauteng, and Others 2008 (1) SA 223 (T))  

Unfortunately, the same disregard for the dignity of learners is seen in the substandard 

teaching they receive. Curriculums are not completed because teachers are absent. In 

other instances, learners receive substandard education because the teachers are not 

properly trained to deliver the curriculum.  
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To re-train teachers who are not properly qualified should be a relatively easy task and 

the obvious thing to do to address poor mathematics results. Yet, self-interest stands in 

the way of addressing the issue with teachers and unions fighting tooth and nail against 

mechanisms to evaluate their knowledge and the standard of their teaching (Jansen, 

2006; The Centre for Development and Enterprise, 2015). Ironically teachers claim 

that evaluations through tests and inspections will infringe on their right to dignity. 

Yet, their incapability infringes on the dignity of millions of learners and contribute 

towards the skills shortages that should help us to build this country and assist the poor 

to break out of the circle of poverty. 

The problem of unqualified and under-qualified teachers is further exacerbated by 

corrupt practices such as the jobs-for-cash scam (Masondo, 2015). Self-interest trumps 

the dignity of thousands of learners who have to endure the lacking teaching 

capabilities of educators who do not get positions on merit. Our children are worth 

more than what they receive in many instances. 

To some extent I do have sympathy for the position of under-qualified teachers and 

their fears that systems that expose their inabilities would be humiliating. I also 

understand their fears that they may lose their jobs. This should be part of the 

discussion of this conference. How do we enhance the capabilities and knowledge of 

teachers without unduly infringing on their dignity? However, this country cannot 

afford it to do nothing and to give in to the unrealistic demands of unions. We cannot 

sacrifice the dignity and future of children on the altar of educator fears and 

unwillingness to be assessed and trained. 

While we talk about human dignity and quality it is also prudent to talk about the policy 

regarding the repetition of grades. The intention is that it should shield learners from 

the humiliation of repeating grades, but the consequences are devastating.  

The sense of mediocrity is further cemented with a policy that determines that if 

learners obtained a mere 30% for the subject they still pass it. Why do we patronize 

our children like this? Why do we make them the laughing stock of the world?  

The lack of urgency to give effect to dignity through quality goods and services is also 

visible in the actions or rather inaction of the national and different provincial 

Departments of Basic Education. Twenty three years after democracy came to South 

Africa we still have mud schools, schools without proper sanitation and proper 

resources. I am of the opinion that if the dignity of the people and learners of South 

Africa is a real concern for our government it would be unnecessary to take the 

government to court on important issues such as the non-delivery of textbooks and 

stationery (Freedom Stationery (Pty) Ltd & another v MEC for Education, Eastern 

Cape & others (Centre for Child Law as amicus curiae) [2011] JOL 26927 (E); Section 

27 and Others v Minister of Education and another 2013 (2) SA 40 (GNP); Basic 

Education for all and others v Minister of Basic Education and others 2014 (4) SA 

274;Minister of Basic Education and others v Basic Education for all and Others 2016 

(4) SA 63 (SCA)); the Minister’s failure to set proper standards for infrastructure 
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(Freedom Stationery (Pty) Ltd & another v MEC for Education, Eastern Cape & others 

(Centre for Child Law as amicus curiae) [2011] JOL 26927 (E); Section 27 and Others 

v Minister of Education and another 2013 (2) SA 40 (GNP); Basic Education for all 

and others v Minister of Basic Education and others 2014 (4) SA 274;Minister of Basic 

Education and others v Basic Education for all and Others 2016 (4) SA 63 (SCA0); 

failure to advertise and fill teaching posts (Federation of Governing Bodies of SA 

Schools & others v MEC for the Department of Basic education, Eastern Cape and 

Others [2011] 6 BLLR 616 (ECB); Centre for Child law and Others v Minister of Basic 

Education and Others 2013 (3) SA 183 (ECG)).  

The government actually defended the indefensible with tax payers’ money. These and 

other cases actually say to the people: “You are not worth it. You are not worth it that 

we spend tax payers’ money on proper infrastructure for your school, you are not worth 

to ensure that your children have textbooks and stationery and eventually have a proper 

education.” In my opinion, it is a blatant infringement of the people’s dignity to waste 

money on luxury cars, VIP protection services and other dodgy deals. We and our 

children are worth more than what we get out of our education system in general and 

it is in particular evident in outcomes attained in difficult subjects such as mathematics 

and science.  

 

Dignity and equality: entitled to be regarded as of equal worth and respect 

To fail a subject or to perform poorly in a subject can make learners feel inferior and 

impacts negatively on their self-esteem. Thus their dignity is at stake. Unfortunately, 

some educators do not recognize this and treat learners as if they and their interests are 

not as important as the interests of the teachers. Dignity implies that teachers and 

learners have equal worth and are deserving of equal respect. 

The inherent dignity of people is often ignored, resulting in discrimination and 

inequality and subsequently the infringement of people’s dignity (UN, 1948). 

Therefore, the Court held in President of the Republic of South Africa v Hugo1997 4 

SA 1 CC that: 

[a]t the heart of the prohibition of unfair discrimination lies a recognition that the 

purpose of our new constitutional and democratic order is the establishment of a 

society in which all human beings will be accorded equal dignity and respect 

regardless of their membership of particular groups. 

In the South African context when we talk about discrimination our first thoughts are 

related to racial and gender discrimination. However, there are several other prohibited 

grounds of discrimination. One is age. How often do we not say: “Don’t worry, it is 

only children.” or “It’s ok, it is just for the kids?” As if they are not deserving of the 

same privileges and quality of goods and services as adults. They are therefore actually 

regarded as lesser human beings by adults. The Constitutional Court held in this regard 

in Bhe and Others v Magistrate Khayelitsha and Others, Shibi v Sithole and Others, 
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SA Human Rights Commission and Another v President of the RSA and Another 2005 

1 BCLR 1 CC that: 

The right to equality is related to the right to dignity. Discrimination conveys to the 

person who is discriminated against that the person is not of equal worth. 

The realisation of human rights seems to be problematic in general and in schools in 

particular, and Judge Chaskalson gives a possible reason for this problem: 

The Constitution offers a vision of the future. A society in which there will be social 

justice and respect for human rights, a society in which the basic needs of all our 

people will be met, in which we will live together in harmony, showing respect and 

concern for one another. We are capable of realising this vision, but in danger of not 

doing so. We seem temporarily to have lost our way. Too many of us are concerned 

about what we can get from the new society, too few with what is needed for the 

realisation of the goals of the Constitution. 

Thus, many are empowered and enjoy the fruits of the new democratic dispensation, but 

are not willing to share or pass on these fruits and prefer to focus on their own wellbeing. 

Educators, learners and public officials have a duty to give effect to the goals of the 

Constitution, and therefore self-centeredness cannot be tolerated. 

I do not want to make small of the challenges faced by teachers in poor schools but I 

want to put it out there that attitude and our perception of human dignity can make a 

huge difference in the way we deal with challenges. Do we just give up or do we really 

see the learners and their dignity and use that to motivate us to try even harder? 

Sometimes it seems as though the lack of resources and teaching in a poor community 

provides some teachers with an unlawful excuse to act as though learners in those 

schools are of less value and are not entitled to equal concern and respect. This is 

reflected in the high, often unwarranted, absenteeism rates of educators. Some children 

receive as much as three years less of teaching by the time they reach grade 12 due to 

absent teachers. The consequences of this is disastrous for subjects such as mathematics 

(Chauke 2014); Mampane, 2013). The message being sent to children subjected to this 

type of conduct of teachers are that they are not important enough to be taught. The 

teachers’ shopping is more important than the learner’s right to receive education. The 

teachers’ interests are more important than the learners’ struggle to break free from 

poverty and the humiliating circumstances they came from. That is a disgraceful 

infringement of the dignity of these learners.  

On the other hand there are educators teaching in schools with all the challenges faced 

by poor schools yet they excel with high pass rates of an exceptional standard giving 

children access to tertiary education (Moloi & Kamper 2010).  
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Dignity prohibits objectifying people 

The Constitutional Court alerts us to the unlawfulness of using children as “stepping 

stones.” (Government of the Republic of South Africa and Others v Grootboom and 

Others 2001 (1) SA 46 (CC)). Unfortunately we see an increase in adults using children 

and their education as leverage to obtain their own goals. Their agenda is often a 

legitimate cause namely better service delivery. However, to use children and their 

education as leverage is to objectify them. The children are not regarded as people with 

their own needs and interests but are reduced to mere objects that can be used and toyed 

with for any conceivable end.  

Another dimension of this idea of children as mere objects is also captured in Advance 
Mining Hydraulics (Pty) Ltd and Others v Botes NO and Others 2000 (2) BCLR 119 T, 

where the Court emphasised the prohibition on objectifying people and held that, the 

dignity concept “require that persons be treated as recipients of rights and not as objects 

subjected to statutory mechanisms without a say in the matter.” 

Sometimes I get the impression that children are reduced to mere statistics and they 

become mere objects indicating the success of a system with pre-set determinants. 

Meeting the pre-determined outcome becomes the ultimate goal and the child a mere 

instrument to meet the goal. There is so much pressure to pass the ANA tests and then 

to get through the curriculum that we forget that children are not merely the objects of 

curriculum development but are human beings that should be developed holistically. 

They should have fun and games and extra-curricular activities too. 

Personal experience in several schools alerted me to this danger. While teaching 

educators the principles of restorative discipline they agree that it is the way to go 

because it is based on values and includes the development of personal relationships 

with the children. This is a time-consuming process but it is a dignified process which 

respects, protects, promotes and fulfils the right to dignity of the teachers as well as the 

learners.  

Although teachers acknowledge the value of restorative practices they are often 

unwilling to implement it because it is a time-consuming  process and teachers are 

worried that they will not get through the curriculum. 

Ironically research indicates that once a school has invested time in the implementation 

of restorative practices, the school climate changes and is much more positive, 

discipline problems decrease dramatically and the academic performance of learners 

increase. Yet our teachers are too scared to follow this route because they have to get 

through the curriculum at all costs.  

The fact that the academic curriculum is regarded as the be all and end all of education 

makes me uncomfortable and I wonder what is most important – children who can do 

mathematics at the highest level but without any values such as honesty, humility, 

respect, tolerance and responsibility for self and for those less fortunate than yourself.  
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Instead they cling to disciplinary measures that are punitive, quick to administer, 

humiliating and very often violent in nature. The Constitutional Court already indicated 

the link between the infringement of human dignity and punishment or treatment that 

is cruel, inhumane and degrading. (S v Makwanyane 1995 2 SACR 1 CC).  

Resent research also indicates the relationship between strict disciplinary measures and 

classroom climate and mathematics anxiety. The way we discipline and deal with 

learners impacts on their anxiety levels and the more anxious they are the less they will 

be able to solve mathematics problems. It would thus be an advisable strategy to work 

on relationships with learners and to create a positive class climate, however that will 

take time and we have to get through the curriculum. (Radisie, Videnovic & Baucal, 

2015; Winnaar, Frempong, & Blignaut 2015). 

We are so focused on the outcomes of the curriculum that we forget about the people. 

The biggest infringement of a person’s dignity is in the fact that the person is not seen 

as a human being with his or her own needs and interests. 

 

Dignity recognises individual qualities and includes self- actualisation and self-

identification 

In National Coalition for Gay and Lesbian Equality and Another v Minister of Justice 
and Others1999 1 SA 6 CC, the Constitutional Court emphasised the importance of 

being able to express oneself for who one is and that the limitation of one’s ability to 

achieve self-identification and self-fulfilment constitutes an infringement of the right 

to dignity. The Court warned that denying people the ability to achieve self-

identification and self-fulfilment – 

… [g]ives rise to a wide variety of other discriminations, which collectively unfairly 

prevent a fair distribution of social goods and services and the award of social 

opportunities … 

The right to self-identification, self-determination, self-respect and self-worth is part 

and parcel of dignity. Dignity is concerned with the “physical and psychological 

integrity and development of an individual or a group”( Law v Canada (Minister of 

Employment and Immigration) [1999] 1 SCR 497; 170 DLR (4th)). To be human 

implies “the ability to understand or at least define oneself through one’s own powers 

and to act freely as a moral agent pursuant to such understanding or self-definition” 

(Cowen, 2001). Respect for human dignity entails the recognition that every person is 

entitled to his or her own choices, preferences, ideas, beliefs, attitudes and feelings 

(Schachter, 1983). 

Dignity is linked to the unique talents of everyone. These talents should be recognised 

and every individual should be permitted to develop his or her unique talents optimally. 

This will improve the resilience of people and contribute towards their holistic 

development. 
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Unfortunately, the school system provides fertile ground for the idea that academic 

achievement is the only measure of your worth. If you cannot do mathematics you are 

dumb and will not get anywhere. Your whole identity becomes dependent on your 

academic abilities.  

I think the conference theme unintendedly captures what I am saying and is open to the 

following interpretation. If we can “fix” the challenges learners experience with 

mathematics through quality teaching and learning we will be able to restore their 

dignity. In an over-simplified interpretation on my side this implies that children’s 

dignity is dependent of their ability to do mathematics. 

I think another interpretation, which is more suitable to what the dignity concept entails 

is that being able to do mathematics can open many other doors for our children and in 

fact will assist them in the realization of other socio-economic rights. International 

instruments proclaim exactly this point by highlighting the link between education and 

the realization of socio-economic rights and the attainment of social justice. 

 

HOW DO WE RESTORE THE DIGNITY OF OUR LEARNERS? 

Provide quality education 

International instruments (UN, 1989) on the aims of education are very clear and boils 

down to two major ideas namely, firstly develop the individual child holistically to his 

or her full potential. This should be our first red light. We are currently employing a 

school system which focuses on academics only and on a one size fits all approach. We 

do not always cater for the diverse needs and talents of learners. 

The second important aim of education is to teach learners to live peacefully together, 

how to deal constructively with conflict, to respect each other and diversity and the 

environment. At the heart of all these aims of education is respect for the dignity of 

others.  

  

Rethink the necessity of mathematics as a compulsory subject 

The first suggestion would be to rethink whether mathematics and mathematics literacy 

should be a compulsory subject to obtain a matric certificate.  I am playing devil’s 

advocate here but maybe it is time to do a few simple or maybe not that simple 

calculation and weigh up a few things: 

Keeping in mind that one of the goals of the introduction of mathematics literacy was 

to open up job opportunities in more sectors and that the pass rate for mathematics 

literacy is only 30% and that the bulk of learners score far less than 50% the question 

arises how many more, if any learners entered the job market after the introduction of 

mathematics literacy? 
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On the other we hand calculate the number of learners who drop out of school because 

they are unable to cope with the curriculum. How many drop out because they are 

unable to master the mathematics curriculum in particular? How many learners are 

unable to access further education because their TP scores are too low due to their 

mathematics marks? 

What is the cost of the infringement of the dignity of learners due to the compulsory 

mathematics requirement? Can we put a price on the dignity of people? Is it fair to 

expose learners to a system that is not equipped to deliver mathematics literate learners 

and in the process we do more harm through the anxiety we cause them. They are 

compelled to take mathematics literacy and after 12 years of education they still cannot 

do the most basic calculations – yet they have to live with the anxiety and humiliation 

of failing the subject.  

Is it humane to expect our educators to teach learners mathematics literacy while they 

are not properly trained to do it? We infringe on their dignity as well when they have 

to face the dismal results of their learners and are criticised in the process as incapable, 

lazy and uncaring educators. They must surely suffer all a great deal of shame and guilt 

in this whole process.  

In that way we do not have to re-train that many teachers, we can get away from a 

patronizing “30% pass is enough” mind set, learners will get their autonomy back to 

choose subjects they can manage and we can focus on other skills such as basic 

computer literacy or occupational specific skills. 

That’s a feasible option and in fact many learners in my generation and previous 

generations matriculated without mathematics and ostensibly cope and get by in real 

life without having to go through all the stress of being forced to take mathematics.  

That is probably the easiest way out to restore the dignity of many learners. But is it 

really as simple as that? Something in me says yes of course it is as simple as that while 

some part of me say be careful. If something is too good to be true it usually is too 

good to be true.  

Maybe we should take a few steps back and ask: Can we afford not to have a 

mathematics literate workforce? We also need to ask what mathematics literate really 

means. That also brings us to the question what is basic education, how basic is basic 

education? 

Mathematics and science are key to development and ultimately to social justice. We 

need to strive to a society where there are enough medical professionals to ensure that 

we can exercise our right to health care services, to have engineers to build safe roads 

and railway systems, to have architects and quantity surveyors to build quality houses 

to exercise our right to proper housing, to have engineers that can build dams to ensure 

that we have access to clean water, to exercise our right to a healthy environment. To 

have economists that can steer us out of junk status. Yet, not everyone will be able to 

enter these occupations? Where is the breakeven point? What would give us a balanced 
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outcome to have people who can enter the workforce with a proper mathematics 

background on the one hand but also people whose dignity is in tack after they have 

finished school but still have enough education to ensure that they can exercise their 

other socio-economic rights? 

By now it should be clear that there are more questions than answers. However, 

whatever we propose to address these challenges must first and foremost ensure that 

our investment in resources do actually deliver a mathematics literate output. We 

cannot afford to expose people to a system that actually degrades and infringes on their 

dignity on the one hand and on the other hand still fail to deliver mathematics literate 

learners.  

Maybe the answers is not in a one size fits all approach and rather in a system that pull 

resources together and delivers proper outputs. A process that aims to ensure equality 

can be a very bad thing if the outcome of the process is actually equal misery and equal 

mediocrity for all or for the most vulnerable majority.  

I am unable to provide any definitive answers. I can only urge conference participants 

to be bold enough to ask difficult questions during the conference and to suggest 

possibilities, even if it is probably not going to be a politically correct solution. We 

need to start to think out of the box and that can only happen if we are willing to step 

out of our comfort zones. And when we are out there let us be guided by the question: 

To what extent will this possible solution assist not only in addressing mathematics 

education but first and foremost how will this possibility impact on the dignity of 

learners and teachers.  

I think it is clear by now that the existing system and practices related to mathematics 

infringes on the dignity of teachers and learners alike. This leads to low self-esteem, 

fear, feelings of unworthiness, being a failure and good for nothing. Lacking 

mathematic skills also impacts other socio-economic rights and the slow or no 

development of the country and other social injustices. 

To address these complex issues is not an easy task and will require a commitment on 

the part of every stakeholder and educations’ co-operation. To restore the dignity of 

learners we should adopt a restorative justice approach to address the harm caused to 

many. Every teacher will have to rethink his or her own attitude and make changes to 

classroom practices where necessary and work on their own knowledge and 

competencies; the Departments of Education will have to rethink its policies’ and its 

implementation. The distribution of scare resources should be re-evaluated and tough 

questions need to be asked such as the necessity of district offices.  What is the use of 

a district office if there is no money to get to schools to assist them or if the people in 

the district offices do not really have the skills to assist schools? Should we not then 

rather have more teachers in the schools to lower the teacher to learner ratios? Unions 

will have to rethink their role and really ask themselves whether the one sided 

protection of educator rights at the expense of children is defensible in a democracy 
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built of freedom, equality and dignity. What can unions do to rather be constructive 

than destructive?  

One thing I learnt from the apartheid system is this: It is not that difficult to infringe on 

the dignity of vulnerable people. However, people tolerate the infringement of their 

dignity only for a very limited time, then they will try to address their needs in a 

peaceful manner and if their needs are not addressed they will revert to violence. We 

see the escalation in service delivery protests and we saw the effects of the 

#feesmustfall movement. That should be regarded as the warning signs that the 

vulnerable youth are trying the get their dignity back. The school system did not 

provide them with real opportunities to break free from the chains of poverty. Time is 

running out. Let’s act while we still can.  
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PROGRESSIVE PROGRESS AND PROFILING: PROGRESSION 

SPECTRA FOR TEACHERS 

Debbie Stott 

South African Numeracy Chair Project, Rhodes University 

 
A wide range of research points to the need for coherence and progression in the 
teaching of mathematics. We know that many of the assessments our learners write, do 
not give teachers any diagnostic information about where our learners are at. The 
assessments simply tell us that our learners are not at the expected grade level. There 
is thus a need for tasks and assessments that allow teachers to understand exactly what 
level their learners are at, so that they can identify resources and tasks that will help 
to progress learners to where they should be. In this presentation, I present learner 
progression spectra that are accessible for teachers which enable them to both profile 
learners over time and to provide useful ideas of ways to move learners along the 
spectrum from using constrained methods to more fluent ones. 
 
Context and background 

The South African Numeracy Chair (SANC) project at Rhodes University works 

towards improving mathematical proficiency in primary school learners through 

teacher development programmes and direct learner interventions such as afterschool 

maths clubs. The SANC project bases its notion of mathematical proficiency on 

Kilpatrick et al.’s (2001) definition of mathematical proficiency, which comprises five 

intertwined and interrelated strands of conceptual understanding, procedural fluency, 

strategic competence, adaptive reasoning and productive disposition.  

Graven and Stott (2012) argued that while this provides a powerful conceptualisation 

of mathematical proficiency, it is difficult to evaluate learner progress in mathematical 

proficiency in this way as the interrelationships in the fully conceptualised and 

idealised form of mathematical proficiency requires all five strands to be present and 

for each of them to be fully present in relation to their elaborated definitions. Graven 

and Stott (2012) argued that in order to assess learner numeracy progression over time, 

the fully idealised versions of each strand need to be unpacked so as to identify varying 

levels of learner attainment.  

In this presentation, my focus is on procedural fluency and conceptual understanding 

and how progression in these can be identified using progression spectrums. 

Conceptual understanding is the ability to use multiple representations, estimating, 

making connections and links and understanding properties of number systems (i.e. 

number sense). Procedural fluency is the ability to solve a problem without referring 

to tables and other aids, using efficient ways to add, subtract, multiply and divide 

mentally and on paper, understanding when it is appropriate to use procedures or not 

(as not all calculating situations are alike).  
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A number sense approach can be useful to think about the relationship between these 

two strands. A child with number sense has the ability to work flexibly with numbers, 

observe patterns and relationships and make connections to what they already know, 

to make generalisations about patterns and processes. Number sense also includes a 

positive attitude and confidence (Anghileri, 2006).  In the Foundation Phase the 

development of number sense includes the meaning of different kinds of numbers, the 

relationship between different kinds of numbers, and the effect of operating with 

numbers. In the Intermediate Phase this development of number sense and operational 

fluency should continue, with the number range, kinds of numbers, and calculation 

techniques all being extended. 

Learner trajectories and progression 

In order to assess learner progress in mathematical proficiency, we need to be able to 

assess the extent to which a learner may or may not have mastered a particular aspect 

of mathematics at different points in time and ultimately to understand if a particular 

strand or interrelationship of strands is evident. Graven and Stott (2012) argue that to 

“consider that a student might be either procedurally fluent or not procedurally fluent 

for example, is less useful than to gauge the extent to which they are mastering the 

fluency” (p.148).  

A wide range of research points to the need for coherence and progression in the 

teaching of mathematics (for example Askew, Venkat, & Mathews, 2012; Schollar, 

2008). We know that many of the assessments our learners write, do not give us as 

teachers any diagnostic information about where our learners are at (Graven & Venkat, 

2014). The assessments simply tell us that our learners are not at the expected grade 

level. Stott, Mofu and Ndongeni (2017) argue that the idea of early intervention “can 

be problematic” (p.62) for teachers if they do not know what the learner is struggling 

with. There is thus a need for tasks and assessments that allow teachers to understand 

exactly what level their learners are at, so that they can identify resources and tasks 

that will help to progress learners to where they should be. However, teachers are 

unlikely to identify useful resources or generate resources with carefully inlaid 

progression if they do not have an understanding of how learners progress through 

school mathematics from Grade R to Grade 7 (Stott et al., 2017).  

Learning trajectories are one way of thinking about this progressive progress in that 

they describe the broad learning path that learners typically follow, which is not always 

entirely linear. Essentially, “what is learned in one phase, is understood and performed 

at a higher level in a later phase” (van den Heuvel-Panhuizen, 2008 p. 14). Major 

benefits of thinking about mathematics in terms of learning trajectories are: 1) The 

boundaries of the grade classes can be broken down and a language is provided for 

discussion for teachers and 2) the cohesion and connections between the mathematical 

work of the different grades is clearer (van den Heuvel-Panhuizen, 2008). There are a 

number of progression models in the literature. I will briefly talk about three such 

trajectories which will inform the subsequent discussion.  
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Across a number of research studies, the SANC project have found the work of Wright, 

Stafford, Stanger and Martland (2006), originating in Australia, on defining levels of 

mathematical progress in their early Learning Framework in Number (LFIN) to be 

particularly useful. Our research and development teams have used this framework for 

analysis of learner levels of mathematical proficiency in order to design learning 

activities, to profile learners’ current mathematical proficient levels in various 

assessments but also for teacher development. Wright (2013) has also argued that the 

one-on-one learner interview assessment tool from their Mathematics Recovery (MR) 

programme (of which the LFIN is a part) is useful for teacher development and 

understanding the developmental nature of numeracy learning.  

Across our research projects however, we have found both the individual learner 

assessment interview and the LFIN difficult to use in practice. The primary limitations 

are: time for teachers to understand and learn the LFIN (including understanding of the 

levels and associated terminology), time to administer the individual assessment 

interviews and time to profile the learners using the framework following the 

assessment.  

The second, referred to as the TAL Learning-Teaching Trajectory is the topic of the 

book “Children Learn Mathematics” (van den Heuvel-Panhuizen, 2008) and originates 

from the Netherlands. This learning and teaching trajectory for primary school 

mathematics covers whole number calculation from Grade R (kindergarten) up to 

Grade 6. In Grade R, the focus is on counting and elementary number sense, moving 

towards the ability to assign meaning to large numbers, insight into numerical patterns 

and rules, early knowledge of primes, square numbers and so on in Grade 6.  

The third, has been used here in South Africa by Cranfield, Kühne, van den Heuvel-

Panhuizen, Ensor et al. (2005) as a framework to describe a pathway for learning and 

how learners learn, understand and solve number problems from Grade R to Grade 4, 

progressing through four stages. Their framework drew on the TAL Learning-Teaching 

Trajectory as described above, the work of Steffe (1992) and the MR programme by 

Wright and colleagues mentioned above. As the combination of three models, their 

framework highlights that learning trajectories have similar phases of progression. 

What differs is the terminology and the way the trajectories deal with subject matter in 

the mathematical domains. I additionally note that none of the frameworks explicitly 

draw on any of the five strands as described by Kilpatrick et al. (2001).  

 

VISUALISING PROGRESSION FOR INDIVIDUAL ASSESSMENT TASKS 

In 2011, our experiences of using Kilpatrick et al.’s (2001) strands of mathematical 

proficiency as a framework for analysing learner responses to assessment tasks in a 

pilot maths club, led us to develop a procedural fluency spectrum, when overlap of 

learner methods/responses as both procedural fluency and conceptual understanding 

arose. Graven and Stott (2012) argue that following a procedure or method without 
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evidence of understanding surely cannot be considered in the same way as adopting an 

appropriately chosen method flexibly and efficiently. When analysing student learning 

it was essential that the method of analysis records and reveals learner progress over 
time and allows one to compare learner responses.  

Initially we created procedural fluency spectra in a visual form for each different 

assessment task using the methods the learners used (see Figure 1 below). These 

methods ranged from restricted / constrained procedural fluency towards more 

elaborated and fully flexible fluency. It became evident that as one moved to the upper 

end of the spectrum where flexibility and efficiency were high, conceptual 

understanding was increasingly intertwined with procedural fluency and the distinction 

between these strands became progressively blurred (Graven & Stott, 2012). This is an 

important point, as our subsequent work with spectra has shown that this is often the 

case, and I will talk about it further below.  

Figure 1 - “add 10 to 92” spectrum (from Graven & Stott, 2012a p.154) 

Later, Graven and myself (2013) explored the viability of using some of these 

procedural fluency spectrums as a means of translating the methods recorded on the 

qualitative interview records into quantifiable, visual summaries of the learner data at 

given points in time for broader project reporting and for comparing my two clubs.  

Since then a number of research studies emanating from the SANC project have used 

spectra to analyse learner responses in different ways in different mathematical 

domains. Mofu (2013) for example adapted the procedural fluency spectrums to create 

a spectrum representing progression in early multiplication, whilst Young (2016) and 

Wasserman (2015) both developed spectra for understanding progression particularly 

in Early Arithmetic Strategies which are part of the LFIN in the MR programme.  

All these tools have proved useful for us as researchers. In spite of the limitations 

highlighted in the previous paragraphs, teachers need accessible tools such as these to 

enable them to identify where their learners are, and what they are struggling with.  

PUSHING FOR PROGRESSION PROGRAMME  

As one way to address this issue, in 2016, the SANC project developed and began 

implementation of a Pushing for Progression (PfP) teacher development programme 
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based around running afterschool maths clubs. One important aspect of this PfP 

programme is for teachers to learn more about the development of Foundation and 

Intermediate Phase learner’s early number skills along a learning pathway and to be 

able to identify when children are learning securely along this pathway through 

effective assessment and focused mathematics activities. The PfP teacher development 

programme includes a simplified progression framework for the four basic operations 

of addition, subtraction, multiplication and division with a specific focus on number 

sense and the two strands of conceptual understanding and procedural fluency. 

Drawing on the ideas from many of the above-mentioned learning trajectories and our 

earlier work with the procedural fluency spectrum, the PfP programme uses two 

spectrums to describe a learning trajectory for primary school learners in these 4 

operations that range from constrained methods to increasingly flexible and fluent 

methods. The two spectra are shown in Figure 2 below.  

The spectra highlight the learning trajectories that learners take in learning these four 

operations. For example, in Grade R, learners learn to count by using the more 

‘constrained’ methods. As learners’ progress through the FP and IP, we would expect 

them to progress further towards more fluent methods. It is important to note that the 

constrained and less constrained methods will work very efficiently for smaller 

numbers (in the range 0 to 20), but will become increasingly difficult when the number 

range gets bigger, especially in multiplication and division. Many of our learners are 

still stuck using these constrained methods, even in the IP grades.  

 
 

Figure 2 - Addition/subtraction and multiplication/division spectra 

 

The notions of conceptual understanding and procedural fluency are integral in the 

above spectra. Looking at the descriptors for each strand, it is possible to see how both 

conceptual understanding and procedural fluency are intertwined and develop as one 

progresses along the spectrum.   

 

WHAT DOES THIS ‘LOOK LIKE’? 

In my work with both teachers and after school maths club facilitators over the last 3 

years, I have often been asked what these levels/stages ‘look like’ in learner workings. 

Drawing on data collected from research in the SANC project classrooms and after 

school maths club since 2011 with over 1500 grade 3 and 4 learners a year, these 

examples illustrate what you can expect to see at different levels of the spectrum.  
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Figure 3 – Sample of addition and subtraction learner methods 

 

Figure 4 - Sample of multiplication and division learner methods 

 

How are the spectra used by teachers? 

In understanding how these spectrums reflect learner progression, teachers can use 

them in two ways. Firstly, they can be used to both profile learners after an assessment 

(and during classroom tasks) over time. For example, if a teacher gives learners an 

assessment at the beginning of the term and asks them to show their working, the 

teacher is able to determine where the learner is along the spectrum. If the same 

assessment is administered at the end of the term, the teacher will be able to see if the 

learner methods differ and will be able to compare them. Secondly, the spectra provide 

useful ideas of ways to move learners along the spectrum from using constrained 

methods to more fluent ones. For example, knowing that ‘count all’ is a constrained 

method, particularly with bigger numbers, teachers could suggest to learners that they 
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‘count on’ from the bigger number. This is a small but significant progression, as it can 

lead to understanding the commutative property in addition.  

As van den Heuvel-Panhuizen (2008) pointed out, using the spectra allows the 

boundaries of the grade classes can be broken down and a language is provided for 

discussion between teachers. Additionally, the cohesion and connections between the 

mathematical work of the different grades is clearer.  

What next? 

In 2016, a few of our partners in the Eastern Cape Department of Education, 

implemented the PfP programme and the teachers who participated in the programmes 

were introduced to these ideas, along with a sample assessment and activities to help 

progress learners. They found the spectra a useful way to profile their learners and to 

understand the progress they made over time. They also found the spectra to be useful 

in their own understanding of how learners learn mathematics. I have also had feedback 

from our partners that the spectra have been piloted in error analysis sessions at district 

level.  
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ENGAGING WITH TEACHERS’ KNOWLEDGE 

K. (Ravi) Subramaniam 

Homi Bhabha Centre for Science Education 

 

Curriculum reform efforts in developing countries have aimed at giving access to all 

learners of mathematics. We interpret this as access to mathematics that is powerful in 

(a) enabling understanding of critical aspects of the individual’s personal and public 

lives (Gutstein, 2016) and (b) giving access to further learning, for e.g., the learning of 

science. Years of research and practice in educator communities has shown that true 

access comes with the learners developing a sense of ownership over the mathematics 

that is constructed in the classroom. I am not speaking of individual ownership, but of 

collective ownership by the classroom community. There is an individual aspect too in 

that each learner develops to some extent the resources to reconstruct her or his 

mathematical knowledge as a coherent and consistent body of knowledge. All of this 

happens under the guidance of the teacher, and is crucially dependent on the teacher’s 

own access to mathematics. Several research programmes focusing on the specialized 

knowledge of the mathematics teacher (Rowland & Ruthven, 2011) have the goal of 

enabling the teachers’ own access to mathematics, creating in turn the conditions of 

possibility of the learners’ access to mathematics. 

Ownership of mathematical knowledge does not develop by “giving” it in a finished 

form, as something only to be memorized or learned by rote, but by acts of 

construction. Engagement with mathematics, which is a pre-condition for ownership, 

implies a readiness to open up pieces of knowledge, to disassemble, bend, stretch, 

reshape and reassemble the pieces. Construction entails a willingness to engage 

knowledge in its ‘capillary’ forms (to borrow a phrase from Foucault), rather than 

constrain it in narrow, close to canonical pathways. The particular, local-specific ways 

of engaging with mathematical knowledge in the classroom tend to decentre any notion 

we may have of the specialized knowledge of a mathematics teacher. If such 

specialized knowledge is in essence knowledge of how to unpack it in particularized 

enactments, it must itself be concerned with such specificities. But this will take us 

back to the classroom blurring the distinction between knowledge that is constructed 

in the classroom and the foundational or preparatory knowledge that enables a teacher 

to guide this construction. Not only does it raise the question whether acquiring 

professional knowledge of teaching can only happen in the site of the classroom and 

not outside it. It also raises the question of whether the teacher’s knowledge is indeed 

different from the knowledge coded into textbooks or the knowledge made available 

to learners, and whether a distinct category of teachers’ knowledge is even defensible. 

How is the knowledge transposed into pedagogical texts different from the 

particularized forms enacted in the classroom? What knowledge of the teacher and 

what manner of preparation enables a teacher to guide the community of learners to 
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disassemble mathematics and to engage with it? These are the questions that I try to 

address in this talk. 

At first, I approach the problem from three theoretical perspectives that have been 

influential in the research on teachers’ knowledge. The first is the framework of 

“Mathematical Knowledge for Teaching”, developed by Deborah Ball and her 

colleagues (Ball, Thames & Phelps, 2008), which in turn, is derived from Shulman’s 

concept of pedagogical content knowledge. Ball’s practice based approach seeks to 

infer the knowledge demands made on a teacher by studying the task demands of 

teaching. Such tasks include finding an example to make a specific mathematical point, 

recognizing what is involved in using a particular representation, linking 

representations to underlying ideas and to other representations, and selecting 

representations for particular purposes. The Knowledge Quartet framework (Turner & 

Rowland, 2011) takes a quite different tack, offering ways of identifying not only 

knowledge demands made on a teacher, but ways in which opportunities to enhance 

the teacher’s knowledge come by. The knowledge quartet framework offers at once a 

classification of situations or sites of knowledge enhancement and of forms of 

knowledge, for e.g., the knowledge acquired through one’s education and training vs. 

the knowledge-in-action that emerges in the act of teaching, or in dealing with 

unexpected contingencies in the classroom. A third perspective is offered by research 

deriving from the work of Piaget, of describing and identifying the forms of 

mathematics that emerge through learners’ engagement with it. Children’s 

mathematics can be surprisingly different from the mathematics that teachers are 

familiar with, and yet is completely mathematical (Empson and Jacobs, 2008). This 

perspective emphasizes the subtle action of the teacher of listening to or noticing the 

mathematics that emerges through the learners’ thinking. The directions taken by the 

three perspectives converge on the idea of mathematics constructed in the classroom, 

but the frameworks stop short of systematizing this mathematics. 

One problem with attempting such systematics is that the content of mathematics is 

diverse. What frame can hold together the knowledge relevant to the classroom 

teaching of topics as diverse as arithmetic, algebra and geometry? To address this 

question, I begin from the other end – by focusing on the nature and possibility of 

teachers’ topic-specific knowledge. I choose as topics the first two important 

extensions of the whole number arithmetic – the arithmetic of fractions (or rational 

numbers) and integers, drawing on our own work in these domains. I distinguish three 

modes of unpacking that are basic to teaching mathematics – notations, configurations 

and contexts – providing illustrative examples from the chosen domains. The notion of 

a knowledge frame comprising these elements, I suggest, may be useful in 

conceptualizing teacher knowledge in a manner that takes into account the particularity 

of enactments in the work of teaching. 
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CREATING CRITICAL THINKING MULTILINGUAL 

MATHEMATICS CLASSES THROUGH QUESTIONING: ARE 

TEACHERS TRULY CULTIVATING IT?  

Clemence Chikiwa 

Rhodes University Mathematics Education Department  

 

This study explores how teacher questioning was used to foster critical thinking during 
instruction of multilingual mathematics classes in the Eastern Cape Province. Data in 
this study were collected through classroom observations of three purposively selected 
grade 11 mathematics teachers. The study found that teachers in these multilingual 
classes used lower order levels according to Bloom’s taxonomy when formulating 
questions during teaching. Higher order questions which research has shown that it 
has potential of promoting critical thinking, were less used during the teaching of 
Analytical Geometry and Trigonometry. The paper concludes that while all the 
categories according to Bloom’s taxonomy are important, the ones that are crucial in 
promoting higher order thinking were not adequately used. Teachers of multilingual 
classes are inspirited to make conscious and deliberate steps to include all forms of 
questions in their mathematics teaching.  
Key Words: multilingual, questioning, critical thinking 
 

 INTRODUCTION 

Oral questioning is crucial in the teaching and learning environment. Teacher 

questioning plays a critical role in mathematics classes as it is used for various purposes 

that includes cultivating critical thinking skills and thereby fostering deeper learning. 

Most South African mathematics classes are multilingual and that presents additional 

challenges associated with language use during teaching. The majority of learners in 

rural and township schools are taught in a language that is neither their first nor one 

commonly spoken in the communities these learners live. The learners’ proficiency in 

language of teaching and learning (LOLT) is in most cases not at a level that these 

learners can comfortably use as a medium of instruction. This presents teachers with a 

dual task of teaching mathematics in the LOLT and translating same concepts to the 

learners’ first language in ensuring these learners grasp the mathematical concepts. 

Teachers thus ask questions in two or more languages through code switching which 

is the alternate use of two or more languages in the course of a single utterance, 

conversational exchange or speech event (Gardner-Chloros, 2009).  

Researchers in the field of mathematics education refute the assumption that learners’ 

home language is not necessary and should be ignored in multilingual classes (Barwell, 

2008), conversely, the use of learners’ first language in mathematics classrooms has 
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been found to be a beneficial resource for instruction (Setati, 2008). Teachers’ 

language practices that provoke student-thinking leading to deeper conceptual 

understanding of concepts are vital for promoting meaningful engagement and learning 

in mathematics classrooms. “The goal of education is for learners to ultimately think 

critically, learn, analyze, criticize and develop skills to solve familiar and unfamiliar 

problems. This implies that questions that encourage critical thinking should be part of 

the instructional repertoire of all teachers of mathematics” (Sillivan & Lilburn, 2002, 

p. 1). 

The need to use learners’ home language to ask questions that promote deeper 

conceptual learning, long lasting understanding and critical thinking need to be looked 

at more closely. Thus in the wake of the teachers’ use of pupils’ first language in South 

African’s mathematics classrooms, this paper focuses on how teacher questions posed 

in pupils’ home language through code switching fostered critical thinking during 

teaching. I thus sought to address the following questions: What teacher questions are 

prevalent in multilingual mathematics classroom? What forms of thinking do 

multilingual teacher questions promote? How can teachers use questions to promote 

critical thinking in multilingual classrooms? 

BACKGROUND 

One crucial skill to succeed in the modern world is the ability to think critically. 

According to Paul (1990) critical thinking is “thinking about your thinking while 

you’re thinking in order to make your thinking better” (p. 91). Critical thinking is 

characterized by a readiness to question all assumptions, an ability to recognize when 

it is necessary to question, and an ability to evaluate and analyse (Duron, Limbach & 

Waugh, 2006). Presented with various mathematical situations, a critical thinking 

learner will always monitor his/her own thinking, making sure that no premature 

conclusion or solution is provided. Engaging learners in tasks and questions that 

cultivates critical thinking in mathematics teaching and learning has both short and 

long-term benefits.  

The National Council of Teachers of Mathematics (1989) back then declared, “A 

climate should be established in the classroom that places critical thinking in the heart 

of instruction” (p. 29). Investing time in promoting critical thinking in learners helps 

develop important attributes such as deeper engagement and understanding of ideas or 

concepts, higher order thinking, independence and self-regulation, and stronger 

competence with mathematical processes and understanding. One way to promote 

critical thinking is to ask appropriate questions framed at the right cognitive level in 

the teaching and learning of mathematics. As argued by Duron, Limbach and Waugh 

(2006), critical thinkers raise vital questions and problems, they formulate these 

questions clearly to gather and access relevant information they would use to base their 

judgements.  
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BLOOM’S TAXONOMY  

In this study, I used Bloom’s taxonomy to analyse teacher language in questions asked. 

Bloom and others developed this classification in 1956 and has since been revised by 

a number of other authors. This adapted Bloom's model has Knowledge converted to 

Remembering and the highest level of development is Creating (Synthesis) rather than 

Evaluate. Bloom’s (1956) work that identifies six levels within the cognitive domain 

forms the primary base on which the critical thinking theory rests. The last three levels: 

Analysis defined as critical thinking that focuses on parts and their functionality in the 

whole; Synthesis which is critical thinking focused on putting parts together to form a 

new and original whole; and Evaluation, referred to as critical thinking focused on 

value and judgement making (Duron, Limbach & Waugh, 2006), require learners to 

think critically.  

The advantage of Bloom’s Taxonomy is its ability to pave the way into distinguishing 

between higher- and lower-order thinking skills. This has assisted in raising an 

awareness of the need to foster critical thinking during teaching and learning. It must 

be emphasized that Bloom’s categories are not in themselves independent but are 

interdependent (Paul, 2012). Questions teachers pose elicits various levels of 

complexity that call for critical thinking depending on the verbs chosen as presented in 

this taxonomy. Critical thinking has been widely recognized and encouraged in 

education for many years, and using questioning techniques is one way that teachers 

can inspire critical thinking. 

In this study, I am not claiming that once teachers incorporate questions that call for 

analysis, synthesis and evaluation, then, they are teaching learners to think critically. 

Rather I am supporting that teachers who at least use such questions during teaching 

are to a significant extent promoting critical thinking more than those who do not. It is 

widely acknowledged that lower order questions limit learners’ critical thinking and 

deep understanding of any subject matter including mathematics (Qashoa, 2013). 

SAMPLE AND RESEARCH PROCESS  

This study used a case study of three grade 11 mathematics teachers from three districts 

in the Eastern Cape Province of South Africa who were purposively selected to 

participate in this study. The LOLT of all the three classes was English and the home 

language of the majority of learners was isiXhosa. Each teacher and his/her class 

constituted a case. Data were obtained through observing five consecutive lessons per 

each of the three teachers.  

These three teachers identified as Teacher A, B and C were observed teaching five 

consecutive daily lessons each during their teaching of Analytical Geometry and 

Trigonometry. Lessons were video recorded focusing only on the teacher and the 

language used. At the end of each lesson, each teacher was interviewed following up 

on language the teachers had used during the lessons. The videos were transcribed and 

analyzed in two stages. First, quantitative using lesson categories developed from 
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Gumperz’s (1982) and Mercer’s (1995) work. This was followed by the qualitative 

analysis using Bloom (1956) taxonomy as revised by Anderson and Krathwohl (2001). 

Trends and patterns that emerged during the quantitative analysis were later followed 

up during the qualitative data analysis process. 

SUMMARY OF FINDINGS AND CONCLUSIONS 

In this study, teachers spent at least 20% of the teaching time asking questions in 

IsiXhosa, the learners’ home language. The majority of the questions were of the lower 

order level according to Bloom’s taxonomy. Thus, fewer opportunities were provided 

for learners in these classes to think critically. 

Teachers in this study asked recall and leading questions that do not give learners 

enough opportunities to think critically and find solutions on their own. A few 

questions that require comprehension and application, that is, those that require 

understanding and ability to use learned materials, were least asked in this study. This 

study thus encourages teachers to plan and design mathematical questions that expand 

learners’ knowledge and thereby promoting creative thinking (Cotton, 2003) in 

learners’ first language.   

This study concludes that if teachers of mathematics multilingual classes continue to 

use predominantly lower order question in pupils’ first language, they are depriving 

their learners’ opportunities to meaningful and beneficial engagement with 

mathematical concepts. In the process, they unintentionally and unconsciously, 

perpetuate inequalities associated with the use of second language in the teaching and 

learning of mathematics. Teachers are thus urged and prompted to ask and incorporate 

higher order questions that require learners to analyze, synthesize and evaluate their 

own thinking and procedures. Such practices will create rich teaching and learning 

environments that fosters critical thinking, resultantly restoring the dignity of 

mathematics learning in multilingual classes. 
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There is concern about poor learner mathematics performance in South Africa which, 
it is argued, begins from the Foundation Phase (FP). Research has identified 
contributing sources of the crisis to be a lack of both content and pedagogical skills of 
South African mathematics teachers. There is little research that examines the 
mathematical content and pedagogical knowledge of competent teachers in South 
Africa. These teachers possess particular knowledge that is not common among the 
majority of the South African mathematics teachers. In this respect, I considered it 
important to investigate, learn and understand from such teachers more about the 
knowledge they employ, and how they employ it in their teaching, that results in 
effective teaching and learning. This research attempts to understand the content and 
pedagogical knowledge that one ‘expert’ Grade 2 teacher employs, and the ways in 
which she employs them in her teaching, in order to highlight the mathematics 
knowledge for teaching that FP teachers need. The study found that FP teaching 
requires the knowledge and tactful employment of all six knowledge domains as 
described by Ball, Thames and Phelps (2008). In this paper, I illuminate these six 
knowledge domains in the teaching of counting to Grade 2 learners by one expert 
teacher. 
Key words: counting principle; Horizon Content Knowledge; Knowledge of Content 

and Curriculum; decuple; 

 

INTRODUCTION 

Poor learner performance in mathematics has a long-standing record in South Africa. 

More than two decades after attainment of democracy South Africa is still seeking ways 

of addressing this crisis. Research around poor mathematics performance points to a 

number of factors, the dominant being that South African teachers lack both 

mathematics content and pedagogical knowledge to teach it effectively. Ball, Thames 

and Phelps (2008) refer to the knowledge to teach mathematics effectively as 

Mathematics Knowledge for Teaching (MKfT). MKfT combines the subject matter 

knowledge and the pedagogical content knowledge. Mathematics teachers in South 

Africa are said to lack the MKfT to teach mathematics in ways that enhance conceptual 

understanding and the effect of this deficiency is felt as far back in the education system 

as Foundation Phase. Research suggests Foundation Phase teachers do not develop the 

learners’ number sense well enough to equip them with essential mathematical 
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strategies and proficiency that would help them learn mathematics as they move up the 

grades. This deficit then expands as learners move up the grades.  

As part of my Masters research, I conducted a qualitative case study research to 

investigate MKfT enacted in the teaching of an expert Foundation Phase teacher. The 

research focused on how she developed her Grade 2 learners’ number sense particularly 

in relation to counting. A key aim was learning from the practice of an expert teacher 

the key aspects of MKfT required in developing number sense so as to inform fellow 

Foundation Phase teachers and Foundation Phase teacher educators, both in-service and 

pre-service. The broader study found that Foundation Phase teaching requires 

employment of all the domains of the MKfT to develop number sense to Grade 2 

learners. These domains are complexly interconnected and interdependent and the 

research shows that while one needs the full set to be able to teach effectively, the 

expertise becomes visible in the seamless and somewhat automated interweaving of 

these domains.  

In this paper, I share an excerpt from a case study of an expert teacher, which is analysed 

and unpacked to illuminate (1) the various domains of MKfT required in the teaching 

of counting and (2) their interconnectedness. Due to space limitations I only provide 

one such transcript of the teacher. I have chosen this specific excerpt from the transcript 

of one lesson for its richness and potential in illuminating the MKfT required by the 

teacher for the effective teaching of counting.  

BACKGROUND TO THE STUDY 

The problem of poor learner performance in South Africa is well documented (Fleisch, 

2008; Spaull 2013; Taylor & Taylor, 2013; Graven, 2016). Research in South African 

mathematics education has identified a number of factors that contribute to this 

predicament of poor learner performance in mathematics however the teachers’ lack of 

both content and pedagogy have been identified as the dominant factors. According to 

research the majority of South African mathematics teachers lack both the pedagogy 

and the content of the subject they teach and this has negatively affected the learners’ 

performance from as early as Foundation Phase (FP) (Fleisch, 2008; Taylor & Taylor, 

2013). As a way to contribute to the intervention strategies to this predicament, my 

study sought to explore what MKfT is required by Foundation Phase teachers to 

develop number sense through observing an expert teacher conducting counting lessons 

with her grade two learners. I investigated what MKfT she employed to successfully 

develop number sense through counting to her grade two learners to inform both 

practice and teacher education. I chose to investigate FP teaching because research has 

shown that the trajectory of poor mathematics performance begins at the FP and 

worsens as the learners go up the grades (Fleisch, 2008; Graven, 2014; Spaull, 2013; 

Robertson & Graven, 2015). Graven, Venkat, Westaway & Tshesane (2013) state 

“emphasis needs to be placed on improving the fundamentals of instruction in earlier 

grades in order to reduce the large number of learners who lack basic knowledge of 

mathematics” (p. 5). 
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According to Graven et al. (2013), learners exit FP without a well-developed number 

sense, which makes it difficult for them to solve more complex mathematical concepts 

later in their schooling. It is argued that number sense and mental agility are critical for 

the development and understanding of algorithms and algebraic thinking introduced in 

the intermediate phase as it enables learners to think flexibly and promotes confidence 

while working with numbers (Graven et al., 2013, Carlyle & Mercado, 2012). Learners 

who lack a strong number sense have problems developing the foundation needed to do 

simple arithmetic (Burns, 2007). Naudé and Meier (2014) refer to number sense as a 

“foundational building block for all content areas in mathematics” (p. 79). I use Ball et 

al.’s (2008) MKfT framework to investigate what knowledge an expert Grade 2 teacher 

has and uses in her teaching to develop number sense through counting.  

Ball’s Conceptualisation of Mathematics Knowledge for Teaching 

In analysing the mathematical demands of mathematics teaching there is a need to 

identify the mathematical knowledge that is required in the work teachers do. This is 

possible through studying and identifying the mathematical knowledge utilised in the 

regular day-to-day, demands of teaching. Ball et al. (2008) propose that doing a job 

analysis, where one observes teachers carrying out the work of teaching, and “asking 

expert mathematicians and mathematics educators to identify the core mathematical 

ideas and skills that teachers should have” (p. 395), may be useful to ascertain what 

knowledge is required for the effective teaching of mathematics. 

The concept of MKfT was developed by Ball et al. (2008), building on Shulman’s 

(1986) notion of PCK. Ball et al. (2005) conducted an interactive work session to 

investigate the mathematical knowledge and skills that are needed in the teaching of 

mathematics. Focusing on what teachers do while teaching, they managed to identify 

six knowledge domains that are essential in the teaching of mathematics. These are: 

Common Content Knowledge (CCK); Horizonal Content Knowledge (HCK); 

Specialised Content Knowledge (SCK); Knowledge of Content and Teaching (KCT); 

Knowledge of Content and Students (KCS) and Knowledge of Content and the 

Curriculum (KCC). Together these six domains are referred to as Mathematics 

Knowledge for Teaching (MKfT). Ball et al. (2008, 2009) and Kim (2013) define 

MKfT as the mathematical knowledge, skills, and habits of mind entailed in the work 

of teaching. The explanation of each of these knowledge domains and their indicators 

are summarised below. 

Common Content Knowledge (CCK) is the general knowledge of mathematics and 

mathematical skills used by anybody who has done mathematics successfully at school. 

Teachers need this knowledge to understand the work they assign to their learners. CCK 

is indicated by for example, the teacher’s ability to: calculate an answer correctly; 

understand the mathematics they teach; use terms and notations correctly; recognise 

when a student gives a wrong answer; or recognise when a text book is inaccurate. 

Horizon Content Knowledge (HCK) is the mathematical knowledge that spans across 

the mathematics curriculum that helps the teacher to view mathematics as whole, but 
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not in parts. HCK is reflected for example, in the teacher’s ability to make connections 

across mathematics topics within a grade and across grades and to articulate how the 

mathematics one teaches fits into the mathematics which comes later. 

Specialised Content Knowledge (SCK) relates to the special knowledge that is 

specifically required for the work of teaching such as to:  interpret students’ emerging 

and incomplete ideas; evaluate the plausibility of students’ claims; give or evaluate 

mathematical explanations; use mathematical notation and language and critique its 

use; ability to interpret mathematical productions by students, other teachers or learning 

materials; evaluate mathematical explanations for common rules and procedures and to 

appraise and adapt the mathematical content of text books. 

Knowledge of Content and Teaching (KCT) is the knowledge that combines knowledge 

of mathematics content and knowledge of teaching which reflects in one’s ability to: 

sequence mathematical content; present mathematical ideas; select examples to take 

students deeper into mathematical content; select appropriate representations to 

illustrate the content; ask productive mathematical questions; recognise what is 

involved in using a particular representation; modify tasks to be either easier or harder; 

use appropriate teaching strategies; respond to students’ why questions; choose and 

develop useable definitions and to provide suitable examples. 

Knowledge of Content and Students (KCS) pertains to the knowledge that combines 

knowledge of mathematics content and knowledge of students. This kind of knowledge 

is mirrored when a teacher: anticipates what students are likely to think and do; predict 

what students will find interesting and motivating when choosing an example; 

anticipate what a student will find difficult and easy when completing a task; anticipate 

students’ emerging and incomplete ideas and when one recognises and articulates 

misconceptions students carry about particular mathematics content. 

Knowledge of Content and Curriculum (KCC) is the knowledge of the content 

requirements of the curriculum and the materials that can be used to teach that particular 

content.  A teacher with this kind of knowledge is able to: identify the topics in the 

curriculum; articulate the competencies related to each topic in the mathematics 

curriculum; articulate and demonstrate a familiarity with the structure of the 

mathematics curriculum; link representations to underlying ideas and to other 

representations and also reflect knowledgeability of available materials (e.g. textbooks) 

and their purposes. 

METHODOLOGY 

In this research, I used an interpretive research orientation to investigate the MKfT 

enacted by an expert FP teacher. Cohen, Manion and Morrison (2011) view the 

interpretive research model as an approach that seeks to “understand and interpret the 

world in terms of its actors” (p, 28). I used the interpretative orientation with the aim 

of observing and interpreting the knowledge of teaching mathematics that Gail 

(pseudonym), my case study teacher, employed while developing number sense with 
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Grade 2 learners through counting. I used a case study approach as it provides an 

opportunity of gathering rich data through an in-depth study of a bounded system such 

as an activity, event, process, or individual (Ary, Jacobs and Razavieh 2006, Creswell 

2009). In my study, Gail was my bounded system in whom I sought to understand her 

actions, thoughts, experiences in the totality of her environment (her Grade 2 

classroom) to investigate what MKfT she enacts in her teaching of number sense 

through counting to Grade 2 learners. After receiving ethical approval by my university 

to carry out this research, I sought permission from the school, the teacher and the 

parents to conduct research with Gail. I explained the purpose of the research and that 

Gail’s participation was voluntary and she could withdraw anytime she wished. 

Pseudonyms were used to protect the anonymity of the school, the teacher and the 

learners. Information gathered was treated with confidentiality  

RESEARCH PROCESS 

I observed Gail’s fifteen mathematics lessons for four weeks focusing on counting 

sessions she conducted with the whole class, bottom group and the top group. 

Observations allowed me to collect information first-hand on the experiences of Gail 

as occurring in her classrooms. Observation thus offered an opportunity to gather ‘live’ 

data from naturally occurring classroom situations (Cohen et al., 2011).  

Two structured interviews, based on video recordings of lessons, were conducted on a 

one-on-one basis with Gail in her classroom during the learners’ absence. Informal 

interviews were also conducted during the course of the observations at the end of each 

counting session to enable Gail to interpret and clarify aspects of each of the counting 

lessons. 

The observed lessons and interviews were video recorded and transcribed. The MKfT 

framework was employed to analyse the data collected. As stated earlier this study used 

the MKfT theoretical framework to investigate what aspects of MKfT Gail employed 

in her teaching. I worked with five of the six domains of the MKfT (that is the SCK, 

HCK, KCT, KCS and KCC) and compared them to the data gathered through the lesson 

observations, interviews and the analysis of the FP mathematics curriculum to 

determine the MKfT reflected in her teaching.  I did not use the sixth domain of the 

MKfT (the CCK) because Gail’s positioning as an expert teacher assumes her 

possession of CCK. Below I present excerpts from a selected lesson where Gail utilised 

her counting session to develop number sense in learners. In this particular lesson, I 

was interested in how Gail helped her learners to overcome a common counting error 

of confusing the teens and the ty numbers. According to Wright (2016) learners confuse 

‘teen’ & ‘-ty’ numbers, for example they can count 23, 22, 21, 20, 90, 80, 70, 60 50 … 

Instead of 19, 18, 17 they say 90, 80, 70 etc.   
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DATA PRESENTATION AND ANALYSIS 

Vignette 1: A whole class counting session from Lesson One. 

The focus of this whole class counting session was counting in ones within the 
number range of zero to eighty. The counting session began with the learners 
counting in 1s while Gail moved single beads across the beadstring. She stopped 
the learners at various numbers and asked about the composition of those 
numbers (e.g. ‘Who can tell me what thirty-four is made of?”).  
Thereafter, the learners continued counting in 1s. As they approached the ‘teen 
numbers’, she slowed the counting down to emphasise the ‘teen’ sound in the 
‘teen’ numbers (e.g. thirt-ee-n). Likewise, she slowed the counting down when the 
learners reached the decuples (A decuple is a multiple of 10 e.g. ten, twenty, 
thirty, forty etc. (e.g. tw-en-ty, th-ir-ty). She counted ahead with the learners for 
the next three numbers. The learners counted up to 50 and then backwards in 1s 
to 0. Thereafter they counted in 1s from 50 to 80. 
All the time Gail used the beadstring. After they counted forwards in 1s from 50 
to 80, the learners counted backwards in 1s from 80 to 50. As the learners counted 
backwards Gail emphasised the move from the decuple (e.g. 70) to the next 
number (e.g. 69). As she did this she told the learners that they were now ‘closing 
off Mr 70s house’ and she used her hands to demonstrate this closure. She ended 
the counting by exploring with the learners the meaning of counting backwards 
and made the link between counting backwards and subtraction. 
Concepts developed in the counting session: 

Counting on  

Counting back 

Decomposition of numbers 

Relationship between counting back and subtraction 

 

The ‘teen’ and ‘ty’ concept 

At the beginning of the mathematics lesson, presented in Vignette 1, all the learners in 

Gail’s class were seated in an orderly arrangement on the mathematics carpet. They 

were counting in ones. As they said each counting number name, Gail moved beads on 

the beadstring. Excerpt 1 provides a transcript and account of what transpired in this 

counting session. T is for the teacher i.e. Gail; TLL refers to the teacher with all learners 

speaking/counting together; LL refers to all the learners speaking/counting; while L 
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indicates a single learner speaking/counting (although there are no examples of the 

latter in this excerpt). 

Excerpt 1: Emphasising ‘teen’ and ‘ty’ numbers (L1V1) 

 T Okay boys! It is time for Maths. Let us go to the back carpet. Come 

on come on let us be quick.  [Learners move to the carpet and sit 

down facing the teacher’s chair. The teacher stands next to the 

beadstring in front of the learners] Quiet boys! We are going to 

count forward in ones. 

 TLL [Tr pulling the beads on the beadstring one at a time as the learners 

count] One, two, three, four, five, six, seven, eight, nine, ten, 

eleven, twelve … 

 TLL [Tr reducing the tempo and emphasising the ‘teen’ sound as she 

counts with the learners] thirteen, fourteen, fifteen, sixteen, 

seventeen, eighteen, nineteen [Tr then emphasises the—‘ty’ 

sound as she counts with the learners] twenty, twenty-one, 

twenty-two, twenty-three … 

 LL [Tr keeps quiet] twenty-four, twenty-five, twenty-six, twenty-

seven, twenty-eight, twenty-nine, thirty, thirty-one thirty-two, 

thirty- three, thirty-four, thirty-four, thirty-five, thirty-six  

 T Stop! I was on thirty-six, I want you to listen very carefully. What 

two numbers do I need to make thirty-six? Thirty-six [Tr putting 

emphasis on thirty] 

 LL Thirty and six 

 T I need a thirty and a six! Good, let’s go on. 

 TLL Thirty-seven, thirty-eight, thirty-nine, forty 

 T Stop! How many tens do we have in forty? Julius? 

Extracted from L1, V1 

RESULTS AND DISCUSSION 

 In the counting session represented in Excerpt 1, Gail marks each counting word by 

moving a bead across the beadstring hanging above her small chalkboard at the 

mathematics carpet in helping learners to count meaningfully. Her counting sessions 

were influenced by her understanding that “there are five principles of counting that 

govern meaningful counting. (FI2, V2, T73).   Gail chooses to use a beadstring to 

facilitate the principal of one-to-one correspondence, which is, matching each number 

name with a bead on the beadstring. Gail told me that her counting sessions were 

influenced by her knowledge that: “Counting is not just a component of just rote 
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count, spit out of your mouth and it means absolutely nothing, which is what a lot 

of teachers actually do. They think it’s just count, count, count. They don’t even 

know if children are actually counting the right number on the right word or 

whatever”. She explains that counting “must be one to one, it must be an uttering 

of the correct word on the correct number”. Haylock and Cockburn (2008) concur 

that in learning to count learners should “learn to co-ordinate the utterance of the 

number word with the movement of the finger and the eye along a line of objects, 

matching one noise to one object until all the objects have been used up” (p. 41). The 

beadstring is, for Gail, an appropriate representation for developing the one-to-one 

principle as it affords learners an opportunity to coordinate Gail’s movement of the 

beads with each number name. Each bead was given one count and one number name.  

A further counting principle evident in Excerpt 1 is the stable order principle. The 

stable order principle upholds the consistence of the counting sequence (Gelman & 

Gallistel, 1978). Number names follow a stable order sequence such as one, two, three, 

and so on. This principle was generally emphasised in Gail’s counting sessions. For 

example, in the excerpt 1 above Gail orders her learners to count in ones. She counts 

with them following the stable order of the counting numbers so that the learners can 

master the sequence of the number names. According to Naudé & Meier (2014) it is 

critical for learners to know that the number names maintain a consistent order in 

counting regardless of the counting strategy (be it forward or backward, counting in 

ones or skip counting).  In particular, Gail was concerned with the learners counting in 

ones between ten and twenty. In Excerpt 1, we note how she chooses to count with the 

learners to remind them of the order of numbers between one and thirteen. 

Gail’s understanding of the counting principles and her ability to implement them in 

her teaching reflects her SCK and KCT. Knowledge of the counting principles is the 

SCK that is of particular importance to teachers, especially Foundation Phase teachers. 

The vignette above show that Gail draws on this knowledge while she teaches 

signifying that she is able to make the link between her SCK and KCT.  

Gail, as suggested by the DBE (2011), avoided using one kind of resource all the time, 

but employed a variety of representations during her counting sessions such as the 

beadstring, dice, pairs of socks hanging in the classroom and paper hands on the wall. 

Each representation was chosen for a purpose and she managed to use them successfully 

as indicated by her class of learners being able to count correctly in relation to her 

movement of each bead. She showed understanding of what underlies the use of each 

representation. In this respect her KCS comes to the fore. Furthermore, Gail 

demonstrated that she is cognisant of available materials and their purposes in assisting 

her learners in developing in counting. In this respect, she not only demonstrated 

knowledge about content and teaching but also of content and curriculum as it is 

broadly understood. 

As noted in Excerpt 1, each time the learners counted Gail started with them (as 

indicated in the TLL parts of the transcript) before she left them to count on their own 
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in unison (LL). She chose to re-join the counting when she anticipated common 

counting errors or counting challenges. For example, in Excerpt 1 above, Gail counted 

with the learners up to twelve because the sequence up to twelve is arbitrary and can 

easily be confused or forgotten. According to Reys et al. (2007), “patterns facilitate the 

counting process” (p. 160) and it therefore is easier for learners to grasp the counting 

sequence when they identify its pattern. Gail confirmed that “if a child can see patterns 

they can do maths” (FI2, V2, T103) because “Maths is a pattern. It’s the same thing 

over and over”. This is confirmed by research which shows that during the early stages 

of learning to count, learners struggle to count in an accepted number word sequence 

from one to sixteen because there are no obvious patterns to the number names and 

their sequence (Reys et al. 2007). It is suggested that from thirteen onward learners can 

depend on the pattern of the number names such as thirteen with thir standing for three, 

fourteen with four for four, fifteen with fif for five to master the accurate counting 

sequence (Gifford, 2005).   

The emphasis on the ‘teen’ numbers was not limited to this particular counting session. 

Gail emphasized the ‘teen’ numbers in a variety of other counting sessions with both 

the whole class and in small groups. Furthermore, Gail not only emphasised the ‘teen’ 

numbers but also those ending with ‘ty’ (e.g. twenty). As noted in Excerpt 1, Gail 

counted with the learners in her class as they moved from the ‘teen’ numbers to the ‘ty’ 

numbers. The syllable ‘ty’ is emphasized as the learners count. At the beginning of the 

teen numbers Gail slowed down the counting speed to emphasize the ‘teen’ numbers, 

bridge the decade and counted with them the beginning of the twenties slowly to 

emphasize the decuple. When they got to the twenties in excerpt 1 she emphasized the 

‘ty’ sound once more and elaborated on the pattern that follows all decuples twenty-

one, twenty-two, twenty-three … thirty, thirty-one, thirty-two...    

Gifford (2005) alleges that learners often confuse the teen numbers and the decuple.  

She argues that learners “dovetail these two patterns together. Sixty, seventy, eighty, 

also sound like sixteen, seventeen, eighteen, which can be problematic to learners with 

hearing difficulties” (p. 79). Gail, anticipating this challenge and wanting to avoid its 

consequence, slowed down the counting in Excerpt 1 and emphasized the pronunciation 

of both the ‘teen’ and ‘ty’ numbers.  

Central to ensuring that the learners in her class grasped the difference between the 

‘teen’ and ‘ty’ numbers, Gail used questioning to encourage the learners to identify 

whether a number has a ‘teen’ or a ‘ty’ in it, for example, in one lesson learners were 

counting down from twenty, Gail stopped them at ten and asked “is it fourteen or 

forty?”, “is it seventeen or seventy?” When the learners gave a correct response, she 

cautioned them to pronounce the words properly and continued with the counting by 

asking them to count down from twenty to ten once more. Learners eventually 

emphasised the ‘teen’ sound when counting without her support. She assured that 

learners differentiated the spellings of the teen number words and the decades by asking 

such questions as who can tell the difference between the spelling of thirteen and thirty.  
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In many respects, Gail recognised that the pattern in the counting words which begins 

after twelve is an important aspect of learning to count. Not only did Gail realise that 

the patterns of the number words assist children with counting, but she also emphasised 

the use of mathematical language (that is, the number names) by encouraging the 

learners to differentiate between the ‘teen’ and ‘ty’ words. Her knowledge of the 

significance of patterns in learning mathematics and the emphasis on the mathematical 

language are indicative that Gail has knowledge related specifically to the work of 

teaching which is beyond the content knowledge expected of ordinary citizens (i.e. 

CCK). In addition, her emphasis on the ‘teen’ and ‘ty’ numbers are an example of Gail’s 

knowledge of the link between content and learners (KCS) as she was able to anticipate 

the errors that learners make and the typical challenges they have in learning to count. 

In assisting the learners with this possible difficulty, Gail demonstrated her KCT as she 

selected appropriate counting sequences (e.g. counting in 1s from 0 to 50), counted with 

the children when she deemed it necessary and asked productive questions in relation 

to the numerosity of the numbers that the learners named as they counted. 

Gail demonstrated her mathematics knowledge for teaching counting during this 

counting session in many ways. Table 1 below provides a snapshot of Gail’s’ MKfT in 

relation to developing children’s knowledge of the distinction between ‘teen’ and ‘ty’ 

numbers. The indicators of each domain that Gail drew on during this and other 

counting sessions are also given in Table 1 below. 

Table 1: Summary of MKfT domains employed relating to the concept of teen and ty 

numbers 

MKfT 

Domains 

Indicators evident in Gail’s teaching of counting 

SCK  Knowing that counting requires an understanding of the one-to-one 

principle, the stable order principle, and the cardinal value (numerosity) 

principle 

 Knowing that there is more to counting than rote counting  

 Knowledge that counting involves a general pattern beyond the 

number 12 

 Knowledge of counting errors and challenges (i.e. distinguishing 

between ‘teen’ and ‘ty’ numbers) 

KCT 

 

 Sequences the counting sessions starting with 1s before skip 

counting, and counting forwards before counting backwards 

 Selects appropriate counting exercises (e.g. counting up to the 

‘teen’ numbers before counting the ‘ty’ numbers) 

 Asks productive questions (e.g. what is the difference between the 

spelling of thirteen and thirty?)  
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 Presents mathematical concepts accurately by emphasising the 

‘teen’ and ‘ty’ numbers 

KCS  Anticipates that the students will find the ‘teen’ and ‘ty’ numbers 

difficult to distinguish 

 Recognises and articulates misconceptions learners carry about the 

‘teen’ and ‘ty’ numbers 

HCK  Connects the topic of counting to that which the learners learned in 

the prior year 

KCC  Knows which instructional materials would be effective 

 Has a familiarity with the curriculum and the structure of the 

curriculum content? 

 Demonstrates the expectations from the mathematics curriculum 

 Knows what instructional materials are available, what approach 

they take and how effective they are 

 

CONCLUSION 

In this study, I found that KCT seemed to be the centre of MKfT.  The study found 

KCT directly linking the teacher and the learner. Gail expressed KCC, HCK KCS, SCK 

through her teaching.  The knowledge of the other five domains only become beneficial 

to the learner through KCT where Gail actually interacted with the learners and 

employed the knowledge of the other five domains to improve teaching and learning. 

For example, Gail’s knowledge about the misconceptions and errors made in their 

counting (KCS) was crucial to her teaching. She taught in a way that addressed possible 

errors prior to the learners even making the errors. For example, she knew that learners 

confused the teen and the ty numbers. She thus taught them in such a way that that this 

possible error would be addressed. She emphasised the teen sound on the teen numbers 

like thirteen, fourteen and the ty sound with numbers like thirty and forty. She also 

asked her learners what the difference was between fourteen and forty.  We thus 

inferred that the five domains (CCK, SCK, KCC, HK and KCS) influenced her KCT.  

Although it may be difficult to determine where one knowledge domain begins and 

ends, Pinsky (2013) argues that “the importance of Ball et al.’s work resides not in 

clearly drawing the boundaries between them, but rather in establishing their existence” 

(p. 40). This analysis of Gail’s teaching establishes the existence of these domains and 

illuminates their interrelationship. Through my research, I realised that Gail was not 

always conscious of her MKfT. Her counting sessions were seamless and in many 

respects her MKfT was automated. Like an experienced driver, Gail did not stop to 

think about what MKfT she was drawing on at any particular moment in time. 
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This study found that the indicators that Ball et al. (2008) has established for each 

domain were not particularly useful in relation to the teaching of counting. In other 

words, while the domains were visible the indicators as stated by Ball et al. (2008) were 

not always evident in relation to the domains relating to counting. We surmise that those 

indicators may be better suited to studying the MKfT teachers draw on in teaching 

number operations and other mathematical concepts. Given this, we had to establish 

our own indicators by drawing on Ball et al.’s (2008) definitions of each of the domains. 

Most notably was the challenge in identifying Gail’s SCK in relation to counting.  
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This study was conducted to explore the learning styles of undergraduate students who 
registered for fundamental mathematics modules at a university. The findings were 
that mathematics undergraduate students preferred ‘sensing’, ‘visual’ and ‘sequential’ 
over ‘intuitive’, ‘verbal’ and ‘global’ learning styles as their dominant styles of 
learning. Students viewed mathematics instructions as more favorable to ‘verbal’, 
‘intuitive’ and ‘sequential’ learning styles. These findings emphasise the need to 
develop mathematical proficiency. One way of doing so is for educators to enable 
students to harness their potential by providing mathematical instructions both in 
student’s preferred and less preferred style of learning. Another option is to enhance 
a wide range of instructional approaches based on various learning styles.   
Overall this investigation provides an insight into the awareness of learning style 
preferences and how such awareness can be exploited in balanced learning processes. 
 

INTRODUCTION 

The concept of learning styles has for decades becomes a logical and intuitive appeal 

as educators face a huge diversity of learning styles in mathematics classrooms at 

university. Many teachers are aware of the need to advance learning through 

understanding how students learn (McCray, Dehaan & Schuck, 2003) and 

recommended that the relationships between learning style and instructional 

approaches be examined (Muro & Terry, 2007). The influence of students’ learning 

styles is significant not only for their academic achievement but also for the teaching 

approaches that address those (Rogers, 2009). In light of this, a focus on learning style 

as a tool to develop balanced learning has increased (Landrum & McDuffie, 2010) and 

a number of studies have noted the importance of instructors teaching students with 

their learning styles in mind. (for example, Felder & Spurlin, 2005; Sidhu, 2009). 

However, little research has been conducted on the interaction between learning styles 

and studying mathematics especially at tertiary level (Moutsio-Rentzos & Simpson, 

2010). It is strongly advocated that an understanding of learning styles differences in 

mathematics classrooms could be used to design mathematics coursework and can be 

valuable in providing an appropriate outline (Buxeda & Moore, 1999; Graf, Viola, Let 
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& Kinshuk, 2007; Kelly, 2013). This in turn could act as a foundation for further 

improvement in the balanced teaching and learning of mathematics at university 

(Franzoni-Velázquez, Cervantes-Pérez & Assar, 2012; Kelly, 2013).  

The pass rate in mathematical courses at university in South Africa is very low and has 

created concern (Luneta, 2008). It is imperative to address this low pass rate and engage 

in studies that point to an enhancement of teaching the subject at tertiary level. This 

study was conducted for two purposes, to identify the predominant mathematics 

learning styles among undergraduates at a university in South Africa as well as to 

provide a view based on the appropriate instructional approaches that address the 

majority of these students in mathematics lecture theatres.  

 

DIMENSIONS OF LEARNING STYLES   

Studies have been conducted on learning styles and it is acknowledged that it is an 

essential set of knowledge for teachers to acquire. Students have different strengths 

and preferences in the ways they collect, process, perceive, organize and understand 

information (Felder & Spurlin, 2005; Kolb, 1984). Learning styles refers to how 

students most effectively perceive (for example, sensing or intuitive), how information 

is received (for example, visual or verbal), how information is processed (for example, 

active or reflective) and how students preferentially understand information (for 

example, sequential or global).  

With regards to the dimension of ‘information perception’ students with ‘sensing’ 

learning styles are comfortable in situations firmly grounded in fact and experience 

with little theory. They prefer to have a realistic and practical approach. They learn 

better in applied fields which lead to directly useful accomplishments. On the other 

hand, students with an ‘intuitive’ learning style tend to focus on abstract information 

such as theorems or mathematical symbols. They prefer to see how facts fit together 

and what they may mean, with only passing interest in the facts themselves (Cook, 

Thompson, Thomas & Thomas, 2009).  

The ways people receive information may be classified into two modalities: visual and 

verbal (the dimension of ‘information input’). Visual students prefer visual 

representations of material and tend to use imagery representations (pictures, diagrams, 

symbols or flow charts) to make information concrete whereas verbal students prefer 

written and spoken explanations (Jonassen & Grabowski, 2012). Many studies have 

revealed that the majority of students are visual students (that is, Franzoni & Assar, 

2009; Litzinger, Lee, Wise & Felder, 2007). Yet there is not much empirical evidence 

to support this verbalizer–visualizer hypothesis (Cronbach & Snow, 1977; Kirby, 

Moore & Schofield, 1988; Massa & Mayer, 2006). 

The complex mental processes by which information is accessed are conveniently 

classified into two modalities: ‘active experimentation’ and ‘reflective observation’ 

(the dimension of ‘information processes). Kolb regards this mental process as an 
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internalization mode raging from doing to watching. ‘Active experimentation’ relates 

to the active approach to learning which relies heavily on experimentation (discussing, 

explaining and testing the information in some way) while ‘reflective observation’ is 

connected to a tentative and impartial approach to learning (introspectively examining 

and manipulating the information) (Kolb & Kolb, 2005). 

The dimension of ‘information understanding’ refers to the question ‘how do people 

organise and progress toward understanding’. It reflects an individual tendency to 

respond to a learning task either with a holistic strategy (hypothesis-led) or a step-by-

step (date-led) process (Zhang & Sternberg, 2000). Global students tend to take a 

holistic approach to learning, which entails seeing relationships among several topics 

and focusing on constructing a broad conceptual overview. Sequential students, by 

contrast, are inclined to take an analytical approach, which entails analysing one thing 

at a time, and later concentrating on separate topics and the logical sequences between 

them (Pask, 1976). As mentioned so far, the construct of learning styles classifies 

students according to where they fit in on a number of scales pertaining to the ways 

students receive, understand and process information. However, the purpose of 

identifying a learning style is not to label students but to create an optimal learning 

environment for all-round learners.  

 

ACCOMMODATING LEARNING STYLES  

It is important for students to build their knowledge of and skills in both their preferred 

and less preferred modes of learning (Brown, 2003; Delahoussaye, 2000; Gilakjani, 

2012). In this regard, the four dimensions of learning styles could provide good 

frameworks for designing balanced instruction.   

In mathematics education, traditional teaching strategies such as lecturing are 

commonly used.  Lecture methods include a lot of abstract concepts (principles, 

theories, mathematical models) which are more favorable to ‘intuitive’ students (Felder 

& Silverman, 1988).There is consensus among researchers that if there is a more 

careful introduction of the topic, possibilities to explore applications to real-life 

settings and concrete information (facts, data, real or hypothetical experiments and 

their results) might motivate ‘sensing’ students who have the capability of cautious 

observation and attention to detail (Muro & Terry, 2007). During class, demonstrations 

and visual illustrations of concepts might appeal more to ‘visual’ students. Research 

also asserts that small-group brainstorming activities or group discussion could also be 

beneficial for both ‘active’ and ‘reflective’ students because it might give students an 

opportunity to participate and to think through (Felder & Silverman, 1988). Course 

materials could include practical problem-solving methods (for ‘active’ students) with 

material that emphasises fundamental understanding (for ‘Reflective’ students) (Lou, 

Abrami & Apollonia, 2001; Van der Linden, Erkens, Schmidt & Renshaw, 2000). 

Formal mathematics courses often engage in a logically ordered sequential progression 

from concept to concept, which is more favorable to sequential learning students. 
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However, mathematical concepts and ideas also comprise visual relationships and 

students should be capable of relating a visual image of abstract information in an 

intuitive manner. The literature points to the fact that there should not only be some 

drill exercise but also open-ended problems that call for analysis and synthesis for both 

‘sequential’ and ‘global’ students.  

 

METHODOLOGY  

The research design for this study is a mixed method design that is analyzed through 

quantitative and qualitative methods. This study employs, for pragmatic reasons, a 

sequential explanatory mixed method design to obtain rich data. This design advances 

straightforwardness to implementation and opportunities for the exploration of the 

quantitative results in more detail. The interrelation of quantitative and qualitative data 

allows for the examination of the overlapping parts of each phase (Creswell & Clark, 

2007).  

 

The research questions of this study were divided into three phases as follows: (1) what 

are the dominant learning styles in mathematics classrooms at university? (Quantitative 

phase); (2) what characteristics do students perceive as suitable instruction according 

to their learning styles? (Qualitative phase); and (3) what are the instructional 

approaches to enhance students’ preferred and less preferred learning styles (Integrated 

phase)? 

PARTICIPANTS 

In the quantitative phase, 302 undergraduate students who were registered for 

mathematics modules and took classes at the university participated (165 male & 137 

female). The sample included 152 natural science students, 92 education students, and 

58 engineering students. With the intent of more in-depth information, 16 participants 

who strongly favored one learning style over the other were purposively selected (4 

participants each with strong ‘sensing’, ‘active, ‘visual’, and ‘sequential’ learning 

styles). ‘Active’ was chosen instead of ‘intuitive’ learning style because   ‘reflective’ 

and ‘verbal' learning styles have a significant relationship (Alfonseca, Carro, Martin, 

Ortigosa & Paredes, 2006) and the university students sampled favored 'visual' over 

'verbal'. With regards to this, an ‘active’ learning style could be regarded as a more 

prevalent learning style than ‘reflective’. The interviews were used to solidify and 

triangulate with the quantitative data as well as provide a robust understanding of 

learning styles as explained and advanced by the students. 

INSTRUMENTS 

The ‘Felder - Silverman Index of Learning Style (ILS)’ was used to obtain quantitative 

data. This inventory depicted learning styles in detail with four dimensions and had 

been used to examine the learning styles of college students in other studies (Graf et 

al., 2007; Provitera & Esendal, 2011). Learning styles in this inventory were regarded 
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as tendencies (between 0 and 11), meaning that students have a core tendency for a 

specific learning style but can also act differently in particular situations (Liu & Graf, 

2009). 

In the qualitative phase, informal semi-structured interviews were conducted. The 

content of the interview questions included students’ views of the quantitative results 

and their preferred way of lecturers’ teaching in mathematics classrooms.  The 

students’ answers to these questions provided insight into their view of how they 

acquired mathematical knowledge, what they preferred as their best forms of 

knowledge dissemination and possible appropriate measures that needed to be taken to 

address their plight.  

To address the third research question, the findings from the quantitative and 

qualitative phases have been integrated along with existing literature. The integration 

of the quantitative and qualitative data is essential to provide an informed thick 

description of findings.  

PROCEDURE AND ANALYSIS 

Data analysis is a very critical part of research. It provides the researcher with an 

authentic understanding of the data as well as an opportunity to give it meaning and 

indicate what the essence is to the reader, what Luneta (2011) called ‘data dialoging’.   

As earlier alluded to, the data collection took place among undergraduate students who 

were registered for mathematics modules at a university in South Africa. The students 

completed the ‘Felder – Solomon learning style inventory (ILS)’. Frequency counts 

and cross-tabulation helped to analyse the demographic information and the 

participants’ answers to separate items in each domain. To determine the differences 

of learning styles based on ‘gender’ and ‘discipline’, Pearson’s chi-square tests with 

phi coefficient were used. For the richness and depth of description in the qualitative 

phase, three sources for collecting the data were used:  

(1) in-depth mixed semi-structured interviews  

(2) researcher’s reflection notes on each participant’s responses immediately after the 

interviews and  

(3) electronic follow-up interviews with each participant to secure additional 

information on the emerging themes.  

The grounded theory approach was adopted to analyse qualitative data because it 

maintains that change is part of the process and individuals make choices based on the 

purpose of their studies. This includes seeking useful descriptions, obtaining 

conceptual ordering (classifying and elaborating) or developing theory (Strauss & 

Corbin, 1990) Integrative selective coding was not included since the analysis of this 

study in the qualitative phase is to classify and elaborate (conceptual ordering) 

characteristics of suitable instruction. Only open coding and axial coding were used.  



  LONG PAPERS 

73 

 

The findings from the quantitative and qualitative phases along with existing literature 

were utilized to answer research question no. 3 (the integrated phase). The responses 

to the third question also aided in developing implications for a balanced instructional 

model that the study came up with. 

RESULTS AND DISCUSSION 

The results are presented following the dominant discourses that emerged as themes of 

the study. The dominant learning styles were quite consistent with other studies though 

contextualized to South African urban university mathematics students. 

The Dominant Learning Styles  

‘Sensing’, ‘visual’ ‘sequential’ learning styles were found to be more prevalent among 

the university students sampled. The scores of each learning style were higher (X > 

5.5, the mean of the scores, sensing (6.2) / visual (7.0) / sequential (6.1)) than the scores 

of their respective modalities (intuitive, verbal, and global, X ≤ 5.5). In other words, 

students tended to perceive information through sense, responded strongly to visual 

forms of information and preferred to learn step-by-step.  

The greatest difference (3.1) with regards to the means was relevant to the ‘receiving 

information’ dimension (visual – verbal). Wessels and Steenkamp (2009) stated 

undergraduates in South Africa preferred visual modes of learning and image-rich 

environments.  

Table 1 shows the strength of preferences for the eight modalities. The modalities of 

students are classified into; strong/moderated (differences from 5 to 11 within bipolar 

modalities) and balanced (differences from 0 to 3 within bipolar modalities). These 

results are compatible with many studies (for example, Felder & Spurlin, 2005; 

Franzoni-Velázquez et al., 2012).  

 

Table 1: Strength of Preferences (Note: Str./Mod. = Strong or Moderate)  

Dimension Processing Information Perceiving Information 

Strength Str./Mod. 

Active 

Balanced 

 

Str./Mod. 

Reflective 

Str./Mod. 

Sensing 

Balanced Str./Mod. 

Intuitive 

Percentage 16.8% 69.1% 14.1% 28.7% 60.3% 11.0% 

Dimension Receiving Information Understanding Information 

Strength Str./Mod. 

Visual 

Balanced 

 

Str./Mod. 

Verbal 

Str./Mod. 

Sequential 

Balanced Str./Mod. 

Global 

Percentage 48.7% 44.3% 7.0% 25.2% 67.1% 7.7% 
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The mean scores of learning styles in each domain were compared in terms of ‘gender’. 

The distribution of male and female students’ responses are statistically significant on 

the dimensions of ‘perceiving information’ and ‘receiving information’. The mean 

score of females (6.6) is higher on average (6.2) for the ‘sensing’ modality. By contrast, 

the mean score of males (5.1) is higher on average (4.8) for the ‘Intuitive’ modality. 

Regarding ‘Visual – Verbal’ modalities, male and female students exhibit contrasting 

responses (‘visual’ – male 7.2 & female 6.7 / ‘verbal’ male 3.6 & female 4.2). These 

results were compatible with many other studies (that is, Dobson, 2009; Felder, Felder 

& Dietz, 2002; Halpern et al., 2007).  

A Chi-square measure of 15.0 (2, n = 300, p = .001) is attained for ‘Perceiving 

Information’ dimension and of measure of 8.7 (2, n = 300, p = .013) for ‘Receiving 

Information’. Compared to the effect size, the relationship between ‘gender’ and the 

‘sensing–intuitive’ modality is higher than the ‘visual–verbal’ modality. By using phi 

coefficient, the relationship between ‘Gender’ and ‘Sensing–Intuitive’ modality is seen 

to have a medium effect size (phi = .22), while the ‘Visual-Verbal’ modality has a 

small effect size (phi = .17) (Pallant, 2011). 

Characteristics of suitable instruction perceived by students according to these 

Learning Styles 

In order to find out the characteristics that students perceive as suitable instruction 

according to their learning styles, 16 students were selected to participate in interviews. 

The transcribed interviews of the participants were coded and analyzed to find 

prevalent characteristics amongst the students.  

Table 2 below shows the characteristics of suitable instruction perceived by students 

according to their learning styles (identified concepts after open coding). Each number 

in the table indicates how many students mentioned the characteristics during the 

interviews. The concepts included in table 2 have two criteria: being mentioned by 

more than 2 students (over 50%) in each learning style; and being mentioned with 

reference to at least two different learning styles.    

   
Table 2: The characteristics of the mathematics classroom discourse (n=16) 

 

  A B C D Total (%) 

1 Realistic examples  3 4 4 3 87.5 

2 Students’ conceptual understanding should be 

considered 

4 2 4 3 81.25 

3 Hands-on materials during class (Time to 

practice) 

4 2 4 3 81.25 

4 Well-prepared presentations 3 3 4 2 75 

5 No straightforward lecturing 3 3 3 3 75 
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6 Low self-efficacy 3 3 3 2 68.75 

7 Active attitude during class 4 2 3 2 68.75 

8 Time to practice during class is useful 3 2 3 2 62.5 

9 Cautious use of technology (less interaction) 3 3 2 2 62.5 

10 Students’ effort to link new info to their prior 

knowledge is important 

2 3 2 2 56.25 

11 Tutorial time is effective 3 1 3 1 50 

12 Being more interested in connecting 

mathematic with non-mathematics modules 

1 3 2 1 50 

13 Small discussion is helpful 3 1 3 1 50 

14 Comfortable with step-by-step procedure 2 1 2 2 43.75 

15 Well-structured instruction 2 1 2 1 37.5 

16 Approachable atmosphere 1 2 2 1 37.5 

 

Note: A – 4 students with ‘Active’ LS (learning style) / B – 4 students with ‘Visual’ 

Ls / C – 4 Students with ‘Sensing’ LS /  

D – 4 Students with ‘Sequential’ LS 

 

As connecting and grouping the identified concepts, three themes emerged from the 

data analysis (see table 3). 

 

The first emerging theme was ‘excellence in presentations’ (4 & 9 in table 2). Students 

with various learning styles valued the professionalism of their lecturers. However, 

students repeatedly referred to a lecturers’ way of presenting information, especially 

‘Visual’ students pointed out well-prepared presentations. On the other hands, ‘Active’ 

and ‘Sensing’ students emphasised the interaction between a lecturer and students 

(focusing too much on presentations might refrain from classroom interactions).  

The second emerging theme was ‘engagement’. Under this theme, there were two sub-

categories: ‘Embracing sensing students (1 & 2 in table 2)’ and ‘active classroom 

environment (3, 5, 8, 11 & 13 in table 2)’. Students mostly with a ‘sensing’ and ‘active’ 

learning style shared their struggling to understand lecturers’ explanation even though 

their lecturers repeated their explanations. There might be two reasons for this: 

different learning styles or unpreparedness. 
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Table 3:    Categories and Subcategories 

Categories Sub-categories Characteristic actions 

Excellence in  

Presentations 

A balanced preparation Presentation with interactions 

 

Engagement 

 

Embracing Sensing students 

Providing practical problem 

solving 

Adjustment to students’ 

understanding 

Active classroom 

environment  

Providing intervals  

Opportunities to participate 

Holistic 

Development   

Overall understanding  From ‘sequential’ to ‘global’ 

Connecting with other relevance  

  

Most science courses including mathematics emphasise concepts rather than facts and 

translate symbols into what they represent, which are very favorable for intuitive 

students, yet not so much for sensing students (As the quantitative data shows many 

students favor the sensing learning style over the intuitive learning style). Another 

reason might be due to the gap between expectations of lecturers and undergraduate 

students’ unpreparedness (Spaull, 2013; Tsanwani, Harding, Engelbrecht & Maree, 

2014). With regards to this, students mentioned ‘realistic examples’ would be helpful 

and expected lecturers to be aware of their conceptual understanding (in many 

occasions they could grasp the concepts through their peer’s explanation).  

To create an active classroom environment, instead of straightforward lecturing, 

students should be given opportunities to participate. This could be useful to help 

students grasp concepts and solve problems. Students recommended hands-on 

materials and small discussions, because instant or short explanations among peers 

allegedly helped their understanding. 

The third emerging theme was ‘holistic development’. Most students were satisfied 

with a logically ordered sequential progression from one concept to another concept 

(14 in table 2). Yet students were interested in connecting mathematical knowledge to 

their major subjects and acknowledged the importance of their efforts to link and to see 

the overall picture (10 & 12 in table 2). Given that the majority of students were not 

majoring in mathematics, this holistic approach would be supportive for them to be 

more interested in studying mathematics.    
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Instructional approaches for All-Round Students   

It was revealed in this study that to adequately prepare students for further studies and 

become mathematically trained workers, mathematicians and mathematics educators 

have the responsibility to create a balanced course and curricula where students may 

build their knowledge and skills in both their preferred and less preferred modes of 

learning.  

Firstly, most professors and lecturers in the faculties of mathematics were themselves 

intuitors (Felder & Silverman, 1988) while students were sensors. To solve this 

discrepancy in the mathematics classrooms, it is necessary to not only examine and 

manipulate abstract information but also use alternative ways of teaching. Authentic 

mathematical tasks and concrete examples could be supportive. ‘Sensing’ students also 

seemed to learn better using a case-based approach (opportunity for vicarious 

experimentation) (Bostrum, Olfman & Sein, 1990) and a problem-first instruction 

approach instead of giving them information in a didactic way (Cook et al., 2009). 

Secondly, well-prepared presentations of problems are important not only to help 

‘Visual’ students but also to raise the level of mathematical thinking required of 

students (Stigler & Hiebert, 1999). As many students mentioned, the use of high 

technology in lecturers’ presentation should appropriately be used to a certain extent 

not to refrain the interaction between a lecturer and students. The way lecturers shared 

their knowledge has a considerable influence on students’ desire to be engaged with 

studying mathematics (Ernest, 1989; Wilkins, 2008). 

Lastly, the traditional approach (step-by-step and rule-based instruction) was suitable 

to the majority of students with a ‘Sequential’ learning style. Considering many 

students were not studying mathematics as their major, it might be ideal if each lecture 

starts with the overall conceptual framework with visual symbols rather than a linear 

course outline (Wessels & Steenkamp, 2009). This could develop their skill to perceive 

and manipulate abstract information from concrete aspects, which is highly valued in 

any academic field (De Guzm’an, 2002).  

 

CONCLUSION  

This study was to explore students’ learning styles using data collected from 

questionnaires and individual interviews with participants. In short the findings that 

were made are that ‘Sensing’, ‘Visual’, and ‘Sequential’ learning styles were favored 

among university students. The differences between genders were also examined. Male 

students learning styles leaned towards ‘Intuitive’ and ‘Visual’, whereas females were 

generally classified as ‘Sensing’ and ‘Verbal’ learners. Students expected mathematics 

instructions to be more authentic and interactive. Taking the traditional instruction into 

account which might favor ‘Intuitive’ and ‘Reflective’ students, more attention should 

be given to ‘Sensing’ and ‘Active’ students. In terms of the domain of ‘understanding 

information’, a logically ordered sequential approach should adopt a holistic way of 
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teaching – by posing thought-provoking question-first and then presenting an 

introduction or open-ended exercises that call for analysis and synthesis.  

 

It is evident that lecturers should consider not only mathematical course content but 

the effectiveness of their teaching, which is closely linked to students’ learning styles 

(Soto, 2010). Future research should continue to study the effect of the balanced 

instruction in other contexts and among other students as supportive evidence. Studies 

are also needed to examine the consistent effect of learning styles in each domain on 

learning mathematics. 
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PERFORMANCE OF GRADE 12 LEARNERS IN GEOMETRY 

Apostolos Giannakopoulos 

University of South Africa, South Africa 

 

Geometry as a part of Mathematics at secondary education has not received the 
necessary attention as it should since in many fields knowledge of Geometry is 
necessary. At some point it was even removed for a while from the syllabus in South 
Africa. Geometry has been acknowledged as a complex subject and although volumes 
have been written about the teaching of Geometry, not much has been written about 
problem solving in Geometry. The general ideas of problem solving are used. But 
Geometry due to its uniqueness requires a slightly different way. Here the way learners 
solve Geometric riders/ problems is investigated and a method is proposed that could 
be used by teachers to improve their teaching-learning situation. 

 

 
Key words: Geometry, Problem Solving, 
 
INTRODUCTION AND BACKGROUND TO SOLVING GEOMETRIC 

RIDERS  

Geometry is part of Mathematics that deals with the study of regular and irregular 

shapes (2D or 3D shapes) and their relationships and properties (Bassarear, 2012). For 

Biber, Tuna and Korkmaz (2013) geometry improves the reasoning and proving skills 

of learners. The 2D shapes lie on the same surface while the 3D shapes are bounded 

by surfaces. According to González and Herbst (2006) geometry is the only section in 

mathematics that learners deal with abstract properties and understanding of 

mathematical proofs. Atebe and Schȁfer (2011) go as far as to state that general 

mathematics competencies of learners are closely linked to the understanding of 

geometric understanding. The geometry that is taught at schools in South Africa is only 

2D Geometry with points, lines and relationships among them (parallel, intersecting, 

perpendicular), shapes (different types of triangles, different types of quadrilaterals, 

circular) and combinations between lines and shapes. 

It is claimed by Van Hiele (1986) that the higher levels of Geometric thinking can only 

be achieved by the learners through instruction. If we accept Van Hiele’s statement 

then the teacher has to design a teaching method that is appropriate to the teaching of 

geometry. For detailed discussion on Van Hiele’s theory refer to De Villiers (1997), 

Lawrie and Pegg (1997), Usiskin (1982) and Dhlamini (2012: 17-26). However, Van 

Hiele and others from the studied literature did not give guidelines as to how to tackle 

geometric riders which make about 85% of the geometry section at NSC. This paper 

analyses learners’ answers and identifies the types of knowledge involved in solving a 

rider as well as the method. It is based on Giannakopoulos’s (2012) study of 
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differentiation. This method is applicable for Mathematics in general and it could make 

a contribution towards understanding learners’ lack of types of knowledge which might 

contribute to non-achievement in Geometry. 
 

Types of knowledge necessary to solve Geometric riders 
 

Classifying knowledge is not a simple task since it is dependent on context such as type 

of skill (day to day knowledge about say fishing, agriculture and so on known as 

traditional or local knowledge), culture (indigenous knowledge) (ICSU, 2001) and 

soon. Then knowledge could be tacit (implicit or soft), individual knowledge or formal 

(explicit or hard) knowledge, which is coded and can be accessed by all. The 

classification in this paper is based mostly on formal or explicit knowledge which is 

transferable (say from teacher to the learner). A number of authors classify this 

knowledge into declarative, procedural, conceptual, schematic and strategic (Veel, 

2007; Anderson and Krathwohl, 2001; Stolovitch and Keeps, 2002; Kwon, Allen & 

Rasmussen, 2005; R i t t l e -Johnson, Siegler & Wagner-Alibali, 2000). Here we use 

Shavelson, Ruiz-Primo and Wiley (2005) classification as it contains length (type of 

knowledge) as well as depth, how well you know something. Table 1 describes the 

various types and what they are about. 

 

Table 1:  Conceptual framework of knowledge (Shavelson et al., 2005) 

 
This classification is very important to the teaching and learning of geometry because 

when one deals with riders all four types are applicable simultaneously. For example, 

when one looks at any diagram of a rider, he/ she must be able to identify all the given 

facts which are explicitly (for example line AB = 4m, ∠ABC = 90°, AB//CD) or 

implicitly given (a circle, a triangle), the declarative knowledge. Knowing when to use 

certain given information, the schematic knowledge. Decide on a way, procedure, to 

solve the problem, the procedural knowledge and where, when and how to apply the 

appropriate procedure, the strategic knowledge. In many geometric riders, there could 

be many paths to follow to solve the rider. Here again strategic knowledge is necessary 

 

 
Proficiency 

Declarative 

Knowledge 
 
 

 

Knowing “that” 
 
 

Domain-specific 

content: 

 Facts 

 Definitions 

 Descriptions 

Procedural 

Knowledge 
 
 

 

Knowing “how” 
 
 

Production 

rules/ sequences 

Schematic 

Knowledge 
 
 

 

Knowing “why” 
 
 

Principles/ 

schemes/ Mental 

models 

Strategic 

Knowledge 
 
 

 

Knowing “where, 

when and  how” 

Strategies/domain- 

specific heuristics 

Extent 

(how much?) 

Structures 

(how is it organised) 

Others 

(How efficient?  How 

precise? How automatic?) 
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to decide on the best path to be followed and decide also which information is 

necessary to solve the problems.  To these we add the conceptual knowledge, 

knowledge of concepts used in geometry and their relationships. From a teacher’s 

perspective, we have Pedagogical Content Knowledge as defined by Shulman (1986). 

Analysis of a geometric rider reveals the types of knowledge necessary to solve a 

geometric rider. Using Shalvenson et al. (2005) classification of knowledge we will 

use D for declarative knowledge, P for procedural knowledge, Sc for schematic 

knowledge, St for strategic knowledge and C for conceptual knowledge (see Appendix 

A for application). 

1. Proving a theorem can be considered as D since the whole proof could be memorised 

and be re-produced without any understanding. Here we allocate proportional 

marks to the total of the question. For example, if the theorem is worth 5 points and 

the total question is 20 points then it is 25%. Depending how much of the theorem 

is answered we give proportional points. For incorrect an answer we give 0. Also 

recalling facts is D (like Pythagoras’s theorem, theorems other than Grade 11 and 

Grade 12. For example, angles on a straight line, interior angles of a triangle, 

deductions from parallel lines intersected by a line and so on). 

2. Applying a theorem correctly as C (for every correct application 1 point for each 

step), and making deductions, for example, If X = Y and Y = Z then X = Z (1 point). 

3. Following the correct path to answer a question is considered as P (The maximum 

is equal to the steps necessary for the shortest path to solution. If a longer route is 

chosen then the learner obtains the maximum points). 

4. Giving reasons on statements as Sc (1 point or 0 for no justification) 

5. Choosing the best shortest method as St (1 point or 0 for long or no attempt). 

A rubric is designed and used for the top 5 learners that obtained more than 70% in 

paper II, 5 middle performing (between 50% and 69%) and 5 low performing learners 

(between 32% and 49%). If in any group there were more than 5 they were chosen 

according to their rank and if more than 5 with the same rank 5 were randomly chosen. 

That is if we need 1 of 32% and have 5 we choose 1 r andomly. 
 

Analysis of learners’ performance in Geometry in Mathematics Paper II 

The sample consisted of 38 scripts where the learners obtained more than 20% in Paper 

II. An application was made to the department of education for 100 examination scripts 

of the second paper by the University of Johannesburg (UJ), where I was one of the 

PhD students who graduated in 2012. The papers were used by UJ colleagues to analyse 

the performance of learners in Analytical Geometry. In Table 2 all the appropriate data 

were collected. These included individual total scores in each of the 3 sections, 

Geometry, Analytical Geometry, and Trigonometry. The Geometry scores were further 

broken down to marks obtained by individual learners for all subsections. 
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Another important point is that there is a high correlation (0.864) between performance 

in the Geometry section and performance in Paper II. The marks obtained for 

answering theory questions were also shown on separate columns. The theory 

contained two theorems. The cyclic quadrilateral theorem (sum of opposite angles is 

180°) and the theorem on similar triangles. Then the group that attempted at least one 

subsection was separated from the rest. Those that did not attempt the geometry section 

almost at all made up almost 43% of the sample (N = 19). Of those 4 attempted the 

first theorem and obtained between 60% and 90% on that subsection. 

The way the papers were analysed was one of examining the sequence that the 

questions and sub-questions were answered and even look at the attached sketches to 

see what the learners did. In the various steps comments are t o  be made if 

necessary. 

Furthermore, since there could be a number of ways to prove something then 

suggestions will be made and where possible comments will be made about the 

learner’s thinking patterns. Something that could have evaded the attention of authors 

of geometry is that when solving riders the thinking should be reversed (analysis). 

What this means is that it is always the converse theorem that is required to use. For 

example we cannot prove that a figure is a cyclic quad. We can say: If we can prove 

that the exterior angle is equal to the interior opposite angle then it is a cyclic quad. For 

the forward cases it is more of the declarative knowledge we can derive from them. 

For example, for a cyclic quad we can get three pieces of information: Exterior angle 

is equal to interior opposite angle, the sum of the opposite angles add up to 180°, and 

the final one that is ignored, if angles subtended at the same segment are equal the 4 

points lie on the circle and thus from a cyclic quad. 

Due to the fact that not many learners answer the geometric riders, analysis of answers 

and strategies used by learners that did attempt some geometry questions takes place. 

The learner numbers correspond to their rank. That is, Learner 1 got the highest 

percentage in the exam. Learner 10, was 9 places below the first and so on. 

Studying the three questions the standard of the questions can be questioned especially 

question 8 which is predominantly an application of Pythagoras’ theorem and the mid- 

point theorem but is should have included similar triangles more extensively. Question 

7 is more balanced as it includes, tangents, angles on the same segment, cyclic 

quadrilaterals, right-angled triangles, exterior angles of a triangle and intersecting lines. 

Question 9 could be considered the most challenging one as it contains also tangents, 

cyclic quadrilaterals, right-angled triangles as well as similar triangles also synthesis 

of various concepts. 

In Appendix A are the questions that were analysed and the memo appear. 
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Analysis and discussion of learner’s answers to questions 7, 8 and 9 

Using the rubric described above, the results obtained are presented in Table 2. Table 

2 shows the learners’ number, the points out of 200 each learner obtained in Paper II. 

The other three columns show the number of points obtained by each learner in the 3 

sections, Analytical Geometry, Trigonometry and Geometry. Then follow the points 

obtained out of 22 in question 7, the equivalent percentage then D(2) is the maximum 

points allocated for declarative knowledge (theory), D() represents necessary 

declarative knowledge used in the solution of the rest of the questions. Then the first 

row shows the maximum points for the various types of knowledge, the total, the % 

then the actual % obtained by the learner in that question and the final column shows 

the discrepancy between the actual and the calculated percent using the types of 

knowledge. The net difference is -6 which arises from the fact that the learner No 10 

only did the theorem and the difference is 7. If we exclude this learner then it can be 

stated that there is a high correlation between the actual marks and the calculated marks 

using the types of knowledge. 

For the theorem 7/15 (47%) answered the theorem. One must not forget that there are 

another 23 learners of whom not one attempted the theorem. This can be quite worrying 

as learning the proof of a theorem could be considered almost pure declarative 

knowledge. Just reproduce the proof. And 3% could be a difference between pass/fail, 

distinction or not, supplementary or not. 

Table 2: Learners’ points on types of knowledge. 

 

 

Question 7 

              Theory                   

  Actual %   Total   Actual   

St.N Paper Anal Trig Ge mark for D(2) D ( P S S C l % % Diff 

  Max.2 5 8 6 2 1 8 0 9 9 3 1 4 100 1   

1 1 5 7 4 1 7 8 0 6 7 1 9 3 7 7 0 

2 1 5 6 4 1 5   0 0 0 0 3 3 8 5 3 

3 1 5 5 3 2 1 8 0 9 9 3 1 4 100 1 0 

4 1 5 6 2 9 4   0 4 6 0 6 1 4 4 - 

5 1 4 6 2 8 3   0 4 4 2 5 1 3 3 1 

6 1 4 4 3 1 5 8 0 3 6 1 4 2 5 5 0 

7 1 3 5 2 1 4 8 0 2 5 1 2 1 4 4 0 

9 1 3 4 2 5 2   0 2 2 1 3 8 2 2 - 

1 1 4 3 3 6 2 8 0 0 0 0 0 8 2 2 - 

1 1 3 5 1 3 1   0 2 1 0 2 5 1 1 - 

1 9 2 4 2 1 4 8 0 4 3 0 3 1 4 4 0 

1 9 4 3 1 1 7   0 9 7 3 1 3 7 7 1 

1 7 3 2 1 7 3   0 3 3 2 5 1 3 3 1 

2 6 3 1 1 0 0   0 0 0 0 0 0 0 0 0 

3 6 2 2 2 1 5   0 6 6 2 6 2 5 5 0 

Avg 1 4 4 2   Avg     3 3.93 1.07 4.67     SUM - 

             Avg     4 43.7 11.9 51.9         
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With respect to conceptual knowledge related to procedural and schematic knowledge, 

it confirms the literature (Rittle-Johnson & Schneider, 2000) that they are almost 

inseparable. The fact that conceptual is slightly higher than the procedural could be 

attributed to the fact learners (those that mostly attempted question 7 do have sufficient 

conceptual knowledge but cannot complete the procedure). 

With respect to strategic knowledge since there are many different ways to solve this 

question due to excess of information not many could see the ‘short cuts’. It is quite 

interesting to see how some learners answered the various questions. For example, for 

7.2.1 only two learners (1 and 3) obtained full marks. Figure 1 and answer of learner 3 

that follows show the diverse thinking of the two. Learner 3 is to the point while learner 

2 proved that S1 + S2 = 90° in a very creative, unpredictable way although he had solved 

the problem 2 steps before when he proved B123 + S12 = 180°.  This learner somehow 

also used creative ways in other problems. This proves a point made earlier about 

Problem solving that firstly solving a problem is the essence. By choosing the shortest 

method proves the existence of strategic thinking. 

Examining the two learners’ answers, it is shown that when a learner has sufficient 

declarative knowledge and can apply it (conceptual knowledge) then he/she finds it 

easier to develop a chain of justified logical steps (procedural knowledge) to arrive at 

the required answer, irrespective of a ‘short’ or ‘long’ cut. 

Learner’s 3 answer was: A1 = K2 (angles on the same segment) and K2 = T1 + T2 

(exterior < of a cyclic quadrilateral). Therefore A1 = T1 + T2  thus ABTS is a cyclic 

quad since the exterior angle is equal to the interior opposite. 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: Learner 1’s answer in question 7.2.1 
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Learner’s 3 answer was:  A1 = K2 (angles on the same segment) and K2 = T1 + T2 

(exterior < of a cyclic quadrilateral). Therefore A1 = T1 + T2 thus ABTS is a cyclic 

quad since the exterior angle is equal to the interior opposite. 

Learner 7 (final mark 60% in Paper II) stated that because B is 90° then ∠S …must 

also be 90°!! Learner 10 (55% for Paper II) assumed that AB is tangent since ∠B is 

90°. These are just two comments which highlight assumptions that learners make in 

geometry.  Perhaps, if they were guided in class how to use their assumptions they 

could have solved the problem. 

Table 3: Learners points in types of knowledge for question 8 
 

      
Question 8 (17 points) 

   

 
Paper II Actual points 

 
Theorem 

        St.No 200 obtained in Q8 % for Q8 D(2) D (  ) P Sc St C Total % 
  

 
Max. Points 17 100 7 6 3 3 0 5 24 100 

  1 177 10 59 7 1 2 1 0 3 14 58 59 0 
2 165 17 100 7 6 3 3 0 5 24 100 100 0 
3 162 8 47 0 3 3 2 0 3 11 46 47 -1 
4 143 12 71 5 4 3 2 0 3 17 71 71 0 
5 143 11 65 7 2 2 2 0 3 16 67 65 2 
6 136 5 29 6 0 0 0 0 0 6 25 29 -4 
7 120 15 88 7 5 3 2 0 4 21 88 88 -1 
9 103 10 59 0 4 3 4 0 3 14 58 59 0 

10 110 14 82 5 5 3 3 0 4 20 83 82 1 

12 101 0 0 0 0 0 0 0 0 0 0 0 0 
14 91 5 29 7 0 0 0 0 0 7 29 29 0 
15 97 2 12 0 0 0 2 0 1 3 13 12 1 
17 74 0 0 0 0 0 0 0 0 0 0 0 0 
22 64 8 47 0 3 3 2 0 3 11 46 47 -1 
30 64 3 18 0 1 1 1 0 1 4 17 18 -1 

      
1.73 1.6 0 2.2 

  
SUM -6 

      
19.3 17.8 0 24.4 

     

For question 8 the results obtained are shown in Table 3. Again here there appears to 

be a high correlation between the actual marks and the calculated marks using the types 

of knowledge. The discrepancy of 6 again occurs due to the fact learner 6 only 

attempted the theorem thus a difference of 4 occurs. 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Learner 10’s answer for 8.2.1 (b) 
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There was no strategic knowledge involved as there was only one way to solve the 

various sub-questions dominated by calculations and not very much of Geometry. 

Again a very high correlation exists between the other three types of knowledge with 

again conceptual being slightly higher. 

 

Table 4: Learners’ points in types of knowledge for question 9 
 
 

      
Question 9 (23) 

     
 

Paper II Actual points 
 

Theorem 
        St.No 200 obtained in Q9 % for Q9 D(2) D (   ) P Sc St C Total % 

  
 

Max points 23 100 0 2 9 7 1 13 32 100 
  1 177 23 100 0 2 9 7 1 13 32 100 100 0 

2 165 23 100 0 2 9 7 1 13 32 100 100 0 
3 162 18 78 0 0 8 6 1 10 25 78 78 0 
4 143 14 61 0 0 6 6 1 6 19 59 61 -1 
5 143 8 35 0 0 4 3 1 3 11 34 35 0 
6 136 10 43 0 0 4 4 1 4 13 41 43 -3 
7 120 10 43 0 0 4 4 1 5 14 44 43 0 
9 103 11 48 0 0 4 4 1 6 15 47 48 -1 

10 110 13 57 0 0 7 3 1 7 18 56 57 0 
12 101 7 30 0 0 3 3 1 3 10 31 30 1 
14 91 7 30 0 0 3 3 1 3 10 31 30 1 
15 97 6 26 0 0 3 2 1 3 9 28 26 2 
17 74 7 30 0 0 3 3 1 3 10 31 30 1 
22 64 4 17 0 0 1 2 1 1 5 16 17 -2 
30 64 7 30 0 0 3 3 1 3 10 31 30 1 

      
4.73 4 1 5.53 

  
SUM -2 

      
52.6 57.1 100 42.6 

     
 

For this question, looking at some of the ways some learners solve predominantly 

numerical problems could be of interest. Only one learner (2) obtained full marks while 

two others (7 and 10) almost got full marks but left out some reasons. 

For questions 8.2.1(a) and 8.2.1(b) all three learners answered it the same way, which 

is just applied Pythagoras’ theorem and substituted, while learners 4, 7, 8, 9, 10 and 

22 answered 8.2.1 (b) fully. Figure 2 shows the steps that learner 10 followed in 

8.2.1(b) to answer the question. Conceptual knowledge that is necessary is 

Pythagoras’ theorem and that diagonals in a parallelogram bisect each other. The 

declarative is just computations. 

For question 9 the results obtained are shown in Table 4. Here the difference between 

the two methods is negligible thus using this method to evaluate the learners’ 

performance could be considered to be reliable. A noticeable difference between 

procedural and conceptual knowledge is slightly significant. Perhaps due to the fact 

that this problem contained different sections of geometry (tangents and cyclic 

quadrilaterals and similar triangles) some learners could not synthesise the different 

sections. Furthermore some declarative knowledge was also necessary but except for 

two learners (1 and 2) the rest could not recall certain facts. 

Furthermore, even though this section could be considered more difficult as it contains 

more concepts from different sections of geometry, every learner attempted this 

question. The lowest obtained 17% of the marks, while the top two learners (1 and 2) 
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obtained 100% for the question. For all learners, perhaps due to the nature of the sub-

questions and the plethora of information, there were more than one ‘short cut’ or only 

one way to solve the problem. 
 

Other than the two learners (1 and 2) who obtained full points a third learner, learner 

16 (35% for Paper II), obtained full marks for the difficult part 9.1. Again here Figure 

3 shows the creative approach of learner 1 although learner 2 also used a long path. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

    Figure 3: Learner’s 1 answer to question 9.1 

This can happen when there is more than enough information and at times learners 

prove theorems rather than make use of them. In Figure 3 learner 1’s work is shown. 

But then Learners 16 and 17, (37% for Paper II) obtained almost full marks, 7/8, but 

they both used ‘short cuts’. Learner 16 he/she concentrated on proving congruency. 

From an analysis of the answers it is evident that learners who have a good declarative 

knowledge and can apply the concept that the declarative knowledge contains 

(conceptual knowledge) makes use of a procedure (procedural knowledge) easier; and 

if the learner could choose the correct given information (and the hint which 

information to use is always hidden in what is required to prove/ determine) then he/ 

she can find the ‘short cut’. Furthermore, learner 16 only answered this Geometric 

question correctly and also the two learners 16 and 17, were the two bottom performers 

of the sample. 
 

DISCUSSION 
 

Using this new method of evaluating learners’ different types of knowledge that 

learners possess could be very helpful to the teachers. Declarative knowledge though 

needs more attention. There is no reason why all learners should not be able to answer 

any question on proof of any theorem. But in addition to that the fact that not many 

learners do the theory questions could imply that since they contain the new concepts 

there is lack of conceptual knowledge and thus procedural, two of the most important 

types of knowledge in the learning of any section of Mathematics. 
 



  LONG PAPERS 

90 

 

If conceptual knowledge is defined narrowly as the knowledge of concepts and the 

relationships then obviously if there is no concept there is no conceptual knowledge. 

Great attention should be given therefore to conceptual knowledge that is strongly 

linked to procedural (use steps/ actions to achieve a goal (Rittle-Johnson & Schneider, 

2000) as they are almost inseparable in geometry. This relationship between the two 

leads to either learners performing mostly very well, very few average or not well at 

all. Given that teaching of geometry requires a different approach due to its complexity, 

the teachers will have to reassess their method. 
 

Analysis of question 8 shows that the number of concepts involved, are much fewer 

than the concepts involved in the other two questions. If we consider questions 7 and 

9 we see that P and C carry 20 and 22 points respectively. In question 8, learners 

perform either very good or very bad. This is simply due to the fact that the learner 

either knows a fact or does not. For example Pythagoras theorem: he/ she will get either 

100% or 0%. 

    

Furthermore, the fact that less than 60% of learners attempted the geometry section is 

alarming. It is difficult to guess why that is the case just using scripts. On the one hand 

these learners performed badly in Paper II. On the other hand, in general, they did not 

even attempt the geometry section. In general the sample did perform worse in 

geometry section (26%) compared to Analytical (40%) and Trigonometry (46%) 

section (see Table 2). 

 

CONCLUSION 
 

Having analysed the scripts of Paper II of 2007 NSC it was confirmed that learners 

perform worse in the geometry section than in other sections. A small percentage of 

learners attempt theory questions and even less the geometry section. Solving 

geometry riders requires conceptual knowledge which is strongly related to procedural 

knowledge. The more theorems one knows (declarative knowledge) the better the 

conceptual knowledge and the greater the practice, the better the procedural knowledge. 

The fact that there is a high correlation between the new method and the normal 

marking method adds to the reliability of the new method. 
 

RECOMMENDATIONS 

Many authors have emphasised the importance of the teacher in the learning of 

geometry where high levels (Van Hiele’s levels) can only be attained by the learner 

through instruction. In order to evaluate a learner’s performance in geometry it is 

possible to approach it from the perspective of identifying the types of knowledge 

necessary to solve a geometric rider. Shalvenson et al’s (2003) idea can be used for the 

knowledge classification. 
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Every necessary step requires a certain type of knowledge or a mixture. Once the 

teacher is familiar as to how to classify the necessary knowledge then he/ she can 

design methods on how to improve the teaching-learning situation keeping in mind 

that as a rule conceptual and procedural knowledge are inter-related and highly 

dependent on declarative knowledge. Using Van Hiele’s approach to teaching 

geometry this method can be re-enforced by having learners translating word riders 

into relatively accurate diagrams. This way the learner gains a better insight of the 

relationships between various theorems, definitions and axioms. 

Furthermore, the teacher must promote the idea of deductive thinking (converse 

theorems) for solving riders and not just follow the text books way of inductive 

thinking. Bloom (1979) called it being creative. Since all types of knowledge are inter- 

connected and declarative knowledge is a necessary (not sufficient though) condition 

then more emphasis should be placed on the learning of theorems. Use of the deductive 

approach assists the learner to follow the correct (if not also the shortest) path in solving 

the rider. 

The teacher must realize that solving geometric riders is not a default case where by if 

one knows the theorems it is sufficient to solve riders. Theorems, definitions and 

axioms are mere building blocks. Knowledge of them is a necessity but not sufficient 

condition. This necessity has to be emphasized but instruction cannot be just 

instrumental. It was stated on numerous occasions that procedural and conceptual 

knowledge in geometry are almost inseparable and having declarative knowledge is a 

precondition. 

Finally, the teacher can use the suggested method as an assessment tool of identifying 

geometric gaps in knowledge. However, the teacher must also take cognizance of the 

research findings on the factors that affect the learning of geometry. 
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Given <ABT  =90°, BTMK cyclic quad, Circles intersect at Band K Line drawn from T through K cuts circle at 

A Line drawn from C to A and extended  cuts the extension of TM at T and BA and BT are diameters. 

7.2.1) Prove ASTB  is a cyclic quadrilateral 

7.2.2) s1 = 90°-T2 

7.2.3)B3  = K1 + B1 

 
 

 

 

 

Solution 

7.2.1 

We  can  prove  ASTB  is a cyclic  quadrilateral if we can  prove  either  an exterior angle  is equal to an interior opposite  (e.g. A= 

T1 + T2), sum of opposite angles are equal (i.e B1•2• 3 + S1•2 = 180° OR A2+3 + T1•2 = 180° or since <B  is 90° the prove S1•2 = 90°) 

or angles on the same segment  ..  (e.g.   A2  = S2)  and all the others. Here we will choose the first 

 
i)  A1 = K2  ( <s on the same segment  CB) 

ii)K2 =T2 +T1  (ext,. < ofKMTB) 
iii) Therefore A1 = T2 + T1 (ext,. < = int,. <) 

 
(P, C, Sc) 

Types of Knowledge 

 
(P, C, Sc) 

(C, St) 

 

7.2.2 

S1 = A2  ( <s on the same segment BT) 

A2  = 90°-T 2    (sum ofint,. <s in art < 1'.) 

Therefore S1 = 90°-T2 

 
(P, C, Sc) 

(P, (P, C, Sc) C, Sc) 

(C, St) 

 

7.2.3 

B3 = M1 

M1 = K4+T1 

K1= K4 

T1= B1 

ThenB3 =K1 

+B1 

 
Solution 

d) NL = 5  
Types of knowledge 

a) For JK, JK
2  

= HP + HK
2    

(Pythagoras theorem) 

From the given information 

we get JK = 10. 

Then JK KS = 10:5=2:1 

b) HM = 4 ( diag. bisect each other in a parm) 

then JM2 = HP + HM2   (Pyhtag, theorem) 

so we get JM = V52 = 2"V I3 (C. P, Sc) 

(C, P, Sc)  
 
(C) 

(D) 

(C, P, Sc) 

(C, P, Sc) 

(D) 

Since F mid-point then MF = V l 3 and JM:MF  = 2:1  (D) 

Question 8.2.2 (c) 

Since ratios from (a) and (b) are equal thenHKI/NS.  (C, d) 

i.e JK:KS = JM:MF = 2:1 then line MKIISF or their extensions KH and NS 

Question  8.2.3 

Since F is mid-point and FNIIMH  thenN is also a mid-point so     (C, P, Sc) 

NL=0.5HL=5. 

 

 
 
 
 
 
(D) 

 

 
 
 

Giv en circle, 0 centre, NP, NS tangents 

S2 = 90°,NO drawn from N where ER=ES 

 
 
 
 
 

Question 8 

H  N L  Given HJKL  a parallelogram and the diagonals and 

<JHK = 90°. F mid-point of ML and HJ = 6, 

HK = 8, KS = 5 

@etermine JK:KS 

S  13fShow that JM:MF = 2 1 

c) NS//KH 
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9.1 Prove <N2 = N1 =x 

9.2. 1 /',. SENIII!',.OPN 

9.2.2 PN2 
= ON.EN 

 

 

 

9.3 PE
2  

= NEOE 

9.4 PN
2   

:PE
2 

= 20N:RS 

Solution 

9.1 Here as there is too much information there are many short or long ways. 

x = P1  (< tangent and chord) 

P1 + P2  = 90°  (NP tangent perp. to radius) 

P2 + N2= 90°  (E mid.pt of chord) 

thenN2 = P1 = x 

 

 
 
 
 
 
 
(C, P, Sc) 

(C, P, Sc) 

(C, P, Sc) 

S3 + N1= 90° x 

+S3 =90° 

ThusN2 = N1 = x 

9.2.1 

N2 = N1 = x 

(E mid. pt of chord) 

(N2 + N1 = 180°, <s on str.line) 

(C, P, Sc) 

(C, P, Sc) 

(St) 

Since  /',.s OPN and SEN are rt.< triangles then /',.SEN Ill /',. OPN  (C, P, Sc) 

(equiangular tnangles)  (C) 

9.2. 2 

From 9.2.1 Pl\/EN = ONISN 

But SN = PN 

Then PN2 = ON.EN  . . ..(!) 

9.3 

/',.SEN Ill /',. OEP since P1=x 

Then PEINE = OE/PE... i.e PE
2 

= NE.OE .... (2) 

9.4 

Dividing (I) and (2) we get 

 
 
 
(C, P) 

 

 
 
 
(C) 

PN
2 I PE

2 
=   

 

 

 

 

 

 

 

 

 

 

ON.EN I NE OE = ONIOE = 20N/RS Since OEI/RS then OE = Vz RS    (E mid-point) 
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SEEING IT AS A FUNCTION, SPOTTING IT AS A FUNCTION’: A 

CONVERSATION ANALYSIS OF A TOWNSHIP TEACHER’S 

LOCAL PRACTICES 

Faaiz Gierdien 

   Stellenbosch University 
 

Conversations between teachers and mathematics education researchers or researchers 
are integral to professional development initiatives and are crucial in terms of 
understanding teachers’ local practices. Knowing about these practices is important 
because mathematics education researchers face the dilemma of whether to implement 
‘top down’ or ‘bottom up’ strategies when working with teachers. In this report I analyse 
segments of a conversation involving the use of a spreadsheet algebra program (SAP) as 
an instance of the use of information and communications technologies (ICTs) between a 
teacher and myself. The report has its origins in a small-scale professional development 
project with a group of eight high school teachers who work in a township outside Cape 
Town. As a boundary object, this SAP has design features that reflect mathematics-
education-researcher (MER) mathematics on the function concept; MER mathematics 
differs from school mathematics. I argue that particular analytic tools from conversation 
analysis and ethnomethodology are helpful in terms of eliciting details on this specific 
teacher’s local practices. I conclude by exploring the implications of an awareness and 
use of conversation analysis and ethnomethodology concepts in professional 
development, where the work of mathematics education researchers and township 
teachers intersect in general, and in the dominant high-stakes National Senior Certificate 
Mathematics examinations, in particular.  

Key words:  ethnomethodology; professional development; conversation analysis 

 

INTRODUCTION  

Conversations between mathematics education researchers or facilitators and teachers, 

whether these are short and informal or extensive, are integral to professional development 

initiatives. In this report I argue that analytic concepts peculiar to conversation analysis 

(CA), ethnomethodology (EM) and the notion of a boundary object are useful in terms of 

getting a better sense of teachers’ local practices, with specific reference in this paper to 

the case of one teacher. The particular concepts in the case of CA are turns, sequential 

organisation and repair, and in the case of EM they are indexical expressions, indexical 

statements, semantic drift and account. This report has its origins in a small-scale 

professional development project in which I explored what happened during my 

interactions with a group of eight high school teachers around the use of spreadsheet 

algebra programs (SAPs) as an instance of implementing information and 

communications technologies (ICTs). These teachers work in socio-economically 
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challenged township high schools located outside Cape Town. The SAPs have design 

features that aim to unpack the structure of reified mathematics symbols through linked 

tabular as well as graphical and tabular (i.e. multiple) representations (Sfard, 1991, 1998) 

of different functions, for example (see Figure 1). The SAPs are different from, and in 

competition with, the enacted mathematics curriculum and its attendant context, which is 

defined mainly by the high-stakes, time-restricted National Senior Certificate (NSC) 

Mathematics examinations.  

Teese’s (2000) authoritative study on the teaching and learning of different, secondary 

exit-level mathematics courses in private as well as public high schools in Victoria, 

Australia, provides details that are particularly relevant to this project and its teacher 

population. He describes the mathematics content in these courses as a ‘mass of 

conceptual material to be mastered by teaching that takes the form of immersion, intense 

familiarisation, habitual practice and rehearsal’ (pp. 180-1). He writes about programmes 

where there are activities that aim at ‘taking hold of’ mathematics ‘at its interior’ by 

familiarising learners with its structure. He notes the ‘vertical structure’ of the 

mathematics curriculum (p. 183), where there is an intensifying cognitive demand on 

learners by sensitising them to form and pattern in mathematics. In the case of private, i.e. 

high socio-economic status schools, he points out how the mathematics curriculum is 

interpreted and formalised in terms of its cognitive demands. This is done to the point 

where concepts and operations are mastered pragmatically. In other words, there is a set 

of practices that represent ends in themselves, the ‘business’ of the classroom and the 

exam (p. 186). He further notes the practice of ‘“syllabus-stripping” (reduction to 

examinable topics), worked examples, worksheets, past papers and exam rehearsals’. 

What all of this tells us is that as the academic year progresses, and even in the earlier 

grade levels, teaching and learning shift towards and is aimed at ‘legitimate school 

mathematics knowledge’, which is the knowledge associated with high-stakes, time-

restricted examinations (Julie, 2013). This is not categorically something negative, in 

relation to high-stakes testing (Boardman & Woodruff, 2004; Wall, 2000).  

Teese’s study informs us about the structuring effects of high-stakes assessments on 

classroom practices. Academic success, also, cannot be separated from the type of 

teaching that is focused on preparation for examinations. In this respect, teachers from 

economically deprived environments face additional challenges, such as inadequate 

material resources, in terms of preparing their learners for academic success.  

On data and data incident  

The data corpus for this project includes audiotaped recordings of teaching sessions, 

interviews and conversations with teachers, as well as their tutorials and revision sheets. 

The particular data that were analysed consisted of two parts: 152 lines of transcription of 

an audiotaped conversation (see Appendix), and a scanned page showing ‘sketch graphs’ 

of different functions and notes the teacher made during this conversation (see Figure 2). 

This data incident occurred during a teaching session I organised with all eight teachers 

at a venue in one of the schools, but only one teacher was able to attend. The other teachers 
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could not attend because of other activities at their schools. I thus took the opportunity to 

talk with this teacher about the SAP called ‘Distribution’ (see Figure 1) and its design 

features.  

PROBLEM STATEMENT AND RESEARCH QUESTIONS 

This project, with its given circumstances, exhibits the phenomenon of two discursive 

practices—those of a mathematics education researcher and teachers—interacting around 

SAPs as a focal point. The teacher population in the project works in a high-stakes 

examinations context, which influences their participation framework (Goodwin & 

Heritage, 1990, p. 292). This also means that the teachers are normatively oriented 

towards this context, because it is integral to their work. The professional development 

literature cited above (Boardman & Woodruff, 2004; Wall, 2000) makes similar reference 

to the structuring effects of high-stakes testing and high-stakes assessment on professional 

development. In addition, the meanings in the design features of SAPs (or other ICTs) 

brought to the teachers are not necessarily transparent to the teachers. As boundary objects 

these SAPs valorise some points of view, viz. the mathematics education researchers’ 

perspective, and silences others (Bowker & Star, 1999, p. 5). Mathematics education 

researchers who use SAPs or other types of ICTs—digital tools or computer software—

for professional development purposes thus need to be aware of this issue of selective 

valorisation. More importantly, mathematics education researchers have to manage the 

boundaries between these two epistemic, discursive domains and have to work towards 

affording teachers considerable epistemological space in the moment-by-moment 

interactions as a way to bring to the fore the teachers’ local practices.  

The main research question that drives this report is: How do the analytic concepts 

peculiar to CA and EM help us to get a better sense of the local practices of teachers, or 

of the one teacher, in this case? The sub-questions are:  

 What is EM and why refer to it? 

 Why refer to teachers’ local practices? 

 Why examine CA and analytic concepts peculiar to CA? 

 What are boundary objects and why refer to them? 

One reason for the sub-questions is to enhance the conceptual clarity of the different CA 

and EM concepts.  

What is EM and why refer to it? 

EM is the study of ‘methods’, which can be written or spoken, that people or participants 

(‘ethno’) within a given linguistic community – teachers or a teacher in this case – use to 

establish and maintain intersubjective understanding based on their ‘practical sociological 

action and reasoning’ (Garfinkel, 1967, p. 1). In recent mathematics education research 

we see the use of the EM concept of ‘members’ methods’ as a tool to analyse learners’ 

written approaches to solving trigonometry questions in the NSC mathematics 

examinations (Simons, 2014; Simons & Julie, 2015). Intersubjectively, these learners, as 

examinees, were in a time-restricted written communication with the NSC Mathematics 
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examiners. Liberman (2012, p. 263) makes a similar point, viz. that the meanings of words 

are ‘naturally unstable over the course of a conversation’, something which he calls 

‘semantic drift’. On a similar point, Garfinkel (1967, p.96) notes the ‘essentially vague’ 

character of utterances. What this tells us is that utterances in conversations cannot be 

determined without reference to the speaker, the time and place of talk, or more generally 

the occasion of speech or its ‘context’ (Maynard & Clayman, 2003, p. 182).  

Why refer to teachers’ local practices?  

Teachers’ ‘local practices’ refers to ways teachers do and understand their work when 

interacting with the schooling system, its learners and a high-stakes examinations context, 

to name but a few aspects. The notion of teachers’ local practices can be traced to EM 

literature with its focus on studying the procedures that constitute what Garfinkel (1967, 

p. 1) called ‘practical sociological action and reasoning’. Details of what teachers are 

doing or not doing in a ‘local’ sense, i.e. on a daily basis in their immediate context, are 

thus crucial in terms of working with teachers. All professional development initiatives 

have to contend with local conditions and the dilemma of implementing ‘top down’ or 

‘bottom up’ approaches or strategies (Maaβ & Artigue, 2013). This is also a key issue in 

Ledimtali (Julie, 2011).  

Why examine CA and analytic concepts peculiar to CA? 

CA is concerned with the order/organisation/orderliness of social action, particularly those 

social actions that are located in everyday interactions, in discursive practices, in the 

sayings/tellings/doings of members of society (Psathas, 1995, p.2). It is not correct to say 

that CA is the study of the phenomenon of talk-in-interaction, because the teacher also 

pointed to the SAP screen and made sketches, for example. Talk also includes visually 

observable body movements such as pointing with one’s finger, which is an example of 

embodied action or movement (Psathas, 1995, p. 47). CA research thus focuses on 

‘meaningful human conduct across settings and modalities (visual, auditory) of production 

and understanding’ (Pomerantz & Fehr, 2011, p. 166), such as the data incident 

exemplifies. 

As an analytical methodology, CA aims to describe the actions of participants, the teacher 

in this case, in terms of the relevance demonstrated by participants in their interaction 

(Have, 1999; Pomerantz & Fehr, 1997; Psathas, 1995). This is a methodological issue, 

which implies providing adequate descriptions of the sense-making procedures used by 

the teacher, in this case. Details on the CA analytic concepts mentioned require further 

elaboration on EM, which has a ‘bond’ with CA (Lynch, 2000; Maynard & Clayman, 

2003, p. 177).  

The EM concepts of indexical expressions, indexical statements, i.e. indexicality, 

semantic drift and ‘account’ are applicable in analysing the 152-line transcript of 

conversation as well as the scanned sheet. Indexical expressions are those expressions 

whose sense depends on the local circumstances in which they are uttered and/or those to 

which they apply (Have, 2004). For example, any sentence has to be understood not only 
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in terms of the literal meaning of its words, but also in terms of the surrounding 

conversation and knowledge of the people talking, for example. Indexical expressions are 

compact and always in need of elaboration. In indexical terminology, there is an 

‘expressor’ and an ‘auditor’:  

The auditor cannot decide the sense of indexical expressions without his [sic] necessarily 

knowing or assuming something about the biography and the purposes of the user of the 

expression, the circumstance of the utterance, the previous course of the conversation, or 

the particular relationship of actual and potential interaction that exists between the 

expressor and the auditor (Garfinkel, 1967, p.4).  

Like the words in the index at the back of a book, we gain a sense of the meaning of these 

words and details about them when we turn to and read the particular referenced pages.  

The CA analytic concepts of turns or turn-taking, sequential organisation and repairs 

(Have, 1999, pp. 111-121; Heritage, 2009, p. 305) helped in analysing the teacher’s local 

practices. Turns or turn-taking are instances where one person speaks at a time. Sequential 

organisation refers to instances where ‘one thing can lead to another’ (Have, 1999, p. 113) 

in a conversation. Related to sequential organisation is the concept of ‘repairs’ (Pomerantz 

& Fehrer, 1997, p. 171), i.e. instances where I or the teacher fixed, modified or corrected 

what we were saying. These can be self-initiated repairs, i.e. the same speaker correcting 

or modifying what he or she is saying. Then there are other-initiated repairs, where the 

speaker modifies what others are saying. At this point, it should be clear that the teacher’s 

utterances about functions are indexical and have to be interpreted reflexively (Liberman, 

2012). Put differently, words or expressions do not themselves possess a kernel of 

meaning before they are uttered (Liberman, 1999) but they pick up meaning along the 

way, in conversations.  

Why refer to boundary objects? 

Boundary objects and boundary-crossing activities are about ‘ongoing, two-sided actions 

and interactions between contexts’ (Akkerman & Bakker, 2011, p. 136). In the above data 

incident with the teacher, there were the actions of mine, as a university-employed 

mathematics education researcher, bringing the SAP to the teacher(s) in their school, 

explaining how it works as well as talking with the teacher, by focusing on the particular 

SAP, as shown below. 
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Figure 1: Boundary object: A ‘sheet’ from the SAP, Distribution, showing MER     

mathematics with a focus on multiple representations of the linear functions in 

relation to the distributive property. 

 

In theoretical terms this SAP in Figure 1 as well as the scanned sheet in Figure 2 are 

boundary objects because they appear “‘in the middle’ of actors with divergent 

viewpoints” (Star, 1989, p. 46). From my perspective, the SAP is a material entity that 

represents mathematics education researcher-mathematics (MER mathematics) (Sfard, 

1991) with design features that offer a well-structured immersion (Star, 2010, p. 603), 

based on multiple representations of linear functions in relation to the distributive 

property. This SAP can also be conceptualised as a ‘reification’ (Wenger, 1998), i.e. a 

concrete object that embodies a set of ideas or processes (Stein and Coburn, 2007, p. 5) 

favoured by mathematics education researchers. The scanned sheet, on the other hand, 

reveals the teacher’s concern with and focus on the vertical structure of the mathematics 

curriculum. As boundary objects, these two items are ‘repositories’ (Star, 1989, p. 48) of 

the discursive practices of mathematics education researchers and the teacher, 

respectively.  
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Figure 2: Boundary object: scanned sheet showing teacher’s local practices with respect 

to ‘visual function approach’ of four functions. 

 

Further examples of boundary objects will now be pointed out. Past exam papers (see 

Appendix, line 52) are a repository because they contain the kinds of mathematics 

knowledge and questions that matter, i.e. boundary objects. The scanned sheet, on the 

other hand, showing writing and ‘sketches’ the teacher made during the conversation, as 

a boundary object, is an ideal type or platonic object (Star, 1989, p. 49). The same can be 

said about the SAP. This sheet is similar to a map artefact, showing ideal-type details on 

the mathematics, in this case. Bulletins and notices from the provincial and national 

education departments to teachers are also examples of boundary objects. These can serve 

as guidelines for the ‘moderation’ of high-stakes or other types of examination papers. 

For instance, they provide details on ways of interpreting and allocating marks for learner 

responses to questions. Reference to these boundary objects in particular implies a 

participation framework (Goodwin & Heritage, 1990; Zemel, Xhafa & Stahl, 2005). What 

this means is that the teacher has a frame of reference. For him there was a sense-making 

procedure in his particular interactions with me and the SAP. Whatever the teacher told 

me or did during interactions, even when these did not directly relate to the SAP, was thus 

relevant in terms of his local practices. In summary, these two types of boundary objects, 

the SAP and the scanned sheet, represent a ‘nexus of perspectives’ (Wenger, 1998) and 
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have the potential to coordinate, through conversation, the perspectives of mathematics 

education researchers and teachers.  

RESEARCH FRAMEWORK  

The research framework necessary to answer the research question has more of the nature 

of a ‘bricolage’ (Cobb, 2007) than an a priori analytical framework. This means that it 

incorporates the different notions of local practices, boundary objects, and the CA and EM 

concepts mentioned. The data incident involved a physical situation in which the SAP was 

‘in the middle’ as the boundary object, viz. a repository of MER mathematics showing 

multiple representations of the distributive property in the case of linear functions. The 

intended focus of the conversation was this SAP and its design features. In addition to 

talking and asking about and pointing to sections of the SAP, the teacher (RS) wrote down 

notes and made ‘sketches’ of linear, parabolic, exponential, hyperbolic functions, using 

the literal and numerical symbols (x, 2 and 3) in each case. The scanned sheet (Figure 2) 

is an ideal type of boundary object which shows the teacher’s incomplete, written account 

of what he did with some Grade 10 learners, using a Casio calculator (see Appendix lines 

73-92). I had the teacher’s permission to audio-record the conversation as well as to take 

the sheet, which I scanned. Figure 3 below is a skeletal representation of the research 

framework, meaning that it contains only some of the concepts and notions addressed in 

the literature review. 

  

 

Figure 3: Skeletal representation of the research framework.  

The left-hand column indicates me, whilst the right-hand one indicates the teacher (RS). 

The middle column indicates synoptic points on the two boundary objects, i.e. no detailed 

elaborations and descriptions. The bottom of this middle column contains some of the CA 

and EM analytic concepts.  

METHODOLOGY  

The teacher’s ‘local practices’ is the unit of analysis. Methodologically speaking, this 

requires the use of the CA analytic concepts and related EM concepts mentioned above, 

such as indexical expressions, semantic drift, activities and corresponding accounts of 
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Teacher 

(RS) 
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those activities. To help in conducting the analysis of the 152-line transcript of the 

conversation in the Appendix, the horizontal lines of the transcription are numbered. This 

analysis requires taking into account the teacher’s participation framework as well as my 

interest as a mathematics education researcher in SAPs. As the mathematics educator-

researcher, I thus also have to look for disconfirming evidence, i.e. not only select teacher 

comments that support or favour the SAP. The project per se is about boundary-crossing 

activities, where there are two-sided actions and interactions between the teachers and 

myself. I now provide more details on the analysis of this transcript and the scanned sheet. 

I divided the 152-lines of transcription of the conversation into four segments, labelled A 

to D. This is based on particular turns, i.e. instances where one person speaks at a time, 

and sequential organisation, i.e. where one thing led to another.  

 

Table 1: Conversation segments in 152 lines of transcription of conversation 

egment: Segment A  Segment B Segment C Segment D 

Lines of 
transcription 

Lines 1-21 

 

Lines 22-72 

 

Lines 73-80 

 

Lines 81-

152 

The above table shows the segments, lines of transcription and the particular numbered 

lines (see Appendix). There are overlaps between the different segments because, during 

the conversation, the teacher or I revisited particular ideas or actions. The different 

segments are unified by the teacher’s elaboration of the indexical expression, ‘seeing it as 

a function, spotting it as a function’ (line 24) in segment B. Depending on the particular 

segment, this expression will at times be considered as one statement, but there are times 

when the two sections will be examined separately, i.e. ‘seeing it as a function’ and 

‘spotting it as a function’. At first, each segment will be analysed separately. The 

subsequent discussion focuses on overlaps between the different segments. 

ANALYSIS 

Segment A 
In segment A (lines 1-21) I introduce RS to the SAP by pointing out its design features 

and how these relate to the mathematics curriculum. RS orients himself towards the design 

features of the SAP by commenting on how the SAP represents the distributive property 

(lines 9-13). I then point out how these design features differ from the implemented 

curriculum (line 19), where terms and linear functions are taught separately. What comes 

to the fore in the turns is the nexus of perspectives between me as the mathematics 

education researcher, and RS as the teacher. For example, I say ‘what we call’ (line 6), by 

referring to the design features of the SAP, and ‘we’, meaning mathematics education 

researchers. Through the turn in line 21, in the form of a question, I allow RS further 

epistemological space to comment on the SAP. 
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Segment B 
Through various turns in this segment (lines 22-72), the indexical expression—‘seeing it 

as a function, spotting it as a function’ (line 24)—takes on local meanings related mainly 

to RS’s awareness of the vertical structure of the mathematics curriculum and particular 

boundary objects such as an ‘exam paper’. RS starts by mentioning ‘the function 

approach’, following this up immediately with ‘the visual function approach’ (VFA) (lines 

24-25). This is an instance of semantic drift. My turn in line 27 is another instance of 

opening up epistemological space as a way to deal with an essential vagueness in, for 

example, the VFA. He elaborates using words such as ‘linkages’ (line 26), ‘a visual’, ‘a 

picture’ (line 33), and ‘the flow of that function’ (line 35). These are further examples of 

semantic drift. In other words, terms such as ‘a visual’, ‘a picture’ are naturally unstable 

over the course of the conversation. In line 35 we see that his VFA is now quite particular, 

viz. referring to ‘linear, parabolic and exponential’ functions. This shows his awareness 

of the vertical nature of the curriculum. In my turns in lines 43-46 I again bring into view 

the nexus of perspectives related to the institutionalised mathematics curriculum with its 

separate treatment of terms, products, factors and binomials, and the design features of 

the SAP and his references to a VFA. My turn or prompt, ‘say a little bit more’ (line 48), 

is aimed at opening up further epistemological space and thereby get a reflexive sense of 

what the teacher means. In terms of sequential organisation, RS then speaks about ‘any 

textbook,’ ‘an exam paper’ and his involvement in ‘moderating’ (lines 49-52). The first 

two—textbook and exam paper—as boundary objects are repositories that influence and 

serve as guidelines for doing and understanding his local practices, and in particular his 

notion of a VFA. The indexical expression ‘an integrated approach’ where learners ‘do 

everything together’ (line 55) refers to his connecting equations and functions (lines 53-

55). This is my reading of his way of speaking about the compact nature as well as the 

local or particular meanings of these expressions, starting with VFA as in line 24, and his 

way, as the expressor, of making them intelligible to me as the auditor or listener. In line 

65 he mentions a ‘directed worksheet’ that he uses to have learners ‘do everything 

together’ (lines 55-56), i.e. he provides details on an ‘integrated approach.’ I have not seen 

any of these ‘directed worksheets’.  

Segment C  

In this segment (lines 73-80) RS continues to elaborate on previous details he mentioned 

about ‘directed worksheets’ and the fact that they have a ‘connection’ (line 71) with the 

design features of the SAP, viz. ‘a table,’ ‘a visual of an algebraic’ and ‘rubric form’ (lines 

58-59). These words have an essential indexicality to them. Put differently, the sense of 

these words depends on the particular circumstance, which is one where he is telling me 

about connections between the SAP design features and his VFA. In particular, he talks 

about the design feature of the Casio 82ES graphing calculator, which has the ability to 

design or compile ‘a table’ (line 76). The top right-hand side of the scanned sheet shows 

his drawing of a horizontal table with the word ‘Casio’ written at the top. What should be 
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evident thus far is his orderly explication of what he views as overlaps between the design 

features of the SAP and that of the Casio 82ES.  

Segment D  

In this segment (lines 81-152) RS continues to inform me about what he sees as links 

between the multiple representation of the linear function represented in the SAP 

involving the symbols 𝑥, 2 𝑎𝑛𝑑 3 and his teaching of ‘four functions’ (line 89) using the 

same numerical and literal symbols. In the parlance of ethnomethodology, he gives me an 

account of a Saturday class he conducted with Grade 10 learners from the ‘surrounding 

schools’ (line 88) at a nearby university. I was not present at this Saturday class. I base 

my analysis on viewing this sheet as evidence of his account, i.e. his recounting of his 

activity of teaching the Grade 10 learners. This segment thus has to be analysed together 

with details such as the sketches and writings of his teaching of ‘four functions’ (line 89), 

shown on the left-hand side of the scanned sheet (Figure 2). He wrote and drew the details 

on the sheet during the conversation (see line 106). In CA terminology, these are instances 

of actions-in-interactions. This sheet as an ideal-type boundary object contains incomplete 

details on the form of immersion and familiarisation (Teese, 2000) that he afforded these 

Grade 10 learners with respect to the four functions. For example, he notes that he ‘didn’t 

actually name them as linear, quadratic, parabolic etc.’ (line 93). His words ‘almost like a 

scatter plot’ (line 125), ‘gave them an error’ (line 130), ‘a curved function’ (line 142), 

‘error’ and ‘they couldn’t relate that to the idea of an asymptote’ (line 148-149), referring 

to the hyperbolic function, in particular, are further evidence of his explicating ‘seeing it 

as a function’ and his notion of a VFA. The words ‘error’ and ‘asymptote’ appear in the 

middle of the scanned sheet (see Figure 2). In line 147, concerning the hyperbolic 

function, in my turn I ask ‘Why did they get stuck?’ In the resulting epistemological space, 

RS mentions the limitations of the Casio calculator, which gave an ‘error’ reading. This 

segment is most revealing of a township teacher giving me an account of how he 

familiarised Grade 10 learners with, and immersed them in, the vertical nature of the 

mathematics curriculum in a high-stakes examination context.  

DISCUSSION 

‘Seeing it as a function, spotting it as a function’—this is the main indexical expression, 

because it reflects a situated account of RS’s local practices in terms of the data incident 

and beyond. The other indexical expressions, viz. a ‘functional approach’ and ‘visual 

function approach’ (VFA) and ‘an integrated approach’, are connected to this main 

expression.  

Why did RS speak at length about his VFA and why did he give a detailed account of his 

teaching of this VFA to a group of Grade 10 learners at a nearby university? A grounded 

answer is his adoption of a participation framework, which reflects, in part, his awareness 

of the vertical structure of the mathematics curriculum. It is fair to assume that those Grade 

10 learners he mentions had not formally encountered the ‘four functions’ in their 

schooling. Also evident in his VFA is the structuring effect of the high-stakes NSC 

Mathematics examinations. Alternatively, the SAP around which I interacted with him 
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was simply not the ‘right one’ at the time. The design features of this SAP aim at 

deepening an understanding of the distributive property in the case of the linear function, 

whereas RS, based on his account, has his eye on immersing learners within the vertical 

structure of the mathematics curriculum through his VFA. 

There are at least two ways of examining the indexical expression ‘spotting it as a 

function.’ Firstly, its significance emerges when viewed in conjunction with ‘seeing it as 

a function’, a ‘visual function approach’ and an ‘integrated approach’. In an indexical 

sense these expressions acquire their sense reflexively. RS is working in an environment 

where he makes use of opportunities to study functions through the Casio 82ES graphing 

calculator and its features, which include graphical, symbolic and tabular representations 

of various functions. I base these comments on his account of the Saturday class he is 

involved in. He thus ‘sees’ different functions and is thus able to ‘spot’ them, which is 

what he encouraged the Grade10 learners to do as well. Second, ‘spotting it as a function’ 

can be about being pragmatic in recognising the symbolic, graphical and tabular 

representations of the ‘four functions.’ However, when considered separately as well as 

collectively, ‘spotting’ and ‘seeing’ are essentially vague. They attain specific meaning 

only when viewed locally, under the circumstances in which RS works. During the time-

restricted NSC Mathematics examination there is the ‘pressure of the exams’ (line 101). 

By then, ideally, examinees will be familiar with the ‘four functions’ and their different 

representations and behaviour. Under the time limit of such high-stakes examinations, ‘at 

the end’ it would be helpful for examinees/learners to know and to use ‘the short cut’ (line 

101), i.e. spot a particular function by recognising or ‘spotting’ its symbolic and associated 

graphical form or representation.  

Some mathematics education researchers’ or mathematicians’ approaches would be to 

distinguish in a more ‘objective’ way between the ways teachers talk about or sketch 

functions, for example (see Figure 2), and the need to represent functions using an 

appropriate calibration of the axes. According to the scanned sheet, the teacher did not 

write down any detailed calibration of the horizontal and vertical axes. The point is that 

indexical expressions are compact and always in need of elaboration. For example, in the 

Appendix (line 25) the ‘expressor’ (the teacher) speaks of ‘the function approach’ and 

then immediately adds ‘the visual function approach’. In CA terminology this is an 

instance of self-repair and semantic drift. His utterances in these lines form part of his 

making sense of the design features of the SAP. Some may view these two indexical 

expressions as not formal enough, thereby missing the point that the one elaborates on the 

other. On this issue Garfinkel (1967, p. 5) notes that indexical expressions have enormous 

utility, but they are awkward for formal discourse. Ethnomethodologists do not treat 

indexical expressions as a ‘nuisance to be remedied’ (Maynard & Clayman, 2003, p. 183). 

Their view, instead, is to study them as phenomena because they are truly unavoidable 

(Garfinkel, 1967, pp. 4-7). In summary, the meaning and understandability of spoken 

indexical expressions, as instances of ‘members’ methods’ rather than as fixed by some 

abstract definition, depends upon the environment in which they appear. Thus, when 

teachers’ use words and phrases, it is quite natural for the meaning of a word to shift, glide 
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or slip across the possible significances that are available to parties in any conversational 

interaction (Garfinkel, 1967). In the same vein ethnomethodologist Liberman (2012, p. 

263) makes the point that the meanings of words are ‘naturally unstable over the course 

of a conversation’, something he calls ‘semantic drift.’ VFA is an indexical expression 

that has to be understood in relation to another indexical expression, viz. ‘seeing it as a 

function’ (Line 24).  

CONCLUDING REMARKS 

The analytic concepts of turns, repair and sequence organisation associated with CA, as 

well as indexical expressions, semantic drift and account, peculiar to EM, are useful in 

terms of getting a better sense of the teacher’s local practices. Together these concepts 

brought to the fore show differences between the design features of the SAP and the other 

ICTs, viz. the graphing calculator and in terms of how the teacher understands the vertical 

structure of the mathematics curriculum associated with a context of high-stakes NSC 

Mathematics examinations.  

Mathematics education researchers face a methodological quandary when acting, 

interacting and studying their work with teachers in the context of professional 

development. The findings regarding the analytic concepts of CA engender an opportunity 

and pose a danger. The opportunity is that of communicating the utility of the indexical 

expressions, for example, at the same time acknowledging that they might be ‘awkward 

for more formal discourse’ (Garfinkel, 1967, p. 5). Some mathematics education 

researchers might see the need to deal more rigorously with ‘seeing it as a function and 

spotting it as a function.’ Alternatively, others might argue that the choice of SAP should 

or could have been an approach that matched immersion and familiarisation with respect 

to the different functions the teacher talked about, as opposed to an approach that focuses 

only in an in-depth way on the distributive property and the linear function. These 

approaches, however, also raise the danger of seeming to present law-like rules (Have, 

1999, p. 189) that offer simplified recipes for action when using ICTs with teachers, for 

example. ‘Seeing it as a function, spotting it as a function’ as an indexical expression 

reflects the structuring effects of the environment of high-stakes assessment, and the need 

to familiarise learners with the structure of this type of assessment. More analytical work 

is needed on the part of mathematics education researchers to learn how to interact with 

this teacher population in terms of how they ‘function’ in their local practices geared 

towards the academic success of their learners. 
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Appendix:  

1 

2 

F This is a program called ‘Distribution.’ You have the two functions f and 

g. The ‘distribution’ has to do with the distributive property. 

3 RS Nods 
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4 

5 

6 

7 

8 

9 

10 

11 

12 

F 

 

Now, just have a look at the sheet, then, in your own words, what do you 

think is going on?  

Silence 

It has, what we call, flow diagrams, a table, graphs and the formulas. 

What is going on here? What sense do you make of it? 

 Silence 

The two linear expressions of the form 2(x + 3) and 2x + 3. You can 

change the 3 by typing in there and then the flow diagram here say 2 

times x plus 3. Can you see? 

13 

14 

15 

RS In terms of the table here. The one is given as one term, a monomial and 

the other is given as a binomial, although there is the same initial 

coefficient for x. (pointing to the SAP). 

16 F Which one is the binomial? 

17 

18 

19 

20 

RS The binomial is 2x + 3. There are two separate terms there, whereas 2 

bracket x plus 3 is one term. It is a monomial but it must be distributed to 

give you the same binomial as 2x + 3. You get 2x plus 6. But it must be 

distributed to get to the binomial. 

19 F If I look at this and I look the way it is taught in school, in the particular 

grade level. These are taught separately.  

20 RS Yes. Even visualizing it in terms of the graph. It is seen as a separate 

entity. 

21 F So what do you make of this program here? (pointing to the SAP) 

22 

23 

RS It is a connection. We can see the connection between the flow diagram, 

the normal operation, multiplication and addition. We see the addition 

operators, and also the function. Seeing it as a function, spotting it as a 

function. There is a clear connection between the function approach, the 
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24 

25 

 

visual function approach, compared to the table. It links. These are the 

linkages  

(pointing to the SAP) 

27 F You just now said the visual function approach, of? 

28 RS The graph. 

29 F The graph? 

30 RS The graph 

31 F Is that, is that… 

32 

33 

34 

35 

36 

RS Learners know this. They know that, if I set up a table and then plot it in a 

Cartesian Plane, then I get a visual, a picture, a picture of the function f 
that say 2x + 3 in the bracket, like that f(x) = 2x + 3. So it gives them an 

idea of the flow of that function, whether it is linear, whether it is 

parabolic, whether it is exponential. So they can see the connection 

between the algebra, the function given in algebraic form 

37 F Where? 

38 RS Over there in the table ((pointing to the SAP) 

39 F Which is..? 

40 

41 

42 

RS 2x + 3, and then the input values knowing x will now vary according to 

the input value, and they know, if they do plot this as a coordinate set, 0 

and 6, 1 and 8, 2 and 10 (pointing to the second row of the SAP) 

43 

44 

45 

46 

 Let me put it this way. Bear me out, I know, I know that this work is done 

separately as factors, as monomials, as binomials, in class. What I’m 

asking, first of all, I am interested in, when you said, the visual function 

approach, because I have not heard many teachers speak like that, so I’m 

interested in… 
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47 RS No, I always do that. 

48 F Say a little bit more. 

49 

50 

51 

52 

53 

54 

55 

56 

RS In any textbook, if you go to any textbook, in any textbook, if you go to 

any textbook, even an exam paper. I am busy moderating at the moment. 

In any exam paper, we have separate chapters in books, where they treat 

products separate from factors, factorization. They would do products as a 

separate entity, factors as a separate entity. Then they’ll go over to 

equations, different types of equations, then they’ll do something on the 

function. There is never an integrated approach, where they do everything 

together. As teachers, we need to make that connection known to learners. 

57 F Why? 

58 

59 

60 

61 

RS Because ultimately, if you can understand that the graph is actually a 

visual of a function on a table or a visual of an algebraic, given in rubric 

form, they have to select their own input values. They can actually put 

everything together, because then they have the picture in terms of the 

graph 

62 

63 

64 

F Can I say something? You said that the learners will bring everything 

together. Now that can only happen, I would say on the encouragement of 

teachers. Do you agree? 

65 

66 

67 

RS Yes, or otherwise you must have a directed worksheet for them or a work 

program for them like this that will lead them into that. 

Then they can make their own deductions or inductions for that matter.  

68 

69 

70 

F You said directed worksheets, are there particular worksheets that you 

have that you have designed in the past where you have such an 

integration, to use your words? or  
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71 RS You mean like the connection here? (pointing) 

72 F Yes 

73 

74 

75 

76 

77 

RS We normally do this. We have the given function, f(x) equal to y equal to 

the table. But then the only thing, the only technology we use at the 

moment is the Casio, the Casio calculator, the 82ES. It has this operation 

where you can actually do a table. You can do a table on the calculator. 

You get your input values, starting point and your end point.  

78  Right 

79 RS Your parameters, it can quickly give you your coordinates and from there 

they quickly do the plotting. 

80 F Nods 

81 

82 

RS I like to do this, on Saturdays, at the Nearby University program, with the 

grade tens. We did functions, for the first time…  

83 F When? 

84 RS On Saturday,  

85 F Nods 

86 RS with them. And what I did was I just wrote the following functions down  

(See artefact in Figure 1, which indicates what the teacher wrote and 
drew.) 

87 F Do you tutor in that program? 

88 

89 

90 

91 

RS Yes. We had different learners from the surrounding schools. I wrote 

down four functions: y = 2x + 3, the one was y = x2 + 3, the one was y = 

x/2 + 3, 2/x + 3 and the other on was 2x + 3, in this format, pointing to the 

sheet. I gave this to them with no naming of the functions.  

(RS draws these different functions; see figure 2) 
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92 F Nods 

93 

94 

95 

RS I didn’t actually name them as linear, quadratic, parabolic etc. So what I 

did with them, I showed them the table, and asked them from the table, 

for these input values I wanted them to…  

96 F Where did you get to the idea of using the table? Using a table? 

97  I’ve used it all along, all the years 

98 F Nods 

99  At the end, I will give them the short cut. 

100 F Why? 

101 

102 

103 

104 

RS Because I know the pressure of the exams doesn’t allow for them to more 

or less work out a table. Some of them are slow actually. Some of them 

don’t have the necessary capacity in terms of technology. They don’t have 

a calculator.  

105 F Right. 

106 

107 

108 

109 

110 

RS So then they will physically take a normal calculator. They will do this y 

equal to 2, (writes on sheet; see figure 2) they will do a physical 

substitution, -4 plus 3 etc., It works, it’s good mental skill but it takes 

time. It takes time. Then they would just use a short cut. For me it is 

important for them to see, first of all, the connection between 2x + 3 and 

the table, the parameters,  

111 F Nods 

112 

113 

RS Knowing that, they should know that the graph will be restricted between 

minus 2 and plus 2. 

114 F Why minus 2? Why 
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115 RS Because I’m ending on the calculator on minus 2 and plus 2 

116 F Right 

117 RS I will also explain to them that we can go further, over there. They 

understand that it goes on to infinity.  

118 F Nods 

119 RS They have the ability to get the corresponding y values, they have the 

ability 

120 F Nods 

121 RS And they have the ability to plot it and join it.  

122 F Nods 

123 

124 

125 

126 

127 

128 

RS They have the ability to join it over there (points). For this, they have that 

type of function (points towards the sheet in Figure 2).  

Almost like a scatter plot. For this one over here they have another type of 

function. For this one over here they have this type of thing.  

(Makes a sketch; see Figure 2). 

They have an asymptote.  

129 F Nods 

130 

131 

RS The calculator gave them an error. There is an error somewhere. I had to 

explain that the ‘error’ is where the graph is undefined. 

132 F Nods 

133 RS Writes down ‘asymptote.’ (see middle of Figure 2) 

134 F Nods 

135 RS And 2 to the power of x, they got to this type of function  

Writes down and draws y = 2x: See Figure 2 
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136 F Right 

137 

138 

139 

140 

RS And then I asked them to describe in their own words, to describe what 

they see. What pictures do they see? They could describe this one. (points 
to linear function) They understand line or linear. I would ask different 

learners. They could describe this one, amazingly. 

141  Which one? 

142 RS This one, the curve. It’s curved They called it a curve. It’s a curved 

function. (Points to parabola, y = x2; see figure 2). 

143 F Nods 

144 RS They got stuck with this one over here, the hyperbolic function. 

145 F What grade levels are they? 

146 RS Grade ten 

147 F Okay. Why did they get stuck? Why? 

148 

149 

RS The error through them out. The fact that the calculator presented some of 

the inputs as an ‘error.’ They couldn’t relate that to the idea of an 

asymptote. 

150 F Right. 

151 

152 

RS They thought there was something wrong with their calculation, there was 

something wrong with their calculator or the input values. 
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INTERROGATING TEACHERS’ VIEWS ON CA (CONSISTENT 

ACCURACY) MARKING AND ITS IMPLEMENTATION IN 

MATHEMATICAL LITERACY 

VG Govender 

Eastern Cape Department of Education & 

Nelson Mandela Metropolitan University 

Mathematical Literacy is a new FET subject in South Africa and is offered as an 
alternative to Mathematics. The principle of “Consistent Accuracy” or CA  marking has 
been part of Mathematics for quite some time and is now also a  part of Mathematical 
Literacy since its introduction as a school subject. This paper examines the impact of 
Consistent Accuracy marking in Mathematical Literacy. There is a survey (via a 
questionnaire) of teachers’ views on CA marking and teachers participate in three 
workshops on marking. The results of the survey show that teachers are aware of CA 
marking and used it when marking at their schools. However, this is contradicted by the 
workshops which show that very few teachers are able to correctly implement CA marking 
in internal assessment tasks such as control tests and examinations. This may mean that 
learners are not getting the “correct marks” for their tests and internal examinations and 
is a cause for concern.  
Key words: consistent accuracy, numerically- based argument, marking key, cognitive 

demand 

INTRODUCTION AND BACKGROUND 

Mathematical Literacy is a new subject in South Africa, having been introduced in Grade 

10 in 2006. It was introduced as an alternative to Mathematics in the Further Education 

and Training (FET) phase.  The first Grade 12 learners wrote National Senior Certificate 

(matric) examinations in Mathematical Literacy in 2008.  

When the definition of Mathematical Literacy in CAPS document (DBE: 2011a: 8) is 

compared to the definition of Mathematics ((DBE: 2011b: 8), similarities and differences 

emerge. Both subjects involve the use of numbers, problem- solving and decision- 

making. However, they differ in approach.  In Mathematics, symbols and notations are 

used to describe numerical, geometric and graphical relationships.  In Mathematical 

Literacy, learners have to make sense of the numbers which are used to describe 

numerically- based arguments and data represented and misrepresented in a number of 

ways.  

Another important difference, since the introduction of CAPS in Grade 10 in 2012, is the 

content in Mathematics when compared to Mathematical Literacy. In CAPS, Mathematics 

is made up of 10 topics. These are: Mathematical Literacy. In CAPS, Mathematics is made 

up of 10 topics. These are: 
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Functions; Number Patterns, Sequences, Series; Finance, Growth and Decay; 
Algebra; Differential Calculus; Probability; Euclidean Geometry and Measurement; 
Analytical Geometry; Trigonometry and Statistics 

                                                                                                  (DBE, 2011a) 

Mathematical Literacy consists of Basic Skills Topics comprising: 

Interpreting and communicating answers and calculations; Numbers and 
calculations with numbers; Patterns, relationships and representations  
Mathematical Literacy also comprises Application Topics which are: 

Finance; Measurement; Maps, plans and other representations of the world; Data 
handling; Probability  

A similarity between Mathematics and Mathematical Literacy occurs in the marking of 

tests and examinations where the principle of “Consistent Accuracy” or CA marking is 

used. 

Consistent Accuracy (CA) marking 

“Consistent Accuracy” (CA) has been applied to marking of Mathematics papers for quite 

some time. While there is no formal definition of “consistent accuracy”, it may be 

regarded as a form of “positive marking” in the marking context.  Here, learners are given 

are given credit for correct methods used, even though their answers may not be accurate.  

A simple example of CA marking is shown here: 

Suppose the following question is given in a Mathematics examination: 

Solve: 23 5 2 0x x         (3 marks) 

The memorandum for the question is: 

23 5 2 0

(3 1)( 2) 0

1
 or 2

3

x x
x x

x

  

   

  





A learner responds as follows:  

23 5 2 0

(3 1)( 2) 0

1
 or 2

3

x x
x x

x

  

   

 

 

          CA 

Clearly the factorisation by the learner is incorrect and one of the two answers is correct 

so the learner would get 1 mark out of 3. Some teachers may even give the learner 0 marks. 
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However, with CA marking, the learner would only lose the mark for incorrect 

factorisation but get the two marks for the two values of x as it follows from the learner’s 

own factorisation. This is so even though one of the learner’s answers when judged against 

the memorandum is incorrect.  In this situation, the “accuracy” of the learner’s answers is 

“consistent” with his/her own factorisation. 

Teachers marking Grade 12 Mathematics papers are quite accustomed to CA marking. 

Thus, the only reference to CA marking in grade 12 Mathematics papers usually appears 

on page 2 of the official marking memorandum for both paper 1 and paper 2 when it is 

stated as follows: 

“Consistent Accuracy applies in ALL aspects of the marking memorandum”     

                                                                                                         (DBE, 2015a)  

Consistent Accuracy has also been used in the marking of the ANA (Annual National 

Assessment) papers for grade 9 Mathematics (DBE, 2013).  For example, the first page of 

the memorandum for the 2013 grade 9 ANA paper for Mathematics had the following 

table: 

Table 1:  Marking key for ANA Grade 9 Mathematics 

Key 

M Method mark 

CA Consistent accuracy mark  

A Accuracy mark 

 

Although Mathematical Literacy is a different subject from Mathematics, there are 

numerous mathematical calculations which learners have to do as part of their learning of 

the subject. These calculations tend to be assessed in tests and examinations. Thus, the 

principles of CA marking in Mathematics will also apply to Mathematical Literacy. 

However, it goes further in Mathematical Literacy.  

It is not uncommon to find in a Mathematical Literacy test or examination that learners 

have to do various calculations to choose a suitable option from a given set of two or three 

options. In this regard, learners may do the calculations and come up with their answers. 

However, if they make a mistake with their calculations and come up with the wrong 

option, they may not be penalised as their responses would be marked in relation to their 

own calculations.  

Examiners of external Mathematical Literacy papers tend to emphasise CA marking in the 

subject. Thus, one always finds the following table appearing on the front cover of the 

marking memorandum for a Mathematical Literacy examination paper. (DBE, 2015b) 
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 Table 2: Marking key for Mathematical Literacy 

Code Explanation  

M Method 

MA Method with accuracy 

CA Consistent accuracy 

A Accuracy 

C Conversion  

D Define 

S Simplification 

RT/RD/RG Reading from a table OR a diagram OR a graph 

SF Substitution in a formula 

P Penalty, e.g. for no units, incorrect rounding of etc. 

NP No penalty for rounding or omitting units 

 

Table 2 is very comprehensive in nature and covers a number of marking codes in 

Mathematical Literacy, one of which is CA marking, the focus of this paper.  

Literature Survey 

Although Mathematical Literacy research in South Africa is still in its infancy, it covers a 

wide range of issues. These issues include teaching and learning as well as assessment. 

Venkat, Graven, Lampen & Nalube (2009) analysed problem solving type questions in 

Mathematical Literacy examination papers and concluded that only questions set at level 

3 and level 4 could be regarded as problem solving in nature. Thus, Mathematical Literacy 

Paper 2 could be regarded as a problem-solving type of paper since 75% of this paper 

comprises level 3 and level 4 questions.   

Govender (2011) found that learners, especially those who do not have English as a first 

language, tend to struggle with the problem-solving type questions which feature in 

Mathematical Literacy Paper 2.  These questions have a higher cognitive demand and 

learners require lots of support from their teachers when working with these questions.   

A follow-up paper by Govender (2012) speaks about the important role that Mathematical 

Literacy teachers have to play in facilitating problem solving in the classroom. In this 

regard, thorough preparation, with an emphasis on possible teacher-learner exchanges in 

the classroom, the development of mathematical skills, anticipating learner challenges and 

how to address these challenges would help teachers in this pivotal role.  

A paper by Vale, Murray and Brown (2012) on Mathematical Literacy items in National 

Certificate Vocational (NCV) examination papers and the errors which students make in 
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such papers  reveal that a large number of students’ errors could be attributed to the lack 

of language proficiency. They found that 32% of the errors were due to limited language 

proficiency and question the fairness of assessment of students. They conclude that a lack 

of validity and fairness in the final examinations has great consequences for students due 

to the high-stakes nature of the assessment. They argue that all assessment items in 

Mathematical Literacy need to be carefully constructed if students’ abilities and subject 

knowledge are to be fairly assessed.  

Although this paper by Vale, et al. (2012) was confined to NCV students, the lack of 

language proficiency also affects learners writing the National Senior Certificate. The 

NSC diagnostic report for 2016 discusses learner performance using graphs, giving 

detailed question-by-question analyses and suggestions for further improvement for most 

high enrolment subjects in South Africa. The report for Mathematical Literacy makes 

mention of language issues which impact on learner performance. Some of these (which 

the writer has summarised from the Diagnostic Report) include: poor language usage in 

the exam papers, failure to read and follow instructions and not being able to understand 

certain words or terms in context (DBE, 2016a: 133 – 150).  

The diagnostic report for Mathematical Literacy makes the following suggestion for 

improving learners’ language competencies:  

“One way of improving learners’ language competency is to resuscitate the culture 
of reading in schools, in general, and in Mathematical Literacy classes, in 
particular, as the subject requires a lot of reading with understanding. The English 
Across the Curriculum (EAC) strategy is one intervention that is aimed at 
addressing the problem and should be taken seriously in Mathematical Literacy in 
particular. It may also be of assistance for learners to develop a glossary of terms 
for the subject”                                                                                         (DBE, 2016a: 137). 

The following points emerge from this brief literature survey: 

 Learners struggle with problem solving questions and are in need of support from 

teachers. Mathematical Literacy teachers must be well prepared to ensure that their 

learners become adept at problem solving. 

 A large number of the errors which students make in NCV Mathematical Literacy 

could be attributed to lack of language proficiency.  

 The NSC diagnostic report also makes mention of the language issue in 

Mathematical Literacy and gives suggestions on how learners could improve their 

language competencies. 

Problem Statement 

The learners who do Mathematical Literacy in South African schools are not necessarily 

the best learners.  The group of learners who start with the subject in grade 10 are usually 

the ones who performed poorly in Mathematics in grade 9. These learners are joined by 

others from the Mathematics classes later in grade 10 and 11 who may have not been 

successful in their Mathematics classes.  
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One of the five key elements underpinning Mathematical Literacy is “the use of 

elementary mathematical content” (DBE: 2011a: 8-10).  This means that learners work 

with mathematics content in their Mathematical Literacy classes which is “elementary” in 

nature and should be within their scope of understanding. However, their work is made 

more difficult by the amount of reading which they have to do in the subject. Learners 

tend to struggle with the language and this may hamper their progress in the subject.  

Thus, when it comes to the assessment of Mathematical Literacy especially in tests and 

examinations, some allowance has to be made when learners’ work is marked. In this 

regard, the use of CA marking in Mathematical Literacy is advocated.  

Research Question 

The following research question was formulated for this paper: 

“To what extent does CA marking impact on learner attainment in Mathematical 
Literacy?” 

The following subsidiary questions were formulated within the context of the research 

question: 

 What are teachers’ views of marking and CA marking? 

 Do teachers use CA marking in tests and examinations? 

 What is the impact of CA marking on learner attainment in Mathematical Literacy   

Conceptual Framework 

The paper focuses on the use of CA marking in Mathematical Literacy assessment tasks 

such as tests and examinations. The CAPS document also distinguishes between informal 

assessment (Assessment for Learning) and formal assessment (Assessment of Learning). 

Since this paper is about the marking of tests and examinations, it falls in line with formal 

assessment or assessment of learning (DBE, 2011a:96). 

The assessment of learning should be underpinned by ethical principles. In this regard, 

ethical principles should reflect beliefs about right or wrong, just or unjust, and good or 

bad in terms of human behaviour. These principles should serve as a guide to behaviour 

on a personal level, within professions and at the organisational level (Boundless: 

Defining Ethics, 2016). 

  The marking of tests and examinations is an important part of the assessment process.  

The DBE and provincial departments of education have introduced various measures to 

ensure that marking of external examination papers is conducted in a fair, responsible and 

ethical manner.  This includes improved marker recruitment and intensive training of chief 

markers and moderators. The chief markers and moderators, in turn, train the deputy chief 

markers, senior markers and markers at the marking centre.  Once marking starts, there is 

continuous moderation and checking at various levels in the marking centre (DBE, 

2016b).  
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There is a need for some of the processes described in the previous paragraph to be 

implemented at school level as it contributes to fairness in marking. Thus, fairness in 

marking should not only be a feature of the marking of grade 12 external examination 

papers but should also be extended to the marking of internal school papers.  It should 

also be compulsory for Mathematics and Mathematical Literacy teachers to implement 

CA marking at schools as CA marking is “right”, “just” and “good” since it is should 

contribute to fairness in the marking process. 

This paper interrogates and describes the marking process and makes suggestions with 

respect to CA marking. The data gathered in this paper comes from a survey of teachers 

(qualitative) and from the marking workshops (quantitative).  The data from the survey 

are analysed with a view to detecting trends and features while the data from the marking 

workshops are put into tables and analysed and interpreted.  Thus, it is located within the 

“descriptive research” paradigm as descriptive research involves gathering data that 

describe events and then organizes, tabulates, depicts, and describes the data collection 

(Glass & Hopkins, 1984). A suitable framework in which this paper is located would be 

“Fairness in the assessment of learning”, with special emphases on ethical principles 

within the marking process.   

 

Research Methodology 

Collection of Data 

As stated in the previous section, this paper involved the collection of both qualitative and 

quantitative data.  The qualitative data came from a survey of 20 Mathematical Literacy 

teachers via a questionnaire and the quantitative data from three sessions with teachers, 

one with marking a control test and the other two from marking a June exam paper. 

Questionnaire 

 The questionnaire covered the following matters: 

 The importance of marking learners’ work 

 What teachers understood about CA marking in Mathematical Literacy 

 The importance of CA marking in Mathematical Literacy 

 The use of CA marking in tests and examinations 

 The effect of CA marking on learner performance 

 When it will be inappropriate to use CA marking 

 Any other comments, not covered in the questionnaire in the above bullets  
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Applying CA marking in a control test  

Schools with a less than 60% pass rate in Mathematical Literacy the previous year (2015) 

formed part of a District Support Programme for Mathematical Literacy. These schools 

were classified as “underperforming schools” in Mathematical Literacy. One of the 

activities for these underperforming schools was a common control test which was written 

in March. The control test was set and moderated by district personnel.  After the control 

test was written, teachers were invited to a workshop on the marking of the control test. 

This involved a discussion of the memorandum for the test and the marking of a 

“photocopied” learner’s script, also referred to as a “dummy script” which was supplied 

by one of the schools for the workshop.  Six teachers (from different schools) participated 

in this workshop. 

Applying CA marking to an exam paper  

Another “CA marking” workshop was held with teachers from underperforming schools 

prior to the writing of the June Examinations. The materials used for this workshop was a 

previous June Examination paper 2 and a “dummy script” of a learner which was provided 

by one of the schools. 14 teachers (from different schools) participated in this workshop.  

There was a request from teachers of other schools for a similar workshop.  This was held 

prior to the Trial examinations, also using the same June Examination paper 2 and 

“dummy script”. 13 teachers participated in this workshop.  

Results 

Questionnaires 

20 teachers completed the questionnaires. The data from the questionnaires is written with 

a focus on trends, features and patterns of coherence.  

Marking  

All participants in the survey agreed that it was important to mark learners’ work.  

Their responses converged towards two key principles. Firstly, that marking 

learners’ work enabled them to check for understanding of that work and secondly, 

it enabled them to make note of areas of the work with which learners had difficulty 

so that effective remedial measures could be implemented.   

            CA Marking  

Teachers had a fair or reasonable idea about what CA marking entailed and some 

of their responses are indicated here:  

“A mistake is made earlier in a question which is penalised. However, from that 

point onwards the teacher marks “with the mistake” so the learner does not get 

penalised again”;  

“If a learner makes a mistake early in a question then s/he will be penalised for that 

mistake. If the learner works correctly from there onward, the learner may receive 

all the other marks awarded”; 
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“If a learner get a calculation wrong; the answer can be used in questions that follow and 

the learner can be awarded marks if the calculations using this “wrong” answer are done 

correctly”;  

“If a learner makes an error in the first step of a calculation, but is consistently accurate 

in the steps that follow, then the learner is awarded marks for showing an understanding 

the method used to use to get to the final answer”;  

“It is done when a learner has made a mistake in the first step and continues with the other 

steps correctly. Marks are awarded to all other steps”;  

“It gives a learner a fair chance of obtaining marks for correct steps even if the final answer 

is incorrect or slightly off from the answers in the memorandum”;  

“If a question is scaffold and a learner has made a mistake in the first part, then the teacher 

has to mark according to the learner’s mistake”. 

“CA marking prevents a learner from repeatedly being punished for a mistake that was 

done at the beginning of a series of calculations and enables the learner to be awarded 

marks for correct methods or procedures which following this calculation error”.  

The teachers’ responses are used later in this paper to come up with a definition or 

description of CA marking within Mathematical Literacy.   

The importance of CA marking and the use of CA marking in tests and 

examinations  

All teachers in the survey stated that CA marking in Mathematical Literacy is 

important as it was fair and resulted in improved learner performance in the subject. 

Further emphasis came in their responses when 18 of them indicated that they had 

used CA marking in school based assessment and only two indicating they did not 

use CA marking. The responses of these two teachers are shown here.  

The first teacher did not use CA marking because “learners get a second chance to 
do the work if they did not get good marks; revision is done so they see where they 
went wrong and are then given another task”. The second teacher did not use CA 

marking because “they should know how to answer correctly “.  
The impact of CA marking on learner performance 

All respondents stated that CA marking boosts learner performance in 

Mathematical Literacy, with one teacher claiming that the marks can go up by 10%.  

It can, therefore, help learners pass the subject and minimises the chances of 

learners “failing unfairly”. Learners become motivated when they see their marks 

and it builds confidence for them to do better. They also know that their efforts are 

given credit rather than “no marks”. It encourages them to show all calculations and 

keep trying their best, even when they feel they are unable to solve a problem.  
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The inappropriate use of CA marking  

The respondents had differing views on when CA marking will not be appropriate. 

Some believed that it should be used throughout the paper while others felt that 

there were times when the approach did not work. Those who were in favour of CA 

marking being used throughout the paper did not give reasons for doing so. Their 

responses are shown below:  

“CA applies in all aspects of the memorandum”; “There is no time where it will be 

considered inappropriate; it should be used throughout”; “It should be considered at all 

times”. 

In contrast, there were those who believed there were certain instances where it will 

be inappropriate to use CA marking. Some of their views are indicated below: 

“Inappropriate if the wrong operation is used (eg.  multiplication instead of division)”; 

“When learner reads incorrect values from tables”;  “When values used are arbitrary and 

do not appear in the context”; “When only the answer is written down – and it is wrong”;  

“When answers are not correct and the method is also incorrect or not relevant”; “When 

questions are not scaffold or when there is breakdown in the  learner’s work”; “When the 

method followed by learners is inaccurate and not clearly set out for the teacher to follow”; 

”Using CA just to push up/improve the marks without following the correct procedures”. 

Other comments from the Mathematical Literacy teachers   

The questionnaire also gave teachers the opportunity of giving further comment(s) 

not covered by the questions in the survey. Some of these comments were: 

“CA marking is very time-consuming but definitely to the benefit of  learners”; “I usually 

also do not give a CA mark for a final answer which is unrealistically high or low egg) 

R43695,00 instead of R2,55”; “I feel that another workshop on CA marking should be 

held for newly appointed and other teachers”; “When marking Mathematics or 

Mathematical Literacy, each question has its own memorandum and depending on the 

way it has been answered, CA marking can be used”; “All teachers should be encouraged 

to use CA marking (including the ones in lower grades)”; “When using CA marking, it is 

important to take note of the methods learners use as well as where learners got the values 

used in the question”  

Trends from the questionnaires 

The following trends emerge from the survey of Mathematical Literacy teachers.  

 All teachers in the survey believed that it was very important to mark learners work 

as it enabled them to see how their learners were progressing in the subject and 

what kind of remedial measures should be implemented  

 They had a fair idea about CA marking in Mathematical Literacy and most believed 

it to be important, especially when marking tests and examinations. In this regard, 
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they stated that CA marking had a positive impact on learner performance in 

Mathematical Literacy 

 However, there were times that CA marking did not apply and teachers were able 

to give reasons as to why CA marking did not apply at those times 

 Teachers also gave other comments about CA marking such as being time-

consuming but beneficial to learners. They believed that more teachers should be 

trained on how to apply CA marking to their school assessment tasks. 

Using CA marking in a control test 

As stated earlier, learners from schools which had poor grade 12 results the previous year, 

wrote a common first term control test which was set and moderated by district personnel. 

The control test covered the first term’s work and consisted of four questions and was out 

of 50 marks. Learners wrote the control test at school. On the same afternoon of the test, 

teachers were invited to a memo discussion of the paper. They were given the marking 

memorandum and a “dummy script” to mark. CA marking was an integral part of the 

marking process. The teachers are called A, B, C, D, … and  Table 3 shows how the 

teachers marked the “dummy script”.  

Table 3: Marking of March Control Test 

Teacher Question 1 

18 

Question 2 

12 

Question 3 

10 

Question 4 

10 

Total 

50 

A 10 8 4 3 25 

B 8 5 3 4 20 

C 9 7 4 3 23 

D 9 7 6 4 26 

E 9 6 5 4 24 

F 9 6 6 1 22 

      

Accepted 

mark 

10 8 4 3 25 

 

After teachers marked the scripts the writer facilitated a discussion on their marks. For 

each question there was an “accepted mark”. This came about via a thorough interrogation 

of the “dummy script” by the group of 6 teachers. While only one teacher (teacher A) was 

“on the mark” with the marking, two others were within one of the “accepted mark”. 

However, a cause for concern would be the marking of teacher B.  This teacher was not 
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able to get any of the “accepted marks” for each question and was out by five marks for 

the whole script. This is hugely significant for an assessment task such as a control test as 

the learner had “lost” five marks (10%).  

Using CA marking in an examination 

The underperforming schools in the district were scheduled to write common June 

examination papers.  Mathematical Literacy was one of the subjects. A CA marking 

workshop for Mathematical Literacy was held with teachers from the schools to prepare 

them for marking the June examinations. An old district Mathematical Literacy 

examination paper 2 and a learner’s “dummy script” was used. Table 4 shows how the 14 

teachers, who participated in the workshop, marked the “dummy script”. This included 

two teachers who participated in the previous workshop, teachers E and F. 

 

Table 4: Marking of June Examination Mathematical Literacy Paper 2 (teachers

       from underperforming schools) 

Teacher Question 

1 

29 

Question 

2 

17 

Question 

3 

31 

Question 

4 

12 

Question 5  

11 

Total 

100 

E 13 9 9 5 0 36 

F 12 9 8 5 1 35 

G 12 9 12 5 0 38 

H 11 9 11 5 0 36 

I 14 10 9 4 0 37 

J 13 9 9 5 0 36 

K 14 11 9 5 1 40 

L 14 10 12 5 0 41 

M 12 9 9 5 0 35 

N 10 10 10 5 0 35 

O 13 9 9 5 0 36 

P 16 9 10 5 0 40 

Q 16 9 9 4 1 39 

R 18 8 9 5 0 40 

Accepted 

mark 

17 9 11 5 1 43 
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NB: A “dummy script” is an actual script of a learner which has been photocopied for use 

in the marking workshop. For ethical reasons, the name of the learner and school is not 

shown 

The same process followed the previous CA marking workshop. The teachers marked the 

same “dummy script” and then the writer facilitated a discussion on what the “accepted 

mark” for each question, and the whole paper should be. Interestingly, none of the teachers 

were “on the mark”.  The closest was teacher L whose mark was 41. Seven of the 14 

teachers differed by seven or eight marks. This is quite a significant difference for one 

paper. These seven teachers also include teachers E and F, who attended the previous 

workshop on CA marking, and probably needed more support.    

The CA marking workshop was extended to other schools in the district. This workshop 

was held prior to the trial examinations and the same exam paper and “dummy script” , 

which was used for underperforming schools, was used in this workshop. 13 teachers 

participated in this workshop and their mark allocations are shown in Table 5. 

 

Table 5: Marking of June Examination Mathematical Literacy Paper 2 (other schools) 

Teacher Question 1 

29 

Question 2 

17 

Question 3 

31 

Question 4 

12 

Question 5 

11 

Total 

100 

S 14 10 13 4 0 41 

T 16 8 13 1 0 38 

U 16 9 10 5 0 40 

V 17 9 9 4 0 39 

W 15 7 9 4 0 35 

X 11 8 10 3 1 33 

Y 12 10 5 5 0 32 

Z 13 8 7 3 0 31 

A1 13 7 10 3 0 33 

B1 9 9 9 4 0 31 

C1 11 8 8 3 0 30 

D1 15 8 10 4 0 37 

E1 11 10 7 3 0 31 

Accepted 

mark 

17 9 11 5 1 43 
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Here, none of the teachers were at the “accepted mark”.  Seven of the teachers deviated 

from the “accepted mark” by 10 or more marks. These differences are also very significant 

for just one paper. It is more than likely that these teachers may have not applied CA 

marking correctly to the paper. The teachers from the schools which were “performing” 

fared worse than those from the “underperforming” schools.  

Findings 

The findings of the paper are stated in terms of the research sub-questions.     

Teachers’ views of marking and CA marking and its use in tests and examinations  

 All teachers surveyed in this paper believed that marking learners’ work is an 

important part of teaching and learning.  

 It gave teachers the opportunity of checking their learners’ understanding of their 

work and to plan possible remedial measures where appropriate. 

 They also knew about CA marking and were able to give a description or definition 

of CA marking.  

 Most of them indicated that they used CA marking in school based assessment such 

as control tests and examinations.   

 They indicated there were certain instances in which they did not apply CA marking 

and these instances were outlined.  

 Teachers stated that, although CA marking was very time-consuming, it was 

worthwhile since learners benefitted from it.  

 They believed that more teachers should receive training in CA marking as more 

learners would be advantaged when teachers use CA marking.     

The impact of CA marking on learner performance 

The three workshops on CA revealed some very interesting information on how teachers 

marked tests and examinations.  

 It is clear that most teachers need support in CA marking since only a few teachers 

were within one or two marks of the accepted mark for the control test and June 

examination paper 

 Most of the teachers did not apply CA marking correctly and none of them were 

generous with their marks. In fact, they appeared to be too strict since all were 

below the accepted mark.   

 The fact that teachers “struggled’ with the use of CA marking meant that they were 

not used to using this approach with their own learners. This appears to contradict 
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the views of teachers in the survey who stated they used CA marking at their 

schools. 

 The teachers realised that they needed to implement CA marking in Mathematical 

Literacy at their own schools as they had seen from the workshops that they tended 

to be too strict without CA marking. This deprived their learners of much needed 

marks. If learners achieved the marks they deserved, then their confidence levels 

will be boosted and this could possibly result in better performances in the subject. 

Conclusion 

Although CA marking has been implemented in Mathematics or Mathematical Literacy 

for some time, there is no formal definition of this important term. However, it is now 

possible for the writer to come up with some description or formal definition, based on 

the data collected for this research.  

In the regard, the writer defines “consistent accuracy” or CA marking as follows: 

“When a learner makes a calculation mistake while answering a question and 
carries this mistake to the questions that follow, the learner is only penalised once, 
for the first calculation error. The questions that follow this mistake are marked 
using this incorrect calculation and the learner is given marks for all subsequent 
questions provided the answers given are consistent with the learner’s first 
incorrect calculation”.  

There is no doubt that it is ethical and fair to use CA marking in Mathematical Literacy. 

This paper has shown that teachers may not be giving CA marking much attention when 

they mark control tests and internal examinations.  This is probably due to various reasons, 

one of which is “CA marking is time-consuming”, as one teacher responded in the survey. 

However, they also realise that it is important for them to apply CA marking in their own 

schools as their learners stood to gain.  

Most of the teachers who participated in this research are experienced and have been 

teaching Mathematical Literacy since the subject was introduced in South African schools. 

One could sense their disappointment in not being accurate with their marking. It is hoped 

that this realisation would be enough to jolt them into changing their current practices and 

began to use CA marking at their schools.   
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PROGRAMME FOR GRADE 12 MATHEMATICS LEARNERS: 

IMPLICATIONS FOR TEACHING AND LEARNING 

VG Govender 

Eastern Cape Department of Education & 

Nelson Mandela Metropolitan University 

 

Mathematics is a very important school subject in South Africa and other countries. Since 
the advent of democracy in South Africa, there have been numerous curriculum changes, 
all affecting Mathematics. The last two changes, the NCS (National Curriculum 
Statement) and CAPS (Curriculum and Assessment Policy Statement) have resulted in an 
increasing number of Grade 12 Mathematics learners in South Africa. However, there 
has been concern about the performance of these learners. There have been a number of 
initiatives to improve learner performance in Mathematics. These usually take the form 
of supplementary tuition programmes. This paper interrogates a successful programme 
arranged by the writer for “weak” Mathematics learners and comes up with suggestions 
on its implications for teaching and learning in supplementary tuition programmes as well 
as during normal lessons at schools 
Key words: supplementary tuition programme, case study, curriculum demands, learning 

styles 

INTRODUCTION  

Mathematics is viewed as an important school subject and an essential part of the school 

curriculum in South Africa and other careers.  This point of view was given support by 

the influential Cockcroft Report in the UK way back in 1982 which began: 

“There can be no doubt that there is general agreement that every child should study mathematics 

at school; indeed, the study of mathematics, together with that of English, is regarded by most 

people as being essential...It would be very difficult - perhaps impossible - to live a normal life 

in very many parts of the world in the twentieth century without making use of mathematics of 

some kind....”                                                               (Mathematics Counts, 1982) 

There is no doubt that the importance of Mathematics and its utilitarian value has featured 

strongly during the revision of the Mathematics curricula in South Africa. Since the advent 

of democracy of South Africa in 1994, there have been a number of changes and 

adaptations to the South African curriculum. Govender (2016b) gives a summary of the 

changes affecting Mathematics. Some of these are shown: 

 These changes include moving content from one grade to another; removing 

some content and introducing new content. There were also changes in 

approaches. For example, in Curriculum 2005, the teaching and memorisation 
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of Tables in the primary school was discouraged by curriculum trainers. This 

was changed with the introduction of the Curriculum and Assessment Policy 

Statement (CAPS). In CAPS, computations without a calculator have been 

introduced into the Senior Phase and the use of geometric instruments when 

doing constructions has also been emphasised. 

 In the FET phase, some content in the NCS was optional and was, for a time, 

included in an optional Grade 12 examination paper (Mathematics paper 3).  

Few schools in South Africa did Mathematics P 3 sections. One of the optional 

sections was Euclidean Geometry. For a period of time in South Africa, a large 

number of learners passed Grade 12 Mathematics without having done 

Euclidean Geometry. It took complaints from a number of universities and 

other stakeholders to change this situation. They complained about learners 

leaving school without having done Euclidean Geometry and the negative 

impact thereof on their studies in engineering, architecture and other technical 

fields (Serrao, 2010). As a result, this optional paper was done away with and 

the introduction of the CAPS curriculum with its components such as Euclidean 

Geometry, Probability and Statistics were reassigned to the other two 

Mathematics papers (DBE, 2011). 

 

Thus, it would appear that the latest revision of the Mathematics curriculum (CAPS) in 

South Africa was arrived at through discussions, consultations and input from various 

stakeholders including universities and professional organisations such as AMESA.   

The definition of Mathematics in the CAPS document is inclusive in its statement:   

“Mathematics is a language that makes use of symbols and notations for describing numerical, 

geometric and graphical relationships. It is a human activity that involves observing, 

representing and investigating patterns and qualitative relationships in physical and social 

phenomena and between mathematical objects themselves. It helps to develop mental processes 

that enhance logical and critical thinking, accuracy and problem solving that will contribute in 

decision-making. Mathematical problem solving enables us to understand the world (physical, 

social and economic) around us, and, most of all, to teach us to think creatively”.         

                                                                                   (DBE: 2011: 8) 

This spirit of inclusion makes it abundantly clear why the Cockcroft Report regarded 

Mathematics as an important school subject and proposed that more learners should do 

Mathematics in the UK. In the South African context, the intention of CAPS and its 

predecessor, the National Curriculum Statement (NCS), was to increase the numbers of 

learners doing Mathematics in South Africa in the FET phase. This has been evidently 
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successful as the numbers of learners doing Mathematics from 2011 to 2016 show a 

definite increase in numbers. These statistics are shown in table 1. 

 

Table 1: Number of learners doing Mathematics in South Africa (2011 – 2016) 

Year Number who wrote 

Mathematics 

2011 224635 
2012 225874 
2013 241509 
2014 225456 
2015 263903 
2016 265810 

                                                                             NSC diagnostic report (2014; 2016) 

The highest number of learners writing Mathematics in South Africa was reached in 2016.  

For the years shown in Table 1, national performance in Mathematics reached a peak of 

59,1% in 2013. However, with the writing of the first grade 12 examination under CAPS 

in 2014, there was a drop in the overall mathematics pass rate. This is shown in Table 2. 

 

Table 2: Mathematics numbers and performance (2011 – 2016) 

Year Number who 

wrote Mathematics 

 

cs 

Number 

achieved at 

30% or above 

Percentage 

achieved at 

30% or above 

2011 224635 104033 46,3% 
2012 225874 121970 54,0% 
2013 241509 142666 59,1% 
2014 225456 120523 53,5% 
2015 263903 129481 49,1% 
2016 265810 135958 51,1% 

                                                                NSC diagnostic report (2014; 2016) 

When one examines Table 2, the peak of 59,1% in 2013 also resulted in the highest 

number, 142666, passing Mathematics in the same year. The second highest number 

occurred in 2016 when 135958 learners passed Mathematics.  

However, this still means that a large number of grade 12 learners are failing Mathematics. 

 

STATEMENT OF THE PROBLEM 

Despite the increase in the numbers of learners doing Mathematics in South African 

schools, the high failure rate in Mathematics is a cause for concern. There have been 

various attempts to improve the teaching and learning of Mathematics in South African 

schools. These usually include various types of outreach or support programmes for 
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school learners. These programmes tend to involve supplementary tuition (Govender, 

2016a).  

As seen in Table 2, the pass rate in Mathematics for the past six years has not gone beyond 

59,1%. It would appear that for a variety of reasons, that certain high schools, usually in 

less affluent areas, are not able to give learners quality instruction that is expected in 

subjects such as Mathematics and Physical Science. It would seem that this lack of quality 

instruction results in poor learner performance in these subjects.  

Parents who can afford to pay for supplementary tuition for their children usually send 

them for extra tuition in subjects such as Mathematics and Physical Sciences. However, 

the cost of sending children to such programmes is quite exorbitant.  To assist learners of 

schools from disadvantaged areas, various organisations work with provincial 

departments of education and districts to support teachers and learners from these areas. 

The support that learners receive is usually in the form of supplementary tuition 

programmes. The writer notes, from his experience, that these programmes usually target 

top learners.   

Further support is given by provincial departments of education and districts in the form 

of “Winter Schools”, Saturday classes, afternoon classes and “Spring Schools”. This 

support is mostly for under-performing schools and includes a number of high-enrolment 

subjects, including Mathematics. Despite the large sums of monies spent on these support 

programmes, it is the writer’s experience that the returns from these classes in terms of 

improved learner achievement, tends to be minimal.  

One of the challenges of a supplementary tuition programme is that it has its own ills as 

both tutors and learners are likely to suffer fatigue due to continuous learning. This 

inevitably denies them participation in other social events and recreation (Reddy, 2003). 

Despite various initiatives to support learners in Mathematics, there are always learners 

who are left out for a variety of reasons. When the writer was approached by the 

chairperson of a local school’s SGB chairperson to provide tutoring support to some 

“weak” grade 12 learners in Mathematics in 2016, he agreed to assist the learners. This 

support would be in the form of a small-scale supplementary tuition programme which 

would take place on Friday afternoons and Saturdays. Learners would pay a nominal fee 

of R20,00 per session to the school and the money collected would be used to purchase 

school trophies.  

 

RESEARCH QUESTION 

The following research question was formulated for this paper 

To what extent can the performance in Mathematics of mostly “weak” learners be 
improved through a supplementary tuition programme?  

NB: The term “weak” is used as a result of their poor performance in the June examination  
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To answer the research question, the following sub-questions were formulated in the 

context of the research question:  

 What are some of the factors which contribute to the success of a supplementary 

tuition programme for grade 12 Mathematics learners? 

 What are learners’ views about supplementary tuition programmes for 

Mathematics? 

 What is the impact of a supplementary tuition programme on learner performance 

in Mathematics? 

Before locating this paper within its relevant theoretical framework, it will be prudent to 

examine some of the literature relevant to this paper. 

LITERATURE SURVEY 

This literature survey focuses on the following issues which are relevant to this paper: the 

importance of supplementary tuition, types of supplementary tuition, costs of 

supplementary tuition and an example of a successful supplementary tuition programme.  

There is a great demand for supplementary tuition in Mathematics and other subjects in 

countries all over the world. Asia leads the way followed by Africa The provision of 

supplementary tuition of a face-to-face nature is not that prevalent in developed countries 

of Western Europe, North America and Australasia (Bray, 1999). In these countries the 

focus may be more on supplementary tuition programmes involving the use of computers. 

NB: The school is located in a former Indian area, the participants consisted of  5 Indian learners and 6 

Black learners 

In Africa supplementary tuition is generally associated with secondary schooling because 

passing at this level is the only route to any career in the formal economy (Reddy, 2003). 

A study by Coetzee (2008) of learners from better performing schools in East London, 

South Africa found that these learners took supplementary tuition on average 1,67 hours 

per week. The mean number of hours spent on supplementary tuition from the beginning 

of the year up to mid-September, when the survey was done, was 18,23 hours.  

Coetzee identifies three forms of supplementary tuition programmes. These are private 

tuition, vacation school and revision of former examination question papers. He found 

that revision of examination papers was preferred (about 83%) followed by private tuition 

at 81% and lastly vacation school (Coetzee, 2008). 

Lauziere (2010) speaks about American parents waiting until there is a crisis at school 

before seeking help in Mathematics and Science. This is probably true for South African 

parents as well. However, in the South African context, only the middle and upper classes 

can afford supplementary tuition by a private tutor. The prohibitive cost of private tuition 

puts it out of reach for many South African households. Hence, the need for funded 

outreach programmes by outside organisations and the department of education. This is 
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confirmed by the research of  Ireson and others, cited in  Mogari, Coetzee and Maritz 

(2009),  which show there is a strong relationship between learners’ opportunity to 

participate in supplementary tuition and their socio-economic background.  

Govender (2016a) writes about a successful supplementary tuition programme with Grade 

12 Mathematical Literacy learners. These learners were from a school in one of the Black 

townships of the Eastern Cape. These learners were without a teacher for about three 

months and were struggling in the subject. Govender came up with a structured 

programme to assist the learners. The programme involved the teaching and consolidation 

of key Mathematical Literacy topics and then revising past year examination papers. This 

model was a combination of two of the models proposed by Coetzee (2008), that of private 

tuition and the revision of past year examination papers. All 13 learners passed the subject 

at the end of the year.  The success of the programme was attributed to a number of factors, 

two of which may be regarded as the key to any supplementary tuition programmes. These 

are the teaching methodology and the materials used (Govender, 2016a).  

The literature survey is now summarised: 

 There is a big demand for supplementary tuition programmes for Mathematics 

and other subjects in Asia and Africa for various reasons. Success in a subject 

like Mathematics is regarded as a key factor in accessing a well-paid job.  

 Due to certain inadequacies in the teaching and learning of Mathematics in South 

Africa, there is a demand for supplementary tuition in the subject. 

 However, only the middle and upper classes are able to afford such tuition. This 

is despite the learners attending what is perceived to better and well-resourced 

schools.  

 The department of education, sometimes with help from outside organisations, 

usually arranges such supplementary tuition programmes for learners from 

schools located in the poorer communities.  

 There are many factors which contribute to the success of a supplementary tuition 

programme with two key factors being the teaching and the materials used in the 

programme. 

 THEORETICAL FRAMEWORK 

This study examined the impact of a supplementary tuition programme on learner 

attainment in Mathematics.  There are various factors which may contribute to the success 

of supplementary tuition programmes. This theoretical framework focuses on the learner 

support materials and the teaching.  

The learners in the programme were struggling with Mathematics and had done poorly in 

the subject up to June 2016. Thus, the writer had to come up with support materials which 

had to build on what learners knew and assist them with sections of the work in which 

they were struggling.  Further, the materials had to be facilitated in such a way to enable 
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learners to pass the subject. Thus, a series of lessons were planned. Each lesson had to 

have some basic principles; an introduction; some class activities which included exam- 

type questions and the consolidation of key concepts in the lesson.   

The theoretical framework for this paper would be similar to the one used in Govender 

(2016a) with one difference; that the learners would be taught at their own school. 

Vygotsky’s “Zone of Proximal Development” (ZPD) would be relevant for this paper. 

ZPD is described as the distance between the level of development of a child (when 

working on problems) and his or her level of potential development when working with 

an adult.  The adult is the one driving the learning until the child is able to internalise the 

knowledge (Vygotsky, 1978).  It would appear that the learners in this study had reached 

a certain level of development in Mathematics and were not able to proceed any further, 

despite having a “good” mathematics teacher. The teacher had done his work but was 

unsuccessful in getting his learners to pass Mathematics. Hence, there was a need for these 

learners to get additional support in order for them to pass.   

Children have different learning styles and this should always be considered when 

determining the teaching approaches in a supplementary tuition.  Fleming (2006) 

describes four learning styles in his VARK model of learning, namely, visual (V), auditory 

(A), read/write (R) and kinaesthetic (K). All four learning styles featured strongly in this 

supplementary tuition programme. Regular assessment was also a feature of the writer’s 

supplementary tuition programme with learners writing 8 tests in all.   

In the light of the discussions in this section, it would be reasonable to locate this paper 

within the “teaching – learning – assessment” research paradigm underpinned by 

Vygotsky’s ZPD and Fleming’s VARK model. Further, since the participants all came 

from one school and one grade and were subjected to the same processes during the tuition 

programme, the research conducted for this paper would be an example of a case study. 

Case study research allows the researcher to explore individuals or organizations, simply 

through complex interventions, relationships, communities, or programmes (Yin, 2003) 

and supports the deconstruction and the subsequent reconstruction of various phenomena. 

 

OPERATIONAL STRATEGY AND THE COLLECTION OF DATA 

Although the programme was extended to all learners who were not doing well in 

Mathematics, there were 15 learners who showed interest. Of these only 11 could be 

regarded as being regulars in the programme, attending all the sessions. Hence, the 

programme could be regarded as “small-scale”. There were 10 contact sessions, each of 

two hours duration. This took place on Friday afternoons and Saturday mornings. The 

writer conducted these sessions at the school.  The last session ended just prior to the 

Grade 12 trial examination. It should be noted that the contact sessions were planned so 

that key topics from the Mathematics curriculum would be revised in time for both the 

trial and final examinations.  This is very crucial in a South African context as the grade 

12 examination has time restrictions and is considered to be a high-stake examination 
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(Howie, 2012). Thus, learners have to be thoroughly prepared to take such an examination. 

The contact sessions comprised the following:   

Session 1: Algebra and Equations   

Session 2: Financial Mathematics  

Session 3:  Euclidean Geometry Part 1 

Session 4:  Euclidean Geometry Part 2 

Session 5:  Analytical Geometry   

Session 6:  Trigonometry   

Session 7: Probability and Counting Principles 

Session 8: Statistics 

Session 9:  Graphs  

Session 10: Calculus  

After each session learners wrote short tests, each of 30 minutes duration and counting for 

20 marks.  

The tests and the content for each test are indicated below: 

Test 1: Algebra and Equations   

Test 2: Financial Mathematics  

Test 3: Euclidean Geometry  

Test 4: Analytical Geometry   

Test 5: Trigonometry   

Test 6: Probability and Counting Principles 

Test 7: Statistics  

Test 8: Graphs  

Details of these contact sessions and tests will be discussed under the “Results” part of 

this paper. Learners were also given a questionnaire to respond to various issues, including 

their experiences of the contact sessions. This questionnaire was administered at the end 

of session 10.  

In the questionnaire, learners were asked to respond to the following questions or issues: 

 State why they selected Mathematics as a school subject in grade 10 and what they 

thought of the subject 

 Give their Mathematics results for grade 10, 11 and up to June of their grade 12 

year  
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 Describe their performance in Mathematics up to June of their grade 12 school year 

 State why they attended the supplementary tuition programme for Mathematics 

 Describe the actual classes, the teaching and state what they learnt 

 State the effect of the classes on their ability to work out mathematics problems, 

their confidence as well as performance in the subject 

 Give other comments not covered by the questions 

 

RESULTS 

This study involved the collection of both qualitative data (description of the contact 

sessions and learner responses in the questionnaires) and quantitative data (learner results 

in the tests and examinations).  This approach allowed for the triangulation of data.  

Contact sessions with Learners 

As stated earlier, there were 10 contact sessions with the learners. Each session consisted 

of a comprehensive treatment of the topics.  The format of each session was similar and 

developmental in nature. This included an introduction giving some basic principles of 

the topic(s); class activities which included going over questions from past year papers 

and a conclusion which summarised or consolidated key points. Learners were given 

copies of the notes for each session and were able to follow in class and ask questions for 

clarity.  A description of what transpired in each session is given here: 

Session 1:  Algebra and Equations   

Algebra and Equations is normally assessed in the first question of Mathematics 

Paper 1. Since learners usually score well in this question, it was decided to cover 

this section first as a confidence booster. The following topics were discussed:  

• Solve quadratic equations  

• Solve equations simultaneously 

• Work with exponents  

• Solve level 4 type questions (problem solving)  

Session 2:  Financial Mathematics 

Financial Mathematics is another section of the work in which learners do well and so 

was chosen for the second session. In this session, the following topics were covered: 

• Simple and compound growth 
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• Simple and compound decay 

• Annuities 

• Future and present values 

Session 3:  Euclidean Geometry Part 1 

Euclidean Geometry was assessed in the Grade 12 examination papers  in 2014 after 

an absence of seven years. Despite various training initiatives from the DBE and 

provinces, there is still a challenge with regard to performance in Euclidean Geometry. 

The writer decided to allocate two sessions to this section of the work. The first part 

consisted of a discussion of results from earlier grades. These included working with 

angles and sides of different polygons and how these may appear in geometry questions 

in grades 11 and 12. 

Session 4:  Euclidean Geometry Part 2 

Once learners had the necessary background in Euclidean Geometry, it was possible 

to work through more geometry questions. This was the focus of session 4. Here, 

learners were shown how to apply geometry results (and theorems) in different 

questions. 

Session 5:  Analytical Geometry  

Analytical Geometry is perceived as one of the easier sections in Mathematics and was 

scheduled for session 5. This session covered the following topics: 

• Gradients of lines 

• Length of a line segment 

• Equations of lines 

• Centre and radii of circles 

• Tangents to circles 

Session 6:  Trigonometry  

There appears to be a challenge with learner performance in Trigonometry in recent 

times. Thus, the writer designed materials, which were comprehensive in nature, for 

Trigonometry. This section was scheduled for session 6 and covered a number of key 

topics. These were: 

• Basic trig ratios 

• Reduction formulae 

• Simple identities and equations 
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• Special angles 

• Compound angles and identities 

• Applications of sine, cosine and area rule  

Session 7:  Probability and Counting Principles  

Probability and Counting principles have been part of the curriculum since 2006.  

Session 7 featured this section of the work. In this session, the following topics were 

discussed: 

• Probability terminology 

• Independent and exclusive events 

• Dependant events 

• Combined events 

• Counting principles (factorials) 

• Counting principles (different arrangements) 

Session 8:  Statistics  

Statistics, one of the easier sections of the work was scheduled for session 8. In this 

session the following sections were covered:  

• The mean, mode, median and range  

• Variance and standard deviation   

• Percentiles and quartiles 

• Box and whisker plot  

• Frequency and cumulative frequency  

Session 9:  Graphs  

Session 9 covered the Graphs section of the work. Learner performance in graphs tends 

to be reasonable but this depends on how the examination questions are structured. In 

this session, the following topics were covered: 

• Domain and range  

• Hyperbolas 

• Parabolas and straight lines 

• Exponential functions 
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Session 10:  Calculus 

Calculus was scheduled for session 10. Learner performance in Calculus is very erratic. 

They tend to do well when working out derivatives from first principles and using the 

rules for derivatives. However, they have challenges with cubic functions and 

optimisation problems. The following topics were covered in this session: 

• Working out derivatives from first principles 

• Using the rules for differentiation 

• Use derivatives to draw cubic graphs 

• Interpreting cubic graphs 

• Optimisation  

The tests 

Learners wrote 8 tests during the course of the tuition programme and their marks were 

captured according to codes A, B. C, ..., K.  Each test was out of 20. The total mark of 

160 was converted to a percentage. Their results for the tests are shown in Table 3: 

Table 3: Learners’ test marks 

 

 
Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8 Total % 

Learners 20 20 20 20 20 20 20 20 160 100 

A 12 12 4 7 4 12 13 9 73 46 

B 18 10 4 12 4 8 13 7 76 48 

C 13 6 5 13 2 9 15 9 72 45 

D 14 7 7 11 7 10 15 9 80 50 

E 11 9 7 10 2 11 14 7 71 44 

F 17 10 15 15 12 10 16 12 107 67 

G 18 16 12 15 8 13 15 10 107 67 

H 17 7 2 15 4 12 15 7 79 49 

I 14 5 16 12 5 12 15 5 84 53 

J 20 13 19 20 15 11 20 19 137 86 

K 11 10 2 11 4 5 16 6 65 41 

Average 

Mark 14 10 7 12 6 10 14 9 77 48 
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Trends from the test marks 

 There were top performances in test 1 (Algebra and Equations) and test 7 

(Statistics).  This is followed by the performance in test 4 (Analytical Geometry). 

These results seem to almost mirror the performance of learners in the 2015 

Mathematics examinations where there were top performances in Algebra and 

Equations and in one of the two questions in each of Statistics and Analytical 

Geometry.  

 There were poor performances in test 5 (Trigonometry) and test 3 (Euclidean 

Geometry) followed by test 8 (Graphs). This meant that learners had to pay more 

attention to these questions. 

 The overall results indicate that learners passed quite comfortably. However, it must 

be noted these tests were conducted over a six-week period and learners were able 

to focus on one section at a time.  

Questionnaires 

All 11 learners (the regulars) completed the questionnaires in varying degrees. The data 

from the questionnaires is written with a focus on trends, features and patterns of 

coherence.  

Why they selected Mathematics in grade 10 

10 out of the 11 learners stated that they selected Mathematics as a subject because 

of its relevance for their future careers. Mathematics gave them more options. The 

other learner said he selected Mathematics because he enjoyed the subject and liked 

to work out problems every day. 

 

What they thought about Mathematics 

The learners had various thoughts about mathematics and their own words are used 

to describe these thoughts:  

“It is difficult and requires hard-work”; “It is a nice subject but difficult. To get good 

marks you must practice daily”; “It is a valued subject as you will be able to study quite 

a number of programmes at university”; “It is an enjoyable subject; I like it as it shows 

how to solve problems”; “It is tricky but with a good teacher you can pass”; “It needs a 

lot of practice”; “ It is a good subject when you know how to actually do it”;” It requires 

more attention”; “It is difficult at times but with understanding it is not so difficult”; “It is 

a language on its own; only a few are able to fully understand it”.   
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Their description of their performance, thus far, in Mathematics 

Most of the learners indicated that their marks in the subject have dropped and 

described their performance as “poor” or “not doing well”.  One learner indicated 

that his performance was “fairly consistent”. However, all indicated that they 

realised they had to work harder if they wanted to pass Mathematics at the end of 

the year.  
Why they attended the classes 

This question links with the previous one. All of the learners had realised that they 

were not performing up to expectations and were in danger of failing or not having 

a good enough mark for university acceptance. They attended the classes to learn 

more and get a better understanding of the work. One learner also remarked that he 

attended the classes as he was told about the “reputation of the tutor” and believed 

his results will improve. 

             Their description of the classes 

All the learners were very complimentary about the classes.  Their responses are 

captured here: 

“ It was helpful in understanding complicated sections”; “I enjoyed the classes as I understood 

the work and it showed me my weak points”; It helped in the understanding of the work”; “There 

were different and easier ways to get your answers”; “ We are given tests each week to see how 

we are progressing”;  “It was awesome and enjoyable ; the tutor made it easier for us to 

understand”; “I got to know the basics and how to answer different questions”; “ You do a certain 

topic, discuss in class, work through a few questions and write a test on the work in the next 

session”; “It was very productive; showed us our errors and gave us tips on how to tackle maths 

problems”; “It was a reflection of what we should have covered in grades 10 – 12 and a 

combination of all the revision that we need to do mathematics”  

 

What they thought about the teaching in the classes 

In any supplementary tuition programme, the teaching is a key factor. It is also 

important to get a sense of what learners felt about the teaching in the programme. 

The actual words of learners are shown here:  

“It was helpful and encouraging”; “Excellent”; “The tutor explains everything that is needed for 

a specific topic; then gives us examples to work through and then a test to see our progress”; “The 

teaching was good and we also get notes”; “The tutor spoke loud and clearly and showed us how 

to approach questions in different ways”; “It was good; we were told how to approach questions. 

For example, in Geometry you fill in what you know in and then answer the question”;   “The 

teaching was very unique and makes you want to learn and practice more and more”.  
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What they learnt from the classes 

The learners’ responses to this question were quite encouraging with all stating they 

learnt a lot from the classes and these are summarised below: 

 They were able to establish what their weak and strong sections were. 

 Learners were able to see where they were going wrong and corrected the 

mistakes they were making. 

 There were different ways/methods of answering questions and sometimes 

they had to think “outside the box”. This included questions in Euclidean 

Geometry, Trigonometry and Probability. 

 They needed to practice more frequently and that “practice makes perfect”. 

In this regard, going over past year question papers will give them much 

needed practice 

 It was better to do the questions you know first before going to the other 

questions. 

 The classes gave them the opportunity of also revising work from previous 

grades  

The effect of the classes on:  

Their ability to work out different mathematics questions 

It would appear that the classes impacted positively on their ability to work out 

questions in Mathematics. They had a better understanding of the work and were 

now in a position to attempt most questions, starting with the ones they knew first 

before proceeding to the more difficult questions.  Many indicated that they were 

able to work out questions which they could not do previously, especially those in 

Euclidean Geometry.  

Their confidence in Mathematics 

All learners reported that their confidence levels with regard to Mathematics are 

much higher. They did not have self-doubt anymore. As stated in the previous 

question, their confidence has come about through better understanding of the work. 

They now knew what their strong sections of the work were and would score well 

in these sections. This new-found confidence in Mathematics has made them better 

prepared for the forthcoming examinations.  

Their results/performance in Mathematics 

All learners were unanimous in stating that they believed that their marks in 

Mathematics will improve and that they would pass the subject at the end of the 

year. 
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Other comments 

Some of the learners gave additional comments. One learner stated that the classes 

have helped him become open-minded about Mathematics. Two thanked the writer 

for his time and effort with the classes and indicated that “we will make you proud”.  

A further two stated that the classes should continue so other learners could be 

helped and that the classes should start earlier in the year. 

 

TRENDS FROM THE QUESTIONNAIRE   

The questionnaire provided rich data for this paper and it is now possible to outline key 

trends and features: 

 All learners selected Mathematics as a subject in grade 10 because of its importance 

to their choice of future careers. 

 They had mixed views about the subject with some indicating a liking for the 

subject and others speaking about it being difficult and requiring lots of hard work 

in order to pass. 

 Most were not happy with their performance up to June in grade 12 which showed 

a decline when compared to grade 11 and 10. They realised they had to work harder 

in the subject in order to pass. 

 They attended the tuition programme as they needed to do something to improve 

their Mathematics results. 

 The classes came at the right time for them to improve their results in Mathematics.  

 They were impressed with the teaching in the classes and learnt a lot from the 

classes. 

 They had to prepare for tests and this helped them to revise key concepts and topics.  

 The learners were able to work through or attempt different types of questions in 

Mathematics (level 1 to level 4). 

 They stated that their confidence in Mathematics had increased and believed that 

their results in the subject would improve. 

 They complimented the writer and promised to do well in the final examinations. 

 They asked for these classes to continue so that other learners can benefit and that 

the classes should start earlier in the year.     
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LEARNERS’ RESULTS  

One of the first set of results which came out of this supplementary tuition programme is 

the test results. This was shown in table 3. The overall test results are now compared to 

the June results. This is shown in Table 4:  

Table 4: June mark and overall test mark  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The test result mark was arrived at by combining the eight tests. It is noticeable that all 11 

learners’ marks improved. The increase ranges from 19 to 29. While the overall test mark 

may not be a reliable measure, it showed that despite these learners being “weak” and 

performing poorly in the June examination (with the exception of learner J), they all had 

the potential to pass  Mathematics. It would appear that the classes helped improve their 

ability to work through different Mathematics questions, built their confidence in the 

subject, resulting in an improvement of their marks.  This seems to confirm what they said 

in the questionnaire.  

A more reliable measure would be to compare their June results to the Trial and Final 

examination results in Mathematics. This comparison is shown in Table 5. 

 

 

 
June Test Test - June 

Learners 100 100 100 

A 24 46 22 

B 19 48 29 

C 23 45 22 

D 29 50 21 

E 15 44 29 

F 34 67 33 

G 35 67 32 

H 30 49 19 

I 32 53 21 

J 57 86 29 

K 21 41 20 

Average 

Mark 

25 48 23 
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Table 5: June, Trial and Final examination results for Mathematics     

 

Learners 
Grade 12 

June 

Grade 12 

Trials 

Grade 12 

Final 

A 24% 25% 29% 

B 19% 17% 30% 

C 23% 32% 30% 

D 29% 26% 31% 

E 15% 15% 30% 

F 34% 42% 49% 

G 35% 39% 47% 

H 30% 38% 43% 

I 32% 31% 43% 

J 57% 64% 78% 

K 33% 25% 38% 

Average 30% 32% 41% 

Percentage 

Pass 
54.50% 54.50% 90.90% 

 

It is clear that the June marks were very poor. There was a slight improvement in the Trial 

examinations with the average mark going up by 2%. In the trial examinations, the marks 

of six learners went up, four went slightly down and one remained the same. The number 

of learners who passed the Trial exam paper was the same as that for June.  

The trial examination was probably the catalyst for learners into improving as there was a 

significant improvement in their Final examination mark. All learners had better final 

marks than June marks. The improvement ranged from 2% for learner D and 21% for 

learner J.  When the final mark is compared to the Trial exam mark, 10 of the 11 learners 

showed improvement with only learner C dropping by 2%.  Learner E went up by an 

impressive 15% and learner J by 14%. This is very commendable as this was achieved in 

less than two months. 10 learners passed Mathematics in the Final examination, giving a 

percentage pass of 90,9 % for this group of learners. Learner A failed the subject by one 

mark. However, the Mathematics scripts have been sent for remarking and it is highly 

likely that Learner A will pass. The class average mark went up by 9% to 41%.  
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When compared to others in the group, learner J could not be regarded as a “weak” learner 

as he had obtained 57% in the June examination. But it would appear that he did have 

potential in Mathematics; the tuition programme probably helped him reach this potential.   

Interestingly, out of 40 Mathematics learners at the school, 24 passed Mathematics.  This 

included the 10 learners who participated in the supplementary tuition programme. This 

meant that only 14 of the other 29 learners passed Mathematics. This represents a 

percentage pass of 48,2%. Thus, the 10 successful learners in the programme contributed 

almost 12% to the school’s pass rate in Mathematics.  

Another comparison worth considering is the learners’ final marks in grades 10, 11 and 

12. This is shown in Table 6. 

Table 6:  Grade 10, Grade 11 and Grade 12 Final examination results for Mathematics     

Learners 
Grade 10 

Final 

Grade 11 

Final 

Grade 12 

Final 

A 50% 30% 29% 

B 38% 35% 30% 

C 35% 32% 30% 

D 54% 30% 31% 

E 60% 56% 30% 

F 45% 30% 49% 

G 51% 32% 47% 

H 60% 30% 43% 

I 42% 37% 43% 

J 60% 54% 78% 

K 32% 40% 38% 

Average 47,9% 36,9% 41% 

Percentage 

Pass 
100% 100% 90.90% 

 

It is evident that most of the learners did well in Grade 10. However, all of them dropped 

in Grade 11. This triangulates with what they reported in the questionnaire. Six of them 

performed better in Grade 12 than Grade 11. Here, learner F went up by 19% and learner 

J by 24%. Further, learners F, I , J and K also did better in grade 12 than in grade 10, with 

learner J going up by an impressive 18%.   
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FINDINGS 

The findings of this study are listed in the context of the research sub-questions and then 

the research question.  Firstly, the research sub-questions are discussed:  

 There are various factors which contribute to the success of a supplementary tuition 

programme. It must be well-organised and structured to maximise learning. The 

content covered in the programme should come from a wide-range of topics and 

include both easy and difficult topics. The easy topics are included to make learners 

aware of the potential of scoring highly in these sections.  The more difficult topics 

are also included as learners tend to struggle in these topics. If learners can also 

score some marks in these topics then it increases their chances of passing 

Mathematics.  

 An important factor is the materials used. The materials should first cover some 

basic work and then some relevant classroom activities to consolidate learning. 

After this, learners should be given the opportunity to work out questions on their 

own to give them much needed practice. When learners work through questions 

after being taught certain topics it helps them to internalise the knowledge.  The 

solutions (including alternate solutions) to all questions should be made available 

to learners so they can see whether they were on the right track. 

 The teaching in a tuition programme should take into account that learners have 

different learning styles. In this regard, the VARK model (Fleming, 2006) is 

relevant. Learners must be able see clearly the diagrams, calculations and other 

important mathematical information (visual learning);  the tutor must explain 

clearly and effectively so learners can listen (auditory learning); learners must be 

able  read and understand the different questions (read/write learning) and learners 

must be given exercises to work through in class (kinaesthetic learning). All four 

elements were covered in the tuition programme discussed in this paper and 

probably contributed to its success. 

 Assessment should also be a key feature of supplementary tuition programmes. This 

will compel learners to revise the work covered and enable them to be better 

prepared for tests and examinations. This paper has shown that regular and 

appropriate testing enables learners to know what their strong areas of the work are 

and what they need to work on.  

 Attendance is another important factor. Although 15 learners had shown interest in 

the programme, 11 learners attended all 10 sessions. Of these 10 of them passed 
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with the one who failed possibly passing after a re-mark of her Mathematics paper. 

Of the other four learners who expressed interest but did not attend, two of them 

passed. It is possible that had they attended all sessions, these two may have 

obtained better passes and those who failed would have passed.  

 There is great pressure on learners to take Mathematics in Grade 10. This decision 

is mostly career related.  In this study, the learners did fairly well in Grade 10 but 

started dropping in Grade 11. However, there was a significant drop in the grade 12 

year with most failing Mathematics in the June examination. This prompted them 

to participate in the tuition programme. They all found the classes to be informative 

and claimed that they learnt quite a lot. They were in a better a position to work out 

different questions in Mathematics as their confidence had grown. They also 

believed that they would perform better in the final examination. This belief was 

correct. If one looks at where they were at the end of their June examinations and 

their results at the end of the year, then all made very good improvement in 

Mathematics.  

 There is no doubt that this small-scale supplementary tuition programme impacted 

positively on the learners. It gave them the opportunity of revising some of the work 

they did not know or had forgotten about and it also built their confidence in the 

Mathematics. The main impact is that of an improvement in the marks of all the 

learners, including learner A who failed by 1%.   

After analysing the responses to the research sub-questions in this study, it is now possible 

to answer the research question, “Can the performance in Mathematics of mostly “weak” 
learners be improved through a supplementary tuition programme?”  
  

The end of year learner performance in a subject is a culmination of all the hard work and 

effort put into the subject. While most people tend to focus on the actual result, the journey 

to get there is also very important. Thus, a learner’s performance in a subject is more than 

just the result that the learner obtains in the subject. It is the how the learner views the 

subject, the teaching which the learner is subjected to, learner attendance,  how the learner 

responds in class, works through problems or questions in class (or at home) and prepares 

for assessments such as tests and examinations. If the learner makes a concerted effort in 

all of these matters, then the learner should perform well in examinations.  From the 

learners’ qualitative feedback in the questionnaire and the final grade 12 results for 

Mathematics, it is may be fair to conclude that the small-scale supplementary tuition 

programme was successful as all learners’ marks in Mathematics had improved through 

this intervention.  
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CONCLUSION 

Although the sample in this study was small with only 11 learners participating, the study 

yielded some rich data which the writer could work with. This study has major 

implications for the teaching and learning of Mathematics and other subjects such as 

Mathematical Literacy and Physical Sciences at our schools. The implications for teaching 

and learning are similar to the ones suggested by Govender (2016b). These are: 

 There is always a need for teachers to prepare well and take the curriculum demands 

of Mathematics and their learners’ needs into account when preparing their lessons.  

An important part of such preparation would be giving learners informal assessment 

such as short tests which tends to provide more focussed learning. It is very likely 

that well-prepared and well-structured lessons can lead to improved learning 

outcomes. 

 Teachers must acknowledge that children learn using different learning styles so it 

is important for them  to prepare for a combination of these learning styles (visual; 

auditory; read/write and kinaesthetic).  

 Teachers must use appropriate materials when teaching and should include basic 

principles, suitable class activities and a summary of key points. This should give 

learners the opportunity of working through problems which are easy and then 

moving onto to more complex ones. In this way, learners will become better and 

more confident in the subject matter. 

 Technology may be used to enhance learning. More schools are getting access to 

technologies such as “telematics”, “smart classrooms” and others. These should be 

embraced by teachers and used where appropriate in Mathematics lessons. 

However, this calls for improved teacher preparation.  At the same time, the lack of 

technology should not inhibit learning. Teachers can use coloured chalk and write 

clearly on the board so learners can see formulae, calculations, simple diagrams and 

graphs. Where possible, pictures and complex graphs and diagrams may be copied 

for use by learners.  A summary of the key points of the lesson may be written on 

the chalkboard.   

 An important factor is the environment in which teaching and learning takes place. 

A well-prepared teacher and a conducive learning environment is likely to impact 

positively on learner performance,     

There is always a concern about learner performance in Mathematics in South Africa. This 

paper has shown that it is possible for learner performance to improve in Mathematics in 
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a short space of time.  If a small-scale supplementary tuition programme of 20 hours 

duration could help learners pass Mathematics, there is no reason why the normal school 

programme with 4 ½ hours available each week for Mathematics should not  achieve 

similar learning outcomes.   The findings of this paper and the implications for teaching 

and learning may provide useful pointers on how this could be done.  
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MANAGING THE MATHEMATICAL LITERACY CURRICULUM 

AT TVET COLLEGES IN THE WESTERN CAPE: PERCEPTIONS 

OF SENIOR MANAGERS AND SUPERVISORS 
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This paper focuses on manager’s perceptions of the mathematical literacy curriculum at 
technical and vocational education and training (TVET) colleges in a province of South 
Africa. The sample was composed of three Education Specialists (ES) and Fundamental 
Heads (FH), one Campus Head (CH); and the Coordinating Manager (CM) from a 
mathematical institution, which supports the TVET colleges in professional development 
programmes.  A qualitative approach in which data was collected through semi-
structured interviews with eight managers of three public TVET colleges, together 
document analysis of minutes of meetings held by Education Specialists at those colleges. 
Results revealed that some managers perceive their role as giving guidance and support 
in the form of academic support in simplifying the ML curriculum for their lecturers, while 
others saw their role as giving personal support of improving the value of and raising the 
status and profile of ML while encouraging through instructional leadership, student-
centred learning. The study recommends that managers should make appropriate 
resources available for TVET colleges to use by providing relevant training for lecturers. 
Key words: Mathematical Literacy curriculum, perceptions, managers 

INTRODUCTION  

Mathematical Literacy (ML) was introduced at schools and then at TVET colleges 

approximately eight years ago in South Africa. It served to: (i) provide a compulsory 

option between Mathematics and Mathematical Literacy, (ii) allow all citizens of South 

Africa to be exposed to some form of mathematics, especially those who were not 
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academically inclined to do pure mathematics, (iii) utilize some mathematics in practice 

in students’ personal life and in their work life, and (iv) address the very poor results in 

mathematics and science in South African schools and colleges. Mathematical Literacy 

places emphasis on real-life contexts. It is therefore important that a special focus on its 

management in schools and colleges is given so that its implementation is done in an 

efficient way.  

TVET colleges are quality education and training providers geared to meet the needs of 

the economy (DHET 2016). TVET colleges diversified their programmes to offer 

technology related subjects such as engineering, electrical work, motor mechanics and 

boat building to name but a few. One of the subjects mastered by students enrolling in 

these colleges, in order to follow the mentioned trades is Mathematics or Mathematical 

Literacy. Hechter (2011:22) notes that many learners and adults find it difficult to apply 

the Mathematics they learn at school in a flexible and useful way in real-life situations. 

Perhaps the solution to this concern at college level lies in the way managers perceive the 

teaching of all subjects in TVET colleges. This paper therefore chronicles whether 

managers of Mathematical Literacy have an influence in the way the subject is delivered, 

improved and hence the role they can play to instill improvement on the student 

performance in the subject. It seeks to establish how managers interact and experience the 

ML curriculum at TVET colleges in a province of South Africa. 

Belibas (2015) asserts that managers in effective schools direct their attention more 

towards the academic aspects of their schools, such as setting academic goals, developing 

curriculum, assessing the effectiveness of teachers’ instructional practices, and providing 

opportunities for instructional improvement. On the contrary, the managers’ direct 

involvement in classrooms is not supported by either staff or principals on the grounds 

that the leaders do not possess the necessary content knowledge regarding specific subject 

matters (Glickman, Gordon, & Ross-Gordon, 2001; Hallinger, 2012; Stein & Neilson, 

2003). Nonetheless, in order to improve the teaching and learning of a subject like 

Mathematical Literacy, the nature of practices used by managers to influence its teaching 

directly or indirectly are of valuable significance. Managers at Technical and Vocational 

Education and Training (TVET) colleges include program heads, campus heads and 

educational specialists. They play an important and pivotal role in professional 

development and instructional leadership to ensure (i) correct implementation for the ML 

curriculum, (ii) the effective and efficient implementation of ML as a subject, and (iii) 

proper training support for lecturers for whom they are responsible.  

This paper reports on a study conducted on the perceptions managers have in the 

implementation of the ML curriculum at their respective TVET colleges in a province of 

South Africa. The questions guiding this study were (i) How do managers of ML at TVET 

colleges perceive the ML curriculum? (ii) How do managers of ML at TVET colleges 

experience the implementation of ML from their angle and position? 
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LITERATURE REVIEW 

The core of Mathematical Literacy is to develop competencies like the ability to reason, 

make decisions, solve problems, manage resources, interpret information, schedule events 

and use and apply technology (Department of Basic Education, 2011).  This paper 

distinguishes between Mathematical Literacy as a subject and as a skill or concept. In the 

PISA study, ML is defined as "the capacity to identify, understand, and engage in 

mathematics as well as to make well founded judgments about the role that mathematics 

plays in an individual's current and future life, in his social life and as a constructive and 

reflective citizen" (OECD, 2003, p. 23).  In addition, the OECD (2000) presents ML as 

quantitative literacy which defines ML as the knowledge and skills required to apply 

arithmetic operations, either alone or sequentially, to numbers embedded in printed 

materials, such as balancing a cheque book, figuring out a tip, completing an order form 

or determining the amount of interest on a loan from an advertisement. These definitions 

outline two major components: the basic capacity to perform mathematical operations, 

and the ability to apply mathematical knowledge in the solution of problems in a variety 

of situations.   

South Africa was the first country to introduce Mathematical Literacy as a subject at 

schools and at TVET colleges (Botha 2011:3). According to the DBE (2003), the kind of 

mathematically literate student envisaged is one who is imbued with the values and act in 

the interests of a society based on respect for democracy, equality, human dignity and 

social justice as promoted in the Constitution. Lecturers at TVET colleges grapple with 

the delivery of a subject that requires them to differentiate on the relationship between 

content and context in Mathematical Literacy.  Graven and Venkat (2007) identify a 

spectrum of Mathematical Literacy-teaching practices, which differ according to the 

nature of the link between content and context. This objective can be achieved when the 

gap between abstract concepts and mathematics needs are bridged AND where managers 

and implementers of Mathematical Literacy provide ML teachers the necessary support.  

According to (Mhakure & Mokoena 2011), managers perceived the differences listed in 

Table 1 between mathematics and mathematics literacy. The differences between 

mathematics and ML are of utmost importance to managers of TVET colleges, as they 

need to place the emphasis and note that Mathematical Literacy needs to be managed 

differently from mathematics such that their interaction with the teachers who offer ML 

is also different. 

Du Plooy (2010) reveals that the success of a school and for that matter any educational 

institution depends on an effective instructional leadership and the effective management 

of such leadership of all the members of the management team. Any curriculum at any 

educational institution starts from the top with managers in terms of implementing, 

resourcing and coordinating it. Any shortcoming in this process in terms of support and 

guidance can be detrimental to the program as well as a single subject as far as academic 

performance is concerned.  
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Table 1: Manager’s perspectives on differences in Mathematics and Mathematical 

Literacy    

Content and 

context 

ML knowledge acquired can be used and applied in other subjects allowing and 

encouraging cross- curriculum learning and teaching. In the mathematics 

curriculum the context is driven by content embedded in mathematical operations 

such as calculus, algorithms and algebraic manipulations.  

Assessments 

and 

assessment 

standards 

 

Managers perceive that the assessment standards in ML focus on the application 

of the learning outcomes to everyday life contexts and therefore on problem-

solving as an instructional strategy, while the mathematics curriculum’s focus is 

on mastery of mathematical skills and therefore focusing on careers into where 

mathematics is a major. 

The learning 

process 

According to Hechter (2011, p24) “pure mathematics grows in complexity when 

the mathematical structures and concepts build on each other, therefore it grows 

more abstract and complex.” In ML, the learning process is multifaceted such 

that instructional approaches must be used to cater for different learner’s needs, 

while the learning process in mathematics is more focused on knowledge.  

Processes and 

enablers 

When doing mathematics (Hechter, 2011) talks about processes and enablers 

while such processes include representing, manipulating, reasoning and problem-

solving forming a complex interaction in mathematical literacy. 

Adapted from Mhakure & Mokoena (2011) 

The role managers play in the successful implementation of subjects at TVET Colleges, 

including Mathematical Literacy, comprise of an instructional leadership role.  In addition, 

these managers also manage the curriculum in terms of implementing it according to 

government policies and ensuring that all procedures and processes of assessments are 

adhered to. Moreover, managers have to manage the students to whom the subject is aimed 

at, and lastly provide the resources for its implementation in terms of qualified staff as 

well as their training.  

THEORETICAL FRAMEWORK 

One cannot emphasize enough the fact that the success of any organization depends upon 

its management and in the manner in which both physical and human resources are 

utilized. Any curriculum, whether new or existing, needs a management team to 

implement, manage and coordinate. The success of any subject and or curriculum depends 

on the effective instructional leadership of the manager and the management team (Du 

Plooy, 2010). This is probably a managers’ most important role. 

This study was underpinned by Hallinger, (2012), together with (Van Deventer and 

Kruger 2003) models of instructional leadership. The instructional leadership role of 

managers according to Van Deventer and Kruger (2003) and Hallinger (2012), consists of 

three dimensions, namely the promotion of a positive and successful climate in an 

institution, defining the college’s mission, and managing the instructional program. The 
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leadership functions of the dimension of promoting a positive and successful climate in 

an institution include: (i) protecting instructional time; (ii) promoting professional 

development; (iii) maintaining high visibility; (iv) providing incentives for teachers; and 

(v) providing incentives for learners. These leadership functions have a direct influence 

on all the members of an educational institution and cannot be seen in isolation, but also 

needs to be translated into the ML department and therefore into the ML classroom. 

The definition of the college’s mission, according to Hallinger (2012), is on two leadership 

functions, framing and communicating the college’s goal. Framing the college’s mission 

and communicating it involves the ML department’s vision and mission statement 

concomitant to a college’s vision and mission statement and implemented by managers of 

the ML curriculum at every opportunity. The management of instruction dimension is the 

most important leadership function of a manager of ML. It consists of the leadership 

functions of supervising and evaluating instruction, coordinating the curriculum, and 

monitoring students’ progress. This dimension involves ensuring that quality teaching and 

learning is taking place effectively, the curriculum objectives of ML through the 

curriculum documents are reached and student’s progress is monitored, evaluated and 

opportunities are created to improve on them. Nonetheless, Hattie (2012) argues that it is 

when teachers work collaboratively with peers, incorporating data collected through peer 

observations and following up with regular sophisticated collegial coaching conversations 

that we see the most impact and change in teaching practice.  The researchers in this paper 

have used these as a lens in extracting experiences and perceptions dealing with ML.  

METHODOLOGY 

This paper reports on a qualitative study that followed a phenomenological design with a 

view to understand how managers of ML, the Fundamental Heads (FH), Education 

Specialists (ES), Coordinating Manager (CM) and Campus Heads (CH) perceived the 

implementation of the ML curriculum in their respective TVET college environments. 

The approach was chosen in order to understand the phenomenon and to provide a 

description of the experiences as experienced by the participants.  

SAMPLING AND DATA COLLECTION PROCEDURES 

The sample consisted of eight participants consisting of three Education Specialists, three 

Fundamental Heads, a Campus Head and a Coordinating Manager of a mathematical 

institution, which supports the TVET colleges. Data was mainly collected through the use 

of semi-structured interviews conducted with all the participants. The objective of the 

semi-structured interviews with the managers was to find out how they (i) perceived as 

their role to be in managing the Mathematical Literacy curriculum, (ii) perceived their 

major role to be within the college, and (iii) perceived their role in managing and 

implementing the Mathematical Literacy curriculum at the TVET colleges, where the 

study was conducted. Document analysis was also used as a secondary method which 

consisted of analyzing minutes of meetings, weekly planning meetings; and program 

managers’ meetings held by Education Specialists, Fundamental heads with lecturers and 

also amongst themselves. 
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DATA ANALYSIS PROCEDURES 

All the digitally recorded semi-structured interviews were transcribed manually first, then 

reduced into identification of manageable codes, categories and themes as suggested by 

Miles and Huberman (1994). The documents were also studied for ongoing display, 

organization and comparison of salient information contained in the minutes in order to 

draw conclusions and verify meanings conveyed (Bazeley, 2013).  Analysis focused on 

issues such as how decisions were made in the implementation of the curriculum, solving 

instructional leadership related problems and intervention strategies for improving 

performance.  

RESULTS 

When the participants were asked what they perceived their major role as managers to be 

in Mathematical literacy and its curriculum, the responses were: 

ES1: “My major role is to help the lecturers with academic support. I always say I want 
to lead by example, so if I can make things easier for the people in terms of making sure 
that assessment tasks are sent out on time, that the people do not have to be concerned 
about the structure and operations of the department, then they will have more time to 
focus on their content delivery and things like that… so I would say academic delivery.”  
 

ES3: “To give guidance to lecturers, you know just to see that the subject is delivered in 
a way I think it is supposed to be intended. Ja, just the whole managing of the subject and 
the delivering of it.”  
 

FH2: “I also feel that I am responsible, that if lecturers need anything that they know 
exactly I am the first port of call.” 
Probing further, the managers were asked about the kind of support they provided to 

lecturers. The responses were:  
When FH2 was probed further to clarify the ‘anything’, she said: 

“In other words I will ask them at the end of every year what do you need for next year 
and I am open to their suggestions, does not matter what it is. If I stumble on a new book 
on the market wherever I am I will purchase it, I will give it to my lecturers, I will say to 
them do you think you can use it? I also do search on the internet for them.” 
To the same question of what their role is, others responded differently, 

FH1: “Firstly my role is to ensure that there is quality value in teaching taking place and 
that would also apply for Mathematical Literacy and also to… to ensure that there is a 
place for Mathematical Literacy... as I said, a lot of focus is placed on Mathematics and 
Mathematical Literacy, which then almost kind of demeans its importance... and I see my 
role as making sure that people can see there is a place for Mathematical Literacy and its 
purpose is different.” 
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ES3: “I definitely feel there is a place for ML and it is relevant, thus enhancing its quality.” 
The above responses concur with (Botha 2011, p33) who asserts that Mathematical 

Literacy is a watered down version of Mathematics and not a subject in its own right and 

therefore inferior to mathematics. The above managers strive to correct this perception. 

When the researchers probed further on how the managers ensured quality, the responses 

were: 

ES1: “By class visits formal and informal and then giving feedback, and I am trying to 
improve on that, to try and give feedback immediately after class visits, even if it is not 
formal, or maybe just a sentence or two verbally.” 
Researcher: “What do you mean by formal and informal class visits?” 

ES1: “One can give feedback, and informal also means that we do not officially record 
the lecturer’s performance, but use it merely to discuss issues with the lecturer.” 
To the same question as to how quality is ensured, the Campus Head responded 

differently: 

CH: “We say we are the most prestigious college, not just in the Western Cape but in the 
whole of SA, so where do we start? That is to live the mission in the classroom. We must 
take our mission even to the subject Mathematical Literacy, we must live our mission in 
our Mathematical Literacy classrooms. We say we provide modern and the best resources 
so we need to give the student the best resources, the best facilities for Mathematical 
Literacy, live the mission in the Mathematical Literacy classroom by encouraging 
lecturers to bring out the competitiveness in the ML classrooms.” 
Managers were further asked about the manner in which they implement the ML 

curriculum at TVET colleges. Their responses were as follows: 

ES1: “I think in Mathematical Literacy what we try and do is that when we set up the year 
plans we use the learning outcomes from the curriculum in our year plan, …what we do 
is we’ve had workshops at the end of the year we have departmental meetings and then 
specifically now with the new curriculum that was introduced, then we’ll compare old and 
the new curriculum and tell the lecturers...  
FH2: “I always consult with my ML people (lecturers) but they must have enough 
confidence in me to actually refer to my greater knowledge, for want of a better word, if 
they get stuck on something, and this is exactly how we do it. They respect me for my 
knowledge, I allow them to manage the ML but we always concur and we always come 
together and decide on matters together on their interpretation.” 

CH: “... is to see that the resources that have been given to make available to the lecturer 
to use in his facilitation in his classroom, to see how it’s been utilized, if it’s effective, and 
how can we better that.” 
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FINDINGS AND DISCUSSION 

From the above responses, it appears that the Education Specialists and Fundamental 

Heads are quite knowledgeable about the ML curriculum and its different guidelines. The 

Campus Head, however, indicated that her knowledge was limited as her interaction with 

the subject was minimal. It appears from the responses from the CM that the mathematical 

organization providing support to TVET colleges does not contribute or give input, but 

uses the TVET colleges’ policies and guidelines on ML to guide them to structure their 

support and training of TVET lecturers. The support mentioned included (i) academic 

support, (ii) provision of assessment tasks so that lecturers focus on content delivery, (iii) 

guidance in ML content delivery (iv) feedback on class visits and (v) purchasing new 

books for lecturers.  

Managers also mentioned when asked how they implement the curriculum at their 

respective colleges that they interpret and unpack the curriculum documents to create 

workable documents leading to year plans outlining in detail what topics need to be 

covered daily, weekly and termly. It also appears that for the Campus Head what matters 

is not only feedback, but also the mission statement, is of interest and the competitive 

performance of lecturers in the classroom. This concurs with (Hallinger, 2012) WHO 

makes reference to visibility as one of the functions and dimensions of instructional 

leadership. These responses confirm that managers ensure quality in teaching and learning 

through being visible, managing by walking around and through connecting with the 

mission of the college.  

From the responses of managers it also appears that some managers perceive that 

consultation, soliciting input from lecturers and shared leadership are important in the 

implementation of the ML curriculum. This is highlighted in the literature (Hattie , 2012) 

in that leadership should be applied to a group of people working towards one goal as a 

team which includes shared leadership and participative management. 

On the manner in which the curriculum is implemented, it appears that the Education 

Specialists due to their immediate interaction with their ML lecturers provide guidance to 

the lecturers by interpreting and unpacking the curriculum documents to create workable 

documents leading to year plans which outline in detail what topics need to be covered 

daily, weekly and termly. All changes to the topics in the curriculum are also explained 

and discussed before implementation. The Fundamental Head on the other hand allows 

the lecturers to manage the curriculum, but prefers the consultative approach in matters of 

curriculum for clearer implementation. Campus Heads mainly see to the provision of 

resources such as textbooks, stationery and classroom necessities to lecturers for the 

effective delivery of the curriculum. 

The finding above also supports the view in the literature (Hallinger, 2012) as far as the 

value placed on shared leadership, the consultative approach and the team approach as 

part of instructional leadership in the delivery of a subject such as ML.  
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CONCLUSION 

The researchers found that none of the managers at all levels encourage lecturers to work 

collaboratively with peers for collegial coaching conversations in order to effect the most 

impact and change in teaching practice.  Many of the issues that could be addressed to 

make Mathematical Literacy more meaningful and improve results are non-existent at 

Colleges. Managers of the subject should be encouraged to use these roles above as well 

as the dimensions mentioned by Hallinger (2012) to enhance their management, 

experience and interaction with the subject of mathematical literacy at TVET Colleges.  

In view of the above, this paper concludes that to raise the value of ML, emphasis should 

be placed on the vision and mission of ML and the need for senior managers to raise the 

subject’s profile.  Also, managers need to provide a platform for lecturers to exercise their 

instructional leadership in their ML classrooms. The overall perception is that managers 

of various colleges in terms of ML ties with the type of support they provide. We therefore 

recommend that managers introduce student-centred learning programmes, which would 

be monitored and those with the best results maintained, and that senior managers should 

provide the resources thereof. It is important for ML and other subjects that managers 

engage with lecturers collaboratively to ensure successful implementation of the content 

and provision of relevant resources. 
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A HEURISTIC FRAMEWORK FOR COMBINING THE ‘VAN 

HIELE’ LEVELS OF DEVELOPMENT AND THE ‘ZONE OF 

PROXIMAL DEVELOPMENT’ IN THE TEACHING OF 

QUADRILATERALS 

Emmanuel Azwidowi Libusha 

University of Johannesburg 

 

Learning and understanding geometry is a complex and challenging process for student 
teachers and for learners at any given level during their school years. While our intuition 
is that teaching and learning go together, we often separate them. This paper focuses on 
both teaching and on learning, utilizing the Van Hiele (1959) heuristic that identifies 
levels of understanding of geometrical spaces. Coupled with this tool, the paper also 
investigates the ‘between’ areas, where the ‘zone’ of potential learning is situated. This 
notion, as first theorised by Lev Vygotsky (1978), also serves a heuristic purpose in the 
inquiry on which the paper reports and how learning could manifest according to the 
‘zone of proximal development’ (ZPD) that Lev Vygotsky (1978) suggested as a heuristic. 
To illustrate the application of this combinatory framework, I reflect on my teaching of 
third year student teachers in the course component of geometry for intermediate phase. 
It is hoped that this framework, applied here to the teaching (and the learning) of 
quadrilaterals, can be applied to other geometry topics and adapted by other mathematics 
educators and teacher educators.  
Key words: heuristic, Van Hiele model, Zone of Proximal Development, mediation, 

object of learning 

 

INTRODUCTION 

There is no doubt that learning and teaching mathematics is challenging. As a teacher of 

mathematics, one not only has to find out what learners currently know, but also how their 

knowledge can be expanded, in other words, what their next step of learning can be. 

Finding their “zone of proximal development” - as Vygotsky (1978) expressed the move 

from current knowledge to the next possible expansion of the knowledge -can be difficult.   

First allow me to explain my current teaching context. I am a lecturer of mathematics at 

one of the universities in Johannesburg. I work with undergraduate students who are in 

the third year of their initial teaching qualification (student teachers). During the lectures, 

I observed how the student teachers grappled simultaneously with their own conceptions 

of geometry and how to understand the geometry content for teaching purposes. I have 

noticed in my work, that student teachers are possibly not aware of their underdeveloped 

concepts (or even misconceptions) with regard to geometric shapes. Teachers have to 
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understand what they are teaching sufficiently well to be able to mediate learning of 

children. They have to be able to imagine how children learn and support them to make 

transitions form one level of understanding to the next.   

Usiskin (2005) discussed the importance of ‘transition years’ in the learning of 

mathematics. He argued that learners who have not yet gained conceptual understanding 

of the mathematics required for understanding the mathematics they are currently 

expected to learn, usually memorize information as a default mechanism. De Villiers 

(1998) uses the example of a parallelogram to argue that although a learner may have been 

taught the standard verbal definition of a parallelogram as a quadrilateral with opposite 

sides that are parallel (and be able to recall from facts and procedures, through memory), 

the learner may still not consider rectangles, squares and rhombi as parallelograms. In this 

case learners' concept image of a parallelogram is one in which not all angles or sides are 

allowed to be equal. This implies that students will just memorize the definition (facts) 

they stored in memory (possible only for assessment purposes), without a clear 

(conceptual) understanding of how the definition came about. Freudenthal (1973, in de 

Villiers, 1998) also argues that teaching geometry with no emphasis on the underlying 

conceptual process of defining does not guarantee understanding of the concepts, but can 

serve to justify teachers’ ‘control over students’ learning.  

In this paper, I present a theoretical framework which I have found to be a useful heuristic 

tool in bridging the gap between reflecting on teaching and reflecting on my student’s 

teachers learning. I exemplify this framework with reference to excerpts from a transcript 

in one of the lectures, where student teachers were discussing quadrilaterals. I do so in 

order to demonstrate how the theoretical framework, as a thinking tool, helps me to 

consider particular students in relation to a particular geometric concept, and so plan my 

next teaching move. 

THEORETICAL FRAMEWORK 

The theoretical framework put forward in this paper combines the ‘zone of proximal 

development’ that Lev Vygotsky (1978) suggested as a heuristic with which to think about 

advancing a student’s knowledge to a higher level of conceptual understanding or of 

competence, and thus learning,  with the Van Hiele (1959) model of a student’s first levels 

of geometry understanding.  

The Van Hiele model of geometric development  

The Van Hiele model of geometric development, as described by Usiskin (1982), proposes 

five levels of understanding: visualization, analysis, informal deduction, formal 

deduction, and rigor. The model stresses that learners move through this categorized 

sequence from the basic level (visualization) to the highest level (rigor).  

The base level, or the first level is the visualization level, according to which students 

judge figures by their visual appearance. An example of this will be comparing a square 

and a rectangle and claiming that the rectangle is longer as compared to a square, without 

focusing on the properties of each figure. Fischbein (1993) describes this notion as the 
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figural concept, meaning that the geometrical shape can be described by means of using 

its properties and also on how the image can be drawn. 

The second level is the analysis level, according to which students are able to identify 

shapes according to their properties. Although students have an understanding of different 

properties of each geometrical figure,  they are not yet in a position to explain the 

relationship between properties (Feza & Webb, 2005). 

The third level represents informal deduction ability. Students who are at this level are 

able to order the properties and make connections between the shapes. According to  this 

level, a learner is in a position to claim that a rectangle is not a square but that a square is 

a rectangle. This means that shapes are not just judged by their properties individually but 

they are looked at in comparison with each other. The transition from the analysis level to 

the informal deduction level is the transition where students progress from properties of 

individual figures to general properties of classes of figures. According to Usiskin (2005) 

learners at this level are able to define geometrical figures by means of using the minimum 

number of properties. An example of this would be saying ‘a square is a quadrilateral with 

all equal angles and equal sides’ as opposed to  saying ‘a square is a quadrilateral with 

four equal angles that are 90 degrees each and four equal sides’. The latter statement 

includes redundant information.  

The fourth level is the formal deduction level. A learner who understands at this level can 

define a shape by using properties that will distinguish it from other shapes. For example, 

a learner can say a rectangle is a quadrilateral with all angles equal. This alone uniquely 

defines a rectangle, because even if one were to say a square also has all angles equal, the 

student will be in a position to explain that a square is also a rectangle. It is a level where 

one can prove that a shape is what it is said to be by means of invoking the unique 

properties of that particular shape in comparison to other geometrical shapes.  

The fifth and final level is the rigor level. Students who are at this level are able to work 

with different geometrical theorems and be in a position to prove and understand using 

both Euclidean and non-Euclidean methods. The axiomatic system of geometry is 

understood and geometry is seen in the abstract or in comparison to other mathematical 

topics like algebra, trigonometry analytical geometry and so on. 

De Viliers (2010) argues that the reason for the failure of the traditional geometry 

curriculum can be  attributed by the fact that the curriculum was presented at a higher 

level than the existing levels of the students. Teachers use mathematical vocabulary that 

is beyond the understandng of the learners. This claim proposes two of the characteristics 

of the Van Hiele theory suggested by Usiskin (1981): firstly that each level has its own 

linguistic symbols and, secondly, that each level has its own network of relationships 

connecting those symbols. If the teacher is explaining things at a higher level, the teacher 

will be using the language (especially vocabulary) with which learners are not yet familiar.  

Van Hiele (1959) also pointed out that one of the main reasons for the failure of the 

traditional geometry curriculum was caused by the fact that the curriculum was presented 
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at a higher level than the development level of the students. As a result the students could 

not understand the teacher, nor could the teacher understand why the students could not 

understand. Two persons who reason at different levels cannot understand each other and 

not only that, there is also an issue of mathematical language (vocabulary and discourse), 

which cannot be the same in different levels. An example of this can be seen when a 

teacher is using ‘level two language’ when students are still at level one. Those who are 

thinking on level one will be talking about the shape of a quadrilateral and what it looks 

like and those on level two will be talking about the properties of the shape, which will 

require one to know the meaning of diagonals, bisectors, perpendicular and so on. The 

students at level one does not need to know all this terminology because all she has to 

know is what the shape looks like and its definition is based on is looks and not its content. 

One of the key claims of the Van Hiele level’s theory is that the order in which students 

progress through the levels is invariant. The levels are sequenced by degree of difficulty. 

For learners to be at a level higher, they should have been at a level before that particular 

level and make a transition to the next level above it. There is no way you can be able to 

define a square (level three) if you don’t know the properties of a square (level two) 

because the definition of a square is derived from its properties.  This implies that if a 

teacher starts by giving students a definition, the teacher expects students who have not 

yet made a transition from level one to two and from level two to three to be at level three. 

Whatever information the learners are being given, they are not yet ready for it. The 

learners are not yet at the zone of proximal development by Vygotsky (1978) to allow 

them to understand or construct the information given to them. 

Vygotsky’s notion of the zone of proximal development (ZPD) 

Vygotsky (1978) defined the zone of proximal development as "the distance between a 

child's actual developmental level as determined by independent problem solving and the 

level of potential development as determined through problem solving under guidance or 

in collaboration with more capable peers" (Vygotsky 1978, p 86). 

In other words, ZPD is a  cognitive space, or a ‘place’ or position in a learner’s  mind 

where she can be taught new concepts with  assistance of mediation from a teacher or 

someone who is knowledgeable about what is supposed to be learned. This implies that 

the mind of a student must be ready for the new concept. For example, a student can only 

be taught the properties of a triangle if she knows what the triangle looks like. If a learner 

has no idea what the triangle looks like, teaching her the properties of a triangle would be 

futile.  

Vygotsky claimed that learning occurs through the ZPD, which creates a conflict or 

harmony between learning and development rather than students’ stages of development 

setting a precondition of readiness for their learning as in Piaget’s theories. This is 

disputing the idea of maturity as Vygotsky’s theory opposes the theoretical positions that 

make the link between learning and development. According to Vygotsky (1978), anyone 

can be taught any given concepts provided that they are at the level of the zone of proximal 

development.  This has nothing to do with age or maturity, it has something to do with the 
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fact that the knowledge required to understand the new concept to be taught is possessed 

by the learner and can be done without supervision from an adult, with the caveat that it 

takes time to develop concepts and that very young children will not, normally, act ‘well  

beyond their years’ and have  to learn language and other symbols to assist them (Henning 

& Ragpot, 2015). If a learner is’within’ the zone of proximal development, which lies 

between what the learner knows and what the learner needs to know, she will be able to 

handle what is going to be taught irrespective of age or the level of maturity, given the 

caveat mentioned above. 

Combining Van Hiele’s model and Vygotsky’s notion of the zone of proximal 

development (ZPD) 

The transition from one level of conceptual grasping, seen through the lens of  the Van 

Hiele levels of geometry understanding, means that a student has started from an existing 

base of knowing to a proximal (teachable and learnable) new and more complex level. 

This principle is a main tenet of constructivist epistemologies, such as those of Von 

Glasersfeldt (1995). Like many other educational researchers, Darling-Hammond and 

Bransford (2005) agree that constructivist theories play a major role in modern theories of 

learning and teaching, but warn that they are to be seen as  theories of knowing, not 

theories of pedagogy. 

I propose that an understanding of the Van Hiele levels of geometry, as a constructivist 

epistemological and heuristic tool, for student teachers could be of use to teachers. It 

unpacks (deconstructs) learnt knowledge and gives a direction to how learners can be 

guided to the next level, within their proximal zone of learning. In Figure 1 below the 

connection of these two theories represent the theoretical framework, application of which 

is illustrated in this paper. I argue that the spaces ‘between’ the levels that Van Hiele 

proposed can be filled with the thought tool of the ZPD. 

By linking the heuristic of the ZPD with the other heuristic, namely the Van Hiele levels, 

I define different ZPDs – with one marking a transition from one Van Hiele level to the 

next, which presents particular opportunities for both teachers and learners. The teacher 

can mediate and scaffold and the learner can learn and ‘move’. It is important to note that 

the Van Hiele levels are defined in general terms about ways of reasoning about geometric 

shapes. For this framework to become relevant it must be applied to a particular 

component of geometry (a particular object of learning). 
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Figure 1: Van Hiele levels and how learning could manifest according to the ZPD 

Van Hiele levels Zone of Proximal Development 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Level one – Visual Level 

Students judge figures by their 

appearance.  

e.g. It is a rectangle because it is longer 

on the sides 

ZPD between level 1 and level 2 

If the student knows or has an idea of how the 

rectangle should look like, then the student is 

at the ZPD of level 2 

The student is ready to learn the properties of 

Level two – Descriptive level 

Students judge figures according to their 

properties 

e.g. It is a rectangle because pair of 

opposite sides are equal and parallel and 

all angles are equal. 

Level 3 – informal deductive level 

Students know the interrelationship between 

geometrical shapes 

 e.g. a square is a rectangle but a rectangle is 

not a square because the diagonals of a 

Level 4 – formal deductive level.  

Student is able to define a figure using 

minimum number of properties e.g. a rectangle 

is a quadrilateral with all angles equal 

E.g. If I can prove that diagonals are equal, I 

can conclude that it is a rectangle 

ZPD between level 2 and level 3 

If the student knows the properties of a 

rectangle, then the student is at the ZPD of 

level 3 

The student is ready to learn the 

interrelationship between geometrical 

ZPD between level 3 and level 4 

If the student knows the interrelationship 

between geometrical shapes, then the 

student is at the ZPD of level 4 

 The student is ready to construct 

definitions using minimum number of 

ZPD between level 4 and level 5 

If a student knows how to construct 

definitions using minimum number of 

properties then the student is at ZPD of 

level 5 

The student is ready to rigorously 

establishes theorems in different axiomatic 

system in the absence of reference model 

Level five – Rigour 

Student is able to prove a shape using axiom 

rules and rigorously establishes theorems in 

different axiomatic system in the absence of 
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THE OBJECT OF LEARNING 

For the purpose of this paper, I will exemplify how the theoretical framework can be used 

to analyse student-teacher interaction, making use of vignettes extracted from a lecture 

transcript. The object of learning in this lecture was the interrelationship between 

quadrilaterals with a particular focus on squares, rectangles and rhombi. Fujita (2007), 

calls this “hierarchical classification of quadrilaterals”. According to Fujita (2007), the 

hierarchical classification involves the understanding of analysing the properties of 

different quadrilaterals and to differentiate between critical and non-critical properties of 

different quadrilaterals.  

This requires the ability to classify a quadrilateral under particular families and be able to 

explain how the familial attributes are inherited for each distinct. For example, my student 

teachers are expected to know that a square can also be called a regular polygon because 

it has all angles equal and all sides equal, and that a square is a special type of 

parallelogram because it has an opposite pair of parallel sides that are equal and parallel. 

Further my student teachers are expected to understand the link between different 

quadrilaterals and the families of quadrilaterals that are nested subsets of each other. For 

example, squares are special subsets of the more general class of rectangles, which in turn 

are subsets of the more general class of parallelograms, which in turn are members of the 

more general class of quadrilaterals.  

Finally, the student teachers need to know the direction of the parent-child relationship in 

the family of quadrilaterals. Therefore, a square is a special case (a child) of the broader 

family of rectangles (the family to which they belong), but that this relationship has a 

direction and cannot be reversed. A rectangle is not a member of the family of squares.  

Applying the Van Hiele levels to the object of learning 

To exemplify the five Van Hiele levels in geometric reasoning, in relation to the object of 

learning, I provide possible student-teacher responses to the same question: What is the 

difference between a square and a rectangle? 

A student-teacher at the first Van Hiele level (visualisation) may focus on what they see 

instead of the properties of each quadrilateral. For example, the student might say the 

difference between the square and a rectangle is that the square is short and the rectangle 

is longer.  

A student-teacher at Van Hiele level two (analysis) may focus on the properties of both 

square and rectangle without considering the necessity of a particular property when other 

properties are given. They may say a square is a quadrilateral with four lines of symmetry, 

all equal sides and all equal angles. From this definition, there was no need to add the line 

of symmetry when the sides and angles are mentioned. There was also no need to mention 

sides and angle when lines of symmetry are mentioned.   
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A student-teacher at the third Van Hiele level (informal deduction), should know the 

direction of the parent-child relationship in the family of quadrilaterals. They might say a 

square is a rectangle and a rectangle is not a square because a rectangle does not have four 

lines of symmetries.  

A student-teacher at Van Hiele level 4 (formal deduction) should be in a position to define 

a square and a rectangle using minimum number of properties. They might say a rectangle 

is a quadrilateral with all equal angles and a square is a quadrilateral with four lines of 

symmetries.  

When a student is at level 5 (analysis), he/she would be able to identify if the geometrical 

shape given is a square or a rectangle by means of proving using axiom rules and can also 

rigorously establish theorems in different axiomatic systems in the absence of a reference 

model.  

THE LIMITATION OF THE RESEARCH 

Due to time constraints for the lectures, and logistical constraints of using technology in 

the lecture venue, the intervention design did no use any dynamic geometry software. As 

such this research doesn’t mention the use of dynamic geometry in assisting the 

conceptual development of students in geometry, in particular learning all the properties 

of the quadrilaterals. In addition, ‘seeing’ how a rectangle or rhombus can be transformed 

and changed into a square by dragging, may have assisted very powerfully in helping 

students make the transition to a hierarchical classification of quadrilaterals. 

RESEARCH DESIGN 

To exemplify the use of my theoretical framework I adopted a qualitative approach to 

analysing lecture transcript data. Golafshani (2003) defines qualitative research as 

research that produces findings not arrived at by means of statistical procedure or other 

means of quantification but as research where findings are arrived at from real world 

settings where the observable facts of interest unfold naturally. This is when the researcher 

interprets what is observed. The data is drawn from a third-year class of Bachelor of 

Education students participating in a geometry course where I was the lecturer As such, I 

was a practitioner researcher and set out to apply the above framework to a transcript of a 

lecture, to determine what this framework revealed about the students’ learning of 

geometry. This is the type of research where the person doing the research is the teacher 

in the classroom (McNiff & Whitehead, 2002).  

DATA COLLECTION 

I made a voice recording of a lecture in which student teachers and I were discussing the 

classification of quadrilaterals with a particular focus on rectangles, squares and rhombi. 

In the lecture, there were 60 third year student teachers. I transcribed all the voice 

recordings of the lectures. I listened to the video recording and broke the lecture into 



  LONG PAPERS 

174 

 

sections. A section was defined as a focused discussion relating to the same topic. When 

the discussion shifted to a new topic or a new task, then a new section was introduced.  

To exemplify how to apply the theoretical framework to a lecture transcript on geometry 

I only selected one transcript with a vignette where students were learning to define a 

square. This vignette follows the section where students were discussing the inter 

relationship between quadrilaterals. This section took place over a continuous duration of 

35 minutes. I labelled each line of the transcript from line 1 to line 67. It took place near 

the middle of the one-and-a-half-hour lecture. 

DATA ANALYSIS 

In order to analyse the transcript, I used the theoretical framework to cluster students 

according to the Van Hiele levels. I made judgements on particular student-teachers 

regarding their expressed knowledge according to a Van Hiele level as per their utterances 

during the lecture. As not all student-teachers spoke, I was not able to consider all of them 

from this data. 

APPLING THE FRAMEWORK 

In this section I analyse the lecture transcript by using my theoretical framework. All 

student teacher names are pseudonyms. 

A focus on Riches and Las 

1 Lecturer Now, how would you define square? 

2 Riches It depends on the marks 

3 Las For how many marks 

4 Riches A square is a 4 sided shape 

5 Lecturer If you say a square is a four sided shape 

6 Las One mark 

7 Lecturer No its not one mark, its wrong 

8 Students Haa! 

9 Riches A square is a quadrilateral shape that consist of 4 sides, 4 equal 

sides…. 

10 Lecturer Okay, why am I saying 4 sides is wrong? If you say a square is a 

quadrilateral with 4 side shape, so is a rhombus. So, that does not 

define it as a square. So it must be unique 

11 Students Not clear what other students were saying 

12 Riches Like, example 

13 Lecturer Give me, 
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14 Jane A square is a shape that has 4 equal sides 

15 Lecturer 4 equal sides. Hence I am saying. So is a rhombus. A rhombus also 

have 4 equal sides.  

16 Riches 4 equal angles that are equal to 900 

17 Lecturer You see, if we say a square. It is a quadrilateral with equal angles 

and equal sides. There is no other quadrilateral that has equal 

angles and equal sides. 

18 Riches Ooh. Ke two marks ewu (That’s two marks) 

 

Examining line 2 it would appear that Riches’s way of defining a shape is based on the 

marks allocated for the definition. According to Riches, if the question is awarded four 

marks, it must have four properties. Riches and Las did not seem to know that a 

quadrilateral can be defined using a minimum number of its properties. Riches and Las 

seem to believe that any property can be used as long as that particular quadrilateral 

possess that property and it can be used as a definition. Riches and Las are clearly 

confusing a necessary condition with a sufficient condition. For correct definitions both 

necessary and sufficient conditions are required. On line 17 and 18, Riches stresses that 

the definition must be awarded two marks because it contains two properties in it.  Riches 

and Las are focused on the marks rather than learning the method of constructing a 

definition. To show that they haven’t learned, they asked the question about marks even 

after the definition equating the number of properties with marks that they think one 

should receive when the answer is correct.   

I concluded that Riches and Las were at level 2 and they were at the ZPD between level 2 

and 3 for this object of learning. Riches and Las were not yet ready to learn to define 

quadrilaterals. There was a need for them to learn to first understand the interrelationship 

between quadrilaterals as well as between properties before they can proceed to learn how 

quadrilaterals can be defined.   

A focus on Hita (and my role in her confusion)  

As much I gave the definition on line 17 that “A square is a quadrilateral with four equal 

angles and four equal sides”, the students were not yet understanding why the two 

properties can define a square. Since I spoke about the unique property, it sounded like 

there is a need for one to define a square using the property in which that particular 

quadrilateral possesses. The evidence of the lack of understanding by some of the students 

is observed from line 31 to line 36 when Hita was still using the properties that were not 

completely unique. 
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19 Lecturer Another, think what other way in which you can define a square 

20 Las Should we include lines of symmetry? It has four lines of symmetry 

21 Jane It has 4 lines of symmetries 

22 Lecturer Yes say it 

23 Student So is a rhombus 

24 Lecturer What can you say about lines of symmetries? 

25 Jane There is 4 lines of symmetries 

26 Lecturer And that’s it, you see. A quadrilateral with 4 lines of symmetries. 

27 Riches Two marks 

27 Lecturer There is no other quadrilateral with 4 lines of symmetries except a square 

29 Gugu What about a rhombus? 

30 Lecturer It has two. You see? That When you talk about defining a square using the 

minimum number of properties. Okay 

31 Hita Sir can you say something about the diagonals now 

32 Lecturer Yes, what are you saying? 

33 Hita The diagonals intersect at 900 

34 Lecture They intersect at…? 

35 Hita 90 degrees 

36 Lecturer That’s not enough. So is a kite. 

 

Hita said the diagonals intersect at 90 degrees and that was not unique because that 

property on its own is also possessed by a rhombus. What I wanted was the property in 

which only the square possesses or the combination of the properties that can only be 

possessed by a square. This also reveals that Hita was not aware by what I meant when I 

said ‘unique’ on line 10.  

Sometimes as teachers, the statements we use to help a student grasp the concepts we are 

teaching become the hindrance to the learning of new concepts. It was seen from the 

discussions that I told the student that the property must be unique, but I failed to elaborate 

on the topic specifically. Hence it was hard for some of the students to understand why 

the property that ‘all sides are equal’ can be used to define the rhombus. 

I also concluded that Hita was at level 2 and she was at the ZPD between level 2 and 3 for 

this object of learning. She knew the properties of each quadrilateral very well. What I 

wanted her to know was the combination of properties that will define a square and she 
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didn’t understand what is required of her. It was like she was answering a different 

question from the one asked. Hita and I were not on the same page. 

A focus on Sindi 

38 Lecture In a rhombus they also bisect at 90. 

39 Sindi No, in a rhombus it does not have to be 90. 

40 Lecture They do. 

41 Sindi Why did you mark it wrong in the test? 

42 Lecture What did you say? 

43 Sindi The angles of a rhombus don’t necessarily have to be 90. 

44 Lecture Yes they don’t. 

45 Lecture What Hita said was, the diagonals bisect at 90. Okay, if you look at… 

46 Sindi For a square. 

47 Lecture For a rhombus… oh, sorry for a square 

48 Sindi 

and 

Hita 

Yes. 

49 Lecture Yes. And that is right. You remember when we were looking at it here? 

50 Sindi Ekucaleni uthe I wrong Mr Libusha  

(at first you said it is wrong Mr Libusha) 

51 Lecture He! 

52 Sindi Ekucaleni uthe  

(that’s incorrect) 

53 Lecture Which one? 

54 Hita Uthe I riright mara ne rhombus nayo intersect at 900  

(He said it is right but the rhombus also intersect at 900) 

55 Lecture Perfect 

56 Sindi But the angles of a rhombus are not always 90.  Where else the angles of a 

square are always 90? 

57 Lecture Okay, what are we talking about here? Hita asked this question: is it fine if 

we were to define a square using the diagonals? That’s the question she 

asked. 
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58 Hita & 

Sindi 

Yes 

59 Lecture And I said yes. Then I asked her: ‘How would you define it using the 

diagonals? Then she said the diagonals bisect at 90. Then I said, so it is in a 

rhombus, so that’s not enough. Okay, and the other part… she started by 

saying the diagonals must be perpendicular. Then I said, so is a kite. Then 

she said bisect at 90 then I said so is in a rhombus. So then the question is 

how can I define a square using the diagonals? 

60 Sindi I don’t understand 

 

Examining Sindi’s interactions in this vignette, there is evidence in line 29 that Sindi 

didn’t know that the rhombus has two lines of symmetry instead of four. Also in line 39, 

Sindi is also not aware that the diagonals of a rhombus are perpendicular.  This show that 

Sindi does not know the properties of a rhombus. On the other hand in line 56, Sindi was 

confused by the 90 degree angle. She was confusing the angles at the vertices and the 

angles formed when two diagonals intersect. Hence, when Hita talks about the diagonals 

bisecting at 90 degrees, Sindi was quick to raise the fact that, the angles of a rhombus 

don’t have to be 90 degrees. 

Sindi raised another point in line 56, showing that she was not yet ready to discuss the 

definition of a quadrilateral. When I re-explain what was discussed she kept saying ‘you 

said it was incorrect at the beginning’, I then realized that she was lost completely. It also 

seems that Sindi had difficulty understanding that for a square the perpendicularly, 

bisecting diagonals also have to be equal, but that is not generally true for a rhombus 

(except when it becomes a square). This is evident in line 60 when Sindi voiced it out that 

she does not understand. This clearly indicates that Sindi was still grappling with the 

properties of a rhombus, and so was at level 2 (analysis).  

One of the key claims of the Van Hiele level’s theory that claims that the levels are 

sequenced by degree of difficulty. For learners to be at a level higher, they should have 

been at a level before that particular level and make a transition to the next level above it. 

So Sindi struggled to define the rhombus because she didn’t have the full knowledge of 

the properties of a rhombus. She could not make a transition to level 4 because she has 

not yet graduated from level 2. Sindi could not construct or understand the definition of a 

square because she did not know the properties of a rhombus. She was unable to make a 

comparison between the properties of a square and the properties of a rhombus. As a result, 

Sindi was not yet at the ZPD between level 2 and level 3 because in order to define a 

quadrilateral shape, you can only be at a ZPD when you know the properties of all the 

quadrilaterals together with the knowledge of the interrelation ship between quadrilaterals.  
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CONCLUSION 

This paper presents a heuristic framework that combines the model of the van Hiele levels 

of geometric reasoning with the Vygotsky’s notion of the ZPD. I have applied this 

framework to a particular object of learning in mathematics: grappling with whether a 

square is a rectangle. I then used this framework to analyse a vignette from a transcript of 

one of my lessons. I found that different student teachers – Sindi, Riche and Las were 

performing at different levels of the van Hiele model for this particular object of learning. 

So, the learning is examined in relation to each learner in terms of their particular Van 

Hiele level of geometric reasoning about a particular piece of mathematics 

(quadrilaterals), and this suggested different possible interventions on my part – 

depending on their individual zones of proximal development. 

The analysis of the lesson transcript allowed me to identify points at which particular 

student teachers become confused, and where additional support and intervention was 

required. Knowing which Van Hiele level of development the particular student teacher 

was at, allowed me to consider the next possible teaching move for that learner, in relation 

to this mathematical topic. 

The above was done with the luxury of a lesson transcript to analyse. The reflection and 

analysis could take place posthoc. The art and practical application of the framework 

would be in using this framework to reflect on student teachers’ responses in the moment 

during my teaching. 

I hope this framework can be applied to other objects of learning in mathematics, and used 

to analyse geometric reasoning levels, which then suggest possible next moves of a teacher 

that is within the particular ZPD of each learner/student-teacher. 
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GRADE R NUMERACY COMMUNITIES: THE POTENTIAL FOR 

TEACHER GROWTH 

Roxanne Long 

Rhodes University 

This paper provides a summary of a larger research project investigating Grade R teacher 
participation in a newly-established numeracy focused community of practice (CoP). The 
larger study has as its focus the evolving nature of teacher identity, examined through a 
socio-cultural theoretical perspective and drawing on Wenger’s (1998) theories of 
learning. Here, I present a brief policy and literature overview of challenges currently 
faced by South African Grade R teachers, and ground this in initial findings and 
preliminary analyses drawn from the first stages of the larger study. I use these 
discussions to advocate for the provision of opportunities to participate in professional 
learning communities and communities of practice for Grade R teachers in particular, 
and argue for these learning opportunities to be tailored specifically to the needs of the 
Grade R community of teachers.  
 Key words: professional identity, community of practice, situated learning 

 

INTRODUCTION 

This paper reports on a larger ongoing study which is investigating Grade R teachers’ 

evolving ways of being, making meaning and changing identity through participation in a 

newly-established numeracy community of practice (CoP). A continuing literature review 

indicates that teachers’ professional identity and subsequent teaching practices benefit 

significantly from the collegial exchange of ideas and resources through the medium of a 

community of practice ( see for example Graven, 2004; Hoadley, 2012; Little, 2002; 

Richardson, 1998). While there is some local research on the value of teacher communities 

for supporting teacher learning I have found no local research on pre-school teacher 

communities? Thus a gap exists as to insights into the nature of teacher learning for pre-

school teachers participating in learning communities.  

The focus of the larger study is on Grade R teacher learning specifically, as firstly, the 

South African Numeracy Chair Project (SANCP) Early Number Fun (ENF) CoP – which 

forms the empirical field of the larger study - is directed at Grade R teachers and secondly, 

Grade R teachers have essentially been ‘plucked’ out of the pre-school setting, and bolted 

onto the Foundation Phase landscape of schools due to the recent roll-out of Grade R 

policy by the Department of Basic Education in South Africa. There is potential within 

this transition for changing ways of being and making meaning, providing a potentially 

data rich space within which to conduct research around the nature of teacher learning. 

My role within the larger project is to investigate teacher learning through the theoretical 

lens of Identity, based on the work by Lave and Wenger (Situated Learning: Legitimate 
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peripheral participation, 1991), and Wenger (Communities of Practice: Learning, meaning 

and identity, 1998).  

For this paper in particular, I focus on one aspect of learning and resultant evolving 

identity, namely participation, as “participation is a source of identity” and “participation 

in social communities shapes our experience” (Wenger E. , 1998, p. 56). Because the act 

of participation in its most fundamental manifestation is integral to learning within these 

communities, I argue here that opportunities, for Grade R teachers in particular, to 

participate in learning communities is fundamental to the growth of these individual 

teachers, as well as to the journey towards providing ‘quality’ education within their 

classrooms.  

This paper will first discuss briefly the context in which Grade R teachers in South Africa 

currently find themselves. This discussion will highlight major policy and documentation 

relating to Grade R teacher status and context. Challenges facing these teachers will be 

highlighted. These challenges will be discussed in terms of the relevant literature, and will 

be grounded in initial baseline findings and preliminary analyses of data, collected through 

questionnaires and interviews conducted with Grade R teachers participating in the SANC 

ENF program.  

CONTEXT 

As has been widely discussed and reported, the broader educational landscape in South 

Africa is one in crisis (Fleisch, 2008; Bloch, 2009; Spaull, 2013). This crisis is reflected 

in mathematics education (Graven, 2013; Spaull & Kotze, 2015), especially as it relates 

to the continuation of social inequalities and continues to disadvantage those most 

vunerable in our society (Hoadley, 2007; Spaull N. , 2013). In order to better understand 

and address the challenges within education, researchers locally and internationally have 

turned their focus on the early years of schooling, including Grade R (Atweh, Bose, 

Graven, Subramanian, & Venkat, 2014). 

As more studies emerge that advocate early intervention for later school success, policies 

are changing in order to acknowledge and support the need for compulsory Grade R 

education for all children. Although Grade R has featured in curriculum documentation 

since 1994 (post-apartheid) (Barnard & Braund, 2016); the Action Plan to 2014 was the 

policy which required that every government school across the country must offer Grade 

R, as it is now officially a compulsory grade (DBE, 2011).  

This was a significant step towards providing access to Grade R instruction: 

“In eleven years, from 2001 to 2012, the number of Grade R places nationwide has increased 

significantly both in the public and independent sectors. This increase more than tripled the 

numbers as they went from 242,000 available Grade R places to 768,000 places; resulting in 

a situation in 2009 where 78% of 5 year-olds nationally were enrolled in a pre-Grade 1 

programme of some sort”                

 (Van der Berg et al., 2013, as cited in Long, 2015, pg. 19)  
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However, as is the case across all levels of education, access is not the end of the struggle; 

and the issue of ‘quality’ is now in focus: “If early intervention is to have beneficial 

consequences for children’s learning and development, it should be of a high quality” 

(Excell & Linington, 2011, p. 4). ‘Quality’ of teaching and learning is an often contested 

and hugely complex definition (Spaull, 2013), but here it is used to describe the 

development of sound understanding of foundational mathematical concepts by the 

learners and the teachers.  

The issue of ‘quality’ is a serious one, as 

“the majority of children experience severe shortfalls in the kind of learning experiences that 

they are exposed to in the years before they enter formal schooling. In many cases, shortfalls 

happen when learners enter formal schooling are compounded by the quality of the learning 

experience in schools”    (Green, Parker, Deacon, & Hall, 2011) 

CHALLENGES 

Infrastructure and resources 

Many factors have and continue to influence the ‘quality’ of education provided in these 

Grade R classrooms. Firstly, not every school has had to build a new classroom or employ 

new teachers in order to comply with the ‘roll-out’ legislation. Many schools already had 

long- established (and often fully functioning) Grade R programmes. The implications of 

this are two-fold:  

Some established classrooms are old, and neglected. Some however are well-resourced 

and have benefitted from many years of support from the school, the SGB, and the 

community at large. This results in Grade R classrooms from different schools beginning 

their ‘official’ Grade R journey on very different footing.  

Conversely, some schools were tasked with building a new structure and stocking it with 

resources. This again resulted in disparities between schools. For example in relation to 

the Grade R teachers participating in ENF and in my study – one local school has a new 

brick structure and a qualified Grade R teacher appointed – she was given permission to 

stock it as she saw fit. Although working to a budget, the budget was significant and her 

classroom was ready and conducive to learning on the first day of school.  

Although established at the same time, another school in my study currently has its Grade 

R classroom still being housed in a temporary structure, with holes appearing in the roof 

and walls, and the teacher there fearing that her resources will be damaged by the 

elements, or even stolen. She has been promised that building on a permanent structure 

will begin sometime in 2017. She has received furniture for her classroom, but explained 

that it was inappropriate for Grade R learners (too small, uncomfortable, and not enough) 

(Interview 1.1, 24 May 2016).  

Of the 17 schools (represented by 23 teachers) who participated in the baseline 

questionnaire in April 2016, four have Grade R classrooms housed in temporary 

structures. But as of November 2016, it is “illegal for any school in South Africa not to 
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have access to water, electricity or toilets, and for any school to be built of wood, mud, 

asbestos, or zinc” (Equal Education, 2016). Of these temporary structures, one is in good 

condition, and although small, is reasonably resourced.  

Of the remaining 13 schools (housed in permanent, established buildings), five are well-

resourced, three are ‘reasonably resourced’ and four are badly resourced (one school was 

not visited) (Researcher’s Interview Journal, 2016).  

For this study, a classroom is considered “well-resourced” if there are enough tables and 

chairs for the learners; if the walls are adorned with posters; if there is evidence of a wide 

variety of games and other manipulatives for the children to use; if stationery is available 

for all of the children; and if the teacher has a collection of her own support material. 

“Reasonably resourced” is used to describe classrooms with basic resources, such as tables 

and chairs, a few posters, there are some (maybe one to two shelves worth) of games and 

manipulatives, and children are seen to be sharing stationery. These resources are also 

often judged to be worn, and in need of updating. Finally, “badly resourced” refers to a 

lack of any of the above elements within the classroom.  

One of the teachers commented in the baseline questionnaire (April 2016) that her 

resources were severely depleted as her classroom was broken into twice over the previous 

year, and everything stolen.  

The following is an extract from my researcher’s journal which describes one of the 

schools visited: 

“Evidence of ENF resources: posters and flashcards. Very under-resourced. Plastic tables and 

chairs. Hand-made posters, but not much equipment. Plastic toddler slide and carpet put away 

in corner (no space). Mostly workbooks dotted around. Has feeding scheme.”  

(1 June 2016) 

The findings in this respect echo the state of infrastructure and resources across the 

country. A recent report conducted by NGO Equal Education reports: 

“What we found in the Eastern Cape were crisis conditions. We visited schools suffering 

appalling infrastructure. Some schools were substantially or entirely made of inappropriate 

materials or had no access to water or electricity. In total 17 of the 60 schools we visited 

constitute an outright violation of the three-year Norms and Standards deadline. The findings 

regarding these 60 schools do not just represent individual cases of failure. Rather, they 

illuminate the depth of systemic failure in Eastern Cape Education” (emphasis in original). 

     (Equal Education, 2016) 

The reason access to substantial infrastructure and adequate resources is a concern for 

mathematics learning and teaching is discussed most recently by Graven & Venkat in their 

chapter entitled “Changing Teaching Through a Resources Approach” (Graven & Venkat, 

2017), and the use of resources is widely supported, in the learning of mathematics 

(Onyango, 2014; Post, 1981), as well as in the training of mathematics teachers (Adler, 

2000). It is further advocated in the South African Curriculum and Assessment Policy 
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(DBE, 2012). However, the dearth of resources in many of the classrooms was expressed 

in the baseline questionnaire from April 2016, as the following chart shows responses to 

the question: “What resources do you have in your class for supporting numeracy 
learning?” 

  

Figure 1: Resources available for Numeracy teaching and learning 

Most notable from the above chart is that only seven teachers of the 23 who filled in the 

questionnaire have dominoes in their classrooms, whereas 15 reported they had counters 

and dice. It can be surmised from this evidence that the majority of teachers may have 

access to the ‘basic’ manipulatives required for numeracy teaching and learning, however 

few of them have access to additional resources, which are used to support the learning of 

key mathematical ideas and the development of number sense (such as dominoes) (SANC, 

2013).  

The following select quotes from the end of year (mid program) questionnaire conducted 

in October 2016 highlight the significance of resources to participating teachers: 

“We get good resources for teaching our learners in our classroom, and it make our 
classrooms to be conducive to our learners.” 

“We get lots of resources those we wanted very much to have and lots more.” 

“More resources makes it easier to work. The fact that the learners can be hands on. It has a 
big change I use ENF material. The way of using the ENF material.” 

“The resources I have received make fun in my class.” 
“Continue to involve the learners in practical activities using the various resources and allow 

them to investigate, explore and develop critical thinking.” 
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“In ENF there are many resources that help us as a teacher.” 

Teacher-learner ratio 

A second consideration when discussing ‘quality’ grade R education is the school quintile1 

system – from no-fee paying schools to ex-model C schools, the money available for 

establishing and/or continued support of a ‘new’ grade differs greatly depending on the 

school’s quintile classification. Admissions policies, for these schools in particular, have 

a great impact on the teaching and learning. It often results in the better-resourced schools 

having fewer children (as not everyone can afford the fees); whereas those schools in the 

poorest neighbourhoods are often obliged to admit as many children who apply (which 

could reach beyond 40 per class in some schools). The teacher-learner ratio, particularly 

in Grade R with, its focus on ‘learning through play’ and the importance of physical 

activity for holistic development, has a serious impact on a teacher’s classroom practice, 

and therefore on the ‘quality’ of Grade R education.  

Findings 

In their paper entitled “Meta-Analysis of Research on Class Size and Achievement”, Glass 

& Smith (1979) looked to a wide range of research studies and literature in order to ‘coax 

out’ the findings across the spectrum, in relation to class size and its impact on learning. 

Their concluding line reads simply: “There is little doubt that, other things equal, more is 

learned in smaller classes” (p. 15). 

It is of no doubt to teachers themselves that class size matters. The School Realities 2009 

document released by the Department of Education gives the teacher – learner ratio (in 

government classes) as 1:32.6 (DoE, 2009). Green, et al., (2011) caution however that “it 

is likely that the ratio in the foundation phase may be higher than this” (p. 115).  

The following table outlines the learner numbers amongst the ENF participating teachers: 

Table 1: Number of children per Grade R class 

Teacher Number of Children Teacher Number of Children Teacher Number of Children 

A 13 H 26 O 35 

B 15 I 26 P 36 

C 16 J 27 Q 38 

D 20 K 28 R 40 

E 21 L 28 S 41 

F 24 M 30 T 42 

G 24 N 30 U 49 

1 “All South African public ordinary schools are categorised into five groups, called quintiles, largely for purposes of the 

allocation of financial resources. Quintile one is the 'poorest' quintile, while quintile five is the 'least poor'.These poverty 
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rankings are determined nationally according to the poverty of the community around the school, as well as, certain 

infrastructural factors. Schools in quintile 1, 2 and 3 have been declared no-fee schools, while schools in quintiles 4 and 5 are 

fee-paying schools.” http://wced.school.za/comms/press/2013/74_14oct.html 

From the above table, it can be seen that seven of the participating teachers are teaching 

in classrooms that have a ratio above that stipulated by government policy (1:32.6), with 

four of those teachers facing groups of children above 40, as high as 49 in one classroom.  

Significant to this paper however, is the support teachers will and already do need in 

dealing with larger groups of children. Discipline can become a debilitating struggle in 

large classes (Luiselli, Putnam, Handler, & Feinberg, 2005); and the concerns regarding 

discipline was expressed through the end of year questionnaire (Oct 2016) wherein one 

teacher described her difficulties implementing one of the ENF activities: 

“The learners were making a chaos and grabs the card to steal” 
Taking into consideration the benefits offered within professional learning communities 

(PLCs), as they appear “to hold considerable promise for capacity building for sustainable 

improvement” (Stoll, Bolam, McMahon, Wallace, & Thomas, 2006, p. 221), there is 

potential for discipline challenges to be addressed amongst the participating teachers, as 

they share solutions and suggestions. The facilitators too are available to consult on these 

matters.  

One of the teachers requested that the program coordinators conduct “monitoring in our 
classrooms” (October 2016), signifying the need for PLC’s and CoPs to support teachers 

both during the training and further into their classrooms.  

Experience, qualifications, and opportunities for further learning 

A third element which greatly impacts ‘quality’ is the experience level and qualifications 

of the teachers. The qualifications of teachers matter. It is not all that matters, but sufficient 

and extensive training provides an important foundation on which a teacher can rely when 

in the classroom. Unfortunately, many teachers in South Africa are not adequately trained. 

A survey conducted in 2004, and reported on by Green, et al. (2011): “suggested that 

perhaps as few as half of all teachers teaching in the foundation phase had been trained to 

teach in this area” (p. 111).  

They further lament on the skills level of foundation phase teachers: 

Only since 2001, and the concentration of all teacher education provision in the university 

sector, have good quality foundation phase teachers begun to be trained on a more consistent 

basis. Unfortunately, this otherwise positive trend is being negatively affected by the declining 

status of teaching as a profession, and, within that, by the perceived lower attractiveness of 

primary versus high school teaching qualifications: What exacerbates the implications of these 

findings that too few new foundation phase teachers are being educated at present, is the 

broader context that many current foundation phase teachers have not been trained in the area, 

and that many of those who have been trained have been poorly trained. 

(Green, Parker, Deacon, & Hall, 2011, p. 111) 

http://wced.school.za/comms/press/2013/74_14oct.html
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The impact on the learners, as well as the teachers, of insufficient training is a significant 

one. 

Findings 

Grade R teachers in particular have encountered various struggles in this regards. One 

teacher, in an interview conducted on the 26th of July 2016 commented that she had begun 

studying towards her National Professional Diploma in Education (NPDE) at Nelson 

Mandela Metropolitan University, but could not complete the course as it has now been 

discontinued. Another teacher, interviewed on the 24th of May 2016, told of how she 

started her training on the same course, with funding given by the government, but before 

she could complete her training, the funding was stopped.  

Because Grade R teachers are not wholly recognised as more than practitioners, the 

majority of them receive a stipend of R5000 a month, with no benefits. This can make 

paying for extra tuition, not to mention travelling to and from training centres, completely 

prohibitive. A conversation I had with two teachers later in the year made me aware of 

another level of complication to the teachers’ plight regarding further training: they told 

me that there was in fact funding available from the government that would help them to 

further their studies, however, in order to qualify for funding, they were told by the district 

office that they needed to have permanent posts. But they did not qualify for permanent 

posts, because they are not fully qualified.  

The following chart outlines the qualification levels of the participating ENF teachers: 

    Figure 2: ENF participating teachers’ qualification levels 

The majority of teachers (12) have a National Qualifications Framework (NQF) Level 52 

qualification, which is one level lower than a Bachelor’s degree, and for these teachers is 

often in the form of a National Professional Diploma in Education (a three year course). 

                                           
2 More information on NQF Levels and Level Descriptors can be found here: http://www.saqa.org.za/list.php?e=NQF 
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The majority of the teachers interviewed said they would like to continue their studies, 

with three teachers indicating they would like to continue to Honours Level. 

In terms of the argument put forth in this paper, it is evident from this small sample group 

that the desire to learn and grow professionally is strong – and the teachers are cognisant 

of wanting to provide ‘quality’ education to the learners in their care – however formal 

training opportunities such as those offered by universities and colleges are often 

financially exclusionary for Grade R teachers in particular. 

Professional Development 

I do not claim here that this list of challenges to the notion of ‘quality’ of education is a 

comprehensive list. Many other factors will impact education, such as parents’ levels of 

literacy, health issues of the children etc., but this paper does not have the scope to discuss 

all of these. However, the issues I have alluded to here are the most glaringly obvious ones 

I have so far encountered in my interviews and visits with the project’s participating 

teachers. I also do not argue that these issues are only faced by Grade R teachers, and 

many of them influence the teaching and learning of all children throughout Grade R to 

12. The next challenge I discuss however, I will argue is especially endemic amongst 

Grade R teachers. 

The final influencing factor I will discuss in this paper is in relation to teacher professional 

development opportunities - the opportunities afforded to Grade R teachers in particular. 

I speak specifically to the possible implications of providing opportunities to participate 

in PLC’s or CoPs, based on the initial findings from the larger study. 

A teacher’s training, knowledge of how to teach, as well as understanding the concepts 

being taught, must be included in any conversation related to ‘quality’ teaching and 

learning. Spaull (2013) warns that: “teachers who lack an elementary understanding of the 

subjects they teach can actually do harm to their pupils” (p. 29). In light of this, the 

importance of participation in professional learning communities must be considered: the 

benefits of which have been widely researched, both locally and internationally (Stoll, 

Bolam, McMahon, Wallace, & Thomas, 2006; Graven M. , 2002).  

This method of training and development, with its modus operandi involving workshop-

like sessions, a narrowed focus, and the offering of practical solutions with immediate 

implementation opportunities, can also be viewed as a more cost-effective and 

manageable method of knowledge exchange.  

Findings 

The participating teachers were asked if they had had the opportunity to participate in any 

such programs in the two years before their joining the ENF program. Thirteen of the 

teachers listed a total of 23 workshops attended (some teachers attended more than one). 

Of the 23 workshops attended, 10 were Grade R specific. The other workshops were 

focussed on: “Grades R-3; Grades R-6; Grade 3; Grade 3 & 4; and All Grades”. 10 of the 
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teachers who completed the questionnaire had attended no professional development 

training at all in the previous years. 

This indicates that there is a need for professional development opportunities for these 

teachers, and that the opportunities offered to them so far have not been Grade R specific. 

It is crucial to highlight here that although Grade R is considered a part of the Foundation 

Phase, the teaching and learning occurring within the classrooms is founded on different 

pedagogies and philosophies; with its focus on active learning and learning through play. 

This is echoed in the CAPS document as it states “Grade R should not be a watered down 

Grade 1” (DBE, 2012, pp. 16-17). 

The need for Grade R specific training was re-iterated by the participating teachers when 

asked to reflect on the ENF training for the year 2016. Two comments were made about 

one session in particular, in which we invited an internationally renowned speaker to 

address the group. Her expertise however was in working with older children. This is how 

the teachers felt about it: 

“I didn’t understand lots of games there and as a practitioner struggle with them” 
“The session with [speaker], maybe because it was more on a level for grade 3 & 4’s. 
But I was really happy that the (ENF) ladies were able to change her ideas to make it 

suitable for grade R learners, within our number range” 
Although still too early in the study to make definite claims about the effects of 

participation in a Grade R focused professional learning community such as the ENF 

program, I offer here some of the teachers’ comments in response to a question about 

changes the participants had noticed in themselves as teachers: 

Yes, I am much more patient as I used to be 
I became to use all the resources on a daily basis. I started to make maths my own 

I have using a new strategy of teaching since I attending this workshop 
I am looking every day and confident to teach my children Math and that I can use 
different resources and strategies I that I am confident to teach maths than before 

Yes because now I do my maths lovely and proudly for the sake of you 
Yes. I’m very confident teaching 

Love Maths! Favourite subject and increased confidence 
I know how to deal with a learner struggling in mathematics. How to change strategies 

Have done a lot more maths activities every day 
I loved maths and the teaching thereof even before I started, but I think I feel more 

encouraged after I joined 
Now I enjoyed teaching with number 

Yes I know how to deal with children struggling in Mathematics 
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It is evident from the above selection that there are definite advantages to participation, 

both in terms of the quality of teaching and learning in the classrooms, but also in terms 

of the teachers’ own professional growth and recognition as professionals. 

CONCLUDING REMARKS 

This paper has highlighted some of the challenges currently faced by Grade R teachers, 

both within the study, and throughout South Africa. Although these challenges are not 

uniquely relevant to Grade R teachers, the challenges regarding opportunities for 

participation in professional learning communities or communities of practice have hit 

these teachers the hardest. It is outside of the scope of influence of PLCs and CoPs to 

address educational issues around class-size and infrastructure, however, the support 

offered within learning communities, and through access to ‘experts’ through ‘legitimate 

peripheral participation’ (Wenger E. , 1998), it is possible that Grade R teachers will be 

able to learn to cope with these challenges in new ways. 

I argue here, based on the initial findings and preliminary analyses of the larger study, that 

there is a strong desire by these teachers to improve themselves, and improve their 

teaching. However, this desire is not being matched by the opportunities currently 

afforded them – this is important as, I believe, Grade R Teacher Numeracy Communities 

have significant potential to provide spaces for teacher growth, learning and development. 

Therefore, it is recommended that Grade R teachers in particular are given more 

opportunities to grow professionally through the medium of PLCs and CoPs, which offer 

targeted Grade R training. It is also recommended here that the content of these 

professional learning programs take into consideration, and keep as the focus, the unique 

pedagogical requirements of Grade R. Through increasing access to these opportunities, 

it is envisioned that the ‘quality’ of teaching and learning in Grade R could well improve 

significantly. 
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 GROUPING MATHEMATICALLY GIFTED LEARNERS: AN 

ANALYSIS OF TEACHERS’ PRACTICES IN FREE STATE HIGH 

SCHOOLS 

Jack Mathoga Marumo & Michael Kainose Mhlolo 

               Central University of Technology    

 The study examined high school teachers’ practices when they group mathematically 
gifted learners in their regular classrooms. The participants in this study were 19 teachers 
of grade 10 mathematics classrooms from various high schools in Bloemfontein, Free 
State (South Africa). Results indicated that 89% of the teachers use the ‘mixed-ability 
grouping’ practice to support their learners. The remaining 11% cited other grouping 
methods to place learners in different groups. The majority of teachers (65%) which use 
the mixed ability grouping practice showed that they sometimes change the groups 
throughout the year by swapping the learners between different groups. 
Key words: Mathematically gifted learners, teachers’ practices, grouping practices, 

regular classrooms 

 

INTRODUCTION 

Mathematically gifted learners are one group of learners that differ from their non-

mathematically gifted peers in the ways in which they learn the best.  Benson (2002) 

observes that gifted learners become more frustrated in a regular classroom while teachers 

are mandated to see that all learners reach the standards of the Provincial and National 

Department of Education. It seems that every teacher in every classroom would have the 

will and the skill to adjust the curriculum to suit the needs of the diverse learners in their 

classrooms. Through the use of grouping practices, teachers can meet and exceed the set 

standards. In this study ability grouping is viewed as grouping learners for instruction by 

ability or achievements to minimize heterogeneity. In South African high schools, learners 
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are often grouped by ability within regular classrooms for some subjects like mathematics, 

but not for other (e.g. consumer studies and religion studies). Ability grouping may 

involve having higher and lower achieving grades (e.g. Mathematics Standard Grade and 

Mathematics High Grade) or may involve placing learners into different courses like 

mathematics and mathematical literacy. The presence of ability grouping leads to a 

question of what grouping practices do high school teachers use to group mathematically 

gifted learners in their regular classrooms. 

 

THEORETICAL FRAMEWORK 

To answer the above mentioned question, the researchers adopted Gagné (2007)’s Ten 

Commandments of Academic Talent Development as the theoretical framework of the 

study. Gagné tries to show how he came up to his ten commandments by comparing his 

commandments with the original God’s Ten Commandments; thou shalt not steal nor 

murder, thou shalt honour your God and your parents, and so on.  He asserts that these 

guidelines had almost certainly been around for centuries and did not break any new 

ground. The first four of Gagné’s (2007) commandments are directly related to the 

conceptual framework of his Differentiated Model of Giftedness and Talent (DMTG) and 

aimed at identifying gifted learners. The next five commandments aimed at “how” to 

develop a gifted learner and are less related to the DMTG. This study chose to use more 

specifically the ninth commandment, Though Shalt Group … Full timely as it enjoins all 

teachers to aim at grouping gifted learners on a full-time basis. The study used a 

qualitative-quantitative approach in examining the teachers’ practice which Free State 

high schools use when they support mathematically gifted learners in their regular 

classrooms with reference to ‘What is Giftedness’? 

For more than three decades, Gagne studied giftedness in many areas including sports and 

attributed the neglect for gifted learners to a failure to distinguish between ‘gifts’ on one 

hand and ‘talents’ on the other. According to Gagné (2015a), these terms are often used 

synonymously, yet there is a clear and appropriate distinction to be gainfully made. His 

argument is that an interchangeable use of these terms suggests that talent or ability has 

appeared without any systematic learning or teaching and those who possess such gifts 

have somehow been endowed with a particular ability in a way that is beyond the control 

or scope of education (Sternberg, 2003). Based on his contention, Gagne (2015a) proposed 

what he called the Differentiated Model of Giftedness and Talent (DMTG) which is used 

by many other researchers interested in giftedness and talent. Gagne’s DMTG tries to 

make a distinction between outstanding natural abilities referred to as ‘’aptitudes’’ and 

specific expert skills referred to as ‘’competencies’’. According to Gagné (2008; 2004), 

giftedness is described as a natural ability that can be developed fully by the appropriate 

and supporting environment (catalysts) into a talent. Gagné (2010) describes giftedness as 

a raw capacity. 

On the contrary, Gagné (2015a) describes talent as not only involving natural ability but 

also outstanding mastery of systematically developed abilities (knowledge and skills) in 
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at least one field of human activity to a level that places an individual’s achievement at 

least among the top 10 % of age peers who are active in the same field. Talents are 

developed from aptitudes through formal or informal education and training (Gagné, 

2004). 

IDENTIFICATION OF A GIFTED LEARNER 

Teachers’ nomination plays an important role in identifying a specific ability, such as the 

ability in mathematics. Regular classroom teachers can broaden their understanding about 

gifted learners through the general characteristics intellectually gifted learners possess. 

Characteristics in the affective and cognitive domain mostly appear in the classrooms and 

may be recognised by teachers. Gifted learners tend to be more curious about many things 

because they learn different concepts quickly. They retain the learned information more 

easily and for longer periods. The ability to understand complex mathematical problems, 

perceive relationships and think at abstract levels earlier than their same-aged peers shows 

that intellectually gifted learners need more advanced learning content than their peers. 

The misconception that gifted learners always display characteristics through their good 

behavior in classroom leads to failure in some teachers to recognise the gifted (Manning, 

2006).  Poor group work arises from the feelings of gifted learners that they carry the 

burden of the group. 

Teachers might nominate learners as gifted based on the extent of learner’s performance 

(Heller, Perleth, & Lim, 2005). Eyre (2001) suggested that the ‘diagnostic assessment’ as 

one of the broad forms of information available in schools be used to overcome problems 

associated with different tests. Consistent with his definition of giftedness, Gagné (2015b) 

then developed a five-level Metric Based System (MB System) which has been useful for 

researchers in terms of identifying gifted learners within regular classrooms. The five 

giftedness degrees are known as mildly, moderately, highly, exceptionally and extremely 

or profoundly gifted. 

Table 1: Levels of Giftedness in Metric Based System 

Level  Labels for Giftedness  Proportions 

5 Extremely (Profoundly)  1:100 000 

4 Exceptionally  1: 10 000 

3 Highly  1:1000 

2 Moderately  1:100 

1 Mildly  1:10 

 

Table1 shows that the minimum threshold for any giftedness is placed at ninetieth (90 th) 

percentile, thus those learners who belong to the 10% of the reference group in terms of 

their natural abilities deserve the relevant label (Gagné, 2015a). In practice, it can be 

deduced that four top achievers in an inclusive classroom of 40 learners are mildly gifted. 
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Some teachers may regard the use of this 10% as overly generous (Gagné, 2007). This 

generosity is counterbalanced by adding more subgroups where four top achievers out of 

400 learners are regarded as moderately gifted. 

GROUPING GIFTED LEARNERS 

Grouping refers to the careful selection and sorting learners on the basis of ability or 

performance. Grouping can be during certain periods in a school day or it can be for the 

whole school day depending on the purpose of the grouping (Slavin, 1987). The questions 

of whether, when and how to group learners frustrate most teachers.  This as stated by 

Adams (2002) that learners come from a wide variety of social backgrounds with different 

levels of knowledge, motivation and learning pace. The realization of all these differences 

compels teachers to look out for different teaching methods so that all learners are catered 

for. Although there are arguments about the ways of grouping gifted learners in regular 

classrooms, it is uncommon for a high school teacher in South Africa and internationally 

to group learners in mathematics classrooms.  

On one hand, some researchers such as (Lu, 2012), (Mann, 2006) and (Shield, 1996) are 

in favour of mixed-ability grouping. The above-mentioned sources contend that mixed-

ability grouping caters for all learners in the regular classrooms irrespective of race, 

intellectual abilities and educational needs. Venkatakrishnan and Wiliam (2003) in their 

case study of tracking mixed-ability grouping in secondary school mathematics 

classrooms went further to advice that  

“unless a school can demonstrate that it is getting better than expected results through a 

different approach, we do make the presumption that mixed ability grouping should be 

the norm in secondary schools.” 

On the other hand, numerous studies pull from different ethical arguments in support of 

ability grouping. Tieso (2003) reviewed literature covering the years that goes back from 

2003 to 1916 of best practices on instructional curricula for gifted learners. Through the 

analysis of the studies, Tieso suggests that ability grouping together with curricular 

revision could produce considerable achievement for both average and gifted learners. 

Slavin (1986) also carried out a report on the effects of between- and within-class ability 

grouping on the achievement of learners. The analysis of Slavin’s study covered findings 

from 14 researches of between-class grouping in multiple courses, 7 researches of 

between-class grouping in a single course and 8 researches of within class grouping. 

Though the results did not support full-day ability grouping into different classrooms, they 

did support within-class ability grouping. Ability grouping in mathematics was also found 

instructionally effective. Slavin concluded that ability grouping is the best way when it is 

limited to 1 or 2 subjects within the regular classrooms. 

Despite the trend of grouping learners by ability in regular classrooms, some of the 

concerns expressed by Gagné (2007) are still at the forefront of those against ability 

grouping. In his ninth commandment of Academic Talent Development (Though Shalt 

Group… ‘Full timely’!), he stated that the commandment enjoins all teachers to aim at 
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grouping gifted learners on a full-time basis. Gagné (2007) claimed that gifted learners 

are underserved in regular classrooms because there is a problem of priorities; the number 

one priority is to increase the pass rate so that learners can move to the next grade level. 

Gagné pointed out that apart from the problem of population size, teachers regularly 

complain about not being given enough resources to teach gifted learners.  

MATERIALS AND METHODS 

The study used a mixed methodology approach in examining practices which high school 

teachers use to group mathematically gifted learners in the regular classrooms. A total of 

19 grade 10 high school teachers from Bloemfontein, South Africa participated in the 

study. All the participants were mathematics teachers. Permission was obtained from the 

Free State Department of Basic Education as well as the principals of the schools prior to 

conducting the study. Questionnaires were hand delivered to the participants at 10 schools 

and were collected after 2 days. Moreover, the participants completed the questionnaires 

at their schools, and in case of the absent teachers, the questionnaires were left to school 

administrators. 

 

RESULTS 

To determine what grouping practice high school teachers use to group mathematically 

gifted learners, the researchers analysed data from the questionnaire completed by 19 

grade 10 mathematics teachers. Later the researchers will analyse data collected from the 

interviews. 

Figure 1 below shows the grouping practices used by teachers to group learners in their 

regular classrooms.  

 

Figure 1: Grouping practices of the learners. 
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Results suggest that the most favoured practice to group learners is the mixed-ability 

grouping. As figure 1 indicates, 17 respondents reported that they use mixed-ability 

grouping to group mathematics learners in the regular classrooms. Most of the respondents 

(11) who practice the mixed ability grouping claimed that sometimes the groups change 

as a result of swapping the learners between different groups. Only six in the same practice 

indicated that learners’ groups never change throughout the year. Fewer respondents (2) 

cited other grouping practices and indicated that learners are grouped according to the 

merit list. Out of two respondents that practice other grouping strategies, one respondent 

agreed that sometimes learners change groups. On the other hand, the other respondent 

prefers not to change the groups. None of the teachers chose ‘grouping by ability’ as one 

of the grouping practices. 

In order to find why sometimes teachers swap learners between different groups, the 

respondents were asked reasons for rearranging the learners’ groups in the classrooms 

Figure 2 shows teachers’ explanations as their reasons for re-arranging the groups in the 

classrooms. 

 

Figure 2: Reasons for rearranging the learners’ groups in the classrooms 

 As noted above, most teachers rearrange their grouping based on learners who act as peer 

tutors and the classroom activity. There are a few teachers who swap their learners either 

for learners to get motivated when they interact with different peers or based on the test 

result.    
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Teacher C reported: 

 In my view the best strategies to support gifted learners will be if they are 

isolated - if we can isolate them, they will get everything that they need. 

 

Teacher E spoke of ability grouping as an excellent way of supporting gifted learners. 

 …But mostly if I see they are excelling I call them then I group them. There are 

different categories according to their ability, then I give them work which is 

more related to their ability. So it helps them a lot and they excel more. 

 

In agreement with the above teachers, Teacher H further reported group work as a means 

of learners to help each other: 

Ok, ways to support is sometimes forming groups - they must form groups 

themselves and give them problems so that they help each other. 

 

Whilst the teachers’ grouping practices were quantified in the survey, the interview data 

supported the fact that many mathematically gifted learners in the regular classrooms do 

not get an opportunity to reach their full potential. For example, most of the teachers 

(figure 2) and Teacher H from the interviews indicated that they group learners so that the 

gifted ones can assist the underperforming learners. 

Discussion on the clarity of the definition of a mathematically gifted learner centered 

round learners who obtain high marks and participate in classroom discussions: 
Those who participate, and when I give them test those who obtain more marks. 

But one of teachers interviewed also noted that their reasoning ability indicate that they 

are gifted:  

Their performance indicated that they are gifted because they can reason and 

they would even write down whatever they are reasoning and you will see their 

marks that they are gifted. How they respond and how they ask questions you 

can you see that they are gifted. 

Another teacher pointed out that in addition to their reasoning ability, another 

characteristic of gifted learners is the ability to explain their work to their peers. 

When you have given them work, they will come and ask what is going on here 

and when you are doing corrections they will be the ones that will come to the 

chalkboard and will explain to the class. 
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CONCLUSION 

Rogers (2002) analyzed the research on various grouping practices for gifted learners and 

found that full time programs for gifted learners demonstrated the strongest benefits, 

followed by cluster grouping in which 5 to 8 learners are placed together in a classroom 

with a trained teacher in gifted education. A similar study conducted by 

Venkatakrishnan and Wiliam (2003) on the progress of learners in the mixed-ability group 

showed a significant interaction between progress and prior attainment, with placement in 

the mixed-ability group conferring a significant advantage on lower attaining learners, 

while gifted learners were disadvantaged. In view of the findings of this study, the 

researchers conclude that the grouping practices employed by the teachers in their 

mathematics classrooms are not necessarily directed to support gifted learners. This study 

recommends that the Department of Education should establish in-service training for 

teachers on how to apply grouping practices which benefit gifted learners in their 

mathematics classrooms. Teachers are encouraged to provide time for gifted learners to 

share their experiences in mathematics. 
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#SILO’S MUST FALL: LESSON STUDY AS A STIMULUS FOR 

TEACHER COLLABORATION 

 
Roger G. Metelerkamp and Mellony Graven 

Department of Education, Rhodes University 

 

The research I draw on in this paper explores, through explorative case study, 
mathematics teachers’ reflective practice mediated through participation in an adapted 
lesson study.  The study seeks to gain insight on mathematics teachers professional 
learning mediated through an adapted lesson study approach. The participants of a local 
community of inquiry focused their joint enterprise on exploring the teaching of 
foundation and intermediate phase mathematical curriculum content.  In this paper I focus 
on a narrative of one teacher’s learning to illuminate her reflective practice that emerged 
from her participation within the teacher driven lesson study. 

Key Words: Lesson Study; Mediation; Community of Inquiry; Reflective Practice; 

Collaboration 

 

CONTEXT OF THE RESEARCH  

In South Africa (SA), as in other parts of the world, educational attention often focuses 

on subjects such as mathematics and science.  Educational reform initiatives in the United 

States have also recognised that teachers are key to achieving learner improvement 

(Stigler & Hiebert, 2009, 2009).  There is renewed interest and focus on cluster teacher 

practice through in-service teacher training in order to improve the educational system in 

particularly in mathematics and science in SA (Jita & Mokhele, 2014; Mitchell & Jonker, 

2013; DBE, 2011).  Ball and Cohen (1999) highlight the importance of access to and 

participation in communities of practice that is linked with a wider discourse towards a 

localised network or subject matter organisation that will result in a group support and 

guidance through a community of practice (Borko, 2004). 

Graven (2005, 2012) argues from her experience that teacher development projects in 

South Africa allowing long term teacher support which position teachers as partners and 

in which their experiences are taken as the basis from which engagement and learning 

takes place, enables teachers to re-invest in the profession with increased passion and 

confidence.  A key criticism of Curriculum 2005 was that the use of the short-term cascade 

model where teachers were trained and had to return to their schools and train their 

colleagues, left teachers largely unsupported and led to a watering down of key concepts. 

Similarly, international traditional methods of professional development have been 

criticized for being decontextualized providing only a patchwork of opportunities stitched 

together into a fragmented and incoherent curriculum (Ball & Cohen, 1999). Traditional 

models see knowledge or information transmitted from the top down with “training-the-
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trainer” to ensure that the message “flows down” from experts and specialists, eventually 

to the teachers (Ono & Ferreira, 2010, p.61).  

It is generally recognised that teachers’ competence and disposition towards practice and 

the teaching profession influence the learners’ performance in the classroom and subject 

(Spaull, 2011; 2013; Graven 2009; 2005; Lee, 2005; Ball & Cohen, 1999). According to 

reports from Atweh et al.’s (2014) and Reddy’s (2006) teachers are not being prepared for 

the diversity of the contexts of teaching and learning practice such as poverty in low-

income countries such as SA.  I would present that for in-service teachers an alternative 

would be to invest in localised school based professional learning that address contextual 

diverse needs. A strong critique of teacher development is the tendency to prepare teachers 

for some ‘ideal classroom context’ (Atweh et al., 2014, p.42) that possibly miscue the 

contextual needs of the low-income school community. In the ideal classroom context 

learners are assumed to have the required competence for learning in the grade level they 

are placed, where class sizes are manageable and where conditions of poverty and high 

levels of absenteeism do not exist.  Similar to the lesson study approach, Atweh et al. 

(2014) propose that teacher education should prepare and support teachers on site (school-

based or practice-based (Ball & Cohen, 1999)) to teach within the specific challenges of 

their school context.   The lesson study ideas is underscored by Brodie (2013) who argues 

that school-based professional learning communities should allow teachers to jointly 

engage on a shared vision of what amounts for good quality teaching and learning and 

begin to take collective responsibility for the learners they teach. 

In this respect much of the literature reviewed, points to the need for localised in-service 

support of teachers on site in their schools and classrooms (Atweh et al., 2014; Brodie, 

2013).  The Department of Basic Education (DBE) and the Department of Higher 

Education and Training (DHET) (2011) have more recently promoted a shift towards more 

localised in-service teacher development approach in their Integrated Strategic Planning 
Framework for Teacher Education and Development in South Africa. I surmise that a 

localised teacher-led development model would afford teachers the opportunity to engage 

with other teachers’ who practice in similar contexts.  This promotes a shift from a 

university research/ project base to one which includes and is driven by school-based 

(practice-based) teachers.  In this way teachers develop agency to assist and support other 

members within the immediate community because many higher education 

institutionalised support programs are disconnected from the on-the-ground complex 

issues of curriculum and learning (Ball & Cohen, 1999). 

This paper draws on a broader research in which I (the first author) investigate a teacher 

driven on-site Community of Practice (COP) focused on lesson study.  As researcher 

participant my role in the collaborative inquiry mode on the nature of reflection within the 

lesson study involved analysis in the context of knowledge, power and reflexivity in 

participants’ personal and professional practice (Hickson, 2011).  The lesson study is thus 

the vehicle for stimulating teacher reflection on practice (and the empirical field of the 

research) aimed at strengthening future lesson planning and implementation on a 
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particular mathematics topic chosen by teachers.   This study is supported by Graven (2nd 

author and South African Numeracy Chair) as part of the SANCP which aims to search 

for sustainable ways forward to the challenges of primary mathematics education in SA. 

 

LESSON STUDY 

My research draws on the lesson study approach to stimulate teacher reflection because I 

was interested in the nature of teacher learning during the design and implementation 

process of a lesson. Thus, lesson study is a teacher-oriented and teacher-directed practice 

where teachers with a common focus meet and plan lessons together. These lessons may 

also have a focus on building skills or understanding, and are known as research lessons, 

which are taught by one participating teacher, and observed by not only all of the teachers 

who are doing the planning, but also by observers who, at one end of the spectrum, may 

come only from the teachers’ own school or from outside such as university or expert 

teachers (Fernandez, Cannon & Chokshi, 2003; Takahashi & Yoshida, 2004; Lewis, Perry 

& Murata, 2006; Doig & Groves, 2011). 

A lesson study community can be viewed as a community of practice/inquiry (Lave & 

Wenger, 1991; Wenger, 1998; Jaworski, 2004) in that teachers meet regularly to engage 

with a shared enterprise and develop a shared repertoire of inquiry into practice. The 

shared development and learning will be manifested during the lesson design and 

implementation stages through a reflective process. Jaworski (2004) highlights that a 

learning study (as distinct from lesson study) is predominantly used by teachers to 

research learners’ attitudes and understanding through developmental process involving a 

designed activity. Since my focus is on teacher reflective learning (rather than on 

learners), I use the term lesson study rather than learning study. Thus my interest involves 

a community of practice where teachers initiate and drive the agenda for the programme 

in a localised context. In line with the lesson study process the role of the more 

knowledgeable (Lewis & Perry, 2014) were shared between myself (first author- 

intermediate phase) and a foundation phase teacher with more than thirty years’ 

experience which is also a cluster leader in the school district level.  

 

TEACHER LEARNING COMMUNITIES 

Over the past decade literature reveals some common characteristics in theories of 

community namely: collaboration, collective responsibility, shared values and vision, 

concern for individual and minority views, meaningful relationships, reflective personal 

inquiry, collaboration and promotion of group as well as individual learning (Grossman, 

Wineburg & Woolworth, 2001; Wenger et al., 2002; Stoll et al., 2006). I was particularly 

drawn to the theoretical framing of learning being embedded in communities of practice 

by Lave and Wenger (1991) and Wenger (1998) which refers to participants who share 

common actions, procedures and goals. Participants in the community of practice have a 

sense of belonging, share a concern or passion about a topic and deepen their knowledge 

and expertise by interacting on an ongoing basis (Wenger et al., 2002). While their 
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definition of a community of practice coheres well with my research, the work of Jaworski 

(2004) builds on Wenger’s (1998) theory and definition to foreground the importance of 

critical inquiry within communities of practice and she thus proposes using the term 

‘Communities of Inquiry’ (COI) instead to foreground this aspect.  

Recent research suggests that the establishment of professional learning communities 

promotes teacher capacity building for sustained improvement (Stoll et al.’s, 2006).  This 

involves groups of teachers within or outside a school sharing and critically interrogating 

their practice in an ongoing, reflective, collaborative, inclusive, learning-orientated, 

growth promoting way operating on a collective enterprise.  This approach differs from a 

learning community because it is concerned with schools and departments as mediating 

contexts for teaching.   Similarly, a community of inquiry (COI) or community of practice 

(COP) share many features of the professional learning community, but affords more 

ownership to participants without explicitly dictating the activities of the group. A 

community of practice can address both professional and pedagogical practices through 

activities which evolve and manifest according to members of that community. 

Communities of practice can in effect become learning communities which, in turn, can 

contribute to the professional growth of the individual (Wenger, 1998; Wenger, 

McDermott, & Snyder, 2002). Teacher communities that are situated within the realities 

of a school evolve within their particular environment and, through teamwork and 

dispersed leadership, they build the professional capacity to solve problems and make 

decisions. 

 

LESSON STUDY as a form of professional learning 

Within the Japanese context, lesson study primarily focuses on teacher professional 

learning which is driven by the need to both extend and renew teachers practice, skills and 

beliefs (Doig & Groves, 2011).  The reciprocal nature between teachers’ 

development/learning and learners’ outcome considers that the more successful learners 

are in learning, the more likely teachers will be to adopt practices that encourage further 

professional learning.  Doig and Groves (2011) emphasise that teachers learn best by 

doing [teaching mathematics] and building their own understanding rather than being told.   

Thus opportunities to experiment with classroom practice and analyse it in detail—an 

important feature of Japanese Lesson Study—is likely to be a fruitful path to take in 

teacher professional development (Doig & Groves, 2011, p.78). The lesson study 

approach affords teachers to do the mathematical learning opportunities through jointly 

developing a research lesson in which all the participating teachers share an interest.  The 

lesson study is not about perfecting a lesson, but rather focuses on developing teachers’ 

ideas and experiences of different approaches to teaching (Doig & Groves, 2011).  The 

research lessons allow for a natural process of examining and making meaning of the 

experienced through reflective and reflexive action by each individual.  

Desimone and Garet’s (2015) discussion about best practices in teacher professional 

development (TPD) in the United States (U.S.) argues for the need for a conceptual 
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framework for TPD based on five core features as opposed to the idea of the structure of 

a TPD programme.  The tested five key features they suggest that make professional 

development effective are: 

(i) Content focus – activities that are focused on subject matter content and how learners 

learn that content. (ii) Active learning – opportunities for teachers to observe, receive 

feedback, analyse learners’ work, or make presentations [lesson study model], as opposed 

to passively listening to lectures. (iii) Coherence - content, goals, and activities that are 

consistent with the school curriculum and goals, teacher knowledge and beliefs, the needs 

of students. (iv) Sustained duration – [T]PD activities that are ongoing throughout the 

school year and include 20 hours or more of contact time.  (v)  Collective participation - 
groups of teachers from the same grade, subject, or school participate in [T]PD activities 

together to build an interactive learning community (see Desimone, 2009). 

In figure.1 below, I use Lewis and Perry’s (2014) model to illuminate how a lesson study 

can contribute towards teacher (-s) professional learning.   

Figure 1: Sustainable model for professional learning: Lesson study supported by 

mathematics resource kits (Lewis & Perry, 2014, p3). 

 

 The striped rectangle in fig. 1 connects well within the cyclic lesson study model.  The 

key idea is that by improving the quality of teaching, it directly impacts on the quality of 

learning through coherence of teachers’ knowledge/ beliefs in response to materials, 

colleagues and learners.  Desimone and Garet (2015) argue that these are the five key 

features for effective professional development programmes.  The gained insights, which 

focus on five ideas: (a) changing procedural classroom behaviour is easier than improving 

content knowledge or inquiry-oriented instruction techniques; (b) teachers vary in 

response to the same TPD; (c) TPD is more successful when it is explicitly linked to 
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classroom lessons; (d) TPD research and implementation must allow for urban [rural] 

contexts (example, learners and teacher mobility); and (e) leadership plays a key role in 

supporting and encouraging teachers to implement in the classroom the ideas and 

strategies they learned in the PD.  The italics in (c) above underscore the importance of 

the explicit link of actual classroom lessons developed by the teachers themselves 

alongside other teachers that potentially might influence the practice of individual teachers 

through collective participation and reflection. 

REFLECTION as a key tool for inquiry into practice 

My own experience of reflecting on my teaching practice, allowed me to question how I 

should adjust my lessons to enable those learners who did not grasp the concepts taught 

in the lesson.  Watson and Wilcox (2000) capture my idea of reflection as a valuable way 

to enhance learning while in the midst of professional practice. Reflection encouraged me 

to ask challenging questions about ordinary moments in the classroom situation: What is 

my role in the classroom?  Why did I do what I did and what might I do differently next 

time? How did learners respond to what I did?   

Many education research studies underscore the usefulness of reflection (Schön, 1983; 

Adler, 1997) as a tool that enables development in teaching and learning. In my broader 

study I investigate the nature of teacher reflection on a particular topic of teaching and 

how teachers’ may or may not develop reflective practice through participation in a local 

lesson study community of teachers. Schön (1983) distinguishes between reflection as in-
practice, during the actual teaching situation (“noticing in the moment” (Mason, 2001) 

and on-practice, after the actual teaching situation of a lesson.  My research mainly 

focuses on the teachers’ reflection on their practice after actual teaching and will thus 

foreground on-practice and therefore will background in-practice.  Thus I acknowledge 

both types of reflection rather than ignoring one practice in place of the other because 

teaching a lesson is a complex process that entails different stages from the planning, 

actual teaching (implementation) and looking back on the lesson as well as looking 

forward to make sense of your own practice and make a change. Both reflection and 

inquiry are seen to be a thoughtful, systematic and active learning process into teachers’ 

individual practice to enhance meaning through a community of inquiry (Jaworski, 2006). 

This provides a space for professional conflict that challenges in-service [practice-based] 

teachers to reconsider their personal assumptions through rigorous inquiry that is based 

on the ethic of care and trust (Brodie, 2013). In particular, collaborative teacher inquiry is 

well suited to enabling development/growth of both individuals and the wider educational 

community in mathematics education (Jaworski, 2006).  

 

RESEARCH FOCUS 

This paper emerges from my broader research that inquires how teachers’ reflection on 

practice through a collaborative model of lesson study potentially can transform reflection 

on practice (Ghaye & Ghaye, 1998).   
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METHODOLOGY 

This paper and the broader research from which the study emerge are located within an 

interpretive framework which coheres well with the sociocultural perspective that is 

concerned with the collective processes and individual processes of learning generated by 

participation in social activities (Cobb & Yackel, 1996). As a participant-observer, I 

endeavoured to listen and observe alongside participants through what they say and how 

they act in purposeful ways (Gillham, 2000).  The research adopted an interpretive 

qualitative case study approach.  The empirical field for this research is the local 

community of inquiry of primary school teachers - the joint enterprise of learning through 

participation in a lesson study of any mathematical topic. The lesson study involved 

collaborative inquiry in which I have been a participant observer involved in joint lesson 

planning, implementation and reflection on practice (a form of teacher collaborative action 

research – the relationship of teacher action research to lesson). The data in the case study 

which is underpinned by a community of inquiry includes teacher participants’ utterances 

and actions during the lesson study process.  All the case study participants involved post 

level one teachers from the same school who met after school including myself (first 

author) who also managed all the administrative tasks. 

My analysis have drawn primarily on Wenger’s (1998) dimensions of practice within a 

COP example (i) joint enterprise (negotiated enterprise; mutual accountability; 

interpretations; rhythms; local response) (ii) mutual engagement (engaged diversity; doing 

together relationships;  social complexity; community maintenance) and (iii) shared 

repertoire (stories; styles; artefacts; discourses; historical events; concepts). These were 

supplemented with Jaworski’s (2005) extension of critical reflective inquiry as an 

essential element of each of these dimensions (as discussed above). These dimensions 

provided an analytical frame and language of description for analysis of to data gathered 

from transcriptions.   

Lerman (1994) cited in Goodell (2006), sees critical incidents as a way to foster reflection 

in teaching, and found that comments from supporters and co-learners are essential in 

helping to “stimulate the consciousness of reflection” (p. 63). These results were 

described, analysed and interpreted to extract the relevant meaning.  In addition, I have 

used video recording material to identify some critical incidents which explicate Kate’s 

utterance and actions in the lesson study process that relates to her reflective practice 

through collaboration with other members of the group. 

For the broader study I used an explorative case study where the case was one group of 

in-service mathematics teachers participating in one adapted lesson study. The 

participating teachers met weekly to identify a certain mathematical topic to be researched 

and planned a lesson towards its goal and one volunteer or nominated teacher is 

responsible to teach the planned lesson. The following week the nominated teacher 

teaches the research lesson in his/ her own classroom in an after-school session for his/ 

her particular grade class. All the participating teachers taught mathematics in the same 

school.  The study further explored how teachers across the foundation and intermediate 
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phase, jointly research mathematical lessons which are a concern in their own practice 

through their reflection.  The sample consisted of six participants of which included the 

first author (both observer/ participant).  In this paper, I have chosen to share the story of 

one teacher, Kate, in order to illuminate some of the preliminary findings of this research.  

In the initial meeting I shared with the teachers my willingness to co-ordinate and research 

this lesson study process and would discuss key aspects of lesson study (Coe et al., 2010). 

The group negotiated the adaptation of the lesson study so it could fit our own purpose 

while the ‘joint enterprise’ was about collaboratively designing and reflecting on teaching 

practice in order to strengthen it.  Additionally, I emphasised my role as co-learner and 

co-participant in the learning process (Wells, 2009).  

The sample data of Kate’s narrative was both an opportunity and a convenience sample 

(Cohen et al., 2000) that was obtained through data transcriptions of recorded lesson study 

sessions (with the unit of analysis being teacher reflective communication – spoken, 

written, action) and interviews of post-lesson presentation debriefing sessions as well as 

interviews at the end of each cycle.  

A vignette of one teacher: Kate’s story   

In the following section I present a vignette of Kate’s story.  Kate has seven years’ 

experience teaching grade two mathematics.  The sample data illuminate how the 

teachers’ participation in this community of inquirers impacted on her professional 

learning.  In the following passage, I present Kate’s semi-structured interview comments 

about her participation in the lesson study programme.  I present some critical incidents 

of the whole semi-structured interview due to space limitations.  

Kate’s comments when asked:  “How do you feel about your participation in the 

programme [lesson study]?”  

Well I don’t know like I said from the beginning I was a bit skeptical at the start 

because I was scared about my curriculum knowledge besides like [programme] 

broader than the grade 2 level. And … and that was one of my initial concerns. And I 

realise now that throughout the curriculum like the things they overlap. You know what 

I mean. What happens in grade 2 the same stuff is going to happen but obviously more 

advanced and so that my one fear was taken away.   But number one what I learnt was 

how to make maths fun again and the sharing of ideas. …and you know learning from 

your peers … discussing everything afterwards.  Watching the lesson and then also 

seeing you know … yoh we have this idea it did not quite work out the way that we 

wanted to and learning how to kind of adapt and go with the flow … you know 

(Interview, 23 June 2015). 

The above piece seems to show that initially Kate was concerned and uncertain about her 

own curriculum knowledge when engaging with other teachers at the same school during 

the lesson study.  She also expressed an awareness of basic concepts in the foundation and 

intermediate phase mathematics curriculum that are similar and overlaps and also 

advances in complexity and difficulty per grade levels.   
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Kate seems to value learning from other teachers.  Thus, she mentions that she learnt how 

to make mathematics fun.  Further, she promotes that sharing and discussing mathematical 

instructional and teaching practice ideas contributed to her personal 

development/learning.  She also presents that through watching a live lesson and seeing 

what worked and what did not work influenced her to also adapt/change her own way to 

alternative ways.  

And … so it has open up my mind … in general my mind you can say my mind is open 

up a lot more than… than it was.  I was very set in my ways and the way I taught 

certain content such as halving, doubling, or time whatever it was. I taught in the same 

way year after year after year.  And when there were kids struggling with stuff like that 

I would try helping them individually but I would … I didn’t even take a look back 

and said Kate is it not your teaching (expressive) that is maybe the problem.  So this 

has also taught me about like self-reflection and taking like a good critical constructive 

criticism basically. Look at my own way of teaching and you know there is so much 

we can do … but we are very quick to blame the curriculum.  We are very quick to 

blame overcrowded classrooms and the kids … (deep breath) and we often forget to 

look in the mirror and blame ourselves (relief sign laugh) as well (Interview, 23 June 

2015). 

The above piece shows that Kate reflects deeply on her own practice from a cognitive 

demand perspective, as an enabling aspect of lesson content that drives learning by the 

teacher.   Thus her personal voice seems to indicate a self-questioning of her way of 

teaching that focus on her personal contribution through her instructional practice.  In this 

regard through introspection of how she self can change her approach in teaching concepts 

such as halving and doubling is manifested.  Importantly Kate seems to be critical towards 

her own practice when she expresses – “So this has also taught me about like self-

reflection and taking like a good critical constructive criticism basically. Look at my own 

way of teaching and you know there is so much we can do … but we are very quick to 

blame the curriculum”.   Within the context of collective engagement Kate seems to 

recognise that certain systemic factors such as overcrowded classroom is no excuse for 

not trying alternative ways to teach concepts in mathematics.  The following italics phrase 

perhaps expresses Kate’s personal inquiry experience through her personal dialogical on 

her own practice – “we often forget to look in the mirror and blame ourselves”.   Kate 

seems to challenge her own abilities not to become too set in her ways in teaching certain 

concepts year in and year out. 

And it was very interesting watching somebody else … I have never observed another 

person’s lesson in my life before.  And it was very interesting actually sitting back and 

watching another educator giving the lesson where I am normally in that position.  It 

was … quite an eye opener (Interview, 23 June 2015). 

Kate assertively expressed that she has never observed another teacher teaching a lesson.  

This was a profound experience for Kate and she seems to value this opportunity with 

interest to observe another teacher.  This seems to illustrate the actual private nature of 
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individual classroom teachers teaching practice at school.  On the other hand the live 

lesson observation seems to allow Kate to experience what learners actually go through 

when in class.  Thus the live lesson seems to present an opportunity to observers that go 

through the motion as indirect learners to the teaching situation.  Perhaps the live lesson 

exposed a glimpse of some of the complexities teaching and learning entail in real teaching 

situations.   

I always … my eyes always looked out to the classroom, and to the kids in front of me 

and to everything on the walls. And I have never ever basically been in that position 

looking back at me (high tone – stress - me)   although it wasn’t me presenting you 

know what I mean. Looking back at the teacher and hmm … that is a vital aspect of 

teaching.  We want success in our classes (slight affirmative laugh) we need to take a 

look at ourselves (smiles) (Interview, 23 June 2015). 

In the above piece Kate seems to realise that as a teacher she orchestrates the potential 

learning that will take place.  Kate seems to view teacher reflection as a vital aspect of 

teaching.  Perhaps promoting that teachers need to reflect daily not only what and how 

learners learn but also reflect how I as a teacher can contribute to the success in the 

classroom.  Kate seems to argue that for learners to be successful, it depends on how 

successful the instructional teaching of the teacher is.  She also promotes that teachers are 

the driving force for success in the classroom but needs critical engagement by the 

individual teacher.   

And you can’t criticise one person anyway because we all [planned the lesson 

together]… we all.    If something works you all get the thumbs up and if something’s 

fails you all get criticise [soft affirmative laugh] because it is a group … group effort 

although there is the one teacher presenting. That is all of our minds in that one 

presentation [affirmative laugh]. So you know the observations … the things we pick 

up basically also gives us the thumbs up or the thumbs down.  And it is all done in a 

friendly and open environment I felt (Interview, 23 June 2015).   

In the above Kate shows that the lesson study features of collective ownership for planning 

and presentation of the lessons are valued. It also seems to speak to the isolation many 

teachers experience where they plan and prepare lessons. The lesson study collaboration 

between teachers seems to prevent tailgating and allows spontaneous actions from 

members within the confines of group ownership.  She also recognises that the research 

lesson is not about designing and developing a perfect lesson but to explore the effect of 

such a lesson with learners.  Thus she expresses that the private or isolated (silo’s) can be 

overcome through the lesson study approach.  Further, Kate presents that the lesson study 

approach provides an open environment, hence more public without prejudice or fear.  

 

Implications of Kate’s story  

Kate’s story illuminates some of the potential of the adapted lesson study. 
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It perhaps shows how to bridge the gap between foundation and intermediate phase 

teachers’ through collective engagement on mathematical topics, irrespective of the 

teachers own content knowledge.   Furthermore, it exposes the importance to become self-

reflective about actual and potential teaching practice that can possibly enable change as 

to improve teachers own teaching and improve learners learning.  It also highlights the 

value of observing an actual live lesson presentation as a way to experience and see 

(through someone else’s eyes) how learners learn in the moment.  Through this experience 

teachers knowledge and understanding possibly allows a deeper appreciation of their own 

role to improve learners learning in the goal of quality education.  This story shows how 

powerful distributed leadership can be where individuals as members of a group take 

collective ownership for their own learning at their own school.  Kate’s story shows that 

her reflection/inquiry on her own practice allowed her to begin to examine and question 

her practice within a collective domain.  Kate’s experience within the lesson study seems 

to have influenced her personal practice and provided a space that enhances her 

understanding of how to teach mathematics in a creative way in her classroom.  It affirms 

how powerful collective participation can be where teachers engage with a shared 

enterprise and develop a shared repertoire of inquiry into practice (Lave & Wenger, 1991; 

Wenger, 1998; Jaworski, 2004).   

CONCLUDING REMARKS 

Kate’s story in this paper shows that using an adapted lesson study outside Japan’s 

traditional way can be used to promote professional learning within a school community.  

The research highlighted that the cyclic features of the lesson study are bound by teacher 

reflection during post presentations.   Schön (1983) proposes that a practitioner’s (teacher) 

reflection enables a structure of professional inquiry which underlies many varieties of 

design, herein a localised inquiry cluster model. It presents that in Kate’s case she moved 

from merely questioning her own practice towards looking for alternative ways of 

teaching halving and doubling to grade two learners.  This encapsulates Kate’s position 

as a novice participant in the lesson study as she gained insight about their own teaching 

through the eyes of others in the community of practice.  

The study indicates that when teachers come together and open up their private space of 

how they teach, then active professional learning occurs.  This leads to a more public way 

of engagement where collective ownership are shared by the group members based on a 

shared long term goal.   

This opportunity to advance from practice-based knowledge and experience requires 

possibly some critical areas by expansion of professional roles such as reflection and 

collaborative inquiry to close the gap between research and practice, reducing the isolation 

of practice and optimizing translation of values into   practical meaningful practices.  A 

promising approach to this type of shared inquiry and learning is to build communities of 

practice based on diverse expertise and designed to scrutinise and improve the way 

teachers work (Wesley & Buysse, 2001).     
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While there is much international research emerging on teacher learning within lesson 

study systems (Yoshida & Fernandez, 2004; Lewis, 2002; Stigler & Hiebert, 2009) there 

seems to be a gap in the South African literature because little research has zoomed into 

the current nature of teacher reflection in a lesson study approach. This research 

acknowledges that future research needs to be conducted to explore further possibilities 

of the use of the lesson study approach within the South African context. 
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PRE-SCHOOLERS LEARNING MATHEMATICS THROUGH PLAY  

Duncan Mhakure 

University of Cape Town 

 

There is growing evidence that pre-schoolers’ early mathematical knowledge predicts 
their mathematics achievement test scores in primary and high schools. Using a 
phenomenographic research approach, this study seeks to qualitatively analyse the 
mathematical and literacy conceptions that pre-schoolers, aged between 3 and 5, develop 
through their daily engagements in a pre-school environment. Analyses were carried out 
of transcriptions of video-recorded learning activities of 25 pre-school children, 
searching for their expression of mathematical knowledge during play. The findings from 
the analysed video, which recorded mathematical activities on non-standard 
measurements, show that pre-schoolers, despite other studies advancing the notion that 
they are not ready for mathematics education, and that they can only cope with literacy 
and language conceptions, are in fact capable of understanding complex mathematical 
conceptions, particularly if these mathematical conceptions are taught and located within 
everyday contexts with which pre-schoolers are familiar.  
 

Key words: mathematical knowledge, mathematics education, literacy, quantitative 

reasoning, situated cognition.  

 

INTRODUCTION 

There is a growing recognition in the South Africa education system of the role that pre-

schools play in preparing young children (ages 0-6) for formal schooling. Approximately 

60% of South African children of age 0-6 are educated in pre-schools across the country. 

Within the scope of this study, the focus is mainly on how mathematics competencies are 

assimilated and learned by pre-school children, through play, within the context of 

mathematics education in South Africa. Most of the research that has looked at children’s 

mathematical competencies has focussed on children who have already started primary 

school; research on pre-school children’s mathematical knowledge and competencies is 

scarce. Recent lines of research have shown, however, that children can acquire different 

types of mathematical competencies and skills during their first five years before formal 

schooling – this in turn supports the notion that “early mathematical development is 

important for later mathematical achievements” (Reikerås, Løge & Knivsberg, 2012, 

p.93). Some studies have even shown that there is a correlation between the mathematical 

knowledge of pre-schoolers and the mathematics test scores obtained by them post-

preschool education, that is in primary school grades, and even in high school (Duncan, 

Dowsett, Claessens, Magnuson, Huston, Klebanov, & Japel, 2007; Jordan, Kaplan, 

Ramineni, & Locuniak, 2009; Ramani & Siegler, 2011). A study by Aunola, Leskinen, 

Lerkkanen and Nurmi (2004) has shown that children, who enrol in pre-schools with a 
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high level of mathematical skills and who presumably come from high socio-economic 

home settings, had a faster growth in mathematical competence than those with lower 

levels of mathematics skills. This acquisition of skills by pre-school children should be 

taught systematically, deliberately and consistently, rather than allowing them to emerge 

in a haphazard way. In fact, Clements, Copple and Hyson (2002, p. 1) argued in favour of 

the teaching of mathematics to pre-school children: “high-quality, challenging, and 

accessible mathematics education for 3- to 6 year old children is vital for future 

mathematics learning”. This supports the argument by Carlsen (2013) that pre-school 

mathematics education is increasingly regarded as an important cog in the foundation of 

teaching mathematics, where pre-school teachers are compelled to design learning 

activities that foster the development of mathematical thinking skills and quantitative 

reasoning at an early age.  

Within the South African context of mathematics education, various stakeholders, such as 

education professionals, mathematics teachers, and mathematics education policy makers, 

are concerned with the poor performance of students at all levels of pre-primary, primary 

and high school. As is evident from the South African Annual National Assessments 

(ANA) and the Third International Mathematics Science Study benchmark tests (Martin, 

Mullis, Gonzales & Chrostowski, 2004), South African students generally perform lower 

than their peers in comparative countries with more or less similar gross domestic 

products. This problem of poor performance is exacerbated by the fact that the majority 

of students come from low-income backgrounds and attend schools and pre-schools that 

are poorly resourced in terms of both human and material capital. If South African 

students are to compete with students in other regions, in particular with East Asia, then 

early childhood learning, where mathematics instruction is anchored in development of 

mathematics skills in pre-schools, should be instituted (Ginsburg, 2006). Obviously, the 

development of high quality mathematics skills among pre-school children faces several 

challenges and depends on several key issues; these include, but are not limited to, pre-

school teachers’ own mathematics content knowledge and their knowledge of 

mathematics teaching, in other words, a combination of content-specific knowledge and 

pedagogical content knowledge (Ball, Thames, & Phelps, 2008; Mosvold, Bjuland, 

Fauskanger, & Jakobsen, 2011). Research has shown that pre-school teaching 

programmes focus more on developing soft skills, such as social skills, self-control and 

emotional maturity, early literacy, and language oriented skills. Very little mathematics 

teaching takes place in the majority of pre-schools. This is primarily because pre-school 

teachers find the teaching of mathematics difficult, essentially because the training they 

receive does not empower them to teach this subject (Copley & Padron, 1998; Ginsburg 

& Amit, 2008). An anonymous pre-school teacher studying for her bachelor’s degree in 

education, cited in Copley and Padron (1998, p. 1), stated: 

 

I just want to teach three-year-olds at my preschool. I know I want to concentrate 

on their language and social skills. I really don't have to do any math or science, 
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do I? I was never good at math and I always avoided science. In fact, that's one 

of the reasons I chose early childhood... I don't have to know math or science! 

 

This quote suggests that some pre-school teachers may be under-prepared to teach 

mathematical and science skills to children under the age of six. Lee and Ginsburg (2009) 

list some misconceptions that pre-primary teachers have about teaching mathematics at 

that level; these misconceptions include: pre-schoolers are not ready to be taught 

mathematics; simple counting of numbers is enough; language skills and literacy 

competencies are more important than mathematics, among others. According to Atmore, 

Van Niekerk and Ashley-Cooper (2012, p. 24), South Africa’s pre-school education faces 

a huge challenge due the “diverse economic, social, and historical backgrounds and 

settings that children are brought up in South Africa”. This means that there is no single 

model of pre-schooling that can be replicated across all communities. Pre-school teachers 

who are teaching in economically disadvantaged schools tend to spend less time on the 

“higher-level thinking skills so important to the learning of mathematics and science than 

do teachers serving more advantaged students” (Copley & Padron, 1998, p. 3). This lack 

of an integrated approach results in a weakened pre-primary school education, particularly 

in low-income and economically disadvantaged communities. In these socio-economic 

disadvantaged communities, moreover, the mother’s role and involvement in the 

education of the child tends to be limited, whether because they themselves lack sufficient 

education or whether their education has been of inferior quality. Consequently, the 

establishment of sound pre-school mathematics education remains the only hope of 

improving the “disadvantaged children’s school readiness, educational achievements, and 

social adjustment” (Melhuish, Sylva, Sammons, Siraj-Blatchford, Taggart, Phan, & 

Malin, 2008, p. 1161). Not only do children from disadvantaged socio-economic 

backgrounds tend to have poor results in mathematics, in both in primary school and at 

high school, but the situation leads to high dropout rates in high schools and the failure to 

secure entry into vocational colleges and other institutions of higher learning, primarily 

because students are ill-prepared in mathematics (Burns, Donovan, & Bowman, 2001; 

Starkey, Klein, & Wakeley, 2004). Formal instruction and a set curriculum in mathematics 

are also visibly absent in early childhood education. However, it must be acknowledged 

that some of the schools affiliated to the Independent Schools Association of South Africa 

do have prescribed clear guidelines on mathematics programmes. Formal instruction, 

guided by a set curriculum, has become a common key component of early childhood 

education in many developed countries (Ginsburg & Amit, 2008).  

 

The absence of common formal teaching and a curriculum of mathematics as a national 

imperative in South Africa during early childhood education raise many questions. What 

kinds of mathematical skills are pre-schoolers exposed to in pre-schools? What should 

they ideally be exposed to? How are these mathematical skills taught? Are teachers at pre-

schools trained well enough to understand and cope with the demands and goals of 

teaching mathematical skills at pre-school?  
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MATHEMATICS EPISTEMOLOGY IN PRE-SCHOOLS 

The earlier quotation from the anonymous teacher in Copley and Padron (1998, p. 1) 

shows that some pre-school teachers are not comfortable with teaching mathematical 

skills to pre-schoolers; they are of the view that children under the age of six should not 

do mathematics. However, during the past decade or so, “attitudes towards teaching 

mathematics to young children, including pre-schoolers, again has changed dramatically” 

(Baroody, Lai, & Mix, 2006, p. 187) particularly in western countries. Pre-schoolers are 

thus exposed to mathematics on a daily basis, in either formal or informal ways. Research 

by Clark (2001), and Aubrey, Bottle and Godfrey (2003) has shown that it is possible to 

identify home contexts and pre-school settings that are likely to foster the effective 

development of pre-schoolers’ foundational skills in numeracy and literacy and what 

contexts and settings are likely to foster these skills. Presumably these contexts are 

influenced by socio-economic backgrounds and other factors such as, for example, the 

education levels of parents.   

The position of this study is that all children can develop some mathematical skills before 

they commence formal schooling, and that this type of intervention of teaching 

mathematics in pre-schools   will provide the necessary foundation for learning 

mathematics in pre-school as well as in primary and high school. Given the South African 

context, where pre-school pupils come from diverse backgrounds (e.g., low-income, 

uneducated parents, non-English speaking parents, single-parent families, or migrant 

families), this mathematics intervention could “be an initial necessary ingredient for 

achieving equity” (Baroody et al., 2006, p. 211).  

In this paper, I refer to mathematics epistemology in pre-schools as a way of seeking 

answers to the following questions: – in what types of mathematics domains should pre-

schoolers engage? How should these domains be taught? (Carlsen, 2013). As pre-

schoolers interact with their immediate environment, be it at home, at school or on the 

playground, they are exposed to a number of mathematical domains, which include but 

are not limited to: numbers and quantitative reasoning, geometry, and problem solving 

(Björklund, 2008; Carlsen, 2013; Reikerås et al., 2012). Number and quantitative 
reasoning is arguably one of the most important mathematical domains in the early 

childhood development of pre-schoolers. Through playful interaction with their 

immediate environments, young children get to experience the concepts of numbers in 

relation to words such as “less”, “more” or “many” (Brannon, Abbott, & Lutz, 2004); they 

also develop the relationship between the physical quantities of numbers and verbal 

number counting, which is crucial in the development of quantitative reasoning. In the 

domain of geometry, children learn to distinguish easily between various shapes by 

playing with various shapes and forms. They also learn aspects of symmetry, and exposing 

them to two-dimensional and three-dimensional shapes in the form of building blocks 

further teaches them about geometry. Problem solving is achieved by manipulating and 

solving geometrical puzzles, and producing their own patterns. Problem solving can also 

be extended, for instance, to partitioning areas for equitable sharing; for example, dividing 
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a cake or a number of sweets among a group of friends, and distinguishing between the 

relative sizes of objects by formally and informally measuring their dimensions.  

 

THEORETICAL FRAMEWORK 

In order to deepen our understanding of how young children develop their mathematical 

skills, I have used the framework of situated cognition in this study. Proponents of situated 

cognition argue that learning does not only occur in a particular environment, but posit 

that “… learning is a generative process in which knowledge is created as an individual 

and his or her context interact in an authentic activity to achieve a goal” (Orgill, 2007, p. 

188). This framework is relevant to this study in that “learning is seen as a process of 

appropriation in which individuals make mathematical concepts their own by 

collaborating and interacting with others” (Carlsen, 2013, p. 504). Through interacting 

and communicating with pre-school teachers, peers, adults, parents, and their immediate 

environment, young children make meaning of what is happening around them. In this 

study, we seek to qualitatively analyse the types of mathematical and literacy skills that 

pre-school children develop by engaging with their environment every day. Young 

children “… engage freely with informal mathematics every day. They do mathematics 

when they play, when they interact with one another, when they try to understand stories” 

(Balfanz, Ginsburg, & Greenes, 2003, p. 265). As children learn through play, they need 

the support of an adult, such as a pre-school teacher, to help them to make meaning of 

what is happening and to provide guidance on the learning activities in which they are 

engaged. This adult support, which a child initially receives to enable them to understand 

the task, can gradually be diminished, as the child masters the task; this approach is 

grounded in the theory of the Zone of Proximal Development (Vygotsky, 1978). Within 

such a guided learning process, children should, in addition to receiving support from their 

pre-school teachers, be given the opportunity to play, and to engage in unguided 

exploration of mathematical problems. Such a balanced approach is valuable, because too 

much guidance could stifle children’s mathematical explorations. Research by Baroody et 

al. (2006, p. 203) has shown that “… the younger the child, the less willing he or she to 

answer thoughtfully, or at all, as a task moved from one initiated by a participant to one 

imposed by an adult”. Ginsburg (2006) posits that there are parallels between the ways in 

which young children and mathematicians engage in mathematical activities, in that both 

“ask and think about deep questions, invent solutions, apply mathematics to solve real 

problems, and play with mathematics” (p. 158). A growing number of researchers argue 

that computers, when used in addition to other real-life learning activities, can assist 

children to learn mathematics – primarily because they provide an enabling flexible 

platform for students to interact with and to manipulate; they can also serve to encourage 

social interaction between children, as they communicate and engage collaboratively in 

learning activities (Clements, 1999; Lee & Ginsburg, 2009). In sum, Aubrey et al. (2003) 

argue that it is possible to pinpoint everyday contexts within different social settings that 

are able to stimulate students’ development of both literacy and mathematical skills. The 

aim of developing life skills in pre-schools, particularly among low-income children, in 
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order for them to succeed in their future formal mathematics education, is to create a rich 

and enabling mathematics learning environment, where high-quality instruction is the 

mainstay.   

 

THE STUDY AND THE METHOD USED 

Using a phenomenographic research approach (Marton, 1994, 1986; Polkinghorne, 1983), 

this study seeks to qualitatively analyse the types of mathematics and literacy conceptions 

that pre-schoolers, aged between 3 and 5 years, develop through their daily engagements 

in a pre-school environment in South Africa (Björklund, 2010; Schoenfeld, 1994). 

Twenty-five children and a pre-school teacher from a selected pre-school participated in 

the study. Parents gave permission for their children to participate in the study. The pre-

school teacher gave permission to the researcher to video-record certain learning activities 

involving mathematical conceptions during play. Given that pre-schoolers’ language 

usage is not yet sufficiently developed for them to express themselves, their understanding 

of a phenomenon is usually expressed through action – in addition, during observation, it 

may be difficult for an individual researcher to notice everything that is happening during 

mathematical activities, to see how these actions are related, and to observe other detail, 

such as interpersonal interactions. It was therefore decided to use video recordings for 

data collection purposes, as this allowed the researcher to approach and interact with the 

pre-schoolers and collect real time authentic observable data. The study thus makes use 

of three hours of video recordings of pre-schoolers who are engaged in actual mathematics 

activities in a pre-school setting. Being able to view the video clips several times allows 

the researcher to conduct more thorough analyses and interpretations of the observed data, 

which in turn increases the reliability and validity of the findings of the study (Björklund, 

2008, 2010). The data analysis itself involves categorising the descriptions of pre-

schoolers’ mathematical conceptions and in respect of relevant conceptions, and 

identifying the underlying meanings and the relationships between the various 

conceptions (Orgill, 2007).  

In the past decade, dating back to around 2005, there seems to be a growing trend in 

support of teaching mathematics at pre-school (Ginsburg & Amit, 2008). However, in 

South Africa, anecdotally, pre-school teachers share the opinion that, for various reasons, 

teaching in pre-school should be about developing “literacy, reading, and language-

oriented skills”, to use the words of Ginsburg and Amit (2008, p. 274). This paper is not 

intending to imply that there is no mathematics teaching at pre-school in South Africa at 

all, but it is merely highlighting some of the pertinent issues relating to mathematics 

education in South Africa. In this paper, therefore, the researcher is of the view that the 

teaching of mathematics to pre-schoolers is absolutely critical to the South Africa 

mathematics education landscape, particularly given that a huge proportion of young 

children are growing up in disadvantaged homes, where parents have limited capacity to 

help them develop mathematical competencies from an early age. For the majority of these 

children who are growing up in such disadvantaged homes, attending pre-school becomes 

their only route to developing the mathematical skills they need for their future 
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mathematics education. Given all the latter dynamics, such as children growing up in low 

socio-economic backgrounds, of early childhood mathematics education in the context of 

South Africa, this study seeks to provide answers to the following research questions: 

What type of mathematical and literacy skills do pre-schoolers engage in through play in 

natural settings? What are the pre-school teachers’ roles during the learning processes, 

which lead to the acquisition of mathematical and literacy skills?  

 

DATA ANALYSIS 

The video-recorded learning activities involving the pre-schoolers engaging in 

mathematics through play were transcribed and analysed. Video analysis was informed 

by the video portfolio assessment criteria, designed by Frederiksen, Sipusic, Sherin and 

Wolfe (1998, p. 233). From these criteria, four categories emerged: pedagogy, conducive 

learning environment, mathematical/literacy skills, and classroom management. Since the 

video-recorded learning activities were guided by the teacher, it is necessary to focus also 

on the non-mathematical domains, such as pedagogy, a conducive learning environment, 

and class management. These categories can be described as follows.  

Firstly, with regard to mathematical and literacy skills, one type of content pre-schoolers 

were engaging with when participating in mathematical activities was non-standard 

measurement. For instance, they were expected to make direct comparisons of lengths, 

volumes, and heights in three separate activities, and to measure both length and volume 

by using non-standard units. The success of these mathematical activities depended on the 

explicit guidance by the teacher and her interactions with the pre-schoolers. Secondly, in 

terms of the category of pedagogy, the central goal for the activities of pre-schoolers was 

to gain some mathematical skills. The achievement of this goal depends primarily on the 

“quality of presentations, explanations, activities, interactions that can be observed in the 

mathematics classroom” (Frederiksen et al., 1998, p. 233). In this study, the notion of 

pedagogy also includes how a teacher organises his/her activities to deal in an inclusive 

way with the needs of all her pre-schoolers Thirdly, the category of conducive learning 
environment has to do largely with the teacher creating an empowering classroom 

ambience, where the teacher has a good rapport with pre-schoolers, where they are 

supported and encouraged to participate actively in the learning activities. Lastly, class 
management refers to how effectively the teacher manages the learning activities, 

specifically in terms of time management, management of class expectations, and 

management of the relationships between teacher and pre-schoolers, and the relationships 

among the pre-schoolers themselves. In addition to these four categories, there were also 

issues of human values; this is about, using my own coinage, for example, doing 

measurements the right way, in other words, without cheating. In the following section, I 

discuss how each of these categories manifested in the interactions between the teacher 

and the pre-schoolers.  
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RESULTS 

MATHEMATICAL AND/OR LITERACY SKILLS, AND PEDAGOGY  

The activities in this category are centred on the use of non-standard measurements 

applied to volumes, lengths and heights; three separate activities are carried out at different 

times. For the volume activities, the teacher uses three different plastic bottles, which can 

be classified as big, bigger, and biggest; for instance, the children try to determine how 

many times the smallest bottle must be used, by filling it up with water from a trough, in 

order to fill up the two bigger bottles in turn. Moreover, each of the three bottles has a 

different shape, which also influences what activities they do with regard to the different 

bottles, and it does not become obvious which bottle is the biggest. With regard to the 

length activities, the pre-schoolers and the teacher measure a given length of the classroom 

by using their feet, one in front of the other, and then comparing the lengths by counting 

the number of feet. Lastly, in order to learn about height, the pre-schoolers are instructed 

to mark their individual heights on a white board and then to make comparisons.  

 

Volume 

At the start of the first activity, the teacher draws the attention of the pre-schoolers to the 

purpose of the planned activity. The term ‘kid’ in the transcripts below indicates the pre-

schoolers who are participating in the particular activity:  

Teacher:  What do you think we are doing today? … What do you think we are doing 

today? 

Kid 1:  Throwing water in bottles …  

Kid 2: We are playing with water … we are putting water in the bottles. 

Teacher:  OK, we are going to measure, we are going to do volumes; and volume means 

how much liquid is in something, it can be tea, it can be coffee, it can be milk, 

and it can be water … 

From the beginning, the teacher makes the objective of the activity clear; she also explains 

the meaning of the word ‘volume’, thus developing the vocabulary of the pre-schoolers. 

It is interesting that the teacher is defining volume by using familiar liquids, such as tea, 

coffee, milk, and water. This is a good example of constructing a lesson by using artefacts 

that are familiar to the pre-schoolers.  

Teacher:  Which one of these two bottles will hold the more water? Armani, which one 

will hold the more water, which one do you think? … OK, let’s measure. 

Kid 3:          One, two … this one is the biggest. 

Teacher:  No, we haven’t determined that yet; we haven’t decided. Let’s see how many 

smaller bottles this one holds – so let’s count …. 

Kid 4:         One, two, … three. 

Teacher:  Do you think it is going to hold three…? No, I think it is going to hold two 

and a little bit, so which one is the biggest…? 

Kid 5:            This one.  
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At this stage of the activity, the pre-schoolers are starting to visualise the bottles in order 

of size and relating that to the volumes, which each bottle can hold. The teacher further 

asks them: “Now I want you to tell me which one is the biggest … now let us arrange 

them in order of size from big to biggest”. The mathematical concept here is one of 

ordering a series, by identifying the order of bottles in a series by size from big to biggest, 

as determined by their respective volumes. The other mathematical skill in this activity is 

counting, where the pre-schoolers learn to relate numbers to quantities.  

During the activity, moreover, the teacher draws the pre-schoolers’ attention to the oil 

floating on top of the water in the trough that is being used in the activities.  

Teacher:    So we have also learnt today that oil and water don’t mix and it floats on top 

of the water and it makes little bubbles. 

Kid 6:            When the oil mix with water, the oil goes at the top of the water … 

why? 

Teacher:   You are right, the oil and the water actually don’t mix; the oil floats to the 

top because the oil is lighter than water so it always goes to the top … I am 

not really a scientist. So your homework is to go and ask your parents why 

oil and water don’t mix and when you have got the answer, come and tell me 

on Monday what they say. Will you do that? 

Kid 7:            Tomorrow my mommy is going to do an experiment with me [the 
mother of this child is a chemist]. 

Although this short episode is not related directly to the mathematical activity on volume, 

it highlights some of the challenges that pre-school teachers may face: in this case, the 

teacher is called upon to explain a science concept, viz. the respective densities of water 

and oil. The teacher explains that “I am not a really a scientist”, thus indicating that she is 

not comfortable with dealing with science conceptions, particularly relating to the concept 

of relative density. Fortunately, in this case, the teacher has given the scientifically correct 

answer, but she also assigns the pre-schoolers the task of finding out more about why oil 

and water do not mix. One pre-schooler whose mother is a chemist retorts that “tomorrow 

my mommy is going to do an experiment with me”. This type of comment is most likely 

to be made by a child, whose mother is well-educated. This observation is consistent with 

the findings by Melhuish et al (2008) that the mother’s level of education is a good 

predictor of the child’s educational attainment, particularly in mathematics.  

 

Length 

The teacher then introduces the next activity, which involves measuring the length of the 

classroom.  

Teacher:   OK, look at my feet, I am going to see how wide this class is by using my 

feet; and you can see, I start right against the back and I put my heel to toe, 

so we are going to count. 

Kid 8:           One, two, three… nineteen.  

Teacher:   Will Matthew count to nineteen or less? [silence in group].  

Teacher:   Matthew, go and measure, … he is going to have a lot more, isn’t it? 
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Kid 9:           One, two, three … twenty-five. Matthew has more. 

Teacher:  Ok, each one of you should measure the length of the classroom, using your 

own feet. Let us do that.   

Unfortunately, the teacher does not comment further on this activity of measuring the 

length of the classroom. I think that she missed an opportunity, from a learning and 

teaching point of view, to engage the pre-schoolers with questions like: Why do you think 

Matthew’s number of twenty-five feet was higher than my number of nineteen? In order 

to answer this question, the pre-schoolers would have engaged in understanding 

mathematical conceptions of number ordering and number comparison. This emphasises 

how important it is for pre-school teachers to be highly knowledgeable in mathematics, to 

know how children best learn mathematics, and to implement effective techniques that 

foster learning (Kersaint & Chappell 2001; Seo & Ginsburg 2004). Ideally, a pre-school 

teacher, according to Baroody et al (2006:211) sees “opportunities in everyday routines, 

unexpected events, children’s questions, and play time and take[s] advantage of them to 

artfully guide the learning”.  Obviously, pre-school teachers will require special training 

and professional development to be able to use sophisticated teaching methods in their 

lessons (Hyson 2001; Sarama & DiBiase 2004). The mathematical conceptions mentioned 

in this activity could also have been developed jointly with, and can actually complement, 

literacy skills, such as identifying the larger or smaller of two numbers. The following 

questions could be asked: Who has the most number of feet counts? Who has the least 

number of feet counts and why? The children were presented with opportunities for object 

counting, which they demonstrated they could do, while at the same time re-enforcing key 

literacy words, such as ‘least’ and ‘most’, among others.  

 

Height 

The last activity, which involves measuring the respective heights of the children in the 

class, also re-enforces the mathematical concepts that were identified in the previous two 

activities with regard to volumes and lengths.  

Teacher:  We can measure everything, can’t we? …We can even measure how tall you 

are … Who is the tallest in the class?  

Kid 10:           Lulu the tallest. 

Teacher:  Kayla and Lulu come stand by the white board … Now let us see who is 

taller. 

Kid 11:           Kayla is shorter than Lulu.  

Teacher:  She is not the shortest, she is just shorter. Is there anybody shorter than 

Kayla? 

Kid 12:          Retabele  

Teacher:  Retabele….. there is nothing wrong with being short, Retabele, you are going 

to grow, so don’t panic, OK? [laugh] The last activity, viz. the non-standard measurement 

of the heights of the participating pre-schoolers, could be described as ‘relative measuring’ 

(my term), where the height of a pre-schooler is measured relative to another. Such 

‘relative measuring’ can clarify mathematical concepts of number order and number 
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comparison. However, if a group of pre-schoolers determines their individual heights, and 

then arrange a set of these heights according to size, then the activity becomes one of 

ordering a series. Since this activity was for the whole class, the concept of ordering a 
series could have suited pre-schoolers working in small groups of five. They could have 

worked with a set of five numbers, which would have been easier to arrange in order of 

size. However, the class consisted of twenty-five, and it would have been too difficult to 

arrange them all in an ordered series.  

Pedagogy and classroom management 
Throughout the activities investigated in this study, the teacher played a very important 

role: her presentation of the individual tasks was clear, and she consistently interacted 

with the pre-schoolers. I have already mentioned in the previous section, where I thought 

she could have engaged the pre-schoolers better. Although the activities on volume, 

length, and heights were all different, the teacher carefully and consistently used similar 

math-related language, which I have referred to as literacy. This included the use of 

comparative words, namely, shorter, shortest, taller, tallest, bigger, and biggest, among 

others, to compare and order numbers. The consistent use of such a language of 

conventional mathematics, when interacting with pre-schoolers during activities, “is an 

important tool for fostering mathematical thinking” (Klibanoff, Levine, Huttenlocher, 

Vasilyeva & Hedges 2006:67) and “is related to the growth of pre-schoolers’ conventional 

knowledge over the school year” (Klibanoff, Levine, Huttenlocher, Vasilyeva & Hedges 

2006:59). When measuring the volumes of the various bottles, the teacher stated firmly: 

“OK, let’s measure, I am just going to see how many bottles this one is going to use and 

I mustn’t cheat”. This is a good example of the teacher making references to ethics, viz. 

by not cheating, when taking measurements. In sum, these mathematical activities, 

although they were very simple and did not cost anything, did offer the pre-schoolers rich 

mathematical conceptions, such as counting, number order, number comparison, and 

ordering a series.   

CONCLUSION  

As discussed in this study, then, in order for pre-schoolers to acquire certain mathematical 

skills and competencies, pre-school mathematics teachers need to design certain 

mathematical activities and to create an environment that allows for the development of 

these skills. However, this is easier said than done, primarily because the majority of pre-

school teachers are reluctant to teach mathematics, as evidenced by the misconceptions 

already discussed in the earlier section of this study (Lee & Ginsburg 2009). Furthermore, 

recent research shows that pre-school teachers perceive mathematics, in particular as it 

relates to mathematical tasks, as the use and understanding of numbers and shapes only 

(Thiel 2010). In order to change this mind-set and these attitudes towards the teaching of 

mathematics in pre-schools, teacher educators need to implement comprehensive 

programmes, where mathematics teachers are trained to teach the relevant content at pre-

school level, and to be familiar with the teaching of post-pre-school mathematics in 

primary and high schools. In addition, as this study has shown, it would be helpful if the 

mathematics training of pre-school teachers was accompanied by science training too. The 
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reason for this is that science, like mathematics, is ever present in the everyday real-life 

contexts of pre-schoolers. This should be followed by putting in place continuing 

professional development programme structures to support practicing pre-school teachers 

(Melhuish et al 2008). Lee and Ginsburg (2009:43) argue that “The teacher is the key to 

effective, high-quality mathematics education in early childhood classrooms”. Hence, to 

improve the pre-school learning environments, effective programmes need to be put in 

place to support the development of pre-schoolers with regard to their cognitive 

functioning.  

In conclusion, then, this study has found that, although pre-schoolers can learn through 

play, play alone is not enough. In order for them to realise their full mathematics potential, 

particularly once they start primary school and continue to high school, they will need to 

be guided from an early age by well-trained teachers who are specialists, particularly in 

mathematics and science, whilst allowing pre-schoolers to engage with informal 

mathematics every day. Even under the guidance of a teacher, pre-schoolers should be 

afforded opportunities to engage in unguided free explorations of mathematical 

conceptions during mathematical activities. In view of the education reforms under 

consideration, in South Africa and globally in general, it is argued that formal mathematics 

teaching in pre-schools can have a significant positive impact on the children’s readiness 

for school mathematics, as well as for their future test scores and achievements in 

mathematics, in primary and high schools; this is particularly important for children who 

come from low socioeconomic and disadvantaged backgrounds. For these children, pre-

schools often become their only gateway to mathematics achievements and social 

adjustments and integration. Further research is required to explore how intervention 

programmes could be used to improve the quality of mathematics teaching in pre-schools 

that are located in low socio-economic areas. Such research could also explore what pre-

school teachers think about these intervention programmes, and how these programmes 

could develop and shape the teachers’ own identities.  
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PRIMARY TEACHING LEARNING THROUGH PARTICIPATING 

IN A MATHEMATICS CLUB PROGRAMME: 

THE STORY OF MANDIE 

Zanele Mofu, Mellony Graven & Debbie Stott 

Rhodes University 

This paper illustrates primary teacher learning through participating in a mathematics 
club programme. The programme is structured as a teacher development programme that 
enhances teaching and learning of mathematics and also as a strategy to improve learner 
performance.  I have provided a vignette of Mandie (one of the thirteen teachers) who 
participated in a mathematics club programme (Pushing for Progression) who illustrates 
her learning through participating in the programme. I have used Wenger’s four 
categories of learning namely: meaning, practice, identity and community (Wenger, 
1998), including a fifth important component confidence (Graven, 2002), to organise the 
data, by means of textured quotations to illustrate Mandie’s learning. The study shows 
how Mandie displayed evidence of improvement in terms of teaching and the way in which 
she engaged learners more in the teaching and learning of mathematics. 
 

Key words: after school maths clubs, Pushing for Progression, teacher learning, and 

communities of practice   
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INTRODUCTION 

The paper focuses on a story of ‘Mandie’ that emerges from a broader project in which, 

as part of my PhD studies I explore the nature of teacher learning through participation in 

the “Pushing for Progression” (PfP) programme. The PfP programme was conducted by 

the South African Numeracy Chair (SANC) project focused on developing learners’ 

number sense and fluency in the four basic operations (Graven & Stott, 2016). It ran over 

a fifteen-week period from May 2016 to August 2016. During the PfP programme, 

teachers were engaged in a professional community of teachers, as club practitioners with 

academic researchers and departmental officials, where they share their experiences of 

running after school maths clubs. Participation in the PfP programme project and 

community of practice is conceptualised by learning as teachers are engaged in activities 

on how learners progress from using concrete strategies to solve problems to more flexible 

and efficient strategies.   

By means of rich and textured vignettes and quotations, this paper illustrates Mandie’s 

learning in terms of the four components of learning identified in communities of practice 

(COP) by Wenger’s four categories of learning and ‘confidence’ by Graven (2002). 

During the programme teachers ran after school maths clubs and participated in regular 

sessions with myself, as facilitator in the Eastern Cape Department of Education (EC 

DoE), a PfP co-ordinator from Rhodes University and fellow district officials. Mandie’s 

story is drawn from a broader research study in which I focus on my research question: 

What is the nature of teacher learning through their participation in after school 

mathematics clubs and in a community of after school club facilitators? The research is a 

qualitative case study, the data collected involved interviews, stimulus recall interviews 

on video recorded club sessions, teacher reflective questionnaires, workshop observations, 

individual club observations, community of club facilitator’s reflections and teacher 

learning journals. 

 

THE CONTEXT OF THE STUDY 

South Africa is currently embarking on achieving improvement in the quality of teaching 

and learning in schools for children to be able to succeed in the 21st century society (DBE, 

2015). Poor learner performance in mathematics is well documented in both national and 

international studies, for example the Annual National Assessments (ANA) (DBE, 2014a) 

and the Trends in International Mathematics and Science Study (TIMSS) (Mullis et al., 

2012).This poor learner performance in mathematics is mirrored in the performance of 

South African teachers in the comparative study conducted by Carnoy et al., (2008) as 

well as in the statistics from the latest  Southern and Eastern Africa Consortium for 

Monitoring Educational Quality (SACMEQ) III study (Moloi & Chetty, 2010). According 

to Scholar, (2008) children are still relying on simple unit counting to solve problems and 

concrete counting strategies. In the Foundation Phase there is evidence of a lack of shift 

from concrete counting-based strategies to more abstract calculation-based strategies 

(Ensor et al., 2009). In the study conducted by Venkat and Naidoo (2012) this highlighted 
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that concrete counting based strategies in the Foundation Phase has resulted in low rates 

of task completion within and across lessons. Wietz (2014) in her research has pointed the 

need for supporting teachers in ways that model progression of learners. The PfP 

programme as a SANC project initiative was developed in order to develop learners’ 

number sense and fluency and increasing efficient strategies in the four basic operations.  

 

THEORETICAL FRAMEWORK 

The study draws on Wenger’s social theory of learning (Wenger, 1998) which regards 

learning as social participation within a community of practice. Learning as participation 

in the social world, the emphasis is on the relational interdependency of individuals (Lave 

& Wenger, 1991; Lave, 1993b, p. 67). This theory regards learning as social participation 

which broadly implies socially negotiated meaning, active participation in practices of 

communities and identity. Teacher’s participation in a collaborative community involved 

the combination of various components of learning, namely: meaning, practice, identity, 

community and confidence (Lave, 1996; Wenger, 1998; Graven, 2002; Wenger et al., 

2002; Pausigere and Graven, 2014).  

These components of learning are defined as follows: 

 Meaning is a way of talking about our ability to experience the world as meaningful; 

 Practice is a way of talking about shared historical and social resources, frameworks 

and perspectives that sustain mutual engagement in action; 

 Community is a way of talking about the social configurations in which our 

enterprise is defined and our participation is recognisable as competence; 

 Identity is a way of talking about how learning changes who we are;  

 

 

 

 

 

 

 

 

Figure 1: Components of a social theory of learning: An initial inventory (Wenger, 1998, 

   p. 5) 
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I used Wenger’s various components of a social theory of learning as the lens through 

which I analysed the data. For Wenger (1998), meaning is located in a process called 

negotiation of meaning, which involves the interaction of the processes called 

participation and reification. Wenger’s use of the term participation is the same as its 

“common usage” (p.55). It describes the ‘social experience of living in the world in terms 

of membership in social communities and active involvement in social enterprises’ 

(Wenger, 1998, p.55). 

Wenger’s theory (1998) explores the intersection of the learning components: community, 

practice, meaning and identity. In the research conducted by Graven another approach of 

learning “confidence” (Graven, 2002, pp. 303-304) emerged, as a product and a process 

of learning enabled the teachers in the study to move from being teachers of mathematics 

towards being and becoming competent and confident mathematics teachers. Graven 

(2002) in her study began to see learning as an integral part of being a professional, 

irrespective of one’s level of formal education. Graven (2002, p. 203) relates “confidence” 

to learning to become a confident “masterful” professional mathematics teacher. 

Confidence is closely intertwined with all four of Wenger’s learning components as an 

overarching fifth component which explains individual teacher’s ways of learning through 

experiencing, doing, being, and belonging. 

 

DATA AND METHODS 

Mandie’s story emerges from my broader qualitative case study research of teacher 

learning within one in-service maths club programme which involved running a 

mathematics club and participating in the supportive collaborative community of practice 

of mathematics club facilitators (fellow teachers) co-ordinated by myself as a DoE subject 

specialist and drawing on the SANC project staff. By employing qualitative methodology 

was to provide rich ‘thick descriptions’ (Cohen et al., 2010) on the nature of teacher 

learning. The vignette of Mandie is constructed from interviews, stimulus recall 

interviews on recorded club sessions, teacher reflective questionnaires, workshop 

observations, individual club observations and teacher learning journals. Mandie’s 

narrative vignette was developed from the analysis of these multiple data sources which 

was informed by the work of Lave & Wenger (1991) and of Wenger (1998).  

Preliminary data analysis points to a range of learning for all teachers in relation to the 

way in which they talked about meaning in teaching, their teaching practice in the 

mathematics classroom, identity, belonging in communities and confidence during the 

course of the fifteen week programme.  

However, as indicated above, in this paper I share a vignette of only one of the teachers, 

who I called Mandie to illustrate the nature of teacher learning in relation to the running 

of clubs and participating in the maths club facilitator community.  
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Mandie’s learning story within the PfP club programme 

Mandie is a qualified Foundation Phase teacher with a BEd Hons in Management. She has 

taught grade 1 for the past eight years. She facilitated clubs for grade 3 learners from May 

to October 2016. The clubs ran weekly over a fifteen week period where teachers explored 

the ideas presented in the workshops and reflected on how it helped them in progressing 

learners as well as how it influenced her own teaching and her classroom practice. I have 

used Wenger’s four components of learning and confidence within a community of 

practice to structure Mandie’s story. 

Meaning: Learning as experience 

In response to the second interview question on, what did you learn in participating in a 

mathematics club? Mandie responded positively by saying: 

I gained a lot of mathematics content in the programme. When I joined the 
programme I could assess myself in terms of mathematics understanding and I 
could find that I had gaps in that, for example in the first session in PFP when we 
were introduced to “number sense’ I had no knowledge of number sense and I never 
heard about it. I learnt that number sense should be developed to the learners as 
early in the Foundation Phase (2nd interview, January 2017). 

In the extract from the 2nd interview above, Mandie explained how she got to know about 

number sense and how to develop it in her learners. In her first club session when she was 

administering the assessment she could see that club learners were using constraint 

methods of drawing circles when answering the questions. She acknowledged the need 

for learners to progress from one to one counting to the use of efficient strategies as early 

as grade 1. She started with dice where learners had to move from counting the dots to be 

able to see six immediately. She further explained how she sees her journey in assisting 

the learners to expose them to different approaches (Journal entry, May 2016). Mandie 

explained during her participating in a mathematics club that it was easy for her to assist 

the learners to use different methods/ approaches in solving mathematical problems both 

in club sessions and class teaching (2nd interview, January 2017). 
She explained how she used to teach by writing on the board and expected the learners to 

write the answer and use the counters to count and not allowe them to use their own 

strategies. She further explained that she would drill one procedure, not first develop the 

concept for the learners to understand.  The idea of developing conceptual understanding 

was new to her.  

I use to write the number sentence on the board e.g.   7 + 4 =    and expect them to 
give an answer, I was teaching mathematics abstractly.                       

Running the clubs exposed her on how to develop conceptual understanding in the 

learners. She learnt to understand that if a child has gained conceptual understanding it 

was easy to remember procedures and that the child could use more flexible strategies to 
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8 + 5 =         + 8 + 5 =          

solve new problems. When using a procedure, a child had to reflect on the procedure used, 

which may in turn strengthen her conceptual understanding. 

Participation in a mathematics club helped her understand the meaning of the equal sign. 

She was creating a misconception to the learners on the meaning of the equal sign. 

According to her ‘=’ meant that learners must give the answer to the operation on the left. 

When learners were given the problems to solve that’s how they solved it.  

    

In both cases they will give 13 to the answer but not 4 in the second one. (Journal 
entry June, 2016). 

Her perception of an equal sign has changed after attending the PfP programme sessions 

and participating in the mathematics club. By the end of the programme most of the 

learners gave 4 as the answer. 

 

Practice: Learning as (changing) doing 

Mandie’s teaching of multiplication has changed since she introduced the array to develop 

the concept of multiplication and the arrays are what learners see in their everyday lives. 

She has stated that the arrays are in the CAPS document but she never taught it.  

Session 3 which focuses on multiplication (×) and division (÷) and how to use an 
array to introduce multiplication (PfP, Session Three Teacher Handbook, 2016). I 
never taught arrays even if it is in the policy document, I just overlooked it and I 
had no understanding of it. The programme has exposed me on the simplest way of 
introducing multiplication, learners were able to understand e.g. how I used to 
teach is the normal way 12 x 3 = of allowing them to draw the circles with no logic. 
I have found that learners enjoyed the arrays as they could see and were able to 
work with it (2nd interview, January 2017).  

Mandie has indicated how she used the club activities with the whole class and allowed 

club learners to be group leaders to assist other learners.  

I normally take the club learners to be leaders due to the high number of learners 
in a class. Grouping the learners helped (COP2, August 2016). 

Mandie also indicated that in all her years of teaching mathematics the learners never 

progressed. She “trapped” them at the concrete stage by drilling them on one to one 

counting for the whole year.  

I could put the blame on me as I was the one who trapped the learners I used to drill 
the learners for the whole year to use the circles to count (2nd interview, January 
2017).  
 

8 + 5 =          + 9 
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Her teaching practice has changed and she demonstrated by starting a club session with a 

mental maths activity that focused on strategies in doubling and halving, re-ordering of 

numbers, rapidly recalled facts which was set in the 1-20 number range and use of bonds 

of 10 (club session 2, May 2016). 

 She explained how bonds of 10 assisted the learners to progress from counting using 
fingers. For addition she showed the learners that they can swap the numbers and 
count on instead of counting all to get the answer more specially in addition 3 + 5 = 
…../ 5 + 3 = …. (Session Two Teacher Handbook, April 2016). 

During club session 2 observations, mental maths focused on bonds of 30. There was a 

demonstration of progression on the development of number sense (Lesson 

demonstration, October 2016). In terms of understanding the level in terms of strategies 

learners used, she had indicated how powerful the tool was as she was able to compare 

learners from the first and second assessment. 

The use of the spectrum allowed me to progress the learners and see if they use the 
constrained or semi constrained methods, things that I never knew before I 
participating in mathematics club. A correct or wrong answer is something of the past. 
I encourage learners to communicate their strategy. I used the spectrum not only in 
the club but to the whole class and that informs me as to which level my learners are 
operating (2nd interview, January 2017)  

She has indicated how the spectrum assisted her to be able to track learner progress, not 

only the club learners but also her whole class. She was able to identify which strategy 

her learners were mostly using as a form of diagnostic assessment and was able to 

intervene. In her comment her focus was not on the correct or wrong answer but on 

developing fluency in learners.  

Mandie has indicated how she changed the way she teaches, she now demonstrates and 

the learners do the activity themselves. She now assists only where it is need. She based 

her teaching on hands on activities. During the lesson presentation she talked less and 

increased the use of more learner-centred methodologies and engagement with 

mathematical meanings in teaching. Learners own their learning and the teacher guides 

learning. 

Participating in mathematics club also established sound homework practices. Mandie has 

encouraged her club learners to do their homework as individuals and for their parents to 

assist them. This also helped mathematical understanding to be developed as learners will 

bring their problematic areas to the club sessions. 

Their books are dirty and messy which gives the evidence that these are being used. 
Learners could be able to bring the challenging questions to clubs and give us a 
chance to revise areas that were challenging. Homework also draws parents close to 
school, they could come and explain how they supported the learners (2nd interview, 
January 2017)  
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Change in Identity 

In the first interview this is how Mandie responded on how she can describe herself as a 

teacher 

I’m good but I cannot say I’m an expert but I’m willing to learn to know and to do, 
I have interest in Mathematics but I found that I have a gap when I couldn’t assist 
my child who is in grade 6 when doing his mathematics homework. I think it’s 
because I have been teaching grade 1. I love mathematics and I feel that anyone 
could learn mathematics. Mathematics teaching needs someone who is willing to 
learn because it needs practice every day. I acknowledge the fact that I have a gap 
in teaching mathematics but I am willing to learn mathematics As a mathematics 
teacher one needs to be a lifelong learner (CAPS, 2011) and in the second interview 
that was how she has described herself (1st interview, May 2016).  

In her second interview she explained how she has changed in that she did not feel the gap 

that she was having before. She can assist the learners in solving mathematical problems 

and even shared some of the strategies that she introduced to the learners  

Now I don’t feel any gap that I used to have. I can choose any strategy to apply in 
a mathematics problem to any number range now. Practising the skill and applying 
the skills assisted me and the learners.  I have exposed my learners to part - part 
whole,  

 

 

 I do not only use the horizontal number sentence of 3 + 7 = ____ (2nd interview, 
January 2017). 

Mandie also shared how she encourages her learners to communicate their strategies that 

they used in solving the problems. 

Asking them questions like how did you get to the answer? Letting them share their 
experiences encouraged their maths thinking (Post questionnaire, November 2016).  

This was also evident in her second interview that she allows her learners to explain their 

answers and the strategies they used to solve the problems. 

My learners do not only rely on counters or fingers when solving problems. I am 
able to progress them from counters; they can use a number line especially if they 
add big numbers. I used to keep them and drill them in using the circles and tallies 
for the whole year without exposing them to other strategies. My mental maths is 
not just meaningless counting. My mental maths activities link very well with the 
concept that is to be introduced or reinforces the concept taught, like the game on 
who has, in halving and doubling and halving to introduce multiplication and 

3 7 
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division. My learner’s exercise books are messy and I allow them to make mistakes 
I don’t encourage them to erase what they have written. (2nd interview, January 
2017) 

Community: Learning as belonging 

She further explained how she shared the club activities in her school and how the teachers 

are using the club activities in their teaching. She further explained the support that she 

gets from her principal that he is making copies of the document for other teachers to have 

and effectively utilise them. 

What I am doing now that I have demonstrated the club activities to all FP teachers 
in my school? They are using the club activities and use club resources in their 
classes. My principal is making copies of the teacher’s book for other teachers in 
my school (2nd interview, January 2017) 

Mandie in the second interview when asked about as to where else did she share 

information about the clubs she responded as follows. 

 In the cluster meetings I did explain them what the clubs are all about and teachers 
seem to be interested (2nd interview, January 2017) 

She explained how she shared the club sessions with teachers in her cluster and during the 

Association for Mathematics Education of South Africa (AMESA) provincial conference 

and how teachers responded to the activities. 
 I have even attended the AMESA conference in Mthatha and presented the club 
activities; I could see their (the teachers’) responses that they liked those activities 
and shared some of the resources with them. This also gave me confidence in the 
programme. (Journal entry, September 2016) 

Confidence 

In her second interview she explained how people outside of her school have seen a change 

in how she presented the mathematics lesson starting with the mental maths where all 

learners were involved in the activity not just counting by chanting the numbers. She could 

explain to them how she is now confident in teaching mathematics after she had been 

participating in the mathematics club. 

As my school was engaged in another maths programme run by an NGO, I did a 
presentation where I outshined and the facilitators asked as to what can be the cause 
of change in my teaching. My learners were actively involved and could explain their 
mathematical thinking. I have improved as compared to the previous visit. 
Participating in a mathematics club groomed me to be confident to teach mathematics. 
This made me to be more confident especially if somebody from the outside could see 
the change in me. Even at school, teachers see me as a specialist and that I can help 
them if they struggle to teach some concept. We, teachers used to rely on the textbook 
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when teaching the learners but with participation in a mathematics club it has 
changed the way we teach mathematics. (2nd interview, January 2017) 

Her confidence was evident also when she shared her club experience in AMESA and also 

in their cluster meeting. 

CONCLUSION 

All thirteen teachers displayed some evidence of improvement in terms of teaching and 

the way they are engaging learners more in teaching and learning.  In this paper I have 

illuminated, through one teacher’s learning story, the way in which participating in 

mathematics clubs and the related mathematics club programme creates a space for 

empowerment of teachers in terms of developing mathematical understanding and content 

knowledge and how to develop conceptual understanding in the learners. I am not 

claiming that this is the case for all teachers in the programme and it is too early in my 

data analysis to make that argument. However, what has been shown is that the club 

programme created an opportune space for such learning. The broader research study will 

investigate all 13 teachers learning in depth and hopes to contribute to both policy relating 

to opportunities for teacher development and to theoretical understanding of how teachers 

might learn from the practice of running clubs and reflecting on this practice within a 

broader supportive learning community.  
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DIFFICULTIES ENCOUNTERED BY GRADE 11 MATHEMATICAL 

LITERACY LEARNERS WHEN SOLVING PROBLEMS OF THE 

SURFACE AREA OF RECTANGULAR PRISMS 
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The main purpose of this study was to determine the difficulties encountered by grade 11 
mathematical literacy learners when solving problems of the surface areas of rectangular 
prisms. Qualitative research design that used content analysis and semi-structured 
focused group interviews of 30 grade 11 learners were used to investigate the 
misconceptions and the associated errors that they displayed when solving problems on 
measurement. Intervention instructional strategies were developed and used to address 
the learners’ errors that emanated from their lack of conceptual understanding of the 
construct of surface areas of rectangular prisms. The findings showed a lack of basic 
procedural and content knowledge as well as the language area of rectangular prism, 
spatial orientation and visualization are among the contributory factors. The learners 
seemed to lack critical content knowledge needed to solve mathematical tasks involving 
the surface areas of rectangular prisms. The study highlighted the need for effective 
instructional approaches that addressed learners’ conceptual understanding of basic 
language as well as content of surface areas of rectangular prisms. This study noted that 
learners lack of prior knowledge and appropriate problem-solving skills in measurement 
as well as conceptual understanding of the concept of the surface area of rectangular 
prims are the contributing factors to the difficulties they encounter in this topic.  
Key words: Measurement, surface area, rectangular prisms, errors, misconceptions 

INTRODUCTION  

The modern world makes specific demands to most of its people to have some knowledge 

of mathematics and its application in their daily lives. Mathematics plays an integral role 

in various careers including tertiary studies such as technology, medicine, engineering and 

agriculture. The introduction of Mathematical Literacy (ML) into the new curriculum 

(National Curriculum Statement) in South Africa in 2006 for grade 10 learners, afforded 

approximately 40% of the learners an opportunity to study some form of mathematics in 

the Further Education and Training (FET) Band (Perry, 2004). DoE’s (2003a) purpose 

with ML was to introduce a subject that would bring mathematics to all people and to 

ensure that citizens of the future are highly numerate consumers of mathematics (p. 9). 

The emphasis is on the knowledge of measurement needed to be a self-managing person, 

a contributing worker and a participating citizen. It is clear from the role of ML that the 

focus is on the applicability of mathematics in everyday life situations such as calculating 

the surface areas of rectangular prisms. ML requires a different teaching approach to that 

of Mathematics as the nature of ML is contextualised and de-compartmentalised (De 
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Villiers, 2007; North, 2005; Venkatakrishnan & Graven, 2007). However, many ML 

learners are still struggling with the concepts of measurement and, as a result, this leads 

to conceptual knowledge errors and misconceptions when learning the surface areas of 

prisms (Luneta, 2013).  

  

The emphasis on this paper is not on the teacher’s content knowledge of ML but rather 

type of errors made by grade 11 learners when solving problems on the surface areas of 

rectangular prisms. The research question posed in this study is “What are the difficulties 

encountered by Grade 11 Mathematical Literacy learners when solving problems of the 

surface areas of rectangular prisms?”  

The objectives are: 

 The difficulties encountered by learners when learning how to solve problems of 

surface area of prisms. 

 The errors and misconceptions that learners committed when solving problems of 

surface area of prisms. 

 The diagnosis and intervention strategies that can reverse such errors and 

misconceptions. 

 

LITERATURE REVIEW 

THEORETICAL FRAMEWORK  

The theoretical framework is the stand taken by the researcher when studying, reflecting, 

postulating, analysing, criticising or adding to a body of knowledge. Such a stand taken 

by the researcher becomes his theoretical lens through which he views the phenomenon 

under study. The researchers looked at mathematical learning of rectangular prisms by 

grade 11 learners from a social constructivist perspective that was motivated by an interest 

in identifying their difficulties on this aspect of mathematics. The point of departure was 

to analyse the errors and misconceptions committed by learners as a vehicle towards 

understanding the what, when, where, who and how such errors and misconceptions 

emanated (Luneta & Makonye, 2010). Against this background the theoretical framework 

which supported this research influenced the empirical research strongly. This study 

mainly used the social constructivist theory (Vygotsky, 1978) as a basis for our qualitative 

theoretical framework. This theoretical framework suggests that all humans are 

continually engaged in the construction and re-construction of meaning (Engelbrecht & 

Green, 2001); it also offers a supporting view in understanding the social construction of 

knowledge and looks at how learners struggle to calculate the total surface area (TSA) of 

a rectangular prism.  
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LITERATURE STUDY 

The process of cognitive development is seen as occurring through the process of social 

interaction (Donald, Lazarus & Lolwana, 2002). Whereas Piaget claimed that all learners 

follow the same developmental stages independently of context, Vygotsky believed that 

cognitive development relates more to the culture in which it discloses. Sierpinska and 

Kilpatrick (1998:498) suggest that all learning should be regarded as a process of active 

construction whereby the child’s culture, the role of language and social interaction are 

emphasized - a position shared by us in this research. However, within a qualitative-

reasoning perspective, the focus was not much on ways of external influence or a method 

of learners’ assessment, but more on aspects of mathematics that learners could improve 

on. 

In their summary of the 2008 Script Analysis of Mathematics and Mathematical Literacy 

(SAMML) results, Makonye & Luneta (2010) posit that language is seen as one of the 

major determinants of learning mathematics; as such it is important to research how the 

use of home languages could be used to improve the teaching and learning of 

Mathematics. The researchers found that questions that were linguistically pregnant were 

poorly answered. The majority learners could not understand the questions asked due to a 

lack of comprehension created by LOT while others took a long time to understand what 

the question requires. ML is both content and contextual and questions asked call for 

numeracy (mathematics) and literacy (reading skills).The non-completion of examination 

questions also emanates from the time constraints within which teachers have to finish the 

syllabus (work schedule). 

 

DIFFICULTIES OF LEARNING MATHEMATICAL LITERACY 

Learning Theories - Learning as an act or process has been with man-kind since his 

existence and will remain a part of his being to eternity. Human beings continuously adapt 

to new challenges and require new skills to perpetuate life. Learning will therefore remain 

at the centre of all progress of humanity. The two well-known psychological theories are 

Behaviourism (reaction to stimuli) and Cognitivism (mental processes). This research will 

only focus on social constructivism as a point of departure.  

Constructivism - Parsons, Hinson, & Sardo- Brown, (2001:431) defined constructivism 

as a “cognitive theory emphasizing learner interest in and accountability for their own 

learning which manifests in student self-questioning and discovery.” This learning theory 

is student-centered where learners are actively involved in constructing their own 

knowledge and making use of past experiences or prior learning or pre-existing schemas 

(Maclellan, 2005: 138). Constructivism, like other learning theories, was approached from 

different angles and gave rise to personal (Kelly, 1955 and Piaget, 1972), radical (Von 

Glasersfeid, 2001), and social (Vygotsky, 1978) perspectives. Social constructivism 

maintains that knowledge as a construct is a product of social activity rather than an 

individual one. 
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Mediated Learning through Spatial Senses and Diagrams -  Teachers ought to be careful 

in their lesson planning to accommodate the learners’ spatial senses by utilizing drawings 

to explain the geometric concepts to learners (Battista & Clements, 2007). Learners must 

possess a good geometric reasoning that will enhance their understanding of the surface 

area of prisms. Learners are also expected to be able to de-construct a 3-D object to its 2-

D segments by using net diagrams.   

Diezmann (2000:233) suggests that learners’ diagrams “provide an insight into the 

strengths and weaknesses of their mathematical knowledge”. Diezmann further states that 

“learners cannot begin to do a question about geometric objects because they cannot 

construct the diagram and they cannot construct the diagram because they do not 

understand the connections between the geometric objects (p.5). 

 

DIFFICULTIES IN LEARNING MEASUREMENT 

The Diagnostic Analysis Report (DAR) for 2014 November examination for ML paints a 

gloomy picture when it comes to Paper 1 Question 2 in measurement. The study done on 

one thousand (1000) learners’ scripts found that the measurement is the worse answered 

topic in the whole of Paper 1. The following report was given after analyzing question 2 

Paper 1. The performance of learners in this question was poor with an average of 38%. 

The most important aspect from the report is the learners’ lack of prior knowledge in 

measurement. According to Howie, (2004:151), a number of reports and articles have 

been written and published relating to the position of Mathematics in South Africa (e.g., 

Arnott & Kubeka, 1997; Taylor & Vinjevold, 1999) with many disapproving the poor 

results achieved in the matriculation examination in comparison to neighbouring countries 

with fewer resources. It is precisely for this reason also that this study focuses on exploring 

learners’ difficulties when solving problems on area. Learners’ lack of understanding in 

the content areas of length, area and volume has been naturally linked to poor or 

unproductive teaching practices for some time, and growing evidence confirms these 

links. The DAR 2014 reported that ML learners still lack problem-solving skills in general 

and especially in the answering questions based on 3-D diagrams/structures. 

 

DIFFICULTIES OF PROBLEM SOLVING IN MATHEMATICAL LITERACY 

Problem-solving is central to mathematical literacy. Over the years a significant interest 

has been shown in the field of problem-solving, resulting in many research studies being 

done. The best known strategy to problem-solving is provided by Polya (1957). He 

discussed a range of general problem-solving strategies, such as encouraging 

mathematical literacy learners to first identify the problem, second design a plan, third 

execute the plan, and fourth test the solution. It is possible to teach learners to use general 

strategies such as those suggested by Polya (Schoenfeid, 1985), but that is insufficient. 

However there is no body of research based on randomized, controlled experiments 

indicating that such teaching leads to better problem-solving.  
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ERRORS AND MISCONCEPTIONS IN MEASUREMENT  

Errors are seen as signals that something has gone awry in the learning process and that 

remediation is needed (Borasi, 1987). Constructivists view errors as systematic wrong 

answers because they are applied regularly in the same situation and are symptoms of the 

underlying conceptual structures (Olivier, 1989: 3). Misconceptions on the other hand are 

gaps arising from an inability of learners to “assimilate” and “accommodate” new 

knowledge to their prior knowledge (Sarwadi & Shahrill, 2014). The constructivist notion 

of errors relates to cognition or the learners’ conceptions while the socio-cultural approach 

towards learner errors is situated as the focus is on cognition as well as where the learning 

occurs. Errors are a part of the meaning-making process when acquiring pieces of 

knowledge (Brousseau, 1997). Errors occur when a person chooses the false as the truth 

(Legutlo, 2008). Errors are not only the result of ignorance, uncertainty or chance, but 

may be the result of previous knowledge which was interesting and successful, which now 

is revealed as false or simply un-adapted (Brousseau, 1997). 

The two forms of knowledge that the study focused on are procedural knowledge and 

conceptual knowledge. If a learner commits an error that is a misapplication of the rule, 

the learner’s understanding of the rule is procedural. The rule is understood conceptually 

if the learner is in a position to see why the rule does not apply. This is so because: 

procedural knowledge (PK) refers to mastery of computational skills and knowledge of 

procedures for identifying mathematical components, algorithms, and definitions. 

Conceptual knowledge (CK) refers to knowledge of the underlying structure of 

mathematics – the relationships and interconnections of ideas that explain and give 

meaning to mathematical procedures. (Eisenhart et. al.1993, p.9) Studies have emphasized 

the need for teachers to be well versed with the two knowledge bases defined by Eisenhart 

above and how such knowledge can add value to learners’ mastery of mathematical 

literacy. The learners are required to complete eight School-based Assessment (SBA) 

tasks, namely, two assignments, two investigations, two controlled tests and two 

examinations.  According to the constructivist theory, learners must be exposed to various 

forms of knowledge acquisition such as exploration, investigation, discussion and 

collaborative learning (Luneta, 2013). 

 How do errors and misconceptions arise? 

 Luneta (2013: 10-12) explicitly and implicitly outlines the manner in which errors and 

misconceptions develop in teaching and learning. Firstly, concepts are given to learners 

in the form of concept names and definitions. The surface area can be defined as the outer 

layer or the top covering a mathematical object. This can be regarded as the concept 

definition of surface area. Secondly, the learner forms his or her own conceptual image 

using the total cognitive structures linked to the concept. If the learner succeeds in forming 

more or less what the teacher was imparting to him or her it becomes the learner’s concept 

definition. Thirdly, errors and misconceptions arise if new knowledge cannot be anchored 

to the existing concept image or prior knowledge. Fourth, the learner will use the correct 

well-constructed conceptual knowledge in the procedure for solving the problems. The 
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opposite is also true of ill-constructed concept images that will result in a weak concept 

understanding which further leads to errors and misconceptions. 

METHOD 

The case study methodology informed by phenomenology was adopted as the main design 

for the study. Merriam (1998) viewed a case study as an ideal methodology when a holistic 

in-depth investigation of an issue was done. Therefore the researchers embraced this 

because it provided a mode of inquiry for complete understanding of how and why such 

errors and misconceptions were committed by the learners when solving problems on 

rectangular prisms. 

PARTICIPANTS 

For this study the researchers engaged 30 Grade 11 Mathematical Literacy learners from 

three classes at a school south of Johannesburg. The participants were purposively 

selected to ensure that the 30 learners are representative of the three classes. The medium 

of instruction was English and their ages varied from 16 years to 18 years ideally, 

participants included both male and female learners, which in this study was the case as 

the school admits both genders and typically represented the different ethnics groups from 

the feeder schools. 

INSTRUMENTS 

Methods used to collect primary data included semi-structured focus interviews with 

learners and document analysis of document such as test scripts, class exercise books and 

school based assessment. An instrument was designed and adapted from Luneta (2013) to 

assist with the analysis of the type of errors and misconceptions committed by grade 11 

learners when calculating the surface areas of rectangular prisms.  

DATA ANALYSIS 

LEARNERS’ INTERVIEWS 

Data was collected using in-depth semi-structured focus interviews with learners. 

Interview questions ranged from their level of prior knowledge in measurement to people 

assisting them when they have problems with measurement. Below is an example of one 

of the questions and how the researcher and the learners’ responses were coded.  

Researcher: “When you have a problem, who helps you with Maths?” 

AAA: “If I have trouble with the Math’s work we have covered in class, I usually ask 

some of the other guys from class and we discuss the work from school. If we still don’t 

have an idea about the work, I sometimes come to school and ask for assistance from the 

teachers.” 

AA: “We sit down as classmates and try and practice Math’s. A girl named Oratile (Not 

her real name) in our class normally understands the work from class so we go to her for 

help.” 
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BA1: “To be honest, nobody really helps me. I was mostly helped by Vasco.” 

BA2: “I help myself.” 

 

DOCUMENT ANALYSIS 

This research used the qualitative content analysis. Content analysis describes a family of 

analytic approaches ranging from impressionistic, intuitive, interpretative analyses to 

systematic, strict textual analyses (Rosengren, 1981). The specific type of content analysis 

approach selected by the researchers varies with the theoretical and substantive interests 

of the researcher and the problem being studied (Weber, 1990). This research study 

followed direct content analysis. The researchers began by identifying key concepts or 

variables as initial coding categories (Potter and Levine-Donnerstein, 1991). Next, 

operational definitions for each category were determined using the theory. For example, 

four coding categories were predetermined, namely, slip,  error or mistake (E1), 

procedural error (E2), conceptual error (E3), and application error (E4) (Kubler-Ross’s, 

1969), hence inductive analysis. 
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Table 1 Types of Errors Shown by Learners during the test and percentages of the frequency of the errors 

 

TEST TYPE AND FREQUENCY 

OF ERROR 

DESCRIPTION 

QUES

TION 

TYPE E

1 

% E

2 

% E

3 

% E

4 

%  

1.1 DEFINITION     8 2

7 

   Weak or partial concept definition leads to E3. 8 Learners could 

not articulate appropriate definitions of a rectangular prism. Poor 

concept image in the learner lead to poor CU, CK, PU and PK. 

This error can be regarded as a misconception 

1.2 PROPERTIES 

VERTICES 

3 1

0 

      E1 property error, number of vertices are 8 not 6 as given by 3 

learners 

1.3 PROPERTIES 

FACES 

        No errors 

1.4 PROPERTIES 

EDGES 

3 1

0 

      E1 property error, number of edges are 12 not 8 as given by 3 

learners 

1.5 PRISM 

COMPARED TO 

CYLINDER 

      1

0 

3

0 

E3 weak or partial concept definition of cylinder. 15 learners 

(50%) failed to compare a cylinder and rectangular prism 
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Table 2 Types of errors shown by learners during class activity and the percentages of the frequency of the errors 

 

CLASS ACTIVITY TYPES AND FREQUENCY OF ERROR 

  E1 % R % E2 % R % E3 % R % 

1 3 - D BLOCK WHOLE 

DIAGRAM 

1 3 29 97 4 13 26 87 3 10 27 90 

2 3 - D DECIMAL FRACTION 7 23 23 77 17 57 13 43 5 17 25 83 

3 3 - D CONVERSION INCHES 

TO CM 

9 30 21 70 16 53 14 47 4 13 26 87 

              

 AVERAGE FREQUENCY 6 19 24 81 12 41 18 59 4 13 26 87 

*R- Right answer 

 

Table 3 Types of errors shown by learners during SBA and the percentages of the frequency of the errors 

 

SBA TYPES OF FREQUENCIES OF ERRORS 

 E1 % R % E2 % R % E3 % R % E4 % R % 

3.6 4 13 26 87 5 17 25 83 5 16 25 84 0 0 30  

3.7 7 23 23 77 7 23 23 77 7 23 23 77 0 0 30  

3.8 0 0 30 100 0 0 30  1 3 29 97 8 27 22 73 

3.9 0 0 30 100 0 0 30  7 23 23 77 18 60 12 40 

C. C. - - - - - - - - - - - - 4 13 26 87 

C. R. P. - - - - - - - - - - - - 4 13 26 87 

                 

AF 6 18 24 82 6 20 24 80 5 16   9   28 21 72 

*R- Right answer *C.C. - Construction of a Cylinder *C.R.P- Construction of a Rectangular Prism *AF – Average Frequency 
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5. Findings 

Figure 1 The resultant graph from type of errors shown in 

Table 2 and the percentages of the type of error 

 

Figure 2 The resultant graph from type of errors shown in 

Table 3 and the percentages of the type of errors 
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Figure 3 The Resultant Graph from the Types of errors 

Errors Shown in Table 1 and the Percentages of the Type of Errors. 

 

The figure 3 above shows that application errors (E4) were committed the most with an 

average percentage of 22.The simple errors (E1), conceptual error (E3) and procedural 

errors (E2) have an average percentage of 21, 19 and 6 respectively (Table 1). The 

percentages given in all the tables (Table 1-3) are rounded off to whole numbers and were 

reflected as such on all the four resultant graphs (Figure 1-3). The test (T) questions 

required learners to know TSA formulae which largely depended on conceptual 

knowledge (CK) before they could master procedural knowledge (PK). 

  

DISCUSSION 

The learners relied on rote learning and memorization of procedures without or with little 

(CK) (Luneta, 2008; Luneta & Makonye, 2010). Most E1 were committed due to slip 

mistakes such as incorrect substitution, wrong conversion and incorrect dimensions. 

These errors are symptoms of what learners perceived as the truth in lower grades but are 

no longer applicable under new content studied (Legutlo, 2008). Errors are not only the 

result of ignorance, uncertainty or chance, but may be the result of previous knowledge 

which was interesting and successful, which now is revealed as false or simply un-adapted 

(Brousseau, 1997) (Application errors were committed due to a total lack of both CK and 

PK; higher order thinking (Vygotsky, 1978) and “gaps” in the curriculum because of non-

completion of work by teachers (Luneta & Makonye, 2010). Figure 1 above depicts the 

graph of error types and their percentages from learners’ class activities. The graph shows 

that procedural errors (E2) are committed more during class activity with an average 

percentage of 41 than simple errors (E1) and conceptual errors (E3) with an average 

percentage of 19 and 13 respectively. Both the (E1) and (E3) are lower than (E2) because 

learners could assist each other during the class activity, hence, the reduction in both (E1) 

and (E3). It was easy for learners to correct each other when it came to slips; unintended 

mistakes. They relied heavily on memorized procedure with little or no understanding as 
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to why such procedures are followed. Learners could answer Question 1 where they 

simply substituted into the TSA formula without having first to convert the given 

dimensions or the solution. Both Questions 2 and 3 required learners to convert 

dimensions given in inches to cm and cm to m respectively. These errors originated from 

learners prior knowledge or from their interaction with both the physical and the social 

world (Smith et al., 1993). In the physical world, learners use the metric system of 

counting rather than the imperial system and socially they are used to multiplying small 

objects in order that they may be equated to big ones. Therefore, learners could not convert 

mm2 to cm2; instead they multiplied by 10 or any other number they could think of rather 

than dividing by 100. In Figure 2 the graph shows that procedural errors (E2) were 

committed more than E1, E3 and application errors (E4). In the school-based assessment, 

E2 was the most committed with an average percentage of 20 whereas, E1, E3 and E4 

were committed with an average percentage of 18, 16 and 13 respectively. The SBA given 

was an investigation on TSA of a rectangular prism and cylinder. In the SBA activity 

Learners were required to investigate which of the two 3-D structures needed more 

material than the other to construct if they were to contain 3 squash balls. Here is an extract 

from the SBA questions set by the Gauteng Province.  

 

Learners could have asked for assistance from their peers, other teachers, parents or any 

other person more knowledgeable than them (Vygotsky, 1978; Engelbrecht & Green, 

2001). Hence, the lower percentage error was observed in E1, E3 and E4 in comparison 

with E2. A similar pattern was noted in the class activity where E2 also showed the highest 

average percentage of 41 (figure 4.2 above). Both conceptual knowledge and procedural 

knowledge supplement each other when solving problems on the surface area of 

rectangular prisms and procedural knowledge needs to be based on already acquired 
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concepts (NCTM, 2000). When this happens, learners would be able to apply what they 

learnt by deciding on the correct operation to use when solving problems on the surface 

area of rectangular prisms (Ashlock, 2006). 

 

CONCLUSION 

 Analysis of data collected through interviews, content documents and a test from learners 

revealed the presence of difficulties when learners solved problems of the surface area of 

prisms. Rating highest on the source of the difficulties was the language of teaching 

(LOT). Education is mediated through a language. The poor usage thereof is therefore 

certain to contribute towards a lack of conceptual knowledge on the part of learners. The 

study pointed out that the definitions of inappropriate concepts would result in a weak 

conceptual image as well as a lack of understanding and conceptual knowledge. Learning 

that relies on too many procedures without conceptual knowledge leads to errors and 

misconceptions. The paper noted that most errors experienced by learners derive from a 

lack of prior knowledge and basic computational skills which should have been acquired 

from the lower grades to form a progressive link to secondary education and beyond. 

Unfortunately, the curriculum has “gaps” that makes acquiring conceptual knowledge 

difficult. “There is an extensive body of indication showing many secondary learners do 

not have a full knowledge” (Outhred & McPhail, 2000, p. 488) of length, area and volume 

measurement. As matters stand now, the difficulties encountered by Grade 11 

Mathematical Literacy learners when solving problems on the surface areas of prisms 

require more time from both the learner and the teacher than is allocated; i.e., if it has to 

work at all.  
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EXPLORING GRADE 11 LEARNERS’ LINGUISTIC 

REPRESENTATIONS OF REFLECTION, TRANSLATION AND 

STRETCH OF FUNCTIONS 

 

Shadrick Mukono & David Mogari   

Institute for Science and Technology Education  

University of South Africa 

 

The paper explores how grade 11 learners’ linguistically represented concepts of 
reflection, translation and stretch of functions. An exploratory mixed method design 

was used to draw data from 96 learners using a diagnostic test and semi-structured 
interviews with a purposive selected sample of 14 learners. The data show that learners 
could diversely and verbally represent reflection and translation with ease as 
compared to stretch and their verbal representations were not comparable to the 
formal definitions of these forms of transformation. It is concluded that these learners 
had inadequate background knowledge of transformations, feebly developed concept 
images of transformations and less rigorous mathematical reasoning. Furthermore, 
English language deficiency hampered the learners from expressing their thoughts and 
interpretations credibly. Teachers are, therefore, urged to work from the incomplete 
or inaccurate representations to facilitate conceptually developed and sound concept 
images.    
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Key Words: Concept images; Mathematical thinking and reasoning; Conceptual 

understanding; Linguistic representations; Functional representation & 

Transformation. 

 

INTRODUCTION 

The study investigates learners’ linguistic representations of reflection, translation and 

stretch of functions. The questions guiding the investigation are:  

 What are the learners’ linguistic representations of reflection, translation and 
stretch of functions? 

 To what extent are the learners’ linguistic representations consistent with and 
representative of formal definitions of these forms of transformation?  

 

The study draws on the notion of concept images which dates back to the 1980s (Tall 

& Vinner, 1981; Vinner, 2002) to explore the learners’ linguistic representations of 

forms of the transformation of functions. Concept images are cognitive structure(s) 

(Tall & Vinner, 1981), mental picture(s) (Vinner & Dreyfrus, 1989), or, a collection of 

conceptions (Attorps, 2007) that the learner associates with a verbal, written or gestural 

referents of an intended concept. According to Tall and Vinner (1981) after 

encountering a referent to a concept, a concept image is formed, which might or might 

not be consistent with the intended concept.  

 

On the other hand, Attorps (2007) alludes to the link between conceptual understanding 

and possible formation of concept image. Arguably, concept images, as defined by Tall 

and Vinner (1991), Vinner and Dreyfrus (1989) and Attorps (2007), are key in 

conceptual understanding because they help re-organise and re-structure ‘new’ 

knowledge through reasoning and thinking into meaningful structural bits that can then 

be represented in any form. However, memorising or learning by rote inhibits 

conceptual understanding, since the emphasis is put only on mastery of procedures and 

algorithms and remembering and recalling facts. Duval (1998) notes that rote learning 

begets inadequate concept images that Tall and Vinner (1981) assert that they lead to 

ineptness in representing concepts in whatever form.  

 

When a concept’s name is mentioned or seen, its concept image is evoked in the mind 

(Vinner, 2002). As Vinner further mentions, a concept image is non-linguistic entity 

that is associated with the concept’s name and can be a visual representation of the 

concept or just a collection of impressions or experiences which can be translated into 

linguistic representations (p. 68). Thus, it means that for learners to linguistically 

represent concepts they ought to have appropriate concept images. Linguistic 

representations are associated with syntax of the description of concept that is based 

on the learner’s interpretation or understanding of that concept. It is thus argued that 

linguistic representations of reflections, translation and stretch of functions can provide 

richer and comprehensive information on the learners’ knowledge and understanding 

of these concepts.  
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METHODOLOGY 

An exploratory mixed method design was used to gather data from 96 Grade 11 

mathematics learners (58 girls and 38 boys, age 16 – 18 years) of three conveniently 

sampled high schools in a Johannesburg East school district, South Africa. These were 

the only Grade 11 learners enrolled in mathematics as the rest did mathematical 

literacy. The syllabus of mathematical literacy does not include ‘Functions’ and 

‘Transformations of Functions’.  

All learners first wrote a diagnostic test, which was followed by a semi-structured 

interview; the latter conducted with purposive sample of 14 learners. The parents of 

the learners completed a consent form for their children to participate in the study. The 

interviewees were selected on condition that they scored over 30% in the diagnostic 

test (a 30% score in a subject is considered as minimal achievement of outcomes by 

the South African Department of Basic Education (DBE)).  

The diagnostic test was based on the Grade 11 Mathematics National Curriculum 

Statement and was content validated by two mathematics educators and two 

experienced mathematics teachers using a rubric. The Spearman rho yielded a 

coefficient of 0,89, indicating a strong positive monotonous correlation between the 

validators’ rating of how the diagnostic test really examines the scope of the syllabus 

on transformations of functions. The test’s internal consistency was determined with 

Cronbach alpha that yielded a value of 0,86. The interviews probed the learners’ 

linguistic conceptions and reasoning in greater depth and this managed to clarify gaps 

discovered in the test responses. The interviews were voice recorded and the verbatim 

transcriptions were done using Dragon Naturally Speaking software.  

 

RESULTS   

Figures 1, 2 and 3 provide examples of how learners described the forms of 

transformation in the diagnostic test.  
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Figure 1: Learner 1’s linguistic representation of forms of transformation 

Figure 2: Learner 2’s linguistic representation of forms of transformation   

 

Figure 3: Learner 3’s linguistic representations of transformation concepts  

 

The following are extracts of how learners described transformations in the interviews. 
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Interviewee 1: Reflection is when you take something from one side and is reflected 
about a line of symmetry … Translation is when the co-ordinates of the points move 
either upside or down depending on the function or the given co-ordinate moved to, 
let’s say you have y and x-axis and they tell you that it has to be y-1 and x+2 then you 
move it accordingly around in the corresponding place … A stretch diagram is when 
a graph either is stretched according to the x-axis or either reduced or enlarged on 
the x-axis. 
 

Interviewee 3: It’s when… an image is drawn on the one side of a Cartesian plane and 
then you draw it on the other side and is reflected back on the y-axis or the x-axis. … 
(Stretch) It’s when you make the image bigger. You stretch it! (The learner moves hands 

apart, away from each other demonstrating). Yes like if you draw here and you stretch 
it by 5 or 10 it will be like huge. 
 
Interviewee 4: A reflection is like is a mirror image of something. Maybe it’s like 
something standing here and then what you see on the opposite side is exactly the same 
as what’s in front … Translation, I think, is moving an object like from one place to 
another. Maybe if it’s in the 1st quadrant of a Cartesian plane moving it to the 3rd … 
Stretching is like making an object bigger that you can reflect or take it out sideways, 
vertically or horizontally. 
 

Interviewee 6: Translation is moving, the movement of one image onto the other side 
of the Cartesian plane. It depends whether you are translating it by how many points, 
up or down, left or right. That’s what I understand by a translation. A reflection is a 
mirror image of one image onto the other part of the Cartesian plane as well depending 
on reflection either on the x or the y-axis. Stretch is expanding an image.  
 

Interviewee 7: Ok! Reflection is the mirror image of a shape or a graph about a line, 
like on a Cartesian plane. You can get an object that is reflected about the y-axis, about 
the x-axis, about a line which is y=x and about a line which is y=-x. Translation is 
when you shift, the movement of an object from its original space, which it originally 
occupied. Like you can shift upwards or downwards, to the left or the right. You stretch, 
stretch, I can’t clearly define it but I know what it is.  
 

The learner responses suggest that the terms/phrases used by learners to describe the 

forms of transformation have something to do with the actual forms of transformation 

although they differed from the formal definitions in some cases. Below we discuss 

terms that were almost congruent to formal definitions and the misconceptions learners 

displayed about the forms of transformation.   
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Learners’ linguistic representations of reflection, translation and stretch    

Reflection 

There were learners who completely struggled to linguistically represent reflection in 

proper English, to an extent that their representations lacked coherence and precision. 

Whereas learners’ correct linguistic representations referred to the relative positions of 

an object and its image with respect to an axis of reflection.  

 

 It is a transformation of an image about a line where the shape is mirrored on the 

other side of the line 

 The formation flipped or that flips to another place about a certain axis or line 

 It is when a graph is transformed through a line of symmetry. It produces a mirror 

image of that graph 

 It is when a specific shape or line has a mirror like image about the x-axis or y-axis. 

 The mirror image of a shape about the y- or x-axis 

 A mapping that produces a mirror image of a point, line or polygon about a 

particular line 

 A copy of an image that is exactly the same as the original. It is about a certain line 

e.g., x = 0  

 Image mirrored/flipped across the x-axis or y-axis or  

 A repeated object across the y-axis or x-axis 
 

The considered correct linguistic representations had used terms such as a flip; an 
inverted image; a symmetrical image; mirror image; flipped formation; image 
mirrored/flipped across the x-axis or y-axis or ; and a repeated object across the 
y-axis or x-axis. These linguistic representations somehow relate with or resembled the 

actual meanings of formal definitions.  

 

The partly correct definition, which refers to only one of the two aspects of reflection 

and incorrect definition, which is either so broad that it applies to transformations in 

general and not reflection specifically, or is not related to reflection at all were all 

regarded as misconceptions.  

The following are the misconceptions learners displayed about reflection:  

 

 It is a way of changing the position of diagrams on a graph  

 An image of a structure, object or picture  

 Reflection is an image viewed the same from same distance  

 Transformation in which an image of the original object is shown  

 It is an image of a structure, object or picture or shape  

 It is an object showing on another set accurately 

 A glance of the same picture  

 It is the way of changing the position of diagrams on a graph  

xy 

xy 
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 It is an act of casting back an image so it can be reflected 

 an exact copy of another object 

 graph for object and image 

 similar object and images 

 not changing the size or shape but changing the coordinates 

 

The table below summarizes and evaluates the results of the gathered linguistic 

representations by learners.   

Table 1: Evaluation frequencies of learners’ verbal images of reflection of a function  

Assessing the 

Concept Image 

(Reflection) 

Frequency 
Relative 

Frequen

cy 

Cumulati

ve 

Percenta

ge 

Sample 

A 

Sample 

B 

Sample 

C 

Sub-

total 

a Correct image 13 24 10 47 0.49 100.0 

b 
Partly correct 

image 
13 14 11 38 0.40 51.0 

c Incorrect image 4 4 3 11 0.11 11.0 

d Did not attempt 0 0 0 0 0 0 

 TOTAL 30 42 24 96 1.00  

 

The range of learners’ linguistic representations indicates how differently they 

conceptualized reflection particularly with regards to the link between the original 

object and its image after reflection plus the combined plane occupied by the original 

object and its image. About 49% of learners managed to linguistically represent 

reflection with suitable descriptions and the relative positions of the original object and 

its image with respect to an axis of reflection. The rest of the learners’ linguistic 

representations were problematic where about 40% had only one of the essential 

properties of reflection, about 6% presented too general representations and about 5% 

displayed outright misconceptions about reflection to make 11% of incorrect concept 

images. This supports the constructivist claim that even though learners are taught and 

guided by a teacher, they will still construct their own knowledge (von Glasersfeld, 

1991). Tall (2005) notes that learners develop their own approaches and skills with a 

view to facilitating learning, the formation of knowledge structures and thinking 

processes. But, the learners’ incorrect linguistic representations can be attributed to 

either lack of conceptual understanding (Tall, 1991) or limited and even erroneous 

conceptions of the concept (Tall & Vinner, 1981; Vinner, 2002). Furthermore, a 

possibility will always exit that not being English proficient might have had an adverse 



  LONG PAPERS 

265 

 

effect the learners’ understanding of the questions and their capacity to express their 

thoughts. The adverse effects of language deficiency on learners’ answers were also 

noted in Analysis of Learners’ Answers (ALA) (see Department of Basic Education 

(DBE), 2014).  

 

Translation 
The learners’ linguistic representations varied in content, language used and accuracy. 

Words such as displacement, movement, slide, change of position and shifting, through 

a specific distance followed by upward, downward, to the left, to the right or in a 
straight line/specific direction were evident in about 26% of the linguistic 

representations (See the summary Table 2 below). The correct representations made 

reference to either displacement or distance and a specific direction (or just ‘a straight 

movement’ displacement). All these are the appropriate descriptive terms of 

translation. The following are examples of correct linguistic representations:    

 

 Movement of all points of a graph in a particular factor either up, down, left or right 

 When every point of the body moves the same distance in the same direction 

 When the original object is moved certain units up or down, left or right 

 Transformation that moves points or shapes the same distance in a common 

direction 

 Is to move or shift an image to certain units up/down or to left/right  

 Transformation of an image either going up, or down, left or right by certain units  

 Changing the position of diagrams with given units either upwards or downwards  

 When a point (x;y) is moved/shifted by units up, units down, units left or units right 

Learners’ misconceptions displayed about linguistic representations of translation are 

as follows:  

 

 Shift of image from its original point/place/coordinates to another  

 Movement of a diagram across the y-axis and the x-axis changing the coordinates 

but not the image  

 Shifting or moving to certain positions 

 Moving an image of a graph to a different position from where it was 

  Moving the object to the next point, from one position to the other 

 The repeat of a diagram in a graph 

 Movement of a shape along a Cartesian plane with no change in shape or size. 

 Movement that occurs when you rearrange objects 

 When a mirror image moves certain units from its original position 

 When a figure moves towards point A to B, whether it rotates or moves up down or 

left and right 

 A type of transformation whereby an object can either be reflected or rotated i.e. the 

object and the image are not of the same distance 
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 When a point is moved around changing in position or size  

 When a point is moved around a number of degrees, does not change shape but its 

coordinates 

 When a point is moved, when an image is resized 

 Is when you enlarge part of a drawing in which you add  

 It is an image of shape that is reflected upon the x-axis or y-axis 

 It is when you move a shape altogether from the y-axis to the x-axis if necessary on 

the graph either clockwise or anticlockwise  

 It is the movement of the image and how it is moved or translated or rotated  

 It is when someone interprets a certain language to others that don’t understand  

 It is when a figure moves towards a point A from B whether it rotates or moves up, 

down or left or right 

 Is an object moved around a number of degrees but it does not change its shape.  

Only its coordinates.  

The table below summarizes and evaluates the linguistic representations by learners 

about translations of functions.  

 

Table 2: Evaluation frequencies of learners’ verbal images of translation of a function  

Assessing the 

Concept Image 

(Translation) 

Frequency Relative 

Frequenc

y 

Cumulativ

e 

Percent 

Sampl

e A 

Sampl

e B 

Sampl

e C 

Sub-

total 

 a Correct image 1 14 10 25 0.26 100.0 

 

b 

Partly correct 

image 
24 18 9 51 0.53 74.0 

 c 
Incorrect image 

(misconception) 
4 7 4 15 0.16 

 

21.0 

 

d 
Did not attempt 1 3 1 5 0.05 5.0 

  TOTAL 30 42 24 96 1.00  

 

About 53% of the linguistic representations were partly correct because they made 

reference to only one of the descriptive terms of translation; about 16% of the linguistic 

representations were tinged with misconceptions and about 5% did not attempt answer. 

ALA has also alluded to some of these shortcomings (see DBE, 2014). Learners 
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commonly made mistakes with direction (left, right, up or down) and units, and use 

terms that are not relevant to the concept and this was also noted in the ALA report 

(DBE, 2014).  
Stretch 
The correct linguistic representation of stretch should refer to distance from an 

invariant line, direction and ratio and were about 27% (See summary Table 3 below). 

The learners’ linguistic representations had words and phrases such as expansion or 
contraction of an object; extension or compression of an object; increase or decrease 
in size of an object; points moving apart or closer in a plane; making something longer 
or shorter; widening or narrowing something; lengthening or shortening something; 
making something fat or slim; pulling or squeezing something on both ends; enlarging 
or shrinking something; and spacing points from each other or bringing them closer 

followed by a factor or specific scale factor or certain scale factor. About 51% of the 

responses were partly correct, 14% were incorrect and showed misconceptions and 8% 

were no attempts.    

 

The following are the learners’ misconceptions about stretch: 

 

 A transformation where a graph’s x-axis or y-coordinates are moved 

 It is the drawing of a shape on the Cartesian plane 

 It is when an image moves horizontally or vertically on the axis 

 It is when a trig graph or a functional graph doesn’t change shape or period but its 

y-values  

 Is a free hand estimated drawing, an incorrect drawing. Inaccurate drawing  

 Stretch is a fable semi-conductor 

 Extension of the graph by changing the graph by adding or subtracting 

 Something that is drawn without rules 

 It is when a figure has been distorted 

 A straight line that is 180 degrees 

 It is a freehand drawing that involves only the main coordinates  

The table below summarizes and evaluates the linguistic representations by learners 

about stretch of functions.  
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Table 3: Evaluation frequencies of learners’ verbal images of a stretch of a function      

  Assessing the 

Concept Image 

(Stretch) 

Frequency Relative 

Frequen

cy 

Cumula

tive 

Percent 
  

Sample 

A 

Sample 

B 

Sample 

C 

Sub-

total 

a Correct image 4 14 8 26 0.27 100.0 

b Partly correct image 22 19 8 49 0.51 73.0 

c 
Incorrect image 

(misconception) 
3 6 5 13 0.14 22.0 

d Did not attempt 1 3 4 8 0.08 8.0 

  TOTAL 30 42 24 96 1.00  

        

 

It is evident that none of the linguistic representations mentioned an invariant line. 

Also, data from the diagnostic test and interviews show that learners had more 

challenges with stretch’s linguistic representation than the other two. Only a handful 

of the learners’ linguistic representations were accurate and coherent because they had 

all the three aspects required. This observation is consonant with the ALA report (see 

DBE, 2014). Incorrect linguistic representations were vague, unclear or inaccurate. 

According to Tall (2005) lack of conceptual understanding of concepts spawns 

incorrect linguistic representations.  

 

Coherence of linguistic representations to formal definitions 

In this study, coherence has to do with organization, clarity and consistency of the 

linguistic representations. This was taken as in line with what Viholainen (2008) 

noted as the coherent concept images: clear, well-connected, having correct 

representations and mental images about the concept without internal contradictions, 

and excluding conceptions that contradict formal mathematical axioms. With 

linguistic representations, they must be clearly stated and absolutely describe a 

concept with immense significance of similarity to its formal definition. Thus, the 

learners had to linguistically represent the forms of transformation of functions and 

had to illustrate the accuracy of their linguistic representations by working through 

given tasks (see, for example, Figures 1 – 3 above). Table 4 provides the learners’ 

success rate with the tasks.    
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Table 4: The learners’ success rate with the linguistic representations of forms of 

       Transformation  

        

Transformation  

Forms 

Success Rate Mean 

Reflection 89%  

0.84 Translation 85% 

Stretch 78% 

 

The learners’ scores fall within the 75th and 90th percentiles, averaging in the 84th 

percentile. This demonstrates that learners generally managed to provide acceptable 

and coherent linguistic representations. Lack of accuracy of and misconceptions were 

evident in about 16% of learners with the most inadequate representations on stretch. 

Such responses displayed poor use of English, lacked precision and were incoherent.  

 

DISCUSSION AND CONCLUSION  

The purpose of this study was to investigate how Grade 11 learners linguistically 

represented forms of transformation of functions. The study of concept images 

allowed for an analysis of the cognitive processes influencing the learning of 

transformations (See Tables 1, 2 and 3 above). In particular, the data provided 

evidence on learners’ thinking and interpretation, through linguistic representations, 

of translation, reflection and stretch of functions. There was a wide range of learner 

responses on their linguistic representations. On one end, learners used their own 

words to almost accurately define the forms of transformation. The linguistic 

representations captured appropriate descriptions of the forms of transformation. On 

the other end, there were either incoherent and cluttered descriptions or blanks 

especially for stretch, which learners found much more difficult to linguistically 

represent than reflection and translation.  

 

The study also showed that learners have their own ways of linguistically representing 

concepts and concept images that are not necessarily congruent in meaning with the 

formal definitions, but that are nonetheless closely related to them. It is thus 

concluded that learners are the best definers of what they learn and teachers can only 

be conceptual facilitators and catalysts. Some of the learners’ definitions were 

accurate, some were incomplete and others exhibited misconceptions. This was 

expected and is part of the learning process. It is thus noted that learners’ linguistic 

representations of reflection, translation and stretch of functions vary from learner to 

learner and this can be attributed to the diversity in the learners’ concept images.  
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It is worth noting from the study the connection between the learners’ concepts images 

of translation, reflection and stretch of functions and their knowledge of the formal 

definitions of these forms of transformation. Learners had less challenges in providing 

correct formal definitions of the forms of transformation because possibly they had 

memorized them. But the same can be said of the learners’ linguistic representation of 

these forms of transformation. The evidence suggest that the learners’ English language 

deficiency somehow inhibited them from expressing themselves accurately and 

consistently with formal definitions.  

   

A closer look at the learners’ diagnostic test responses and the verbatim transcripts of 

their own words obtained from the interviews, it was evident that the learners’ 

mathematical reasoning was less rigorous and their background knowledge of the 

forms of transformations was rather inadequate. This can be possibly attributed to the 

learners’ feebly developed concept images that result from learners’ tendency to 

memorize and learn by rote (cf. Duval, 1998; Tall & Vinner, 1991). Thus it is essential 

that teaching in schools should focus more on facilitating conceptual learning so that 

learners can have soundly developed concept images that are essential for 

mathematics thinking, reasoning and problem solving.  

 

It is thus concluded that when teaching forms of transformation and maybe any other 

concept in mathematics strong focus should be on learners understanding the content 

rather than just being able to recite the standard expressions associated with the 

content from memory. The extent to which they recite expressions associated with 

content from memory should not be used as the absolute measure of their proficiency 

with content or forms of transformation. Furthermore, teaching should such that it 

enables learners to develop adequate concept images of the concepts intended to be 

taught.             
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VISUALIZATION, REPRESENTATION AND EVALUATION OF 

VOLUME INTEGRALS IN CALCULUS 

 

Taj-Ud-Din Sheikh  

Cape Peninsula University of Technology 

 R. Fray, 

 University of the Western Cape 

 

The aim of the study was to identify the learning difficulties of students in the 
representation and evaluation of 3-Dimensional (3-D) volume integrals from a 
Visualization-Analytical perspective. Duval’s Theory of Registers of Semiotic 
Representations about conversions between and, treatments within the geometric, 
numerical, algebraic and symbolic registers and the Zazkis, Dubinsky, Dautermann 
(1996), Visualization-Analysis frameworks were used to assess students’ solutions to 
problems involving volumes of solids in the rectangular coordinate system, R3. 
Given the algebraic equations representing the bounding surfaces of the object in 3D, 
students used two-dimensional drawings (projections and cross-sections), to sketch the 
solid. The visual representation was used to write down the integrals for the volume of 
the object. This is a complex task in Duval’s theoretical framework, requiring, 
typically, a conversion between different registers of representations and, on the 
Zazkiz’ et al framework, involving visualization, as well as analytical thinking.  
Activities were designed to reinforce transformations of the representations in 3D.  
During the activities, students used Matlab to generate and view 3D solids, and to 
sketch the projections, contours and cross-sections of the solid in R3. The main 
hypothesis tested was that the activities would facilitate setting up the triple integrals 
for the volume of the 3D object. The analysis of the solutions revealed that few students 
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(14 %) master the treatments of the representations especially when the 3D object was 
bounded by two surfaces, and when the expression for the volume involves split 
integrals. Students found it difficult to recognise hidden surface features and to 
visualize the intersections of surfaces in the spatial objects. Conversions between 
geometric representations and their algebraic or symbolic equivalents in 3D were 
problematic. Analysis of the CAS laboratory worksheets and students’ answers leads 
to the conclusion that students’ spatial ability and visualization skills in relation to 3D 
objects, are limited and need as much emphasis as analytical skills.   
Keywords: Visualization, Analysis, Triple integral, 3D space figures, Representation, 

Projections, Cross-sections 

 

1. Introduction: The problem and its motivation 

Multiple integration has a wide range of applications including finding volumes, 

surface areas, mass, centres of gravity and moments of inertia of objects in 3D. Setting 

up and transforming the integrals, involves visualization skills and studies (for 

example, Orton 1983; Mahir, 2009; Nguyen & Rebello, 2011) have indicated that this 

is often the most difficult part of the solution. Students can typically evaluate a given 

mathematical integral using analytical techniques for integration, but struggle with 

visualizing and sketching the 2D or 3D representations of the solid, in finding the limits 

of integration, and in setting up the double or triple integrals.  

The visual representations involved are mostly external – diagrams, sketches and 

computer generated images. External representations can be examined, analyzed, and 

processed by the perceptual system and, besides oral interviews and think aloud 

sessions, they are usually the only window to cognitive thought processes of the 

students. This study seeks to answer the main question: How can the transformations 

(conversions and treatments) between visual, algebraic and symbolic representations 

be facilitated to help students solve problems involving multiple integrals? 

 

2. Defining visualization and analytical thinking 

Depending on the field of study, visualization has been defined in diverse ways. In 

mathematics education, to ‘visualize’ means to construct, create, or make connections 

between an external mathematical object, or its representation (a diagram, a table, or a 

picture) and a mental or internal construct or image, and apply analytical methods to 

develop and advance understanding (Arcavi, 2002).  Interaction with the mental image 

can be through physical models, manipulatives, sketches, computer-based static 

outputs or animations such as simulations.   

Dubinsky (1991) identified reflective abstraction, encapsulation, generalization, and 

reversal as essential elements of analytical thinking or analysis.  Zazkis (2004, p. 442) 

defines an act of analysis or analytical thinking as ‘the mental manipulation of objects 
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or processes with or without the aid of symbols’. For the purpose of this research we 

consider visualization and analytical thinking as two interacting modes of thinking that 

complement each other in the solution of the problem. 

 

3. Theoretical Background 

We begin this section with an example. We need to find the volume of the tetrahedron 

defined by the plane z = 4 – 2x – y in the first octant.  A visual representation of the 

region is an important first step. One way is to sketch the 2D projections in the xy, yz 

and zx planes. For the xy projection, we let z = 0 in the equation of the plane to give y 

= 4 – 2x. For the yz projection, we let x = 0 and, for the xz projection, we let y = 0 in 

the equation of the plane. We plot the projections as 2D graphs as shown in Figure 1. 

Figure 1: Projection of the 3D solid represented by z = 4 – 2x – y in the xy, yz and xz 

planes 

 Next we put the projections together to assemble the solid as shown in Figure 2, where 

the the projections in the xy- , yz- and xz planes form sides of the tetrahedron. 

. 

Figure 2: The plane z = 4 – 2x – y , along with the 3 projections in Figure 1 encloses 

a tetrahedron  in the first octant.   

 

To find the volume of the tetrahedron we apply Reimann’s sum, defined below.   

a) Projection xy plane b) Projection yz plane c) Projection xz plane 
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, y = 4  2x 

Definition 1: For a region R, a partition into n pieces, is a list of disjoint rectangular 

boxes inside R, where the k the rectangular box contains the point (xi; yj; zk), has length 

xi, width yj, height zk, and volume Vijk = zk yj xi.  

Definition 2: For f(x ; y ; z) a continuous function and P, a partition of the region D, 

we define the Riemann sum of f(x ; y ; z) on D corresponding to P to be  f(xi; yj; 

zk)Vijk where  Vijk = zk yj xi is as defined in Definition 1.    

 The volume of each small partition Rijk is xiyjzk. The triple integral of the 

function f(x, y, z) over the integrating region R, is defined as the limit: 

             


Rkji
ijkkjiV

dxdydzzyxfVzyxf
ijk

),,(),,(lim
,,

0

 

When f(x; y; z) = 1, the triple integral represents the volume of the region. To evaluate 

the triple integral in the order given, we integrate with respect to the inner variable, z, 

then with respect to y, and finally with respect to the outer variable, x. Depending on 

the integrand and the shape of the region, it may be necessary to change the order of 

the variables or transform to a different coordinate system e.g. polar, cylindrical or 

spherical coordinates. In this study, we limit ourselves to the rectangular coordinate 

system in R3. 

The difficulty in setting up triple integrals is converting the description of the region 

into explicit bounds of integration. To do this, we choose an order of integration, and 

then visualize the stacking of the region of integration using small boxes of dimensions 

z, y, and x and find the limits dx, dy and dz in the slices.   Stacking the boxes 

vertically up, we note that z runs from z = 0 to the surface represented by z = 4 2x  

y. This gives us the z-limits of the integral. Figure 3(a). 

 

  

Figure 3. a) Stacking the tetrahedron with infinitely small rectangular boxes with 

dimensions dx dy dz. Traversing in the z direction; z varies from 0 to z = 4 – 2x – y       

b) Stacked tetrahedron     c) Projection in the xy plane. 

(a) 

(b)  

c) ,  z 

z = 4  2x  y 

2x + y = 4 

, x     (2, 0, 0) 

        (0, 4, 0) 

                    , y                    

, y 

 

2             x 
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The x and y limits are read more easily from the projection of z = 4  2x  y on the xy-

plane, bounded by the x and y axes and the line 2x + y = 4. We stack with squares of 

sides y  and x.  Keeping x constant, and stacking along y gives the lower limit for y 

which is y  =  0.  The upper limit is y  =  4  2x.  See Figure 3(c). Finally, we find the 

outer limits, corresponding to the variable ‘x’.  The lowest x gets is 0 and highest x gets 

is 2.  Hence, the triple integral for the volume of the tetrahedron is:    
 2

0

24

0

24

0

x yx

dxdydz  

Using direct integration or MATLAB we find the volume of the tetrahedron: 

>> syms f x y z  ; 

   f =  1 ;  

int (int (int (f , z), y, 0 ,4 – 2*x), x , 0 , 2) 

ans =  16/3= 5,33 cubic units (2 d. p.) 

 

We note that there are 6 possible orders of the triple integrals     dz dy dx for the 

volume of the tetrahedron, each requiring its visualization of the stacking arrangement. 

For example, to set up the volume integral in the order dy dz dx we traverse the 

tetrahedron in 3D parallel to y-axis first See Figure 4. So y runs from 0 to y = 4 –  2x  –  

z .  We use the xz projection to find the other limits: z runs from 0 to 4 – 2x and x runs 

from 0 to 2. The triple integral for the volume is:   
 2

0

24

0

24

0

x zx

dxdzdy . This also evaluates 

to 5, 33 cubic units.(2 d. p.)  

 

 

 

 

 

 

 

Figure 4 Traversing along y first then z and x gives the volume integral

  
 2

0

24

0

24

0

x zx

dxdzdy . 

The six permutations of dx dy dz and the resulting volume integrals are shown in the 

table.   

,   z 

  (0,0,4) 

,  z = 4  2x  y 

2x + y = 4 

, x   (2,0,0) 

        (0, 4, 0)                           

                           y 
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Each triple integral yields a volume of 5, 33 cu units for the tetrahedron.  

In this example, the solid was under a single ‘roof’ or surface for each set of integrals. 

The situation is more complex and harder to visualize when the ‘roof’ has two surfaces 

as shown in the final example, see Figure 11. 

 

Note: We could have used double integrals to find the volume of the tetrahedron.  

 




2

0

24

0

)24(

x

dxdyyx       or     




4

0

2/2

0

)24(

y

dydxyx  

The ability to draw sketches, to represent 3D mathematical objects given their algebraic 

representations, to interpret such figures with understanding, and to use such figures as 

an aid to write out the triple integral require fundamental visualization and analytical 

skills.  

4. Review of Literature  

While there are several studies on visualization in high school geometry and algebra, 

research on visual representation in calculus and in particular evaluating multiple 

integrals is scarce.  

Schlatter (1999) used Matlab to help students in visualizing objects and surfaces 

encountered in the multivariate course and observed positive students’ responses on 

post-tests. Schlatter (2002) also used multiple choice ‘concept tests’ with questions 

involving visual representations to generate discussions during lectures. He reported 

greater active student involvement and positive results on the visual enhancement and 

concept tests. 

Habre (1999), exposed 26 students in a university calculus class to both analytical and 

visual methods of solving problems and noted that even with instructor emphasis on 

visualization, most students preferred the analytical approach. He proposed that this 

was likely because “many students might be coming from traditional schools of 

mathematical instruction. Consequently, their view of mathematics is entirely 

algebraic”. 

In a second study, Habre (2001) used students’ explorations of quadric surfaces, 

parametric equations, surfaces in spherical coordinates, vector fields and differential 

equations to gain insight into students’ perspectives. He highlights the void in 

  
 2

0
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0
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x yx
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0
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dzdydx    
 2

0

24
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understanding students’ learning of visual concepts and calls for more attention to 

research in multivariate calculus.  

Seeberg (2005) investigated the role of software (CalcPlot3D) for the teaching of 

calculus. In his program student activities were designed to be intuitive and allow 

various geometric interactions between surfaces, space curves, vectors, vector fields 

and other calculus-related objects to be dynamically and visually explored and 

manipulated. Surfaces and space curves could be easily rotated to gain a 3D 

perspective. Intersections between surfaces could be verified visually. 

5. Research Objectives 

The objectives of the study were to:    

5.1 identify students’ difficulties in finding volumes of 3D space figures  

5.2 design activities to facilitate visual representation of 3D space figures 

5.3 enable use of representations in setting up integrals for the volume of the 3D space 

figures  

5.4 highlight  teaching and learning strategies to enhance visualization of 3D space 

figures  

6.  Research Questions 

The guiding research questions were: 

6.1 What are students’ difficulties in  

a) visualizing 3D space figures and 

b) setting up volume integrals? 

6.2 What teaching and learning strategies assist with evaluation of triple integrals? 

 

7. Methodology 

7.1 Mathematics Laboratory Activities 

 

In addition to the traditional lectures, where the researcher presented the theoretical 

background for multiple integrals using overhead slides, four Laboratory sessions were 

organised to familiarise students with 3D space objects. The objectives of the sessions 

included seeing the 3D object in different perspectives, rotating the solid to examine 

surface features, intersections and cross-sections and sketching the projections. See 

Figure 5.  
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(a)                                (b)    (c) 

 

Figure 5   a) Paraboloid    z = 2x2 +3y2    b) level sets for z = 2x2 +3y2    c) contour 

diagram 

 

In the second computer Laboratory session, students looked at, and sketched the 

intersections of 3D surfaces. The worksheets had the Matlab codes for generating the 

3D solids, spaces for drawing projections and cross-sections and the 3D solid. See 

Figure 6, which shows the intersection of a plane and a cone. The angle of the plane 

can be changed by altering the built in parameter. 

The Laboratory activities used in the study are summarised in Table 1.  

Table 1: Computer Laboratory activities used in the study 

Activity Description 

1. Surface features of 3D objects Students count edges, faces and vertices of 3D objects 

Describe symmetry, shape of faces etc 

2. Net and solid matching 

 

Students match net to solid obtained on folding net 

Students match edges on folding nets to edges on 3D 

sketch of solid 

3. Projections Students sketch projections of 3D object in the xy, yz and 

xz planes 

4. Cross-sections Students sketch the cross-sections when solid is 

intersected by vertical, oblique or horizontal cutting 

planes 

5. Sketching solids and Rotations  Students sketch solid after rotation 

 

Using the symbolic toolbox in Matlab, students could change the order of integration 

and check the results for each set of triple integrals they set up.  Students were also 

encouraged to do hand calculations and check the results in Matlab. Immediate 

feedback came from the software and changes could be made to correct errors. 
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(a)                            (b) 

Figure 6 (a)  Intersection of a plane with a double cone (b) Worksheet with software 

code and student’s sketches 

7.2 Ethical Issues 

Before the beginning of the research study, ethical approval was obtained from the 

Cape Peninsula University of Technology and the University of Western Cape Higher 

degrees Research committees. The students were given a participant information sheet, 

which stated the purpose of the study, what their participation involved, and how they 

would benefit from the investigation.  Confidentiality of the participants was assured.  

 

8. Research frameworks 

Two research frameworks are relevant to the activities in this research. 

8.1    Duval’s Theory of Registers Semiotic Representation 

 

According to Duval (1999, 2006), thinking processes in mathematics require not only 

the use of representation systems, but also their cognitive coordination.  Duval 

maintains that ‘semiotic representations are not only a means to externalise mental 

representations in order to communicate, but they are also essential for the cognitive 

activity of thinking’. Semiotics is the study of signs.  Signs culturally mediate activity 

and direct the individual’s attention to the mathematical object.  

On Duval’s framework, three cognitive activities play a role in representations: 

1. Formation of representations in a particular semiotic register either to express a 

mental representation or to recall a 'real' object. 

2. Treatment - a transformation within the register. Treatments are transformations 

inside a semiotic system such as writing the equation of a sphere as x2  + y2 + (z  2)2 = 

4 which is in rectangular coordinates, as  = 2 sin  in spherical coordinates. 
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3. Conversion - a transformation that results in a representation in another register. 

Treatments are transformations within the same register and conversions occur across 

registers without changing the mathematical object (Duval, 2006). See Figure 7 below. 

                                            

    Concept (math object)   

                                                                                                                                                 

                      Register A                                                           Register B  

 

 

     Treatment                 Cognitive obstacle                Treatment conversion 

 Figure 7: Transformative processes (Duval, 2006).   

In this study, mathematical software Matlab (2012) plays an important role in the 

treatments and conversions necessary for setting up the integrals.  It supports multiple 

forms of representations, where a number of mathematical registers can be activated 

simultaneously using visual representations. It promotes the use of several systems of 

representations and conversions between the symbolic, algebraic and geometric 

registers. These enable conversion from one representation to another and facilitate 

accessibility of the mathematical object.  

 

8.2   Visualization-Analysis (VA) framework 

The second theoretical framework is the VisualizationAnalysis (V-A) framework 

proposed by Zazkis, Dubinsky, and Dautermann (1996) to study the interconnections 

between acts of visualization and analysis or analytical thinking in mathematical 

performance. The model views visual and analytical reasoning as complementing each 

other in the solution of mathematical problems. Stylianou (2002) clarifies this:  

“The thinking, as it is described by the V-A model, begins with an act of visualization, 

V1 , which is defined as an act in which the individual establishes a strong connection 

between an internal construct and the actual drawing of a picture, or the expression of 

a mental image. This is followed by an act of analysis, A1, in which the person does 

logical analysis, and reasons about what was visualized in V1. Analysis involves mental 

manipulation of the objects or processes with or without the aid of symbols. It includes 

logical reasoning and naming of parts or processes and reflections on the mathematical 

process. It may lead to a revised visual representation.  Then follows a second 

visualization step V2, enriched as a result of A1….” (p. 306).   

Figure 8 shows the V-A model as presented by Zazkis, D (1996, p. 447).  
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Figure 8: The Visualization-Analysis model for probing student thinking   

Source:  Zazkis,  Dubinsky, and Dautermann (1996) 

 

In this study, we shall apply the two frameworks in the analysis of students’ solutions. 

 

 

 

 

9.  Findings 

Figure 9 shows the work presented by Student ST1 in finding the volume of the 

tetrahedron defined by the plane 4x + 3y +2z =12 in the first octant. ST1 had no 

problems in drawing the three projections in the xy, yz and zx planes and using them to 

assemble the solid.  We see problems the student faced in setting up the volume 

integrals. Although the representations of projections are correct, using them to 

determine the limits of the integrals are problematic. As we saw in section 3, this 

involves visualization and analysis. 
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Figure 9: ST1’s attempt at setting up the integrals for the volume of tetrahedron 

defined by the plane  4x + 3y + 2z = 12 in the first octant 

Using the Zazkis et al visual-analysis (VA) framework, Table 3 presents the analysis 

of the solution. The first column shows the analytical steps and the second the visual 

steps. 

 

 

 



  LONG PAPERS 

283 

 

Table 3: VA steps in finding the volume of the tetrahedron in the first octant defined 

  by plane 4x + 3y + 2z = 12   

 Analytical steps Visual steps 

 

A1 For xy plane, let z = 0    4x + 3y = 12 

A2 For xz plane, let y = 0   4x + 2z = 12 

A3 For yz plane, let x = 0   2z + 3y = 12 

V1  Sketches 4x + 3y = 12 in the xy lane 

V2  Sketches 4x + 2z = 12 in the xz lane 

V3 Sketches 2z + 3y = 12 in the yz plane 

V4 Sketches tetrahedron in the xyz-coordinate plane 

A4  Sets up the integral in the order dzdydx
  

V5  Reads correct limits 0 to 4 for z and y. 

V6 Limit for x should run from 0 to 3 

A6  Sets up the integral in the order dzdxdy V7  Reads correct limits for z in terms of x and y.   

V8  Incorrect reading of limits for x and y 

A7  Sets up the integral in the order dydxdz V9  Incorrect reading of limits for all variables 

A8  Sets up the integral in the order dydzdx V10  Incorrect reading of limits  

 

We note a breakdown in the visualization of the Riemann process after the first volume 

integral (in which the error is the limit for x). Subsequent questioning revealed that the 

student was not stacking, but simply reading the intercepts from the axes of his sketches 

in Figure 9. The six permutations for the tetrahedron defined by 4x +3y +2z = 12 in the 

first octant are shown in Table 4. 

Table 4: The six permutations of the volume integral of the tetrahedron enclosed  

 by 4x +3y +2z = 12 

  
 3

0

3/44

0

5.126

0

x yx

dxdydz  

int(int(int(f,z,0,6-2*x-1.5y),y,0,4-4/3*x),x,0,3)    ans =  12 

  
 4

0

75.03

0

5.126

0

y yx

dydxdz  

 int(int(int(f,z,0,6-2*x-1.5y),x,0,3-0.75y/2),y,0,4)  ans = 12 

  
 6

0

2/3

0

3/23/44

0

z zx

dzdxdy  

>> int(int(int(f,y,x,4-4*x/3-2z/3),x,0,3-z/2),z,0,6)  ans =  

12 

  
 3

0

26

0

3/23/44

0

x zx

dxdzdy   

>> int(int(int(f,y,0,4-2*x-z),z,0,4-2*x),x,0,2)    ans =  12 

     
 6

0

3/24

0

4/35.03

0

z yz

dzdydx    
 4

0

2/36

0

4/32/3

0

y yz

dxdzdy  

Figure 10 shows student ST2’s attempt at finding the volume of a tetrahedron defined 

by the planes x + z = 3, y = x in the first octant. Table 5 gives the Vizualization-Analysis 

breakdown.  While the projections in the xy-plane and the yz-planes are easy to see, the 
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projection for the xz- plane needs the intersection of the planes x + z =3 and y = x. We 

find this by substitution to give y + z = 3.  

The student moved easily from the algebraic to the geometrical register with correct 

projections and the 3D solid. There is confusion in the first set of limits for x. Shading 

the projections could have given correct limits for the first triple integral

  
3

0 0

3

0

y x

dydxdz .    

Check  

Using Matlab:  >> int(int(int(f, z, 0, 3  y) , x , 0, y), y, 0 , 3)    ans = 9/2 

 

Figure 10: ST2- Volume of tetrahedron defined by the planes     

    x + z = 3 ; y = x; z = 0, x = 0  

The six integrals for the volume are: 

Table 5: Permutations of the integrals for the volume of the tetrahedron represented 

  by the planes x + z =3 and y = x. 

  
3

0

3 3

0x

x

dxdydz  

>> int(int(int(f,z,0, 3-y), y, x, 3), x,0,3) ,   ans =  9/2 

  
3

0 0

3

0

y x

dydxdz  

>> int(int(int(f, z, 0, 3-y), x, 0, y) ,y,0,3)   , ans = 9/2 

  
 3

0

3

0

3x z

x

dxdzdy   

>> int(int(int(f, y, x, 3-z),z, 0, 3-x), x, 0, 3)  ,  ans =  9/2 

  
 3

0

3

0

3z z

x

dzdxdy  

>> int(int(int(f, y, x, 3-z), z, 0,3 - z), x,0,3),  ans =  9/2 
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3

0

3

0 0

z y

dzdydx  

>> int(int(int(f,x,0,y),y,0,3-z),z,0,3),  ans = 9/2 

  
3

0

3

0 0

y y

dydzdx  

>> int(int(int(f,x,0,y),z,0,3 - y),y,0,3), ans =  9/2 

 

Looking at the student’s solution, we note errors in reading the limits for 

  
 3

0

3

0

3z z

x

dzdxdy  even though all the projections were drawn correctly. The stacking in 

the y direction runs from y = x to y = 3 – z. The xz projections show the limits for x 

from x = 0 to 3 – z and finally the z limits from 0 to 3. Subsequent questioning revealed 

that the student was not working with the sketch of the 3D solid and its projections but 

with the equations that were given in the question. The interview excerpt between the 

Tutor (T) and student ST2 follows:  

T:   Shows student the question and the incorrect response :  
  





3

0

3

0

z

yx

xy

dzdxdy  

T:    Can you show me how you got these limits. These are the diagrams you drew. 
ST2: I started with the 3D diagram and went along y. Moves finger from y = 0 to y =x.  
T:    When you do that are you in the solid?  
ST2: No. O.K. Should I start at y = x and move to y = 3?  
T:     What is y = x?  
ST2:  The line (Points to the line y = x on the xy plane).  
T:      Remember you are in R3. So what is y = x? 
ST2:  Ok The plane. This triangle plane. 
T:      Imagine you are stacking boxes, how do your boxes stack? From where to where 
in the solid?. 
ST2:  From y = x to y = 3. 
T:      O.K. Lets look at the limits for x: How did you find them? 
ST2:  I read them from the given equations: Indicates the first two given equations: x 
+ z = 3 ; y = x; z = 0, x = 0  
T:     Shouldn’t you use your diagrams? Which diagram would you use? 
ST2: Not sure 
On the Visualization-Analysis framework, the first few steps involve analysis of the 

given equations. ST2 takes the xz, yz and yx planes separately and correctly draws the 

projections in 2D. An important next step is to put the projections together to assemble 

the solid. ST2 draws the projections and assembles them into the 3D object easily. This 

requires mental coordination of the projections, and moving and positioning them on 

the 3D sketch. 
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 While the transformation from the algebraic to the geometric register was achieved, 

we see that there are difficulties in reading the limits of the integrals from the sketches. 

There is a tendency to look at y = x as a line rather than a plane in 3D. The projections 

are ignored and the student reverts to the given algebraic equations for the limits, 

highlighting the unease in working with the visuals the student has sketched. The limits 

of integration for half the required orders were incorrect.   

The final example looks at integrals for the volume in the first octant enclosed by the 

surfaces represented by the equations y + z = 2  and  x = 4 – y2, (See Figure 11). The 

intersection of the surfaces is not easy to visualize. We focus on the triple integral in 

the order dydzdx, where a split integral is required to span the region. To set up the 

limits of the triple integral in the order dydzdx,  we note that the region of integration 

is partly ‘under’ x = 4  y2 and also ‘under’ y = 2 – z, an extremely difficult visual step. 

The intersection in the xz-plane of projection is found by eliminating y from the two 

two given equations. The limits for y come from the 3D drawing. The limits for x and 

z come from the projections.  

Figure 11: Volume integral for the object represented by the surfaces y + z = 2  and 

   x = 4 – y2 in the order dy dx dz 

 

Our findings were that the number of students getting correct limits for the triple 

integrals dropped from 75% when no splits were involved to below 15% when a split 

in the triple integrals was involved.  Also setting up the integral in the order dzdydx 

was easier than other orders like dxdydz or dydxdz.   

Implications for Teaching and Learning 

The analysis of students’ solutions highlights several challenges in the teaching and 

learning of multiple integration. We identified visualising mathematical objects in 

three dimensions as one of the difficulties. Students face difficulties in setting up and 

switching the order of integrals.   

 (a) 

 

 

 

 

(b)  The split integral required to stack the 

region 

    


 



2

0

4

)2(4

4

0

2

0

)2(4

0

2

0 2

2

z

xz z

dzdxdydzdxdy  

x = 4  y2 

2      y 

x 

   z  

,       y + z = 2 
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The software (Matlab) promoted a combination of visual and non-visual scaffolding 

and analytical thinking.  From a didactical point of view the software acted as a 

pedagogically appropriate mathematics construction and exploration tool, reducing the 

cognitive load that a student faces in having to deal with several representations and 

heavy computations. It embraces all four components of visual thinking that Koslyn 

(1983) proposed, namely: image generation, inspection, manipulation and 

maintenance, thus facilitating visualization. The software also reduced the lengthy 

computations involved in working out the integrals. The answers for the volumes could 

be compared and errors in the limits of integration detected and corrected immediately.  

Mathematics educators need to pay attention to the use of visual representations, such 

as space figures in 2D and 3D, including their construction, sketching, and 

interpretation. They need to encourage students to use their visualization skills to better 

conceptualise, represent and solve problems. Often visual representations drawn by 

students in answer to problems are viewed as scratch work and ignored by educators. 

Educators can stress the importance of sketching visual representations and include 

them in their marking rubrics.  

Conclusions  

In this study, we used Duval’s Theory of registers of semiotic Representation and the 

Zazkis et al Visualization-Analysis framework to analyze students’ solutions for 

finding volumes of solids defined by algebraic equations in R3. While most students 

were able to realise the transformation from the algebraic to the geometric register 

some faced problems in generalising 2D equations to 3D representations. They could 

sketch the projections and cross-sections of the 3D object and assemble them into a 

coherent object. However, the mathematical object was difficult to visualise when it 

sat between two or more surfaces and the intersecting curves were hard to identify. 

This compounded the difficulties of setting the limits of integration. We found a 

tendency to stick to and stay within the algebraic register, manipulating equations to 

find limits of integration, even though students had sketched geometrical figures.  We 

note that the dzdydx triple integral was easier to set up but changing the order of 

integration was not easily accomplished. Practical interventions are necessary to 

generate views of the 3D objects, their cross-sections, projections and intersections.  

Further research to investigate students’ thinking and the role of visualization in 

cylindrical and spherical coordinate systems is recommended. 
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STUDENTS’ UNDERSTANDING OF FACTORISATION AT 

ENTRY LEVEL IN A UNIVERSITY OF TECHNOLOGY 

Sibawu Witness Siyepu & Zakhele Thomas Nkosi 

Cape Peninsula University of Technology 

This article reports on students’ understanding of factorisation of cubic expressions at 
their entry level in a university of university. The aim of this study was to investigate 
first year students’ understanding in their learning of factorisation of cubic 
polynomials at entry level in a University of Technology. This assists lecturers to 
search for strategies that could be used to enhance students’ understanding in their 
teaching of factorisation of cubic polynomials. Participants of the study were a group 
of thirty students registered for mathematics in an electrical engineering course. Data 
were collected through analysing students’ written tasks. Tasks were designed to find 
out students’ knowledge of factorisation of cubic expressions. Sfard’s (2001) 
commognitive framework was used to analyse data collected.  Findings of this study 
revealed that some students enter universities with adequate background to grasp 
limits, differentiation and application of differentiation. There were students who 
demonstrated weaknesses regarding factorisation of the difference and sum of two 
cubes which shows that these students need a kind of revision of factorisation prior to 
the introduction of limits, differentiation and its application to be able to grasp first 
year university calculus. This study recommends the use of baseline assessment as a 
key strategy to identify students’ shortcomings at their entry level in a university of 
technology.  
Key words: Cubic expressions; Factorisation; Factor and Remainder Theorems; Sum 

and difference of two cubes; Third degree polynomials; Understanding  

INTRODUCTION AND BACKGROUND OF THE STUDY 

Students who enter universities are expected to be ready to link their understanding of 

mathematics that they bring from schools with the kind of mathematics they have to 

study in their first years in universities. This study analyses students understanding in 

factorisation of cubic polynomials. This covers sum and difference of two cubes as 

well as factorisation of cubic expressions using the factor and remainder theorems. 

Factorisation of cubic expressions is a prerequisite in the development of students’ 

understanding of limits, first principles of differentiation, derivatives and application 

of differentiation in first year university mathematics studies. Factorisation is a key 

area to enable students to simplify many algebraic expressions that emerge in various 

calculations of mathematics. The South African Curriculum and Assessment Policy 

Statement (CAPS) recommend the content of factorisation to be taught in secondary 

schools as shown in Table 1 below.   

 

Table 1: Shows recommended factorisation in Curriculum and Assessment Policy 

Statement  
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Algebra Grade 10 Grade 11 Grade 12 

 Manipulate algebraic expressions 

by: 

• multiplying a binomial by a 

trinomial; 

• factorising trinomials; 

• factorising the difference and sums 

of two cubes; 

• factorising by grouping in pairs;  

 

Revise factorization 

done in Grade 10 

Take note and 

understand the 

Remainder and 

Factor Theorems 

for polynomials up 

to the third degree. 

• Factorise third-

degree polynomials 

(including 

examples which 

require the Factor 

Theorem). 

 

Although university lecturers understand the basis of CAPS recommendations, but the 

reality is that first year mathematics students are experiencing challenges to grasp 

sections of mathematics that require basics of factorisation and to establish a link 

between secondary school mathematical knowledge and first year mathematics 

content.   

Luneta & Makonye (2010) state that “students’ performance in calculus is undermined 

by weak basic algebraic skills of factorisation, handling operations in directed 

numbers, solving equations, and poor understanding of indices” (p.167). Siyepu (2013) 

suggests that “lecturers should be aware of the educational backgrounds of the first-

year university students in order to design learning activities that may close any gap 

that exists between matriculation and first-year university levels” (p.184). The 

argument put forward by these researchers necessitated the exploration of students’ 

prior knowledge regarding their understanding of cubic factorisation at their entry level 

in a university of technology.      

The aim of this paper is to analyse students’ understanding and their interpretation of 

factorisation of cubic polynomials. Analysis assists lecturers to understand what the 

students know and their weaknesses. From the kind of reflection revealed by students 

in these diagnostic exercises lecturers might be in a position to develop activities that 

can assist students to gain understanding in their learning of factorisation of cubic 

polynomials. The students’ mastery of factorisation serves as a foundation for 

performance of complex tasks such as limits, differentiation and application of 

differentiation in university calculus.  Therefore, the study will assist first year 

mathematics lecturers to develop strategies that can be adopted to help students to gain 

understanding of the most dominant section in the mathematics curriculum, namely 

calculus.  

This study sought to answer the following questions:  
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1. What kind of understanding is displayed by first year students in their learning of 

factorisation of cubic polynomials at entry level in a University of Technology? 

2. What strategies could lecturers use to enhance students’ understanding in their 

teaching of factorisation of cubic polynomials? 

 

RELATED LITERATURE AND THEORETICAL FRAMEWORK 

Admission to study in science disciplines at South African universities is based on a 

prospective student’s level of high performance in Mathematics, Science and English 

in the final year of schooling (Dennis & Murray, 2012). A report given by the 

Honourable Minister of Basic Education of South Africa in January 2016 reveals that 

less than a third of the relatively small number of students who wrote mathematics in 

South Africa at matriculation level passed with more than 40% (DBE, 2016). The 

interpretation might be different by saying more than 60% of students who wrote 

mathematics in matriculation in 2015 could not get an entry level in many disciplines 

that require mathematics as a prerequisite at universities.  Among the few students who 

obtained marks to be admitted in faculties such as engineering but first year students 

prove to be underprepared to grasp university mathematics with ease.   

Jennings (2009) asserts that: 

Universities found that students could be at risk due to a limited educational background, 

unrealistic expectations of engineering study, an inability to cope with demands of tertiary 

education, a lack of motivation, limited career information, and the transition from a 

secondary to a tertiary teaching and learning environment. (p. 274)    

This study focuses on analysis of students’ understanding of factorisation of cubic 

polynomials as the basis of understanding core sections of differential calculus. The 

students’ mastery of factorisation is critical for the performance of complex tasks such 

as limits, differentiation and application of differentiation in university calculus. 

Sfard’s (2007) Commognitive framework underpins this study. The commognitive 

framework is “grounded in the assumption that thinking is a form of communication 

and that learning mathematics is tantamount to modifying and extending one’s 

discourse” (Sfard, 2007, p. 567). Sfard (2001) asserts that “the concept of discourse 

refers to any specific act of communication, whether diachronic or synchronic, whether 

with others or with oneself, whether predominantly verbal or with the help of another 

symbolic system” (p. 28). Diachronic linguistics is the study of the changes in language 

over time. Synchronic linguistics is the study of the linguistic elements and usage. 

Sfard (2007) asserts that “a discourse counts as mathematical if it features 

mathematical words, and terms that are unique to mathematics” (p. 573).  The use of 

words is important and only matters when meaning is attached based on its use in 

language (Sfard, 2007).  

There are few studies published based on the use of the commognitive framework to 

study university mathematics teaching. Güçler’s case study (2013) investigates the 
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discourse of teacher and students in an undergraduate lecture on limits. Siyepu & 

Ralarala (2014) analyse mathematical discourse in the learning of differentiation. So 

far, research using the commognitive framework has mainly been aimed at studying 

learning. However, it can be fruitfully applied also in research on teaching, as argued 

by Sinclair and Yurita (2008, p. 137). Sfard’s commognitive framework is an attempt 

at developing a participationist theory of thinking in general, and mathematical 

thinking and learning in particular. This study seeks to analyse students’ responses to 

questions about factorising cubic polynomials.  Sfard (2007, p. 568) makes the 

following claim: if an interpretation framework is to pass the test, studies guided by 

this framework must be able to cope with the following issues:  

1. Focus on the object of learning: In the case under study, what kind of change is 

supposed to occur as a result of learning?  

2. Focus on the process: How do the students and the lecturer work towards this 

change?  
3.  Focus on the outcome: Has the expected change occurred?   

The study reveals students’ understanding and interpretation of the factorisation of 

cubic polynomials. In a commognitive approach, Sfard (2007) states that, in any 

academic discipline such as mathematics a form of discourse made distinct by the 

following four characteristics, namely, words and their uses; visual mediators; 

endorsed narratives and routines, as detailed below. 

Words and their uses: In any professional discourse, there are words and their uses 

that comprise the unique vocabulary of that particular discipline (Siyepu & Ralarala, 

2014, p. 330).  The South African Curriculum and Assessment Policy Statement 

(CAPS) recommend that students at Grade 12 should be taught the Factor Theorem for 

polynomials up to the third degree. This requires that students should be able to 

factorise third-degree polynomials (including examples which require the application 

of the Factor Theorem). There are special words or concepts here with their notations, 

or symbols that should be introduced with care to distinguish between their meaning 

in everyday English and in a mathematics context. Halliday (1975) asserts that natural 

language words are reinterpreted in the context of mathematics. This study unpacks the 

meaning of the following words in the context of mathematics, namely, polynomial, 

cubic, factorise, third degree and factor theorem. Thomas, Druck, Huillet, Ju, Nardi 

and Xie (2012) state that for each section of mathematics there are key mathematical 

concepts that students need to master them to be able to grasp or to ease into a transition 

from secondary mathematics to university mathematics. Understanding the nature of a 

problem in factorisation is the cornerstone of developing students’ understanding of 

limits, differentiation and application of derivatives in their first year level in a 

university of technology. It is not possible for first year students to move further in 

simplification of algebraic expressions without the ability to factorise correctly 

(Siyepu, 2013).      
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Visual mediators are means with which participants of discourse identify the object 

of their talk and coordinate their communication (Sfard, 2007, p. 573). Mathematical 

discourses often involve symbolic artefacts, created especially for the sake of this 

particular form of communication (ibid, 573). The most common examples include 

mathematical notations, symbols, rules and formulae. In order to clarify this notion, the 

following mathematical notations, symbols, rules and formulae are worthy of note. 

(a) A polynomial is a mathematical expression consisting of a sum of terms, 

each term including a variable or variables raised to a power and multiplied by 

a coefficient. The simplest polynomials have one variable. 

(b) The degree of a polynomial is the highest degree of its terms when the 

polynomial is expressed in its canonical form consisting of a linear combination 

of monomials.  
(c) A cubic polynomial is a polynomial of degree 3. For example   

   
3223 yxyyxx   

      (d) Factorise means to resolve into factors 

      (e) Remainder Theorem: 

(1) The Remainder Theorem states that when you divide a polynomial )(xP  by any      

factor )( ax  ; which is not necessarily a factor of the polynomial; you will obtain a new 

smaller polynomial and a remainder, and this remainder is the value of )(xP  at ax  , 

i.e. ).(aP  

(2) Remainder Theorem operates on the fact that a polynomial is completely divisible 

once by its factor to obtain a smaller polynomial and a remainder of zero. This provides 

an easy way to test whether a value a  is a root of the polynomial ).(xP  

(3) Below is an example that serves to prove the remainder theorem 

6116)( 23  xxxxP .  Prove that 1x  is a root of )(xP , 

Solution: 

 

 

 

0)1( P ;  

This implies that 1x is a root of the polynomial )(xP , and )1( x is a factor of ).(xP

Therefore if we were to synthetically divide through )(xP by ),1( x  we should get a 

new smaller polynomial and a remainder of zero: 

(g) In algebra, the factor theorem is a theorem linking factors and zeros of a polynomial. 

It is a special case of the polynomial remainder theorem. 
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The Factor Theorem states that x – a is a factor of the polynomial f(x) if f(a) = 0 

Example: 

Determine whether x + 1 is a factor of the following polynomials. 

a) 3x4 + x3 – x2 + 3x + 2 

b) x6 + 2x(x – 1) – 4 

Solution: 

a) Let f(x) = 3x4 + x3 – x2 + 3x + 2 

f (–1) = 3(–1)4 + (–1)3 – (–1)2 +3(–1) + 2 

= 3(1) + (–1) – 1 – 3 + 2 = 0 

Therefore, x + 1 is a factor of f(x) 

b) Let g(x) = x6 + 2x(x – 1) – 4 

g (–1) = (–1)6 + 2(–1)( –2) –4 = 1 

Therefore, x + 1 is not a factor of g(x)  

All of the above mathematical statements, formulae, rules, symbols and notations are 

the basic requirements for all students in order to make sense of factorisation of cubic 

polynomials.  

Routines are procedures that are applied as repeated steps to reach a solution in a 

mathematical problem (Siyepu & Ralarala, 2014, p. 333). Routines are useful in 

learning a new discourse as the ability to act in new situations often depends on 

recalling one’s or others past experiences (Tabach & Nachlieli, 2011). Examples 

discussed above show the kind of procedures that are applied to factorise cubic 

polynomials using the remainder and factor theorems. 

 

RESEARCH METHODS   

This study is located within a qualitative case study approach. Case study research is 

an investigation and analysis of a single or collective case, intended to capture the 

complexity of the object of study (Stake,1995).Case study research has a level of 

flexibility that is not readily offered by other qualitative approaches such as grounded 

theory or phenomenology. Case studies are designed to suit the case and research 

question (Hyett, Kenny & Dickson-Swift, 2014). This study explores miscomputations 

displayed by students registered for mathematics when learning factorisation of cubic 

polynomials at an entry level at the University of Technology.The research participants 

were a group of thirty students enrolled for Electrical Engineering in the year of 2016. 

Mathematics is a key subject in electrical engineering, students are expected to enter 

this course with enough background in the learning of mathematics  

 

http://www.ncbi.nlm.nih.gov/pubmed/?term=Hyett%20N%5Bauth%5D
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Data collection 

The data set for this study were collected through document analysis, and students’ 

written work.   

The following activities were administered to the students. Figure 1 shows factoring of 

sum and difference of two cubes as first task administered to the students. 

  

1. 33 ba   

2. 33 ba   

3. 83 x  

4. 127 3 x  

5. 6463 yx  

6. 278 3 y  

Figure 1: Task administered to students as factorisation of cubic expressions  

The above task examines what students bring from matriculation regarding 

understanding of factorisation of sum and difference of two cubes. Figure 2 shows 

factoring of cubic polynomials using factor theorem.  

1. 6116 23  xxx  

2. 485 23  xxx  

3. 133 23  xxx  

4. 323  xxx  

Figure 2: Task on factorisation of cubic expressions using factor and remainder 

theorems 

Data analysis  

As indicated earlier the aim of this study is to explore miscomputations displayed by 

first year students registered for mathematics in electrical engineering in their 

understanding of factorisation of cubic polynomials. The main concern is to identify 

students’ weaknesses as a strategy of enabling lecturers in charge of teaching 

mathematics in first years to develop learning activities that probe students’ 

misunderstanding to eliminate weaknesses and enhance learning of key topics such as, 

limits, derivatives and application of differentiation. Students’ scripts were marked by 

the first author and remarked or moderated by the second author. Both authors gathered 

together to analyse the scripts. In analysis they jotted down students’ errors in their 

calculations and focused on kinds of activities to be developed to enhance students’ 

understanding of factorisation of cubic expressions.         
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FINDINGS OF THE STUDY 

As the study is qualitative in nature results report what students could do or could not 

do correctly. This study focuses in Electrical engineering students’ sense making 

efforts (thinking) while interpreting factorisation of cubic polynomials (mathematical 

discourse).   

Students’ responses in factorisation of the difference and sum of two cubes    

In relation to the activity in Figure 1 above, which required the students to factorise the 

sum and difference of two cubes, the students demonstrated an inability to factorise 

difference of two cubes as well as sum of two cubes. Figure 3 below shows an example 

of errors displayed by students in the factorisation of the sum of two cubes. 

 

 

 

 

 

Figure 3: An error done by students in factorisation of the sum of two cubes 

 

Primarily, the type of error shown in Figure 3 is indicative of students that could not 

open the brackets as the starting point of factorising the difference or sum of two cubes 

as follows (        ) (       ). They factorised 33 ba  as follows 
3)( ba   and 33 ba   as follows

3)( ba   instead of ))(( 22 bababa  and ))(( 22 bababa  respectively. Such 

miscomputation indicates that these students could not distinguish the two expressions

)( 33 ba   and 
3)( ba  . The students have consistently applied the error in all problems 

of factorisation in Figure 1.  

There were students who confused )( 33 ba  and
3)( ba  ; as a result they just wrote

))()(()( 33 babababa  . However, these students factorised 83 x  correctly as

)42)(2( 2  xxx .  This error originates from over-generalisation of the laws of indices 

such as 
333 )(abba    but 

333 )( baba  . This informs lecturers to explain restrictions 

of the rules of indices in their lessons in the classroom.   

There were students who showed an understanding and familiarity with factorisation 

of the difference of two cubes but who could not attempt factorisation of the sum of 

two cubes. Figure 4 below shows a situation where a student could not attempt 

factorisation of the sum of two cubes whereas he showed familiarity and understanding 

with factorisation of the difference of two cubes. For example, the student did not 

attempt to calculate problem in ( i ) )( 33 ba   which requires the factorisation of the sum  
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of two cubes. 

 

 

 

 

 

 

 

 

Figure 4: A student who did not attempt factorisation of the sum of two cubes 

 

In addition, there were students who factorised both 33 ba  and 33 ba  correctly, but 

were unable to factorise correctly the problems in questions 3, 4, 5 and 6 in Figure 1.  

Some students showed an understanding of resolving numbers and letters in 

exponential form such as  
633 264;327;28   but they could not get correct factors of 

the given expressions. For example, they could not go further to factorise fully 83 x  

as 33 2x  which is then factorised as )42)(2( 2  xxx .  

Some few students demonstrated an understanding of almost all the problem involving 

factorisation of the difference and sum of two cubes. Figure 5 shows an example of the 

student who scored all of the activities in figure 1.  

 

Figure 5: A student who scored all of the activities in figure 1.  

 

The student’s work extracted in figure 5 shows that this student demonstrated an 

understanding in all activities in figure 1 except the last question, numbered 6, which 

is 278 3 y . There was one student who scored all the questions in figure 1 including 

question 6.   
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Students’ responses in factorisation of cubic polynomials using the factor theorem    

The use of the factor theorem is a key in factorisation of cubic expressions. There were 

students who demonstrated full understanding of factorising cubic expressions using 

the factor theorem. A few students could not factorise question 4 in figure 2; that is

323  xxx .  

Figure 6 below shows students’ competence in factorising cubic expressions.   

 

 

Figure 6: Students’ competence in factorising cubic expressions  

On the contrary some students showed an ill-understanding of factorising cubic 

expressions using the factor theorem as they tried to factorise cubic expressions by 

grouping like terms together. The procedure attempted did not work as it was 

inappropriate. Figure 7 below shows students who applied the grouping method 

inappropriately. 

 

Figure 7: Students who applied the grouping method inappropriately. 

There were students who could not even attempt to factorise cubic expressions by 

means of using the factor theorem. They only copied the expressions as they are and 

leave them without any attempt to factorise. Some students factorised cubic 

expressions through the use of the remainder theorem applying algebraic long division 

method. Fig.8 below shows the use of the remainder theorem applying an algebraic 

long division method.   
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Figure 8: Use of the remainder theorem applying algebraic long division method.   

DISCUSSION OF FINDINGS OF THE STUDY 

The findings of this study revealed that students in the sample group could not factorise 

the sum and difference of two cubes. This suggests that lecturers, prior introduction of 

limits that require factorisation of the sum and difference of two cubes should develop 

learning activities in the form of tutorial tasks or classroom based activities to enhance 

students’ learning of factorisation to ease the introduction of limits, first principles of 

differentiation, derivatives and applications of differentiation.    

The key concepts in this study are the understanding of cubic expressions; third degree; 

operation of signs and strategies of verifying correct answers in factorisation. For 

instance in factorisation of 33 ba  ; there should be clear explanation why the expression 

is named the difference of two cubes. 3a read as a cubed, that means a  to the power 

three. Difference is the answer of subtraction. The key concepts such as third degree 

with reference to 3a and 3b should be explained giving details as a  is in the first degree; 
2a is in the second degree; 3a is in the third degree. The key aspect in factorisation of 

the sum and difference of two cubes is that students should be able to resolve cubic 

variables and numbers into prime factors. For instance in factorisation of 83 x  

explanation should be dealt with 3x resolved as 32 xxxxxx   and 8 resolved into 

factors as 32 222222  . 

In this current study there were students who were able to resolve 8  into 32  and 27 into 
33 but they could not write the correct solution in factorisation of question 6 in figure 

1, that is 278 3 y  . This suggests that either the problem of this nature was not taught 

in their secondary schools or if it was taught these students might had been forgotten it 

or they did not grasp the routine procedure to factorise expressions such as 278 3 y . 

This proposes that first year mathematics lecturers should focus on the development of 

learning activities that will allow students to explore factorisation of cubic expressions 

to reinforce their preparedness for learning of limits.  

There were students who demonstrated full understanding of both factorisation of the 

sum and the difference of two cubes. These students might be used as the more 

knowledgeable others (Vygotsky, 1978). Students who demonstrated understanding 

might be used as group leaders in peer collaboration to assist other students who 
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showed weaknesses in factorisation of cubic expressions.  Peer collaboration is the 

term used to refer to peer-learning situations in which students work together, face-to-

face, in a classroom context toward a shared understanding called convergence (Webb 

& Palinscar, 1996). Group leaders play a role of guiding other students to enhance their 

understanding of the task understudy.  

There were students who demonstrated full understanding of factorising cubic 

expressions using both the remainder and factor theorems. Figure 6 shows one student 

who proved to understand the application of the factor theorem to factorise cubic 

expressions. This student confirms that not all students who enter universities of 

technology are underprepared to grasp first year university mathematics with regard to 

the learning of limits. The key concepts in the application of the remainder and factor 

theorems to factorise cubic expressions are exponents or indices, substitution, 

application of long division to find factors of algebraic expressions, resolving numbers 

into prime factors, understanding algebraic operational signs and their uses in 

factorisation of cubic expressions.   

Lecturers should know basic concepts to be taught prior to any lesson in order for 

students to grasp the topic understudy. No students can understand factorisation of 

cubic expressions without enough background of indices, ability to resolve numbers 

into prime factors and ability to substitute. This endorses that students should be well 

prepared in the lower levels of learning to be able move easily from secondary 

mathematics to a university mathematics. 

CONCLUSION OF THE STUDY 

This study played a diagnostic role as a baseline assessment investigating what students 

bring regarding their understanding of factorising cubic expressions. Researchers used 

Sfard’s 1997 commognitive framework to analyse the data collected. As indicated 

earlier, in a commognitive approach, Sfard (2007) states that, “in any academic 

discipline such as mathematics a form of discourse made distinct by the following four 

characteristics, namely, words and its uses; visual mediators; endorsed narratives and 

routines”. The study used key concepts of factorising cubic expressions as the first 

characteristic of the commognitive approach, namely words and its uses. The 

discussion of findings explained meaning of key words such as third degree in a 

polynomial; resolving variables and numbers into factors; application of algebraic long 

division method to find factors of cubic expressions.  

This study suggests that visual mediators as a means with which participants of 

discourse identify the object of their talk and coordinate their communication (Sfard, 

2007, p. 573) should be a focus in classroom discussions and in development of 

learning activities. In order for lecturers to assess students’ understanding of key 

concepts of factorising cubic expressions should be emphasised. These key concepts 

are understanding of polynomials; degree of a polynomial; cubic polynomials; 

substitution; factor and remainder theorems. In mathematics discussion students should 
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be given opportunities to access meaning of the key concepts and their uses in a 

mathematics context.  

There are students who demonstrated full understanding of routines as procedures that 

are applied as repeated steps to reach a solution in factorisation of cubic expressions. 

This suggests that these students enter universities with adequate background regarding 

understanding of factorisation as an entrance to be able grasp and understand limits, 

differentiation and applications of derivatives in their first year level. This is a sign that 

despite over sweeping statements not all students enter universities underprepared to 

grasp key topics in mathematics.   

The study suggests that lecturers should develop learning activities that will assist 

students to develop sense making of factorising cubic expressions. Students should 

primarily gain an understanding of the key concepts in learning factorisation of cubic 

expressions. Key words such as factorise, prime factors, difference, sum and the 

importance of understanding the role of indices should be explored in classroom 

discussions  to enable students to develop an understanding of factorising cubic 

expressions.    
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MERGING MATHEMATICS AND MUSIC IN THE FOUNDATION 

PHASE: WHY THIS IS CRITICALLY IMPORTANT IN SOUTH 

AFRICA 

Carolyn Stevenson-Milln 

Rhodes University 

The purpose of this paper is to argue the critical need for teacher development 
interventions which merge music with mathematics in the teaching of Foundation 
Phase, with a focus on Grade R. The research is structured on an analysis of the 
current context of music and mathematics learning in primary schooling in South 
Africa, including, a curriculum and policy perspective, in relation to music and 
mathematics and the part they play in developing executive function and self-regulated 
learning skills. The final aim is to identify possible gaps and opportunities to inform 
both future research and development.  
 

Key words: Music and mathematics, executive function, self-regulated learning. 

INTRODUCTION 

This paper emerges from a broader research study that I am presently preparing, as part 

of my Masters in Education at Rhodes University. In the study, I will investigate the 

development, implementation and effect of a programme that blends music and 

mathematics learning, (particularly in relation to pattern and sequencing). The aim is 

to help develop learners’ executive function and self-regulated learning. The study will 

employ a design research approach, while the theory of enactivism will provide a 

powerful theoretical framework.  

KEY AIMS OF THE INTERVENTION PROGRAMME  

There are three main goals to this programme, they are: 

 to develop executive functioning and self-regulated learning skills in Grade R 

primary school learners, through music and mathematics  

 to add to the ‘fun’ of mathematics through active participation in counting, 

rhythm, sequencing and patterns of music commensurate with the mathematics 

curriculum required in Grade R, while developing working memory, mental 

flexibility, self-control and inhibition in the learner  

 and to focus on the development and improvement of executive functioning 

and self-regulated learning skills through music and mathematics at primary 

school level for greater achievement in mathematics in South Africa.  

However, for the purpose of this paper I focus only on the rationale for the importance 

of such programmes. This rationale is based on an analysis of the current context of 

music and mathematics learning in primary schooling in South Africa, including, from 

a curriculum and policy perspective in relation to music, mathematics and executive 
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functions in Grade R, to draw out possible gaps and opportunities. Secondly, the 

rationale focuses on an analysis of international and local literature on blending music 

and mathematics to support early learning (including mathematical) and executive 

functioning. This includes pointing towards gaps in research in South Africa on early 

music learning, and the potential for supporting mathematical learning and executive 

functioning. Finally I provide an analysis of a range of literature which I use to argue 

for the need for the development of music resources and programmes that focus on an 

African and South African music perspective rather than the adoption of early music 

programmes from so called Western countries where such programmes are well 

established.  

I have chosen to adopt the design research approach through my research, as indicated 

below in Figure 1.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5: Design Research Model - adapted from Coles (2015) 

This ties in with the process as outlined by Wood & Berry, (2003, p. 195), which is 

further supported by Coles, (2015, p.239) with his recursive inquiry in which he 

“indicate(s) that no sharp division should be drawn between data collection and 

analysis, (or between text and context)”. Further that: “Recursion suggests a repeated 

interaction with results from one iteration feeding into the next” (Coles, 2015, p. 239). 

I have chosen an enactivist perspective, as its basic assumptions of shared 

understanding and joint action through engagement resonate well with my own 

experience of teaching music to early learners through group movement and pattern 

formation enacted by the body and/or instrumentation. Enactivism also coheres well 

with the South Africa Curriculum (DBE, 2011), that emphasizes mathematical learning 

in Grade R and which must be built on the principles of integration and play-based 

learning while promoting the holistic development of the child (DBE, 2011). 

Learner / teacher education approach: Pilot Project, a physical product 

Collect data for testing, analysis & reflection 

Collate & write up outcomes through multiple models & theories 

Share results across teachers and learners  

Compile programme for professional development 
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Enactivism as a theoretical framework embodies the group interaction through teacher 

and learner, through learner and teacher, and through action. It is noted that this process 

is referred to as “an enactive approach to cognition” with “learning equivalent to 

action” (Brown & Coles, 2012, p. 217). It is on this premise that I intend to develop 

this same framework of understanding through mathematics and music. 
THE CONTEXT OF PRIMARY MATHEMATICS “IN CRISIS”  

South Africa is a context marked by inequality. It is noted that over 60% of South 

African children live in poverty  (Fleisch, Primary Education in Crisis. Why South 

African school children underachieve in reading and mathematics, 2008) and that: “SA 

has long been one of the most unequal countries in the world. This inequality plays out 

in schooling and particular in mathematical learning where gaps between various 

socio-economic status groups (or quintiles) are most pronounced”  (Graven M. , 

Poverty, inequality and mathematics performance: the case of South Africa's post-

apartheid context, 2014, p. 1039).  

Research has found that in South Africa learners in township schools in South Africa 

in general and in the majority, emanate from poor backgrounds, with very often 

minimum family support. “It is well known that poverty and inequality, separately and 

together, affect educational performance” (Adler & Pillay, 2017, p. 12). Adler & Pillay 

(2017) go on to state that: 

“of the 2014 full time NSC candidates a total of 35% of the students writing Mathematics 

achieved a pass mark of 40% and above. Only a very small portion of the 56% who 

passed Mathematics obtained sufficiently good grades to be able to enter university and 

study in the sciences”     

 (p. 11). 

Many have argued that much more attention is needed in the early grades of schooling 

to address the crisis and that intervention after Grade 9 is “too late as the majority of 

learners are already lost to mathematics” (Graven & Venkat, 2017, p. 6). There is 

research that suggests that interventions in pre-school can particularly support closing 

the performance gaps for various socio-economic status (SES) groups:  

“Teacher education needs to prepare teachers for models and modes of working inclusively 

with parents and communities for numeracy development to be effectively built and 

sustained. The literature points to the building of relationships that support the learning of 

the child through supporting the participation and learning of the family and community of 

which the child is a part.” 

 (Atweh, Bose, Graven, Subramanian, & Venkat, Teaching Numeracy in Pre-

School and Early Grades in Low-Income Countries, 2014, p. 25). 
 

In spite of the difficulties encountered by teachers and learners, it should be noted that 

“Poor families are important supporters of educational success and have implicit faith 

in the power of education”  (Fleisch, Primary Education in Crisis. Why South African 

school children underachieve in reading and mathematics, 2008, p. 77).  
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It is within, and in response to, the above context that there is a need for strengthening 

early music and mathematics learning, this being the aim of the broader research and 

intervention project. This intervention intends to provide a solid foundation for 

blending mathematics and music, to support learners at an early stage, to provide the 

context for the Opportunity to Learn, (OTL), as noted by  (Graven M. , 2014, p. 1045).   

 

THE CURRICULUM AND POLICY CONTEXT  

Music falls under the heading, ‘Creative Arts’ within the learning area of Life Skills in 

the Curriculum and Assessment Policy Statements (CAPS) (DBE, 2011), under the 

umbrella of performing arts, where it is allocated one hour a week. In contrast 

Mathematics is allocated 7 hours per week.  Conversely, Life Skills is described as “a 

cutting subject that should support and strengthen the teaching of the other core 

Foundation Phase subjects including Mathematics” (DBE, 2011, p. 8).  

Graven and Coles (in press) note that all curriculum policy documents since the first 

post-apartheid Curriculum have included Grade R as the first year of the Foundation 

Phase. The curriculum distinguishes that for Grade R the “approach to learning 

Mathematics should be based on the principles of integration and play-based 

learning“… “and should move through three stages of learning”. (DBE, 2011, p. 14). 

These are: “the kinaesthetic stage (to experience concepts with the body and senses); 

the concrete stage (3-D, using a variety of different objects such as blocks, bottle tops, 

twigs and other objects in the environment); and thirdly paper and pencil representation 

(semi-concrete representations using drawing, matching cards etc.)”.  

Following on to the principles of integration and play-based learning, there is a 

suggestion that mathematics and music should be merging through the kinaesthetic 

stage, (namely, body and senses), as well as the concrete stage, where blocks and bottle 

tops together with other objects in the environment fall within this learning (DBE, 

2011). 

By merging music with mathematics the “General aims of the South African 

Curriculum” (DBE, 2011, p. 4), will be strengthened double-fold, namely by 

“equipping learners”, (starting in Grade R), “irrespective of their socio-economic 

background, race, gender, physical or intellectual ability, with the knowledge, skills 

and values necessary for self-fulfilment, and meaningful participation in society as 

citizens of a free country” (DBE, 2011, p. 4). Further, by including music with 

mathematics, the principle of “active and critical learning”…“rather than rote” (DBE, 

2011, p. 4), can be introduced through a learning experience. This in turn should better 

equip the learner to make decisions using critical and creative thinking, “work 

effectively with others as members of a team”…and “collect, analyse, organise and 

critically evaluate information” (DBE, 2011, p. 5).  
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LINKS BETWEEN MUSIC AND MATHEMATICS: EXECUTIVE FUNCTION 

(EF) AND SELF-REGULATED LEARNING (SRL) 

Learner executive functioning, (or cognitive control), “is used to assess school 

readiness” (SANCP, 2016, p. 5), and has been argued to have a” greater influence on 

learners’ school performance than their IQ score especially in mathematics” (Roebers, 

Cimeli, Rothlisb erger, & Neuenschwander, 2012, p. 411) as cited in (SANCP, 2016, 

p. 5). In addition, musical development has been argued by many to be an excellent 

means for strengthening EF (Zuk, Benjamin, Kenyon, & Gaab, 2014, p. 2). It is further 

suggested that musical training boosts children’s academic performance through 

executive functioning and: 

“that children with extensive musical training show enhanced performance on a number of 

EF constructs compared to non-musicians, especially for cognitive flexibility, working 

memory and processing speed” 

 (Zuk, Benjamin, Kenyon, & Gaab, 2014, p. 9) 

Espy (1997) in her article from The Shape School (Espy, 1997, p. 495) refers to 

Executive Function (EF) as a possible means to “elucidate developmental brain-

behavior relations in pre-school children”. Espy goes on to indicate that inhibition 

efficiency, a core element of EF, may improve significantly between 3 to 4 years of 

age, and switching skills, (another element of EF), may show improvement from 4 to 

5 years of age. Rothlisberger (2012, p.411) supports the development of EF, and 

describes it as a central role for children’s cognitive and social development during 

preschool years, especially in promoting school readiness (Rothlisberger, 

Neuenschwander, Cimeli, Michel, & Roebers, 2012, p. 411). Moreover, early EF skills 

have been shown to predict the development of domain-specific precursors of 

academic achievement, putting children with well-developed EF at a further advantage 

Rothlisberge et al. (2012, p. 413). 

Self-regulated learning (SRL) is required for problem solving, planning and behavioral 

regulation. According to Bordova (2008, p.1): 

“SRL is a deep internal mechanism that enables children, as well as adults, to engage in 

mindful, intentional, and thoughtful behaviors. It involves the ability to control one’s 

impulse and to stop doing something, which may go against his/her inhibitions”. 

This is much like inhibitions or interference control addressed in EF skills. Further 

“SRL involves the capacity to do something even if the doer does not want to e.g. 

awaiting one’s turn or raising one’s hand” (Bodrova & Leong, 2008, p. 1)..  
 

Findings suggest that there is an increasing evidence of a strong relationship between 

EF skills, in particular executive working memory, and children’s mathematical 

achievement (Cragg & Gilmore, 2014, p. 66). These same mathematical abilities 

should be found within music from Grade R learners in South Africa. The emphasis 

being on well-known African music. The intention is to study and draw on the 
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movement, beat and rhythm, found within the learners to work alongside overlapping 

mathematical concepts e.g. patterns. 

The Arts Education Partnership in Washington DC (AEP, 2011), published a report 

conducted by an extensive body of research to identify high quality, evidence-based 

studies that document young people learning outcomes associated with an education in 

and through music. The results show conclusively that music education enhances fine 

motor-skills, superior working memory, and better thinking skills. Further, that it 

advances mathematics achievement, and strengthens perseverance (Berti et al., 2006; 

Forgeard, 2008; Heimrich, 2010; Rauscher, 2000; Scott, 1992; as cited AEP, 2011).  

Hallam in her report entitled ‘The Power of Music’ states that:  

“although the evidence for the impact of musical activity on mathematics performance is 

mixed, there is positive evidence from intervention studies with children particularly where 

musical concepts are used to support the understanding of fractions.”  

(Hallam, 2015, p. 12) 

Further Hallam (p.12), notes that playing in a musical ensemble (i.e. group interaction), 

“requires many sub-skills associated with executive functioning including sustained 

attention, goal-directed behavior and cognitive flexibility”. Through my research I 

intend to collect sufficient data for analysis that will enable the development of a 

research informed group music programme, (including innovation through group 

interaction), that merges with mathematics in the South African context. In addition, 

the research will elaborate on the relationship between the development of executive 

functioning skills, and music and mathematics that could benefit the learner going 

forward into the higher levels of their scholastic education, in particular in 

mathematics. 

It is noted that spatial temporal reasoning might be relevant to success in mathematics, 

(Cooper & Mumaw, 1985, p. 67). The relevance of a research conducted by Rauscher 

& Zupan (2000, p. 225) is significant in terms of their findings on group music lessons. 

The findings suggest that: “music instruction may enhance proportional reasoning 

relating to certain mathematical abilities, such as understanding fractions and ratios” 

(Rauscher & Zupan, 2000, p. 225). A comparison between spatial temporal reasoning 

can be drawn to EF in skilling and creating abilities in children to form decisions 

through cognitive control. By the same token it was purported that the Mozart effect 

may have significant educational implications  (Grandin, Peterson, & Shaw, 1998, p. 

11).  

Working with the premise that music develops EF (Zuk, Benjamin, Kenyon, & Gaab, 

2014) the following Figure 2 is developed as a diagrammatic representation for the 

purposes of the broader study.  
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Figure 6: Developing EF & SRL through Music & Mathematics 
 

MUSIC AND MATHEMATICS AS A BRAIN FUNCTION  

It is said that a child’s brain develops faster with exposure to music education (BCI 

and USC, 2016). A five-year study by researchers at the Brain and Creativity Institute 

(BCI and USC, 2016), at the University of Southern California supports this premise, 

and further that “exposure to music instruction accelerates the brain development of 

young children in the areas responsible for language development, sound, reading skill 

and speech perception”. Although not mathematics specific, these skills are crucial for 

young learners’ development across all disciplines of learning in education.  

“Both music and mathematics are related in the brain from very early in life” (Burack, 

2005, p. 84): the steady beat, rhythm, melody and tempo possess mathematical 

principles together with sequencing, counting, patterning and one-to-one 

correspondence. Research also indicates, “a steady beat affects attention behaviors in 

humans (in the premotor cortex of the brain)” (Bengtsson, et al., 2005, p. 62) and these 

“attention behaviors that together with other skills form an integral part of EF 

development”.  

 

AN EXAMPLE OF BLENDING ACTIVITIES  

While the intervention programme may not be a focus for this paper I understand that 

this aspect is of particular interest to teachers and will thus elaborate on it in my 

presentation. Here, due to space restrictions I simply provide an example of the kind 

of activity that will be piloted, (and refined), in the development of my study and 

intervention programme, through a design research approach.  

It is intended that, through my programme, I focus on developing number sense, (ENF 

Teacher Development Programme, (SANCP, 2016, p. 5)), as a key foundation 

mathematical skill. This development of number sense can be demonstrated through 

Block notation, (a form used in traditional African music), with instrumentation in 

Greater academic achievement in merging Mathematics 

and Music 

Executive Functioning & Self-

Regulated Learning 

Goal directed 

behaviour 

Sustained 

attention 
Task switching; 

cognitive flexibility 
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terms of clapping, tapping and drumming as suggested by McConnochie (2014), with 

particular emphasis on learner leadership. Figure 3 provides an example of Block 

notation. 

Count 1 2 3 4 5 6 7 8 

Group 

1 

X    X    

Group 

2 

 X  X  X  X 

 

Figure 7: Block notation for two groups 
Two groups of learners will count 1 to 8 in ‘rounds’, with different sounds through 

clapping and drumming. The ‘X’ in the first line, indicates that the first group should 

clap only on numbers 1 and 5, while the second group should drum on numbers 2, 4 

and 6. Where there is no ‘X,’ there is no sound i.e. no clap or drumming. Instead of an 

‘X’ as an indication of when to make a sound, the count can be colour coded or a picture 

could be used of a hand clapping or of a drum, depending on what is most appropriate. 

While the example appears to be simple, the act requires considerable concentration, 

while at the same time reading, memorizing the counting from 1 to 8, and watching the 

positions of the ‘X’ for the individual’s group. Learners must be able to filter out the 

noise or sound of the other group, so as not to distract them, but must be ready to input 

only when required, thus inhibiting their eagerness to clap or beat the drum freely as 

would a toddler when given a drum. The whole activity ends when a leader indicates 

the end, or makes a change by e.g. adding a third group with a different rhythm and 

bringing in a different sound, such as tapping. 

 

CONCLUSION 

In this paper I have argued the critical need for teacher development interventions 

which merges music with mathematics in the teaching of Foundation Phase, with a 

focus on Grade R. 

To support the interventions and provide qualitative data, on which to draw out possible 

gaps in research on early music learning merging with mathematics, I will, (with prior 

consent from principals, teachers and parents), approach a number of schools in my 

surrounding areas for a sample base on which to draw data through one-on-one 

interviews, with learners and with teachers.  The schools that I intend approaching 

should be chosen from schools with which the SANC Project at Rhodes University has 

an existing professional working relationship. The levels, (primary schools, grade R, 

teaching mathematics), suit my project perfectly. 
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In the context of learner reliance on using one-to-one counting methods to solve basic 
operation problems, this paper investigates learner progression in a common 
assessment across three research projects in South Africa. These projects focus on 
learner progression in mathematical proficiency in after-school maths clubs as part of 
a broader maths clubs teacher development programme that takes place over 15-weeks 
in the after-school club space. We argue that within the tightly focused development 
programme, learners make substantive progress when comparing scores in both a pre 
and post assessment. The three studies were conducted as multi-site case studies across 
three educational districts and 33 clubs, encompassing 300 learners in total. The paper 
contributes to a growing body of research on after-school clubs as out-of-school time 
interventions in South Africa.  
 
INTRODUCTION, CONTEXT, FOCUS & SIGNIFICANCE OF THE PAPER 

Much South African research points to overdependence on concrete counting strategies 

(see for example Fleisch, 2008; Schollar, 2008; Spaull, 2013; Taylor, 2008). South 

Africa currently sits with a crisis in primary education where learners are still bound 

by using concrete strategies to solve mathematics problems. Many learners are 

‘trapped’ in using concrete one-to-one counting methods or dependence on algorithms 

without understanding. The result is an absence of flexibility and fluency with both 

numbers and operations (Graven & Stott, 2016). It has been noted that such practices 
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hinder a coherent development of number sense and efficient arithmetic strategies 

(Graven, Venkat, Westaway & Tshesane, 2013). 

Phase I of the South African Numeracy Chair (SANC) project focused on establishing 

after-school maths clubs for primary learners in Grahamstown schools as a new 

initiative (see Graven, 2016a). Findings from this phase have been reported on by the 

project team and show that the clubs provide enabling spaces for both recovery and 

extension of mathematical proficiency in learners as these spaces are free from several 

contextual constraints that teachers face in their classrooms. Additionally, the SANC 

project team hypothesise that the clubs provide a safe space for trying new pedagogical 

approaches for the teachers and for ourselves and building confidence in these 

approaches. The model for the clubs has evolved over the last five years as reported in 

Stott and Graven (2013) and Stott (2016).  

Local and national interest in the after school maths clubs has grown rapidly which 

comes with the challenge to engage more deeply with issues of the extent to which 

clubs run in districts beyond the SANC project focal area are of value and sustainable 

and can be ‘scaled up’. Graven (2016b) however, highlights several issues associated 

with expanding or “scaling up” local development projects to both provincial and 

national levels. She argues that rather than scaling up, partnering with provincial 

education officials, in ways that proactively communicate the theory of action 

underpinning our interventions is a necessary step in enabling national interventions 

and localized interventions to both adapt to one another and to be transformed in ways 

that are responsive to the changing local and national landscape.  

In 2015, leveraging such strong local relationships as highlighted by Graven (2016b), 

the SANC project expanded the Phase 1 club model to five local after-care centres. 

This expansion, while largely successful in terms of learner attendance, was not 

without challenges. Although club leaders from the after-care centres were trained to 

run clubs, the scope of the multiple aspects of the club design run by project team 

members seemed too broad for communicating to facilitators – many of whom had 

little or no teacher training (let alone numeracy teacher training). We have noted that 

key successes across all the club research to date pointed to providing support for 

learners to progress from concrete calculation methods to more efficient and fluent 

methods based on a progression model. Thus, we simplified the club design with a 

clearer focus to alleviate some of the challenges encountered by the after-care centres.  

In 2016, progression became the major focal element for the SANC project’s maths 

club teacher development programme called “Pushing for Progression” (PfP). Working 

from this premise, the programme is devised from activities that have been used in the 

clubs since 2011 and looks to develop learner progression in the 4 basic operations 

over a 15-week period (Graven & Stott, 2016). The SANC project team have partnered 

with district and provincial officials, who are also part of our research team to leverage 

strong relationships in provinces and districts to support teachers in setting up and 

running clubs of their own. Teachers are invited to attend a series of workshops, which 

aim to provide them with resources for assessment and club activities as well as an 
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orientation to why it is important to focus on progression. Further, in the workshops 

the team work with teachers to understand how to progress the learners from concrete 

methods to more efficient ones. It thus aims at both learner and teacher / facilitator 

development. During 2016 this programme was expanded to four districts in three 

South African provinces.  

Thus the rationale for this paper is to report on learner progression in three of those 

four districts, all with the common aim to investigate the changes evident in learners’ 

mathematical proficiency over the 15-week period of club participation. The common 

empirical field for the three projects in this paper is thus the tightly focused 15-week 

teacher development programme in the after-school maths club space.  

The research is important because it allows us to report on learner mathematical 

progression through an intervention model that is rapidly expanding. Additionally, the 

clubs that were part of this research have been run by teachers and not by the SANC 

project team, which talks to an expanding sphere of influence beyond the project. 

Finally, the research contributes to a growing body of research on after-school clubs as 

out-of-school time interventions in South Africa as well as primary mathematics 

teaching and assessment.  

 

THEORETICAL FRAMING AND LITERATURE REVIEW 

Mathematically, the primary emphasis in the PfP programme is on learner progression 

in relation to procedural fluency and conceptual understanding as two of Kilpatrick, 

Swafford and Findell’s (2001) five strands of mathematical proficiency. Conceptual 

understanding is the comprehension of mathematical concepts, operations, and 

relations, whilst procedural fluency is skill in carrying out procedures flexibly, 

accurately, efficiently, and appropriately. A number sense approach can be useful to 

think about the relationship between these two strands. A child with number sense has 

the ability to work flexibly with numbers, observe patterns and relationships and make 

connections to what they already know, to make generalisations about patterns and 

processes (Anghileri, 2006). Burns (2007) notes that if learners think there is only one 

correct way to work something out, they will focus on learning how to apply that single 

method, rather than thinking about what makes sense for the numbers they are working 

with.  

In our respective work, we have noted for example, that learners are often weak on 

number bonds. The bonds of 5 and 10 are often not recalled automatically and learners 

use counting on by ones or their fingers to work out for example the answers to 2 + 8 

or 2 + 98. Their grasp of basic number sense and basic bonds is severely limited and 

few of the learners seemed to have strategies other than using their fingers to solve 

problems. Although they can be accurate using these methods, they were often slow at 

arriving at an answer to a problem, especially when the number ranges increase. In 

later grades, we note that learners often learn procedures for calculating in a rote 

manner. As many mathematics educators note (e.g. Askew 2002; Bobis 2007; Burns 
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2007), learning these without understanding can be detrimental to learners.  

Understanding is essential. Bobis (2006) indicates ‘the greater the degree of 

understanding, the less practice that is required to obtain fluency” (p.25).  

Thus there is a need to develop procedural fluency and conceptual understanding by 

exposing learners to as many methods of solving problems as possible. Rittle-Johnson 

and Alibali (1999) argue that, “conceptual understanding plays an important role in 

procedure adoption and generation. However, it seems likely that this relationship is 

not a unidirectional one. Instead, conceptual and procedural knowledge may develop 

iteratively, with gains in one leading to gains in the other, which in turn trigger new 

gains in the first” (p. 176). 

The PfP programme, as mentioned above, has this kind of focus. However, in this 

paper, we present findings from a 4 operations assessment (described later) and the 

score comparisons between a pre and post assessment. Thus, the focus here leans more 

towards reporting on the learners’ progress with regards to procedural fluency. As 

indicated later, the assessment also allows both the participating teachers and 

researchers to gain an understanding of learner progression in conceptual 

understanding, but this aspect is not reported on here.  

Theoretically, all three studies work broadly within a social constructivist perspective 

of learning in relation to interpreting learner understanding and progression, derived 

primarily from Vygotsky’s work. Vygotsky (1978) conceptualised development as the 

transformation of socially shared activities into internalised processes in his “general 

genetic law of cultural development” arguing that higher mental functioning appears 

first on the social level and then on the individual level. 

Every function in the child’s cultural development appears twice: first, on the social 

level, and later, on the individual level; first, between people ... and then inside the 

child. This applies equally to voluntary attention, to logical memory, and to the 

formation of concepts. All the higher [mental] functions originate as actual relations 

between human individuals” (Vygotsky, 1978, p.57). 

This perspective views learning as a process whereby individuals construct their 

understanding from their experience and from their environment in which a 

knowledgeable other is a part of. Vygotsky (1978) describes the dialectical nature of 

learning and development thus: 

learning awakens a variety of internal-development processes that are able to operate 

only when the child is interacting with people in his environment and in cooperation 

with his peers. … learning is not development; however, properly organised learning 

results in mental development and sets in motion a variety of developmental 

processes that would be impossible apart from learning. Thus learning is a necessary 

and universal aspect of the process of developing culturally organised, specifically 

human, psychological functions (p.90). 
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Vygotsky argued that learning does not happen in isolation, learning and teaching take 

place in the social plane and in the interactions between participants, before it is 

internalised into the individual.  

In the context of the research projects discussed here, mathematical proficiency 

progression is the key focus through participation in clubs. Thus, we view the 

development of proficiency through the social interactions that take place in the clubs, 

which is finally internalised for each individual learner, manifesting itself in what the 

learners are able to do mathematically at the end of the 15-week period.  

METHODOLOGICAL APPROACH  

Given the focus on learners’ progression whilst participating in the after-school clubs, 

all three research studies have the same methodological focus, working from an 

interpretive paradigm, using multi-site case studies of their respective after school 

maths clubs (five clubs for Baart, 12 for Hebe and 16 for Mofu).  

Although Mofu’s research focus is on teacher learning, the teachers who participated 

in her research collected learner data using the same quantitative data collection 

instrument as Baart and Hebe (see description below), providing further cases. With 

their focus on learners, the case study approach used with respect to Baart and Hebe 

provides the opportunity to investigate in depth of shifts in learner’s mathematical 

proficiency while they participate in after school clubs and portray, analyse and 

interpret the complexity and uniqueness of these real learners and the situation within 

the real-life context of the clubs. 

 

EMPIRICAL FIELD AND SAMPLING FOR THIS RESEARCH 

For all the regions, the broad empirical setting is the 15-week PfP programme discussed 

above. Each region selected a number of teachers to participate in the programme, who 

in turn selected learners to participate in their own club. Thus, the exact empirical 

setting for each region consisted of both the learners who participated in the maths 

clubs as well as their teachers who have attended the 15-week PfP programme and 

subsequently run the clubs. The focus for this paper is the mathematical proficiency of 

the participating learners as assessed in a pre-test and post-test. Table 1 below gives 

details of the number of teachers and learners participating in each region. The total 

sample size is therefore 300 learners, across the three districts. 

Table 1: Research samples for each research project 

Research project and region (data 

code) 

No. learners No. clubs 

(1 per 

teacher) 

Grade 

Baart - Uitenhage district (ECU)  60 (12 / club) 5  6 

Hebe - Maquassi Hills district (NWMH)  144 (12 / club) 12 3 
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Mofu - King Williams Town district 

(ECK)  

Gr 2: 12 (6 / club) 

Gr 3: 48 (6 / club) 

16 2 & 3 

 300 33  

 

DATA COLLECTION AND ANALYSIS 

Of course, in each region, data was collected exclusively to address each researcher’s 

particular research questions (e.g. via teacher questionnaires and interviews). However, 

learner progression data was collected by each teacher running a club to profile their 

club learners and to assess learner progression in procedural fluency over the 15-week 

period. Permission was gained from the teachers to use this data for each researcher’s 

project. This learner progression data thus forms a common corpus of data across all 

three regions. The data were obtained through implementing a four operations 

instrument for assessing learner progression in mathematical proficiency (specifically 

procedural fluency and conceptual understanding).  

This instrument assesses each of the four basic operations. Each operation consists of 

five sums: the sums start from single digit problems and work up to 3-digit by 2-digit 

problems, using carefully selected numbers which aim to illicit some kind of strategy. 

For addition, for example, the sums are: 3 + 4; 8 + 6; 23 + 18; 55 + 67 and 104 + 97.  

The same instrument was used for all learners across all the clubs, regardless of grade. 

Learners were assessed at the beginning of the 15-week programme and again at the 

end using the same instrument. Teachers used the answers and learner responses from 

the instrument to profile the learners in two ways: using score changes over time and 

progression in methods used along spectra. The researchers have access to this data 

and will use it in the write up of their respective research reports. Across the three 

research projects, the data based on progression has yet to be analysed, thus the focus 

for this paper, is purely on the quantitative data that arises from this instrument in terms 

of scores and percentage point changes between those scores in the two assessments, 

relating back to procedural fluency.  

Both the pre and post assessments were marked for correct answers to arrive at a score 

out of 20 for each assessment, for each learner. The overall scores, as well as individual 

operations scores from both assessments, were compared and change percentages 

calculated. In the findings below, we talk of change with regard to the difference 

between pre and post-assessment percentage scores, which may be negative or positive 

in nature. The discussion below will highlight whether the changes are negative or 

positive as they are presented.  

Additionally, the score change percentages were analysed using frequency distribution 

ranges (less than 9%, 10 to 49% and 50 to 100%) in Microsoft Excel, allowing us to 

gauge how many learners had substantive differences in scores between the pre- and 

post assessment. For example: if a learner scored 20% in the pre-assessment and then 
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scored 70% in the post assessment, the percentage point difference would be 50. Thus 

this learner could be considered to have made progress in the range 50-100%.  

FINDINGS 

In this section, to address the question of the changes evident in learners’ procedural 

fluency over the period of club participation, we report on findings from this learner 

progression data for each of the three research projects. We present different aspects 

of change using the scores from both the pre- and post assessments, with a summary 

across all learners followed by details for each research project. 234 of the 300 learners 

wrote both pre- and post assessments. As indicated above, these learners were from 

Grade 2, 3 or 6 across the 33 clubs. Other learners were absent from clubs on the day 

of either the pre or post assessment.  

For all learners across the grade range over the 15 weeks, all operations showed 

positive change (Figure 3). Multiplication and division (with 25% and 24% 

respectively) were the biggest areas of change. These changes indicate that more 

questions were accessed and answered correctly in multiplication in the post-

assessment, than in the pre-assessment. A similar picture is indicated for division.  

  

Figure 3: All club learners – Overall average % point change for each operation 

(rounded to 0 decimal places) 

Overall, the average percentage increase for all 4 operations was 20.77%, increasing 

from a 40.36% average score in the pre-assessment to a 61.13% average score in the 

post-assessment. Table 2 below shows the percentage point change for each group of 

learners in each research project. The Grade 3’s in ECK (see Table 1 for codes), show 

the biggest overall percentage point change, with a 70.21% average score after 15-

weeks, indicating that these learners improved by 28.85 percentage points. The Grade 

6 learners in ECU show a 24.5-percentage point improvement.  

Table 2: Pre- and post-assessment averages by research project 
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All	club	learners
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Overall	%	point	changeacross	all	operations:	21%
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Research project 

(Region) 

Pre-assessment 

Average 

Post-assessment 

Average 

Overall % 

increase 

ECK-Gr2 43.33% 50.83% 7.50% 

ECK-Gr3 41.35% 70.21% 28.85% 

ECU-Gr6 36.83% 61.33% 24.50% 

NWMH-Gr3 41.49% 58.29% 16.97% 

Average 40.36% 61.13% 20.77% 

 

We turn now to look at improvement by average percentage ranges (Table 3) using 

frequency distributions based on score percentage changes. For all the learners 

assessed, 74.4% (64.1% in 10-49% range and 10.3% in the 50-100% range) of the 

learners achieved an increase over 10% in the post-test compared to the pre-test. This 

means that 174 learners improved their scores by 10% or more. Notably, 10.3% of the 

learners improved their scores by 50% or more (50-100% range), indicating that these 

24 learners were able to correctly answer 10 or more questions than they did in the pre-

assessment.   

Table 3: Improvement by average percentage frequency distributions 

% ranges 

No. of 

learners 

% of 

learners 

<9% 60 25.6% 

10-49% 150 64.1% 

50-100% 24 10.3% 

  234 100.0% 

 

RESULTS FOR EACH RESEARCH PROJECT 

For the Grade 2 learners in the King Williams Town district (Figure 4 below), the 

biggest average percentage point changes were in multiplication (15%) and addition 

(13%). It is important to note that at Grade 2 level, there is also a 2% change in division, 

meaning that although we would not expect Grade 2 learners to be able to answer more 

than the most basic division question, some of the Grade 2 learners tried some of the 

harder questions in the assessment and correctly answered some of the five division 

problems. 
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Figure 4: ECK-Grade 2 Average % point change for each operation 

For the Grade 3 learners in the King Williams Town district (Figure 5 below), the 

biggest average percentage point change was in division (44%), although there are 

pleasing changes across all operations. This significant 44 percentage point change 

reveals that these Grade 3 learners were able to access and correctly answer 2 or more 

of the division problems in the assessment.  

 

Figure 5: ECK-Grade 3 Average % point change for each operation 

For the Grade 3 learners in the Maquassi Hills district (Figure 6 below), the biggest 

average percentage point change was in multiplication (20%), although there are 

pleasing changes across all operations. Again, this shows this group of Grade 3’s being 

able to access and successfully complete more of the multiplication questions than 

before.  
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Figure 6: NWMH-Grade 3 Average % point change for each operation 

For the Grade 6 learners in the Uitenhage district (Figure 7 below), the biggest average 

percentage point change was in multiplication (27%), although there are pleasing 

changes across all operations, with an overall average change of 25 percentage points 

across the four operations. This reveals that learners on average successfully completed 

five more questions (5 out of a possible total of 20 is 25%) in the whole post-

assessment.  

 

 

Figure 7: ECU-Grade 6 Average % point change for each operation 

 

DISCUSSION AND CONCLUDING REMARKS 

The results above are pleasing given the relatively short (15-week) intervention period. 

However, it is difficult to compare this improvement as we do not have similar data of 

the learners in these schools for the same period who did not participate in the 

intervention i.e. we have no control groups. However, the SANC project 2015 

Indicators Report shows data for 8 schools that participated in a teacher development 
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programme. Using the same instrument as discussed in this paper, three cohorts of 

learners were assessed in Grade 3 and again 12 months later in Grade 4 in 2011-2012; 

2012-2013 and 2013-2014. For each cohort, the overall average increases for the 

learners on the same pre and post assessments over a 12-month period were 11.05%, 

11.29% and 11.35% respectively. The overall average percentage point change of 21% 

from the learners in the PfP programme intervention over only 15 weeks were thus 

substantively more than this. 

It is also encouraging to see the progress of these club learners over a relatively short 

time, in clubs run by teachers rather than the SANC project team or researchers. The 

clear emphasis on progression in the 4 basic operations in the PfP programme has 

perhaps contributed to this marked progression. Furthermore, it is pleasing that these 

average percentage point results are across districts / areas that are geographically far 

away from Grahamstown where the SANC project is based. These points to the 

possibility that such results can be achieved beyond Grahamstown and to the possible 

expansion of the sphere of influence beyond Grahamstown.  

We suggest that the targeted intervention with groups of club learners and with a clear 

focus on progression in the four operations was highly successful. Based on this 

success, we intend to continue to work with provincial and district partners to offer the 

PfP to more teachers in the coming years. This will enable us to increase the sample 

size of such research over time and to more clearly explore the usefulness of the PfP 

programme.  
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FINAL YEAR PRESERVICE TEACHERS’ 

CONCEPTUALIZATIONS OF TRIGONOMETRY: A SOUTH 

AFRICAN HIGHER EDUCATION CASE STUDY 
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University of Limpopo 

 

The fundamental task in preservice teachers’ education is to prepare them for school 
mathematics teaching. This study sought to address the depth and breadth of preservice 
mathematics teachers’ trigonometry content knowledge. The research design was a 
case study of a group of final year preservice teachers at a rural university in South 
Africa. A sample of 15 final year Preservice Teachers (PTs) were chosen from a total 
of 150 based on their willingness to participate in this study. These 15 sat for a test on 
trigonometry content knowledge without consulting textbooks or other sources. A 
mixed method approach was used to analyse data, where data were analysed 
statistically first and then qualitatively in the light of Ball et al. theoretical framework. 
Participants did not perform well in the special content knowledge domain where 
highly sought skills of flexible thinking are dominant. They performed relatively better 
in common content knowledge, but this knowledge is not unique to a mathematics 
teacher. Thus the mean performance per participant portrayed a scenario where 
preservice teachers’ mastery of trigonometry content knowledge was not robust.  
 

INTRODUCTION AND BACKGROUND OF STUDY 

According to the Department of Higher Education and Training (DHET) (2011), it is 

imperative for newly qualified teachers to have sound subject knowledge, amongst 

other kinds of teacher knowledge. The fundamental task in teacher education is to 

prepare preservice teachers (PTs) for school mathematics teaching (Gierdien, 2012). 

This study sought to answer the research question, “What knowledge of trigonometry 

do preservice secondary school teachers possess?” In post-1994 South Africa, a great 

deal of attention has been focused on improving the country’s education system. As a 

result, more emphasis was placed on improving the training of pre-service teachers 

(Quick & Siebörger, 2005; Van Wyk & Daniels, 2004). We put our focus on PTs 
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because literature states that PTs do not have a deep understanding of the mathematics 

they are required to teach when they begin their teaching career (Wilburne & Long, 

2010; Philippi et al., 2007; Ball, 1990). Moreover, to be affective mathematics 

teachers, PTs ought to know the content they will teach in a deep and connected way 

(Ball, Thames, & Phelps, 2008). If PTs are not competent with the secondary 

mathematics content, how will they feel about teaching the same content to learners?  

LITERATURE AND THEORETICAL FRAMEWORK 

In a study by Tanisli and Kose (2013), preservice teachers were observed to lack 

sufficient depth in their conception of mathematical functions. Moreover, an 

inadequate understanding of the concept of trigonometry has been found to be at 

insufficient levels amongst undergraduate students, as well as some secondary school 

mathematics teachers. According to literature, teachers’ content knowledge is key and 

instrumental to learners’ academic success in today’s classrooms (Darling-Hammond, 

2000; National Council of Teachers of Mathematics (NCTM), 2000). Thus, if we 

expect to improve preservice teachers’ content knowledge of their mathematics 

concepts, then the first step will be to explore their current content knowledge.  

In South Africa, mathematics is one of the school subjects to which learners perform 

badly (McCarthy and Oliphant, 2013; Howie, 2003; Moloi & Strauss, 2005; van der 

Walt & Maree, 2007). Amongst the studies conducted recently to address the problem 

of learners failing mathematics, Mudaly (2015) explored preservice teachers’ 

understanding of the concept of gradient. He did this in order to establish whether 

problems of poor mathematics learner performances in South African schools was 

rooted in teacher training institutions. He discovered that PTs do not possess adequate 

knowledge of gradient of a straight line and resorted to memorization to strike a 

connection between concepts. Unquestionably, it is problematic if prospective teachers 

lack sufficient mathematics knowledge themselves, bearing in mind that teachers play 

a strategic role to learner success (Cross, 2009; Dooren, Verschaffel & Onghena, 2002; 

Attard, 2011; Hill, 2007; Kulm, 2008). 

According to Arends and Phurutse (2009), remarkable transformation can be made to 

the state of mathematics teaching in South Africa by good teaching. This study makes 

the premise that the low level of education in South Africa is in part a result of problems 

in the quality of teacher content knowledge. By exploring preservice teachers’ 

mathematics knowledge for teaching, we are attempting to tap into the major source of 

teacher knowledge, that is teacher education. Accordingly, Bleiler (2015) made 

cognizance to the unique role of teacher education programs in harmonizing subject 

matter and how to teach it for prospective teachers. Preservice teachers’ lack of 

adequate and understanding of mathematics knowledge for teaching in turn makes their 

teaching of mathematics procedural rather than conceptual (Tirosh & Graeber, 1990).  
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THEORETICAL FRAMEWORK 

For many years, researchers have been trying to identify the useful knowledge that is 

needed by teachers as they progress through teacher education. This engendered the 

groundbreaking work in the mid-1980s by Shulman and his colleagues who 

investigated the types of knowledge needed by teachers (Shulman, 1986; Wilson, 

Shulman & Richet, 1987). Shulman suggested three categories of teacher knowledge, 

namely, content knowledge, pedagogical content knowledge (PCK) and curricular 

knowledge. The framework claimed that teachers must have sufficient PCK that can 

be effectively used to communicate subject matter content knowledge to the learner. 

By adapting the theoretical framework for Shulman (1986) on the knowledge of 

teachers, Ball, Thames and Phelps (2008) came up with subject matter knowledge 

(SMK) and PCK domains. However, PCK which involve knowledge of learners and 

their thinking and teaching strategies is not the focus of this study. Ball et al. (2008) 

labelled SMK as the relatively uncharted area of mathematical knowledge needed for 

teaching that is not independent of knowledge of pedagogy, students and the 

curriculum. Their theory highlighted the fundamental components of SMK by further 

dividing it into common content knowledge (CCK), specialised content knowledge 

(SCK) and a horizon content knowledge (HCK). A diagrammatic representation of 

Ball, et al.’s model is shown in Figure 1 below. 

 

Figure 1: Domains of mathematical knowledge for teaching by Ball et al. (2008). 

From the diagram above, the model has a dominant SCK, implying that it is the most 

important of the mathematical knowledge of teaching for teachers and a worthy 

predictor of learner performance. By SCK, we denote the unique knowledge that 

includes “how to accurately represent mathematical ideas, provide mathematical 

explanations for common rules and procedures, and examine and understand unusual 

solution methods to problems” (Hill, Ball & Schilling, 2008, p. 376). Also, CCK is 

outlined as the knowledge and skills needed and used by teachers on a regular basis 

that are essential and used in settings outside of teaching. HCK relates the awareness 
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of how mathematical topics are related over the span of mathematics topics included 

in a given curriculum (Ball & Bass, 2000). It is upon this framework that this study 

sought to explore secondary PTs content knowledge in school mathematics topic of 

trigonometry. 

METHODOLOGY 

The research design for this study was a case study. A case study methodology was 

employed in the study because the present study investigated a well-defined population 

and a specific content domain of mathematics (Merriam, 2001). Brought together, these 

two form a closed system for which qualitative case study is appropriate. A sample of 

15 final year PTs were chosen from a total of 150 based on their willingness to 

participate in this study. A benchmark time of one hour was allocated to this task which, 

accordingly, required the researcher to supervise the administration of this task. A 

mixed method approach was used to analyse data, where data were analysed using 

descriptive statistics to convey some of the quantitative results and then analysed again 

thematically by establishing patterns among categories. Ethical issues were duly 

respected by informing the participants that their responses were to be used 

anonymously for the purposes of this study only and also that their participation was 

purely on voluntary basis. 

INSTRUMENTATION  

A questionnaire composed of personal information and trigonometry content sections 

was designed to assess the conceptual knowledge of PTs in the topic of trigonometry. 

The test of trigonometric knowledge was composed of seven items encompassing 

diverse aspects of the concept of trigonometry, namely, solving equations, proving 

identities, sketching graphs, and simplifying expressions using special angles. All the 

items assessed the PTs’ mastery of subject matter knowledge on trigonometry and were 

scored quantitatively using a marking guide. Each response was scored on a pre-

assigned scale of 0 to 3 as shown in Table 1 below. (Slight modifications were done 

depending on the structure of the item).Thus the total possible score for all correct 

responses was 39, since some of the seven items had part questions.   

Table 1: Frequency distribution for preservice teachers’ varying amounts of  

 conceptualisations of trigonometry.  

Score Preservice teacher’s response showed …  

0 Blank space or lack of understanding in use of theorems, definitions 

or conventions. 

1 Serious and major errors in the solution process and use of definitions 

or theorems, but shows an understanding of the question. 

2 Minor errors in at most one part of the solution process leading to an 

incorrect final answer. 
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3 All procedures and final solutions are accurate, complete and 

appropriate.  

The instrument mentioned above was designed in such a way to reflect the theoretical 

framework of the study, that is, SCK, CCK and HCK. Having mentioned earlier that 

teachers’ SCK has more impact on the learners, four items were devoted to it, followed 

by two for CCK and lastly one for HCK. This is illustrated in Table 2 below. 

 

Table 2: Types of mathematics content knowledge and justification of each per item. 

Item 

number 

Content 

knowledge type 

Justification 

1 CCK It is not specific to teaching since engineers use special 

triangles too in their calculations (right or wrong can be 

identified with ease. 

2 SCK This requires flexible thinking and providing reasons and 

prove can be done in multiple ways. To some we know it is 

just a true identity. 

3 SCK The stages of solution have to be shown and the restriction 

considered. 

4 HCK The knowledge of the area rule is key to the solution process. 

5 SCK Proving identities can be done in multiple ways and 

explanations are needed for each procedure/rule.  

6 SCK The justifications for each stage is required. Skills of 

knowledge of quadrants and compound angle expansions are 

needed. 

7 CCK Curve-sketching is not confined to mathematics alone, but is 

used in other settings like physics.  

 

PRESENTATION OF DATA 

The results for this study have been organized into demographics data, quantitative 

data from participants’ scores and qualitative item performance per item data. 

Concerning the demographics of the participants, five were females and 10 were males 

and all but one came from a rural background.  

Scores of participants’ performances 

Participants’ scores were recorded and converted to percentages and are shown in 

Figure 2 below.  
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Figure 2: Bar graph of participants’ scores in the test of trigonometric knowledge. 

The average performance per participant was 41%. The median score, which gives a 

better measure due to outlier performances of 82% and 79%, was 33%. The 

performance scores have two modal values of 21% and 23%. Concerning the spread of 

the scores, the range was 67% and the standard deviation was 24%. Also the data is 

skewed to the right, as can be seen in the five-number summary in Figure 2 below. 

 

Figure 3: Box-and-Whisker diagram for scores of participants’ performance 

From the data, only five of the 15 participants obtained a mark of 50% and above. 

Combined with the other descriptive statistics mentioned above, it suggests that the 

participating PTs possessed insufficient understanding of trigonometry. This is 

tantamount to a probably weak performance in their beginning years of teaching (She, 

Matteson, Siwatu & Wilhelm, 2014). If preservice teachers are expected to make a 

difference in the mathematics classroom, then they have to show a deep understanding 

of school mathematics concepts they are going to teach, and this understanding ought 

to be the result of their schooling years and the university undergraduate degree 

courses. Furthermore, Bolte (1993) and Howald (1998) in their study of PTs and 

experienced mathematics teachers respectively, discovered that trigonometric 

functions were the least understood by the participants, hence it was not a surprise to 

find inadequate performance as illustrated in the statistics above. 
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QUALITATIVE ITEM ANALYSIS DATA  

To start with, we are going to present results in terms of performance per each type of 

mathematics content knowledge. This information is displayed in Table 3 below. 

Table 3: Performance per item as percentages 

Type of mathematical 

content knowledge 

Item 

number 

Item 

performance(%) 

SCK 2 49 

3 28 (average) 

5 44 (average) 

6 35 (average) 

CCK 1 53 

7 49 (average) 

HCK 4 24 

 

From the table above, CCK was registered the greatest percentage scores, followed by 

SCK. Lastly, HCK recorded the lowest performance of 24%. An average score had to 

be computed in the case of items with part questions so that a single digit represents an 

item (written average in parenthesis). Furthermore, presentation of results according to 

domains identified as explained was done in Table 4 below. The 13 items in the test 

were compressed into seven domains with distinctive attributes in relation to 

trigonometry as shown in Table 4 below. Most of these domains are those commonly 

addressed in the South African Grade 10 -12.  

Table 4: Performance per item as percentages 

Domain description 
Test item 

number 

Number of preservice 

teachers who got items 

correct 

1. Understanding special angles 1 5 

2. Proving identities 2, 4 2 

3. Solving trigonometric equations 
3(a), (b), 

5.2, 7.1 

1 

4. Applying the reduction formula 5.1 3 

5. Sketching of trigonometric graphs 7.2 10 

6. Applying the Pythagoras theorem 6.1, 6.2, 6.3 1 

7. Conceptualising solutions of 

inequalities 
7.3 

2 

 



  LONG PAPERS 

332 

 

Participants largely experienced difficulties in three domains, namely, solving 

equations, proving identities and simplifying trigonometric ratios using the Pythagoras 

theorem. The best performed domain was the sketching of graphs, where ten 

participants managed to score all the marks. The qualitative data results are displayed 

below in Table 5, the trend of which tallies with what was observed under the 

quantitative results above.  

Table 5: Performance per item as percentages 

Item 1 2 3(a) 3(b) 4 5.1 5.2 6.1 6.2 6.3 7.1 7.2 7.3 Total 

Score 
53 49 27 29 24 49 38 42 42 27 47 78 22 522/13 

=40% 

 

This time the average performance per question was as low as 40%. The observation 

from above is that curve-sketching (7.2) was the best-performed domain, shown by 

item performance of 78%. It is also noteworthy that only two items had performance 

above 50%, namely, items 1 and 7.2, and both involved sketching graphs. Surprisingly, 

the same participants who got the graph in 7.2 correctly went on to fail to read the 

solution set for the regions where 𝑓(𝑥) < 𝑔(𝑥). As can be seen from Figure 3, it was 

not difficult to simply read-off values of the correct regions, but this participant failed 

to do exactly that. 

 

Figure 3: Well-sketched graphs of 𝑓 and 𝑔. 

 

As a result of failing to read-off solution sets from the graph, item 7.3 was the worst 

performed, with item performance of 10%. One other participant lost marks completely 

on this item by erring in labelling the two graphs of 𝑓 and 𝑔, as can be seen in Figure 

4 below. 
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Figure 4: Correctly drawn graphs of 𝑓 and 𝑔 but labelled interchangeably. 

 

Also poorly performed was item 4 where 11 participants had challenges to the extent 

they left the item unanswered, an indication that they were unsuccessful to carry out 

the required proof. One of their challenge was that a sketch was not provided for this 

question, which could have made their life much easier. Only two participants got this 

right by producing their own sketches. The concept of area rule which was under the 

spotlight here eluded many participants. Exactly one saw the need to use the area rule, 

however, she failed to show the required result by failing to proceed to the final answer, 

as can be seen in Figure 5 below. 

 

Figure 5: A perfectly correct method flunked. 

Similarly, the other proving items (2 and 5.2) were not satisfactorily done due to lack 

of understanding of underlying concepts. As we can see, there is a mix-up of 

supposedly correct stages, leading to an incorrect final answer. Another domain which 

registered low performance was solution of equations (items 3(a), 3(b) and 7.1). 

Interestingly, though the method was known to participants, they did not go all the way 

to the final answer as expected. Most erroneously thought that by supplying only the 

reference angle, was sufficient, as illustrated in Figure 6 below. 
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Figure 6: Part solutions to trigonometric equations. 

 

As for item 7.1, 13 participants knew well they must equate the two equations in order 

to find the intersection points, but they could not simplify and solve the resulting 

equation, as can be seen in Figure 7 below. 

 

Figure 7: Correct method of solving an equation given-up too soon. 

An important observation is that participants have got some good ideas, but cannot 

make connections to complete the solution process to the final answer. This was echoed 

by Tatto and Senk (2011) who remarked that teachers may ideally know the facts and 

procedures that they are expected to teach, but oftentimes they have relatively weak 

comprehension of the conceptual basis for that knowledge. Thus they normally have 

difficulty clarifying mathematical ideas or solving problems that involve more than 

routine calculations. Recommendations from mathematical societies, for example, The 

Mathematical Education of Teachers (Conference Board of Mathematical Sciences, 

2001), emphasize that future teachers of school mathematics need to develop a deep 

understanding of the mathematics they will teach. 

On a different note, it was worrying to realise that participants displayed a 

misconception in simplifying trigonometric expressions using knowledge of quadrants 

and Pythagoras theorem. They repeated the error of saying that if it is given that 

sin 𝛼 =
4

5
, then 𝛼 =

4

5
, as is evident in Figure 8 below. 

 

Figure 8: A serious misconception of sin 𝛼 =
4

5
.   
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The downside of PTs harbouring such misconceptions or limited knowledge is that 

they may pass the same to their learners when they begin teaching or during school 

practicals (Haciomeroglu, 2009). Moreover, their conceptions and misconceptions 

might limit their ability to present subject matter in appropriate ways, give helpful 

explanations and conduct healthy discussions with learners (Even & Tirosh, 1995). In 

all, the results showed that the PTs had forgotten a lot about trigonometry since they 

last encountered those topics either at least four years prior in high school or in their 

undergraduate classes. 

DISCUSSION 

The theoretical framework is the best guide in the discussion of results that follow. We 

saw that teachers’ SCK as the greatest influence on, to which it had the highest number 

of items. However, CCK surpassed SCK in item performance. It is unfortunate that 

because CCK is not specific to teaching, that is, non-teachers are likely to possess and 

use it. PTs thus are relatively better in mathematics knowledge where explanations, 

justifications nor reasoning is not specifically needed. Lesser performance was noted 

in the SCK category where PTs are expected to be able to furnish valid justifications 

for their procedures including solving problems by making different representations. 

This finding concurs with the conclusion by Wilburne and Long (2010) who said that 

PTs lack the breadth and depth of the mathematics content knowledge they are 

expected to upon graduating. To add on to that, PTs’ HCK trails at 24%, denoting they 

are not robust in a knowledge domain where "an awareness of how mathematical topics 

are related over the span of mathematics included in the curriculum" (Ball, et al., 2008, 

p. 403). The implication is that since PTs find it difficult to relate current knowledge 

and related previous topics, their future teaching is shrouded in uncertainty. Horizon 

knowledge is keystone to many mathematics topics in the South African curriculum. 

This study also uncovered the fact that a significant number of participating preservice 

teachers were unable to fully apply known algorithms or given conditions flexibly into 

the varied contexts due to their lack of profound content knowledge in the 

trigonometry. This conclusion was drawn based on students’ poor performance in both 

items 3 and 6. Generally, PTs’ mastery of content knowledge was below 50% 

performances for the concepts addressed in the test, with the exception of sketching 

trigonometric functions. Similar studies involving other knowledge domains by 

Mudaly (2015), Brijlall and Maharaj (2015), and Fi (2003) also arrived at the same 

conclusion. Large measures of spread like standard deviation and range indicated that 

there was no consistency and uniformity in the participants’ mastery of content 

knowledge in trigonometry.  

CONCLUSION 

The results of this study provided some insight into the depth of PTs’ knowledge of 

school mathematics. The SCK knowledge type was not performed well, given its 

crucial role in teachers’ delivery of service. Nevertheless, this result was not intended 

as contributing to the already existing negative findings of that have investigated the 
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same participants. Instead, the result of this study should be viewed as an additional 

peep-hole through which we can further explore what preservice teachers know. This 

study was bold in the sense that it examined an area of school mathematics that is 

trigonometry, which learners believe to be particularly difficult and abstract relative to 

other topics (Gur, 2009). 

RECOMMENDATION 

The scope of the study can be broadened by measuring also the level of pedagogical 

content knowledge (PCK) of preservice teachers, since, according to the theoretical 

framework, mathematical content knowledge and PCK stand side-by-side. Herein PCK 

was intentionally excluded because this knowledge type is widely known to be 

established with classroom teaching experiences. Without real teaching experience, 

PTs’ PCK would not be worthy exploring. 
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