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FOREWORD 

Welcome to the Free State and to the 24th Annual National Congress of the 
Association for Mathematics Education of South Africa. 
The Congress theme for 2018 “Culture meets culture, mathematics in and around 

us” is a very appropriate one in our uniquely South African context. South Africa 
is a diverse land of many cultures and languages. Many people have contributed 
to South Africa being a successful and thriving country, despite some of the 
challenges we face. AMESA plays an important role in unifying our people 
through our commitment to quality teaching and learning in our schools.  
Mathematics has always been an important subject in South Africa as well as 
other countries. When learners experience success in mathematics it is likely to 
result in them choosing careers in the sciences, health sciences, engineering, 
commerce or other key professions.  
For learners to achieve success in mathematics, it is vital that our mathematics 
teachers are qualified in the subject and are able to deliver quality lessons to 
learners. These quality lessons will make learning more meaningful, relevant and 
appropriate. In seeing mathematics as part of our everyday life and culture, and 
by making it more accessible, we hope to restore the joy of doing mathematics 
across all grades, and in this way improve learner performance. 
For far too long in South Africa, Mathematics as a school subject has been a sifter 
rather than an enabler. It sifted learners out of the scarce careers that our country 
so desperately needs. The introduction of Mathematical Literacy has, unwittingly, 
aggravated this problem. Mathematical Literacy was introduced to give learners, 
who would not normally take up Mathematics in Grade 10, the opportunity of 
leaving Grade 12 with some basic or elementary mathematical knowledge to 
enable them to function effectively as a citizen in the 21st century. Unfortunately, 
the focus in reality is for schools to improve their overall pass rates, rather than 
having quality passes.  
The 2018 Congress theme calls on all AMESA members and mathematics 
teachers to refocus their efforts in classrooms on quality teaching and learning. 
Mathematics must be alive and part of our everyday lives and educational culture. 
A large number of long and short papers were submitted for AMESA Congress 
2018. The papers cover topics ranging from manipulatives whole number and 
relationships in the early years to mathematical modelling at higher education 
level. 
 
The papers in the two volumes are grouped as follows: Volume 1 consists of 
plenary and long papers; Volume 2 consists of short papers, workshops and “how 
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I teach papers”. In addition, a CD rom comprising both Volume 1 and Volume 2 
papers and other activities, has also been produced. 
All long and short papers have been reviewed by at least three reviewers. Some 
papers required minor revisions and others more major revisions. In both cases, 
authors had to revise their papers accordingly and tabulate these changes so that 
the academic committee could make the necessary decision on the papers.  
Our thanks go to Vasuthavan Govendefor their assistance in the preparation of 
the proceedings. 
 
Rajendran Govender and Karen Junqueira  
AMESA editorial team, 2018         
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LESSON STUDY AS A PROMISING APPROACH FOR 

PROFESSIONAL DEVELOPMENT OF MATHEMATICS 

TEACHERS AND MATHEMATICS TEACHER EDUCATORS 

IN MALAWI 

Raymond Bjuland 
University of Stavanger in Norway 

 
BACKGROUND 

Since January 2014 we have implemented a five year collaborative project n 
between University of Malawi and University of Stavanger with the aim of 
improving quality and capacity of mathematics teacher education in Malawi with 
the overall goal of improving quality of mathematics education in Malawi 
schools. Theoretical orientation of the project is drawn from the work on 
knowledge for teaching (Shulman, 1986), and Mathematical Knowledge for 
Teaching (MKT) (Ball, Thames, & Phelps, 2008; Adler, 2010). One important 
component of the project is professional development of mathematics teacher 
educators and covers all public teacher education colleges for primary schools. 
We use a lesson study model and draw on Adler and Ronda’s (2017) 
Mathematical Discourse in Instruction (MDI) framework.  
  
LESSON STUDY IN TEACHER EDUCATION 

Inspired by the Japanese Lesson Study model (Stigler & Hiebert, 1999), there has 
been an extensive interest from researchers in a wide range of countries to use 
lesson study as a context for mathematics teacher professional development and 
to incorporate a lesson study approach in teacher education (Fernandez & Zilliox, 
2011; Munthe, Bjuland, & Helgevold, 2016). This plenary presentation reports 
from a larger, cross-disciplinary project Teachers as Students (TasS) (2012–
2015), in which an adapted version of lesson study was used in a time-lagged 
design experiment in Norwegian teacher education. The project included data 
from a control condition and an intervention condition – both of which involved 
groups of student teachers from the four subject areas mathematics, science, 
physical education and English as a second language. I will here discuss 
possibilities and challenges of implementing Lesson Study in teacher education 
with a point of departure in three studies based on empirical material from the 
TasS project (Bjuland & Helgevold, 2018; Bjuland & Mosvold, 2015; Helgevold, 
Næsheim-Bjørkvik & Østrem, 2015).  
From our experiences using lesson study in a Norwegian context, I will continue 
discussing preliminary findings from a study on how mathematics teacher 
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educators in Malawi understand and implement lesson study in their teacher 
colleges (Kazima, Jakobsen, & Fauskanger, 2018). Our collaborative project 
offers professional development to mathematics teacher educators using a lesson 
study model where educators at each teacher college work together and do one 
lesson study cycle in mathematics. Findings emphasise the importance of 
‘knowledgeable others’ when introducing lesson study to a new context. Further 
findings show that research question and prediction varied across the teacher 
colleges, while observation and type of lesson were more similar. The variation 
in understandings highlight the complexity of lesson study in new contexts and 
raise questions of how best to introduce lesson study in teacher education in new 
contexts such as Malawi.  
 
ANOTHER COLLABORATIVE PROJECT 

 In 2016 we embarked on developing another project that is building on the work 
of the current project. This new project, presented at the SAARMSTE Conference 
(Kazemi, Jakobsen, Fauskanger, & Bjuland, 2018), is called Strengthening 
numeracy in early years through professional development of teachers in Malawi. 
This is also a five-year project running from 2017 to 2021. In this project we 
focus on early years numeracy following lessons from our current project and 
from previous research in Numeracy and Mathematics in Malawi primary 
schools. We extend our professional development to teachers of early years 
numeracy, using lesson study and draw on the MDI framework (Adler & Ronda, 
2017).  
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TEACHER COMPETENCIES TO MEET THE NEEDS OF THE 

‘SMART FRACTION OF THE POPULATION’ – THE 

MATHEMATICALLY GIFTED LEARNERS 

Michael Kainose Mhlolo 
Central University of Technology 

 
Results from many longitudinal studies have confirmed that mathematically 

gifted leaners become the critical human capital needed for driving modern day 

economies. However, in South Africa gifted learners are currently neglected in the 

regular classroom where teaching practices target the average as well those with 

learning challenges. We cannot change this situation unless we start by 

understanding teacher preparedness to meet the needs of gifted learners. This 

study analysed three teacher competencies in terms of their training, knowledge 

about current policy pronouncements as well as their attitudes and strategies for 

identification of gifted learners. Data were collected from AMESA 2017 

participants as well as 40 schools around Bloemfontein through questionnaires, 

observations and structured interviews. The results show that only 21% of 

respondents received training on how to tech gifted students, 14% were aware of 

current policy pronouncements on gifted education and 78% were aware they 

had gifted learners in their classes. However, they were not sure about how a 

gifted learner can be identified and supported. This is attributed mainly to higher 

education institutions who do not offer modules on gifted education. For there to 

be meaningful diversity and equity, higher education institutions need to respond 

to the needs of gifted learners in a similar way that they do to the needs of learners 

with disabilities and learning challenges, by training pre-service teachers on 

gifted education.   

 

INTRODUCTION 

Although education has many objectives which vary from one country to the 
other, there is a global convergence into two commonly accepted objectives; that 
of expanding access (social equity) and that of developing skills needed by 
society for economic growth (human capital development). Admittedly South 
African public schools have served, reasonably well, the first objective of 
expanding access to education. However, according to the National Planning 
Commission’s (NPC) report, human capital development has remained elusive 
partly because there has been so much emphasis on access to basic education at 
the expense of access to quality education (NPC 2011). Lessons learnt from many 
global monitoring reports are that social equity indicators are only partially fit-
for-purpose because they are associated with the quantification of schooling 
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without telling us much about other aspects such as relevance or quality of 
educational processes (Barrett & Sorensen, 2015). Hanushek and Wößmann, 
(2009) explained the benefits of setting aside the quantity of schooling as a 
measure of human capital in favour of a measure of ‘cognitive skills’. Their 
proposition was that not only do we need to have equity and close the famous 
achievement gaps, we also must have innovation or skills if we’re going to 
survive in the 21st knowledge-based economy (KBE). Most countries now realise 
that excellence and equity are not mutually exclusive suggesting that beyond the 
achievement of basic competencies, students also need to develop critical literacy 
and numeracy skills of the kind required for innovation in the 21st knowledge-
based economy.  
Within these debates on successful innovation, Heidrick & Struggles (2007) posit 
that talent is the ‘new oil’ that should underpin better functioning educational 
systems that can deliver a better life for all because “Education’s goal is to 
maximize each student’s potential” (Gagné, 2009). Similarly, and with reference 
to educational reform, Renzulli & Reis (1991) cautioned that talent development 
was the business of the field, and that stakeholders must never lose sight of this 
goal regardless of the direction that reform efforts might take. Given that talent is 
linked to succesful innovation, the potential contribution of the gifted and talented 
to the global economy is becoming increasingly important, which is why policy 
makers and the leaders of business and finance express a growing interest in 
gifted education in its various formats. This has prompted the NPC to recommend 
that the provision of opportunities for excellence for the most talented students 
must be at the centre of all our educational efforts. Similarly, in the more recent 
South African curriculum documents inclusivity is now foregrounded and the 
gifted learner is mentioned as one category of exceptionality that should become 
the central part of the organisation, planning and teaching at school (Department 
of Basic Education, 2011).  
 

MATHEMATICS AS THE MAIN DRIVER IN A KNOWLEDGE 

ECONOMY  

Although giftedness in general is highly valued in society, empirical evidence has 
shown that the positive impact on a country’s Gross Domestic Product (GDP) can 
be isolated mainly to STEM-related achievements as opposed to achievements 
elsewhere, suggesting that STEM-related achievements are the main drivers of 
national affluence (Tanenbaum, 2016). Given that mathematics operates at the 
interface of multiple STEM disciplines, it has been described as the subject that 
drives the "knowledge economy” hence it is an important part of modern day 
technological innovation and development. This position is further confirmed 
when one considers that of the 100 identified scarce skills in South Africa, 93 
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require a decent pass in matric mathematics.  In fact, there is now greater 
recognition that South Africa’ success as a knowledge economy is heavily 
dependent on its mathematically gifted learners. La Griffe du Lion (2002) 
referred to this group of learners as the ‘gems of wisdom’ or the ‘smart fraction’ 
of the population. In this context a ‘smart fraction theory’ has been used to argue 
that our future depends crucially on how we educate the next generation of people 
gifted (intellectual class or smart fraction) in the mathematical sciences.  
 

STATEMENT OF THE PROBLEM  

In South Africa and with specific reference to gifted learners, many reports show 
that far too many of the gifted currently do not stand even the remotest chance of 
achieving up to near their potential (van der Westhuizen & Maree, 2007). 
Similarly, the NPC (2011) also acknowledged that gifted learners were a critical 
component of the country’s capability which the education system has neglected 
for decades. As a follow up to the NPC’s findings, the Department of Basic 
Education (DBE 2013) set up a ministerial task team for mathematics, science 
and technology (MST) to investigate this matter. One of their recommendations 
was that MST talent development programmes should be incorporated into the 
revised national MST strategy and that at least one dedicated Math and Science 
Academy or a special Mathematics, Science and Technology School should be 
established in each province. This study was premised on the school of thought 
that the teaching methods, not the exceptionality of the students, hold the key to 
effective gifted education. So, setting up schools for the gifted before ensuring 
teacher preparedness would be like putting the cart before the horse. It is against 
this background that this study aimed at understanding teacher preparedness to 
meet the needs of the gifted learners.  
  
ELITISM VS EQUITY WITH REFERENCE TO GIFTED EDUCATION  

Many efforts to improve educational opportunities for gifted students are greeted 
with skepticism because of educators’ seemingly negative perceptions of 
giftedness (Renzulli, 2000). One of the lasting negative impressions of gifted 
education programs is the public’s perception that they are elitist and therefore 
preclude equity. Historically much of this elitist myth can be traced back to 
Galton’s (1869) studies together with his followers who hypothesized that 
intelligence was inherited. We need to acknowledge without any shed of doubt 
that Galton (a rare scientist reputed to have an IQ near 200) made important 
contributions in many fields of science, including meteorology (the anti-cyclone 

and the first popular weather maps), statistics (regression and correlation), 
psychology (synesthesia), biology (the nature and mechanism of heredity), and 
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criminology (fingerprints). However, some of Galton's work has been dismissed 
because of its causal connection to the deplorable application of eugenics 
programs in the 20th century. The most pervasive instances of Galtonian research 
on human intelligence have been his association of intelligence with certain races, 
with certain social classes and his use of tests to measure levels of intelligence. I 
now discuss each of these concerns in more detail.    
Galtonian research is mainly criticized with reference to racism. Echoing the 
racial attitudes that predominated among educated Victorians, in his book 
Hereditary Genius Galton (1892) wrote, "the natural ability of which this book 

mainly treats, is such as a modern European possesses in much greater average 

share than men of the lower races. There is nothing either in the history of 

domestic animals or in that of evolution to make us doubt that a race of sane men 

may be formed, who shall be as much superior mentally and morally to the 

modern European, as the modern European is to the lowest of the Negro 

races……... " (p. 27). From his field observations in Africa, Galton (1853) wrote 
the book “Narrative of an Explorer in Tropical South Africa” in which he 
concluded that the African people were 'two grades' below Anglo-Saxons' 
position in the normal frequency distribution of general mental ability. This gave 
claim to the scientific validation of Africans' mental inferiority compared with 
Anglo-Saxons (Jensen, 2002). In the same book “Hereditary Genius”, Galton 
(1869) has a complete chapter on the “Comparative Worth of Different Races” in 
which he compares levels of intelligence of different races against the Anglo-
Saxons. The result of these movements of thought has been to bring into strong 
disfavour the idea that certain families are better qualified than others, whether 
by innate endowment or by cultural tradition; also discredited is the belief that 
innate differences exist between races of such a kind that they can be compared 
or graded in terms of merit. 
With respect to class differences and natural ability, Galton (1869) left no doubt 
as to his beliefs as he concluded that eminence in "mental work" is 400 times as 
likely to be found among children of upper-class parents than among the children 
of laborers. Discussing "the bulk of general society" Galton wrote, "everyone 

knows how difficult it is to drive abstract conceptions, even of the simplest kind, 

into the brains of most people— how feeble and hesitating is their mental grasp 

- how easily their brains are mazed - how incapable they are of precision and 

soundness of knowledge" (p. 21). One is not surprised, therefore, to read Galton's 
pronouncement that "it is in the most unqualified manner that I object to 

pretensions of natural equality" (p. 14). Throughout history, those who attain 
eminence have been predominantly white, middle or upper-class males 
(Hollingworth, 1926; Silverman & Miller, 2009). Hence critics argue that gifted 
education reinforce race and class opportunity gaps.  
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The third and final one is a measurement issue. Galton is also considered as the 
father of psychometrics, the measurement of quantitative behavioural traits. 
Galton believed that many aspects of human nature, including intelligence, could 
be measured scientifically thereby giving rise to the development of reaction time 
tests and later to achievement tests such as IQ-tests. He even established the 
world's first mental testing center, in which a person could take a battery of tests 
and receive a written report of the results (Irvine, 1986). Critics have argued that 
the concept of giftedness is trivialized if it is understood only in terms of a single 
test score. According to Card and Giuliano’s (2014) Low-income students, black 
students, and English language learners have barriers that make it harder for them 
to get into gifted classes especially when the IQ test is used as the single 
determinant. Another aspect that affects the significance of test scores is that 
some people are “test-anxious” and may do poorly on almost any standardized 
test. These contributions have continued to spark the ‘elitist’ controversy in gifted 
education to date. In this paper I argue that for gifted learners to be able to receive 
appropriate education and support especially in African countries, it is important 
to dispel each of these ‘elitist’ myths or falsities. 
With reference to the race issue, literature suggests that racism exists permanently 
in every aspect of our daily lives (Delgado & Stefancic, 2012) either overtly or 
covertly. We need to keep our eyes wide open given that much of the racism 
today goes unacknowledged because it is covertly ingrained in society through 
the enforcement of long-standing laws favoring the White people (Delgado & 
Stefancic, 2012). In this paper I argue that a continued neglect of gifted programs 
for black learners from disadvantaged communities (quintile 1 – 3 schools) 
constitutes a cementing of the systemic racism and implicit biases that have 
always existed in the public-school.  There is ample evidence to show that 
learners from former white schools do well in Olympiads and many other 
prestigious competitions. Yet research has shown that giftedness occurs in 
students across all races, cultures, and socioeconomic statuses (Naglieri & Ford, 
2003). Although beliefs from earlier research continue to propagate the 
intellectual inferiority of Africans, it is now time for us to acknowledge that these 
assumptions have become buried under layers of subsequent theory, research, and 
good intentions.  
With reference to the view that gifted programs favour the rich, there is ample 
evidence to suggest that the lack of specialized services for gifted students from 
poor backgrounds can be disastrous. In South Africa, Asmal (2003:4) argued that 
“... bright children come from all social backgrounds - the rich, the poor, urban, 
rural, boys and girls". Coincidentally even today the children who do best on the 
IQ tests are the middle-class children, but this is mainly because they have had 
the most ''mediated'' experience. This confirms the point that when provisions are 
denied to the gifted from disadvantaged backgrounds on the basis that such 
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provisions are elitist, it is the poor who suffer the most because parents from 
affluent families have options which poorer families cannot afford. Affluent 
families have the resources to give their kids an extra edge because the rich can 
afford private education. They can better prepare their children for IQ tests by 
paying for practice tests and sending them to private schools. There is evidence 
to show that many upper and middle-class families are choosing to homeschool 
their children rather than force them to relearn day after day what they already 
know.  Far from being elitist public-school programs for gifted children allow 
children who are economically disadvantaged the only opportunities they might 
have to develop their talents. By abolishing such gifted programmes we are 
penalizing the gifted poor. Similarly, Sisk (2003:29) denies that gifted 
programmes that challenge learners and require diligent work promote elitism: 
"If anything, these programmes preclude elitism". So, a continued neglect is not 
only a threat to fairness and equal opportunity for all learners, but it is also a threat 
to human capital development and to long term societal well-being especially for 
those gifted learners from poor families.  
With specific reference to the use of IQ tests, debate over what it means to be 
“intelligent” and whether or not the IQ test is a robust tool of measurement 
continues to elicit strong and often opposing reactions today. Some researchers  
say that intelligence is a concept specific to a particular culture. They maintain 
that it appears differently depending on the context – in the same way that many 
cultural behaviours would. Joseph Renzulli was among the first to say the gifted 
field's exclusive emphasis on high I.Q. was misguided because intelligence tests 
and standardized tests may be biased against some students due to cultural or 
linguistic diversity (Davis & Rimm, 2004; Patton, 1997). It is not surprising that 
current testing philosophy emphasizes the collection and examination of various 
sources of information when making decisions about giftedness (Klein, 2000). 
Using a variety of assessment measures is important because it may tap into 
talents that intelligent tests alone do not address. The view today is that children 
with outstanding talent perform or show the potential for performing at 
remarkably high levels of accomplishment when compared with others of their 
age, experience or environment. These outstanding talents are present in children 
from all cultural backgrounds, across all economic strata, and in all areas of 
human endeavor (O'Connell-Ross, 1993). From this society’s definition of 
giftedness, we learn that the exceptional person is often identified by both 
individual ability and societal needs in a specific cultural context. The phrase 
“show potential for performing” means that we accept the idea that children can 
have special gifts without showing excellent performance – hence IQ tests may 
not identify them. “Compared with others of their age, experience or 
environment” means that we accept the important role of the environment and 
context in developing students’ gifts. The phrase “Outstanding talents are present 

http://www.cambridge.org/gb/academic/subjects/psychology/personality-psychology-and-individual-differences/cambridge-handbook-intelligence?format=PB&isbn=9780521739115
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in children …. from all cultural groups, across all economic strata” means that 
we expect to find gifted students in all racial and ethnic groups and across all 
socio-economic levels. Current researchers on gifted education are mostly guided 
by this more recent school of thought. The trend over the past 20 years has been 
to emphasize external factors over internal factors thereby weakening the 
predominant use of IQ tests in identifying gifted students. Howard Gardner's 
(1983) theory of multiple intelligences (MI) and Joseph Renzulli's (1978) “three 
rings” definition of gifted behavior serves as precise examples of multifaceted 
and expanded conceptualizations of intelligence and giftedness.  
 

CONCEPTUALIZATION OF A GIFTED LEARNER 

There is a plethora of definitions of giftedness from which no single definition or 
perspective has been agreed upon in the field. Given this lack of consensus; it is 
necessary to clarify to the reader how a gifted learner is being conceptualised in 
this paper. This is important given that much of the blame on the neglect of gifted 
learners has been attributed to the way giftedness is conceptualised. Until 1869, 
there was no such thing as gifted children because the term had not yet been used. 
It was first used by Galton (1869) to refer to children who inherited the potential 
to become gifted adults. However, Galton’s conceptualization has been criticized 
for being racially biased, for not being socially contextualized, for excluding the 
poor and for his use of measurement tests as the sole determinant of giftedness. 
According to some researchers, the “cultural specificity” of intelligence makes 
IQ tests biased towards the environments in which they were developed – namely 
white, Western society. This makes them potentially problematic in culturally 
diverse settings. So the application of the same test among different communities 
would fail to recognize the different cultural values that shape what each 
community values as intelligent behaviour. Given the IQ test’s history of being 
used to further questionable and sometimes racially-motivated beliefs about what 
different groups of people are capable of, some researchers say such tests cannot 
objectively and equally measure an individual’s intelligence at all. In this paper I 
needed a conceptualization of giftedness that is sensitive to these criticisms so as 
not to perpetuate an inequitable criterion for children of colour and children who 
are economically disadvantaged. Two prominent authorities in the field of gifted 
education (Tannenbaum and Gagné) helped shape such a conceptualization.   
According to Tannenbaum (1983), even though many definitions of giftedness 
are not rooted in a social context, it is generally recognized that such context is 
critical in the emergence of giftedness. As Tannenbaum has stated, "Those who 

have the potential for succeeding as gifted adults require not only the personal 

attributes that are often mentioned in definitions of giftedness, but also some 

special encounters with the environment to facilitate the emergence of talent." 
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(1983, p 86). To this end Tannenbaum, proposed an alternative definition: 
"Keeping in mind that developed talent exists only in adults, a proposed definition 

of giftedness in children is that it denotes their potential for becoming critically 

acclaimed performers or exemplary producers of ideas in spheres of activity that 

enhance the moral, physical, emotional, social, intellectual or aesthetic life of 

humanity." (Tannenbaum, 1983, p 86).  Gagné is of a similar view that giftedness 
denotes ‘potential’ and follows with a question that challenges the predominant 
use of IQ tests. “How can we hope to distinguish aptitude measures from 
achievement measures if both rely on some form of performance” (Gagné 2013 
p. 201). Instead Gagné proposed a prevalence ratio in identifying those who were 
gifted arguing that giftedness was a normative concept just like poverty that 
targets a marginal subgroup within a population. Following this line of argument 
Gagné says ‘outstanding’ means individuals who belong to the top 10% of the 
relevant reference group in terms of natural ability (for giftedness) or 
achievement (for talent). An underlying principle of Gagné’s (2015) view is that 
while high ability (talent) has some genetic basis (giftedness), learning, practice, 
and environmental factors are necessary for the emergence and development of 
such talent. He further argued that the ‘one term fits all’ use of gifts and talents 
was inaccurate, misleading, and detrimental to all efforts to identify and nurture 
talent, because it suggests that talents are inborn hence there is no place for 
systematic training, learning or practicing. So according to Gagné (2015:15) 
Giftedness designates the possession and use of untrained and spontaneously 
expressed outstanding natural abilities or aptitudes (called gifts), in at least one 
ability domain, to a degree that places an individual at least among the top 10% 
of age peers. On the other hand, Talent designates the outstanding mastery of 
systematically developed competencies (knowledge and skills) in at least one 
field of human activity to a degree that places an individual at least among the 
top 10% of ‘learning peers’ (those having accumulated a similar amount of 
learning time from either current or past training).  In his proposal for a 
prevalence ratio Gagné (2015) was also particularly concerned about treating 
gifted learners as belonging to a homogenous group arguing that there are 
different levels of giftedness. From all these views, Gagné developed a clear and 
defensible metric-based system (MBS) whose conceptualization posits a five-
level system of cut-offs for giftedness as follows: “mildly gifted” 10% (top 1:10); 
“moderately gifted” 1% (top 1:100); “highly gifted” 0.1% (top 1:1000); 
“exceptionally gifted” 0.01% (top 1: 10,000); “extremely gifted” 0.001% (top 1: 
100,000). Using this MBS, he argued that the mildly gifted (1:10) or the top 3 
achievers in a regular class of 30 already distance themselves very significantly 
in terms of ease and speed of learning. He referred to such mildly gifted learners 
as the ‘garden variety’— a common English expression in the USA that means 
the ‘most common group’. Similarly, Renzulli (2012) used the terms ‘high 
achieving’ or ‘schoolhouse giftedness’ to refer to students who are good lesson 
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learners in the traditional school environment. So, in this paper the term ‘gifted 
learner’ is used to refer to the ‘mildly gifted’ in accordance with the 
recommendations from Gagné (2015) and Renzulli (2012). It refers to the 1:10 
learners who attend everyday regular class and who demonstrate relatively high 
mathematical ability. The focus on these ‘mildly gifted learners’ follows Gagné’s 
recommendation that the clear majority (90%) of the gifted/talented individuals 
belong to this lowest level while the highly gifted/talented (1:100,000) 
individuals are a rarity. His concern was that when we present extreme examples 
of behaviour to parents or teachers, we risk conveying a distorted image of the 
‘garden variety’ of gifted individuals because stakeholders would be tempted to 
judge that such a rare population does not justify large investments of time and 
money to meet their educational needs. Gagné (2010) therefore recommended 
that gifted and talented program coordinators should think first and foremost 
about services for their mildly gifted learners. In education systems that are 
guided by the inclusive philosophy, the ‘garden-variety’ of gifted learners spend 
most of their time in regular classrooms hence it can be argued that every teacher 
should be regarded as a teacher of the gifted.  
 

TEACHERS AS PIVOTAL TO THE EDUCATION OF GIFTED 

LEARNERS 

Although many models have been conceptualised on how we could improve the 
education of the ablest students, former USA President Obama once said that all 
the wireless devices and fancy software in the world won’t make a difference 
unless we have great teachers in the classroom (Dyslexia International Annual 
Report 2015). This view is echoed in a UNESCO (2014) maxim that an education 
system is only as good as the quality of its teachers because the teacher is viewed 
as being at the core of quality.  Teachers are vital not only because of the role 
they play in unleashing and fostering children’s learning potential in education, 
but also because of the insight they provide on how education systems are 
functioning and how education policies are being implemented. With specific 
reference to education for the gifted learners, an underlying principle of Gagné’s 
(2015) view is that while high ability (talent) has some genetic basis (giftedness), 
learning, practice, and environmental factors are necessary for the emergence and 
development of such talent. Gagné’s DMGT model stands alone in its clear, 
distinct and well operationalized definitions of two key concepts in the field of 
gifted education, giftedness on the extreme left and talent on the extreme right as 
a product of a developmental process with catalysts such as teachers, materials 
and the school environment. (See Table 1) 
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Table 1: Gagné's Differentiating Model of Giftedness and Talent (DMGT) (Gagné, 2015, p. 
19) 

 
 
An important implication for the field of gifted education is that although the path 
to outstanding performance may begin with demonstrated potential, the talent 
associated with giftedness must be developed and sustained by way of training 
and interventions in domain specific skills (Lubinski 2010). What makes Gagné’s 
model particularly relevant for this paper on student support is the place given to 
learning within the developmental process. Learning implies a role for the teacher 
in devising programmes for pupils to follow in order to develop and improve their 
skills. In this regard Leikin (2011) posits that teachers are the agents of the 
educational system who must design mathematical challenges appropriate for all 
the students in general and particularly for the mathematically gifted ones.  
In South Africa, the Gauteng Department of Education (2010) conceptualised a 
similar model known as the intervention model for the Mathematics Science & 
Technology Improvement Strategy. Their model is grounded in an empirically 
supported assumption that the nature of the teaching and learning behaviour of 
teachers determines the success of any education system more than any other 
factor. Similarly, Kokot’s (1999) recommendation was that teachers should 
therefore be the major focus of advocates for improving gifted education. Hence 
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in this paper I am asking questions about teacher preparedness to support such 
students’ progress towards reaching their optimum level in the regular classroom. 
 
OBJECTIVES OF THE STUDY  

Whether provisions for gifted students are made in the regular class or in a special 
class, teachers for the gifted should possess certain competencies to enable gifted 
learners to have access to instructional resources and activities that are 
commensurate with their potential. Several researchers have investigated the 
“ideal” competencies of the teachers who work with gifted learners to enhance 
their learning experiences. Competency was understood as a cluster of resources 
that are mobilized and reorganized by the individual to respond in an appropriate 
manner to a situation, which means “knowing how to act” (Jonnaert, 2002; Le 
Boterf, 2002; Tardif, 2006). Although the list of such competencies is 
inexhaustible, Lewis and Milton (2005) suggest that teachers’ and pre-service 
teachers’ beliefs and attitudes have a significant impact on their classroom 
practice. Sisk (1975) listed the following competencies as some of the objectives 
of a teacher training program:  Knowledge of: (a) the nature and needs of gifted, 
(b) new developments in education (c) current research in gifted education. 
Guided by these recommendations, this study aimed at understanding the extent 
to which participating teachers reported positively on the following cluster of 
teacher resources or professional competences: 

 Teacher readiness in terms of training 

 Teacher knowledge about current policy pronouncements  
 Teacher attitudes and strategies for identification of gifted learners 

 

METHODOLOGY  

Research Design  

The researcher chose a survey research design because it best served to answer 
the questions and the purposes of the study. The survey research is one in which 
a group of people or items is studied by collecting and analyzing data from only 
a few people or items considered to be representative of the entire group. In other 
words, only a part of the population is studied, and findings from this are expected 
to be generalized to the entire population (Nworgu 1991:68). Similary, McBurney 
(1994:170) defines the survey assessing public opinion or individual 
characteristics by the use of questionnaire and sampling methods. 
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Research instruments   

Data for this study were collected through questionnaires, structured interviews 
and classroom observations.  
Pilot Testing  

Having validated the questionnaire, a pilot testing was carried out on the 
instrument using 10 teachers from a nearby school in Bloemfontein. This was 
done in order to see: (1) how the subjects would react to the questionnaire; (2) 
whether the items were clear enough and easily understood; (3) whether there 
was need to include more items in certain areas; or (4) whether there were some 
items to which the participants would not like to respond; as well as (5) to 
determine the workability of the proposed method of data analysis for the study. 
Participants  

Participants for this study were drawn from AMESA 2017 delegates as well as 
teachers from 40 schools in Motheo District and Xhariep Districts of the Free 
State Province.  
Validity and reliability  

A number of measures were taken to enhance the accuracy, credibility and 
validity of data. Firstly, participation was voluntary and there were frequent 
member checks with the participants. During the lesson observations there was 
constant dialogue with participants in order to verify the researcher’s inferences. 
Lessons were audio recorded and then transcribed after which participants were 
asked to read transcripts of dialogues in which they had participated in order to 
either agree or disagree that the summaries reflected their views, feelings and 
experiences. The inclusion of member checking into the findings, that is, gaining 
feedback on the data, interpretations and conclusions from the participants 
themselves, is one method of increasing credibility. Although it has its own 
disadvantages, Lincoln and Guba (1985) consider member checking into the 
findings as “the most critical technique for establishing credibility” (p. 314) In 
this study credibility was addressed through the triangulation of data collection 
methods. Data collection was done through questionnaires, interviews and lesson 
observations which in the social sciences would be described as triangulation - 
the use of multiple methods or data sources in qualitative research to develop a 
comprehensive understanding of phenomena (Patton, 1999). Triangulation has 
also been viewed as a qualitative research strategy to test validity through the 
convergence of information from different sources. Denzin (1978) and Patton 
(1999) identified four types of triangulation: (a) method triangulation, (b) 
investigator triangulation, (c) theory triangulation, and (d) data source 
triangulation. Throughout the research process the study was also subjected to 
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peer scrutiny through conference presentations, peer discussions and research 
indabas (discussion groups). 
 

RESULTS  
In the first objective of the study the interest was in understating teacher readiness 
in terms of their training. This was further subdivided into three sub questions 
where the study wanted to establish whether or not teachers perceived themselves 
as competent to teach gifted students. This same question also wanted to establish 
whether or not teachers felt content on gifted education should be included in the 
programs that are designed for preservice teacher-training. The results are 
presented in Table 2.   
  
Table 2: Teacher readiness in terms of training  

 Agree Neutral Disagree 

 𝑓(%) 𝑓(%) 𝑓(%) 

I received training on how to teach 
gifted learners. 

21.3 48.9 

 

25.5 

From my training I feel competent 
enough to teach gifted learners 

46.8 46.8 

 

4.3 

I think Higher Education Institution 
should include content on gifted 
Education 

72.3 

 

17.0 

 

10.6 

 

In the second objective of the study the interest was in understating teacher 
readiness in terms of their awareness of current policy pronouncements on gifted 
education. This was further subdivided into four sub questions where the study 
wanted to establish whether or not teachers had read the different documents in 
which gifted education is being recommended. The results are presented in Table 
3.    
In the third objective of the study the interest was in understating teacher 
readiness in terms of their attitudes and strategies for identifying gifted learners. 
This was further subdivided into four sub questions where the study wanted to 
establish whether or not teachers agreed that they have gifted learners in their 
classes and how they perceived such learners. The results are presented in Table 
4.    
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Table 3: Teacher knowledge about policy pronouncements on gifted learners 

 Agree  Neutral  Disagree  

 𝑓(%) 𝑓(%) 𝑓(%) 

I am aware of the National 
Planning commission’s 
recommendation regarding gifted 
learners. 

14.9 31.9 

 

51.1 

I am aware of the MST Task 
Force’s recommendation regarding 
gifted learners   

10.6 40.4 

 

46.8 

The new CAPS documents come 
with guidelines for responding to 
learner diversity in the classroom 

63.8 

 

21.3 

 

34.0 

The document makes sufficient 
provision for teachers to attend to 
the needs of gifted learners 

23.4 68.1 8.5 

 
Table 4: Teacher attitudes towards gifted learners 

 Agree  Neutral  Disagree  

 𝑓(%) 𝑓(%) 𝑓(%) 

I have gifted learners in my class  78.3 12.8 

 

4.3 

Gifted learners ask questions that 
teachers are not ready for  

68.1 - 31.9 

Gifted learners should be educated 
in the normal class with all other 
learners   

55.3 - 44.7 

Gifted learners can make it on their 
own without teacher support 

61.7 - 38.3 

 

DISCUSSION 

In terms of training results from the analysis highlight the teachers’ perceptions 
about their readiness to teach gifted learners in the identified competencies. Table 
2 shows that almost three quarters (74.4%) of the participating teachers claimed 
they had not received training on how to teach gifted learners. The majority of 
the teachers (72.3%) indicated that Higher Education Institution should include 
content on gifted education. These results are similar to findings elsewhere which 
have shown that training and professional development in gifted education is 
insufficient and weak (Rowley, 2012; Van Tassel-Baska, 2006). In South Africa, 
similar research by Oswald and de Villiers (2013) made similar observations that 
while the quality of gifted education is dependent on the quality of training the 
teachers receive; teachers who took part in their study said that they had not been 
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trained to deal with gifted students. Yet research by Hudson et al. (2010) suggests 
that teacher training, especially when addressed at pre-service level, can have a 
positive impact on an educator’s ability and confidence to provide quality 
learning experiences for gifted and talented students. It is also suggested that 
teacher training reinforces positive beliefs, attitudes toward and perceptions of 
gifted and talented education, while ensuring the ability to identify these students 
and differentiate their learning appropriately across a diverse range of domains 
(Taylor & Milton, 2006; Tomlinson, 2005).  
The second objective in this study was about teachers’ knowledge about current 
policy pronouncements. In the questionnaire certain specific documents – the 
NPC report, the MST task team report as well as the CAPS documents - were 
targeted. These reports make explicit reference to gifted students and suggest that 
the education system should now pay special attention towards meeting their 
needs. The results in Table 3 highlight the teachers’ perceptions about their 
awareness of current developments in gifted education. This shows that most of 
the teachers (83.0%) are not aware about the National Planning commission’s 
recommendation regarding gifted learners. Similarly, only 11% of the 
participants were aware of the MST task team report and its recommendations on 
gifted students. Although a reasonable number 63.8% of the participants reported 
that the CAPS documents come with guidelines for responding learner diversity 
in the classroom only 23.4% of the participants reported that the CAPS 
documents make sufficient provision for teachers to attend to the needs of gifted 
learners. In response to the open-ended questions participants asserted that the 
National Education Department made no direct reference to giftedness or 
provided guidelines with regard to the education of the gifted learner. Similar 
findings of the policy-implementation gap were observed in the study by Oswald 
& de Villiers (2013). Furthermore, their data suggested that a particular drive for 
the inclusion of gifted learners was absent in the department of education’s 
agenda Their recommendations were that before learners who are gifted (and 
others) will be able to receive appropriate education and support, this gap between 
policy ideals and classroom realities regarding the implementation of gifted or 
inclusive education needs to be addressed. Elsewhere Gross (2004), suggested 
that teachers should be trained in research and exposed to research findings that 
contradict many of the misconceptions held regarding gifted education. This may 
assist in dispelling the myths and misconceptions about giftedness and gifted 
children. Enhanced knowledge, understanding and skills, and a related increase 
in confidence, may reduce unfavourable attitudes. Some of the participants in this 
current study suggested that provision for gifted children should be enforced.  
In the third objective, the study was more interested in understanding teachers’ 
attitudes towards gifted learners and the kind of strategies they used to identify 
gifted learners. Results show that a high percentage of 78.3% confirmed they had 
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gifted students in their classes, 68.1% confirmed that gifted students ask questions 
that teachers are not ready for. Most teachers 61.7% were also of the view that 
gifted students can make it on their own without teacher support. Teachers were 
asked to explain some of their responses and it became apparent that gifted 
students are considered troublesome as they sometimes ask questions which 
derail the teacher’s focus. Teachers’ perceptions about gifted students and 
strategies for identification of such learners impact the way they teach (Adams & 
Pierce, 2004; Hativa, Barack & Simhi, 2001; Plunkett & Kronborg, 2011). 
Research has shown that a negative attitude and prejudice can cause 
discriminatory behaviour, particularly when it exists within a group of teachers 
(Bohner & Wänke, 2002). If teachers develop positive attitudes towards 
giftedness, they are more likely to be supportive of gifted education, and effective 
in identifying and catering for gifted students. Empirical evidence shows that 
many regular classroom teachers find themselves feeling caught between the push 
to promote students’ creative thinking skills and the pull to meet external 
curricular mandates, increased performance monitoring, and various other 
curricular constraints (Beghetto 2013). Teachers prefer learners who have 
characteristics that are in sharp contrast with creative personality traits, such as 
“conforming” and “considerate” (Mhlolo, 2017). The more creative a class 
becomes, the less desirable their behaviour appears to teachers given that a 
creative teacher loses an aura of authority. 
 
CONCLUSION  

In all the three categories of teacher competencies the teachers seemed not to be 
ready to teach gifted learners, and they were not aware of current developments 
in gifted education. Teachers’ perceptions revealed by participants in this study 
confirm previous research reported on the quality of teacher preparation (Kagan, 
1992). Teachers’ awareness of latest developments in gifted education, is 
important given previous findings suggesting that being aware of latest 
developments or policies may improve educational practices (Fullan, 1993, 2001; 
Goodlad & Klein, 1970; Gross, Giacquinta, & Bernstein, 1971; Sarason, 1971, 
Sultana, 2008). Furthermore, in identifying effective teaching practices for gifted 
learners, teacher competencies are not the only factor to consider. The attitudes 
and strategies for identification of gifted learners are equally important 
(Feldhusen & Hansen, 1988; Eyre, Coates, Fizpatrick, Higgins, McClure, Wilson 
& Chamberlin, 2002). Yet participants in this current study seemed to have 
negative attitudes towards gifted students.  
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IMPLICATIONS  

Although many models have been conceptualised on how we could improve the 
education of the gifted learners, in South Africa it is time to ask how teachers can 
be supported to teach gifted learners? One might then deliberate on the teachers’ 
perceptions about teaching and learning of mathematically gifted learners in 
South Africa. Following the results presented in this paper, I recommend that all 
teachers should be trained in gifted education in a way similar to that in which 
they are trained in special education. Currently gifted education is not included 
in most teacher education programmes. Further studies should be carried out to 
understand more about how gifted students are catered for in the regular 
classroom, in order for inclusive education be truly inclusive and catering for the 
needs of all learners. Johnsen, Haensly, Ryser & Ford (2002) point out that the 
continuing emphasis on inclusive education and the closure of many programmes 
for the gifted make it essential for teachers to be trained on how to identify gifted 
students in the regular classroom and on how to differentiate the curriculum 
"based on each child's learning style and preferred form of output” (Colangelo, 
2005:31). In the pre-amble of the National Development Plan (Vision 2030) - the 
NPC envisages a South Africa where “we participate fully in efforts to liberate 
ourselves from the conditions that hinder the flowering of our talents”. The plan 
goes on to state that schools are where talent is identified, career choices made, 
and habits learnt. Teachers are central to the flowering of our talents because in 
the absence of a match between instruction and gifted students’ needs many gifted 
children find school intolerable, resulting in them becoming apathetic in such 
schools that ignore their intellectual needs. Teachers can either make or break the 
education system for gifted students hence their preparedness needs to be central 
to our efforts to improve excellence in education. 
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TOWARDS MEANINGFUL MATHEMATICS LEARNING: 

IMPLICATIONS FOR CONCEPTUAL UNDERSTANDING 

David Mogari 
Institute for Science and Technology Education 

University of South Africa 
 

In this paper, an attempt is made to delineate what constitutes meaningful 

learning and how can mathematics be taught to achieve meaningful learning. 

This theoretical paper draws from literature to formulate a discussion on 

meaningful learning as well as illustration on teaching mathematics to achieve 

meaningful learning. A claim is thus made that it is always possible to achieve 

meaningful learning.        

 

INTRODUCTION 

As a developing country, South Africa needs an adequate pool of engineers, 
technologically and scientifically skilled people to fulfil its socio-economic 
development aspirations and eradicate joblessness and poverty. For these to be 
attained there will have to be emphasis on pursuing careers in science, engineering 
and technology (SET), given their close links to economic growth that is espoused 
by technological innovation and advancement. However, for these advances to 
successful happen far more learners as possible have to pursue studies leading to 
careers in natural and applied sciences. The basic admission requirement into these 
areas of study is a pass in grade 12 mathematics. Unfortunately, this has not been 
the case as a considerable number of learners fail to attain this required pass and 
this obviously to a small number of them end up enrolling in the science, 
engineering and technology study programmes. Furthermore, a considerable 
percentage of those who are enrolled drop out. There have also been instances 
where learners with mathematics prowess have for some reasons abandoned the 
subject. One possible cause of this unfortunate development is the quality of 
mathematics teaching. The end results of all these, the country ends up with a 
meagre number of graduates in the SET careers.  
Given the present circumstances of skills shortage and the unsavoury turn of events 
engendered by the government’s attempts to recruit skilled personnel from 
elsewhere as a way of dealing with the problem of lack of an adequate pool of 
engineers, scientifically and technologically skilled personpower in the country, it 
has become necessary to seek ways and means to improve the quality of 
mathematics teaching and learning in schools. In order to improve on learners’ 
performance in mathematics, perhaps we need to relook at the quality of 
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mathematics education currently offered in the schools. Precisely because 
mathematics education should not only seek to make learners attain high scores in 
matriculation examination but also seek to empower learners with relevant skills 
and make them become more self-reliant. At present there appears to be 
deficiencies in the delivery of mathematics education, which possibly came about 
because of a plethora of factors. To this end, it is crucial that means are contrived 
to relook at the mathematics education. Hopefully, such initiatives may lead to 
meaningful learning that will off-shoot improved learners’ percentage pass in 
mathematics and a wider pool of learners who have potential to pursue careers in 
SET. The questions guiding this paper are: 

i. What constitutes meaningful mathematics learning? 
ii. How can we achieve meaningful mathematics learning?   

  

THEORETICAL RATIONALE 

Evidence abounds that there is a strong connection between mathematics and real 
life. In fact, research on the history of mathematics, ethnomathematics and 
realistic mathematics education add credence to the view that mathematics is a 
socio-cultural construct that develops from the cultural practices people engage 
in and from its utility in real life. The view that we should first see if we are to 
correctly represent what we see with pen and paper support the notion of the 
connection between theory and real world (practice). The Van Hiele’s theory adds 
that visual and practical experience of an object is significant if one would like to 
conceptualise its features (Van Hiele, 1973). Freudenthal (1991) presents a 
similar argument, familiarity with the physical environment is essential especially 
if one is to develop theoretical principles associated with its structure. It is, thus 
argued that introducing social, cultural and historical contexts in the teaching and 
learning of mathematics will go a long way in terms of challenging the general 
views about its utility, relevance and Eurocentric origins.   
 
From the point of view of improving learners' understanding of mathematics, it 
is necessary to seek ways that can redress the quality of instruction in 
mathematics. The search for more effective teaching strategies should, perhaps, 
focus on bridging the ‘contextual gap’, if any, between the formal school context 
and the informal outside school context. The bridging of the gap should hopefully 
enable learners transfer knowledge and skills from one setting to another and vice 
versa. However, there is evidence showing that there are learners who cannot 
transfer knowledge and skills from informal setting to formal setting. For 
example, Carraher, Schliemann and Carraher (1988) found that in Brazilian street 
markets, children could solve practical problems involving arithmetic operations 
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in the streets and in schools by contrast, they could not solve same problems using 
pen and paper. Onwu (1992), informed by a case of a child who struggled with 
addition and subtraction in school but was able to give change unerringly when 
selling groundnuts in the streets, concluded that mathematics in school should be 
set in a practical and familiar context that will make mathematics content 
meaningful.  
Another option would be to teach mathematics as a practical subject that involves 
activities and concrete objects. It is hoped that such an approach will afford 
learners the essential ‘hands-on’ and ‘minds-on’ experience that has potential to 
facilitate learning and make mathematics more meaningful. The underlying 
assumption is that meaningful mathematics learning takes place, when learners 
construct their own knowledge using the mathematics concepts, ideas and 
principles embedded in concrete objects or real activities. The intention in this 
paper is to outline and demonstrate some of the possible ways to achieve 
meaningful mathematics learning.   
 

CASES OF TEACHING FOR MEANINGFUL LEARNING  

There have been in attempts by some countries to improve the teaching of 
mathematics with a view to achieving meaningful learning. Judging by how 
learners in these countries have been performing in the international tests such as 
the Trends in International Mathematics and Science Studies (TIMSS) and 
Programme for International Student Assessment (PISA) it may well be that the 
adopted teaching strategies have had positive impact on the learners’ learning. 
The following are examples of these countries together with an outline on the 
teaching of mathematics: 
Netherlands: Netherlands developed and adopted a realistic mathematics 
education (RME) approach as a philosophy that underpins the teaching of 
mathematics. RME entails infusing real life and contextual problems into 
mathematics teaching (Freudenthal, 1977). In particular, Freudenthal (1997) 
RME insists on mathematics being connected to reality, close to learners and 
relevant to society so that it is of value to them, rather than creating an impression 
that mathematics is a subject matter that has to be transmitted. It is for this reason 
that mathematics should be perceived, as a ‘human activity’ and education should 
give learners the “guided” opportunity to “re-invent” mathematics by doing it. In 
addition, that in mathematics education, the focal point should not be on 
mathematics as a closed system but on the activity, on the process of 
mathematization, going from the world of life into the world of symbols 
(Freudenthal, 1977).  
Freudenthal emphasises learning mathematics, through interactions with peers or 
the teacher, from real life and contextual problems and from what has been 
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invented or discovered. This led to Treffers (1991) coming up with two forms of 
mathematization, namely, horizontal mathematization (i.e. using mathematics 
aspect to organise and solve a problem embedded in real setting) and vertical 
mathematization (i.e. reorganising mathematics aspects to discover connections 
between concepts and strategies and then using what has been discovered). 
Education is thought to go beyond just acquiring knowledge and skills, instead 
its primary goal should be to have capacity to connect knowledge and information 
from various sources, to check and restructure knowledge until it is relevant and 
valuable to one’s everyday life (Snoek & Wielenga, 2001). RME thus rejects the 
mechanistic and procedure-focused way of teaching and learning mathematics. 
Instead, it encourages learners to learn mathematics by developing and applying 
its concepts and using it as a tool in daily-life problem situations (Van den 
Heuvel-Panhuizen, 2003: 9)  
Japan: As in South Africa, the Japanese government decides on the curriculum 
and determines the duration of mathematics lesson and number of mathematics 
lessons per week (Judson, 1999). Mastrull (2002) indicates that mathematics 
lessons are generally scheduled during first periods of the day. Hiebert and Stigler 
(1999) point out that mathematics teaching in Japan follows a structured problem 
solving approach where teachers play a less active role and learners are afforded 
time to invent their own solution procedures, analyse and proving. Hiebert and 
Stigler further indicated that a Japanese mathematics lesson focuses strictly on a 
particular concept with the teacher connecting different parts of the lesson to 
ensure coherence. A typical lesson starts with a review of the previous lesson; 
then the problem of the day is presented; learners would then work through the 
problem either individually or in groups; learners’ solution strategies and 
procedures will then be discussed by the teacher and class; and the teacher will 
conclude the lesson by highlighting and summarizing the major points as well as 
giving learners not more than four problems as homework (Hiebert & Stigler, 
1999). According to Mastrull (2002), there is nothing extraordinary about the 
intelligence of the Japanese learners, they are undoubtedly characterised by hard 
work where they are in school for 51

2
 days in a week. About 80% of them receive 

supplementary school because they know that good performance determines the 
type of high school, college (i.e. university), graduate school and eventually 
career they will follow.  
Finland: It is reported that teaching in Finland is scheduled for 45 minutes with 
a 15-minute break in between lessons, which are meant to refresh so that teachers 
can be more effective in their teaching and learners can stay attentive and sharp 
(Savola, 2010). Problem solving has also been given much emphasis in Finland 
since 1980s (Pehkonen, 2008). In class, teachers use the traditional teacher-
centred whole-class interaction because they believe in building strong 
relationships with their learners, but teachers still make a point to voluntarily 
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interact with individual learners during seatwork and insist on the use of proper 
terminology by learners to explain and justify their thinking (Savola, 2010). 
Learners are given homework daily and teachers hold learners accountable for 
completion of the homework (Savola, 2010). The benefits of all these initiatives 
are evident in the learners’ achievement in TIMSS and Pisa.  
Thus, these three cases provide insights into ways of mathematics teaching that 
facilitate and improve learning. The Japanese, Dutch and Finnish learners’ above 
average performance displayed in TIMSS and PISA over the years arguably 
attests to the view that, in these countries, the teaching of mathematics is in such 
a way that it  

i. is dominated by solving problems particularly real world or non-routine 
ones;   

ii. supports learners in developing high order thinking and reasoning skills 
plus sophisticated problem solving skills;  

iii. recognizes the learners’ innate and informally acquired mathematical 
knowledge;  

iv. helps learners construct and apply knowledge; and 
v. integrates different bodies of knowledge. 

 

MATHEMATICS TEACHING IN SOUTH AFRICA  

The link between teaching and learning has been widely researched and well 
documented. Therefore, for South Africa to achieve its goals of development, it 
certainly has to pay much attention to the quality of mathematics teaching given 
that teaching plays a critical role in learning. In terms of South African policy, in 
grades 10 – 12, the Curriculum and Assessment Policy Statement (CAPS) 
document allocates 41

2
 hours per week to mathematics teaching, which is order ‘to 

develop mental processes that enhance logical and critical thinking, accuracy and 
problem solving’ (Department of Basic Education, 2011: 8). The CAPS 
document also encourages the incorporation of real life and contextual problems 
in mathematics teaching (Department of Basic Education, 2011: 8), because 
teaching mathematics in the learners’ familiar context has potential to facilitate 
learning and make it fun (Mogari, 2007). However, in reality mathematics 
teaching is generally examination driven where rote learning and memorisation 
are the norm. My research confirms this observation because I found that teachers 
who participated in an in-service programme on an ethno-mathematical approach, 
when they returned to their classes resorted to structured direct teaching because 
they were eager to adequately prepare learners for the examination that was 
drawing close (Mogari, 2014). They only used the ethno-mathematical approach 
upon request and used the approach perfectly for that matter (Mogari, 2014). 
Indeed, one expected the teachers to adopt enthusiastically the ethno-mathematics 
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approach in their teaching particularly because this is what CAPS document 
stipulates and encourages. 
Furthermore, in the Association of Mathematics Education of South Africa 
(AMESA) 2013 report on the Grade 12 Mathematics Examination performance 
submitted to the Department of Basic Education it bemoaned the poor quality of 
mathematics teaching that, seemingly, disadvantaged learners in the development 
of the requisite knowledge and skills to solve the given problems in the 
examination. Judging by the quality of learners’ answers, the examiner expressed 
concern that teachers did not meaningfully explain concepts in context; learners 
were not attuned to move from word problems to equations; and learners could 
not solve questions requiring high-order thinking skills.  
 

TOWARDS MEANINGFUL LEARNING  

Mathematics teaching should not happen in isolation from other subjects across 
the curriculum. Mathematics should be taught in way that demonstrates its 
importance and usage across the curriculum as well as that illustrates how 
concepts are developed. Such an initiative has potential to make learners realize 
the relevance and value of mathematics and hopefully might change their attitude 
and stimulate their interest to learn more mathematics. 
Examples of teaching mathematics to attain meaningful learning 

1. The multiplication and division of fractions 
Unlike with ordinary numbers, multiplication and division of fractions tend to 
follow different procedures and processes. Teachers normally tell learners that 
multiplication is repeated addition and this implies that the product will be bigger 
than the multiplier and multiplicand. When multiplying fractions, the product is 
smaller than the multiplier and the multiplicand. Obviously, this defies the notion 
that multiplication yields a bigger answer. Then, the question is; what does, say 
½ x ¼ mean? The product is ⅛, is smaller than, half, and quarter.  
Conceptually, what does ½ x ¼? It means one has a quarter of apple pie, which 
she/he shares with her/his friend. For that to happen ¼ of apple pie has to be 
halved where each person gets ⅛ of apple pie.  
For meaningful learning to occur, learners have to be taught ‘multiplication’ of 
fractions conceptually so that they understand what it really means.  
Similarly, for division of fractions, procedurally, the quotient tends to be bigger 
instead of being small. That is, if division is to be seen as repeated subtraction.  
For example,   
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½ ÷ ¼ = 2 and ¼ ÷ ½ = ½. Conceptually, ½ ÷ ¼ means ‘how many quarters make 
a half?  

2. Difference of two cubes  
Rather than presenting x3 – y3 analytically to learners and expect them to 
determine the respective differences, it would make more sense if you let learners 
use concrete objects or graphics to determine difference. That is, 
 

 
Figure 1 
The figure shows a cube with dimensions of length X and is made of small cubes 
with dimensions of length Y. One of the small cubes is then removed from the 
main cube. To determine the volume of the remaining structure, it is dismantled 
as in Figure B.       
          

 
 
Figure 2 
The volume of the remaining structure is Volume i + Volume ii + Volume iii. 
That is,   
       x3 – y3= Vol i + Vol ii + Vol iii 
                                But Vol i = (x – y) y2  
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Vol ii = xy (x – y)  
Vol iii = x2(x – y)        

      Therefore, x3 – y3= (x – y) y2 + xy (x – y) + x2 (x – y) 
   = (x – y) [y2 + xy + x2] 
 

3. Linear graph 
With a linear graph, it is important that learners should understand that what y = 
mx + c means. Often, learners are only told that it represents the equation of a 
linear graph. What is not mentioned the meaning of the graph and linear equation. 
To make learners aware of the meaning of the linear equation, one may use any 
two quantities that learners can see. For example, let the learners compare the 
number of persons and eyes. That is, 

1 person – 2 eyes  
     2 persons – 4 eyes 
 3 persons – 6 eyes 
 4 persons – 8 eyes 
 12 persons - ? eyes 
What is the general term that represents the relation between no. of persons and 
no. of eyes?  
Another example to consider, one may compare the number of walls of 
classrooms in the block and number of classrooms. The teacher may get the 
learners to compare the two quantities and note the pattern emerging, which they 
have to represent analytically. Obviously, this kind of approach works best when 
there is a teaching and learning material with instructions and questions that 
learners have to work on. 
For example,  

 
Figure 3 

https://www.google.co.za/imgres?imgurl=http://www.grandviewriverhouse.com/box/fl/wells-coates-lawn-road-flats_bathroom-inspiration.jpg&imgrefurl=http://www.grandviewriverhouse.com/1509497650/pyt/ed126f345ddaa077/&docid=U6QORinsExRmGM&tbnid=eFnxgx7LdOXi9M:&vet=12ahUKEwj6iLKa0tLaAhViIsAKHY8sAMI4yAEQMyhZMFl6BAgAEFs..i&w=897&h=714&bih=579&biw=1280&q=plan view of school building&ved=2ahUKEwj6iLKa0tLaAhViIsAKHY8sAMI4yAEQMyhZMFl6BAgAEFs&iact=mrc&uact=8
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In the figure, one classroom will have four walls; two classrooms will have seven 
walls; three classrooms will have 10 walls; four classrooms will have 13walls; 
and how many walls will be there when there are 8 classrooms?     
In all cases, learners should work in collaborative groups. The teacher has to 
prepare a teaching and learning material that will help learners work through the 
task and support learners as they work on the task. This exercise will enable 
learners access the appropriate content. The guiding learning philosophy in this 
teaching approach is the socio-constructivist perspective. Obviously, learners are 
perceived as cognizing being who constructs meaning by making sense of what 
they are working on. The activities used in the learning tasks help demystify the 
view that mathematics has no link reality and help develop learners’ logical and 
critical thinking ability. 

 

CONCLUSIONS 

It is evident that learning does not happen passively through transmission, it is 
instead a continuous process of knowledge construction that happens better 
through active participation, either individually or collaboratively, on a given 
task. Secondly, interacting with surroundings or those around you is also essential 
in facilitating knowledge construction. Thirdly, successful knowledge 
construction depends on existing knowledge or what the learner already knows. 
Lastly, it is always possible to achieve meaningful learning. However, the 
challenge is the need for teachers to be creative, innovative and imaginative about 
ways and means to teach with a view to achieving meaningful learning.     
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EXPLORING SUBJECT-SPECIFIC INSTRUCTIONAL 

LEADERSHIP FOR MATHEMATICS IMPROVEMENT 

THROUGH LESSON STUDY IN SOUTH AFRICA 

Loyiso C Jita 
Dean and SANRAL chair in Science and Mathematics Education 

 

PROBLEM STATEMENT 

The difficulty of changing what teachers do in their classrooms is well 
documented across Africa and abroad. In his landmark piece that examines 
changes in classroom practice across American schools in the past century, Cohen 
(1988) makes a convincing point that the more things change, the more they seem 
to stay the same (plus ca change…). He argues that the core of what teachers do 
with learners and the content has not changed much since the 1930s when Dewey 
and the Progressive movement advocated for a child centred curriculum. South 
Africa is a classical case, where curriculum policy has changed several times over 
the past two decades of freedom to try and influence what teachers do in their 
classroom. Needless to say, that, the new policies do not seem to have shifted 
teaching and learning significantly, especially in the sciences and mathematics 
where the latest performance indicators continue to suggest unacceptable levels 
of achievement by both primary and secondary school learners. 
Recently, a more popular strategy has been to offer workshops and other 
professional development activities designed to introduce teachers to new 
(desirable) ways of approaching the task of teaching and learning in schools. 
Despite the notable successes in some of the professional development 
approaches in shaping and changing what some teachers do in their classrooms, 
many have had less than spectacular results on a broader scale of classroom 
change. In spite of the many years of generous funding for professional 
development programmes in science and mathematics in South Africa, the 
teaching and learning of these subjects continue to lag behind in comparison to 
other countries, both developed and developing. 
This begs the questions: what will it take to “influence and guide” the practices 
of the many teachers whose classrooms have hitherto remained impervious to the 
interventions of policies, materials and professional development? 
As the search for more promising solutions continues, leadership presents us with 
various interesting possibilities in this regard. Many researchers have argued that 
(educational) leadership plays a critical role in improving schools. What that role 
is, and how it plays itself out at various levels to achieve the desired outcomes 
remains contentious though.  
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The role of leadership in the improvement of teaching and learning has long been 
established in the literature. This has, in recent years, resulted in the proliferation 
of attempts to guide and influence classroom teachers, especially in mathematics 
(and science). Whether it is the development of new curricula, or the training and 
professional development of teachers, or the development of policy guidelines on 
teaching, learning and assessment, or the production of new textbooks, or even 
the creation of teacher support positions such as subject advisors and/or the 
inspectorate at district levels, etc., the rationale is always the same: that leadership 
matters in the improvement of classroom practice. Despite the abundance of these 
discreet attempts to influence and guide mathematics teachers’ practices in South 
Africa, very little systematic research has been done to understand the structures 
and practices of subject-specific leadership and their efficacy in particular 
provincial, district and school settings across the country. This study is one 
response to this oversight in scholarship. 
 

RESEARCH QUESTIONS 

Our research on subject-specific Instructional Leadership explores the question 
of how provinces, districts and schools go about the business of trying to 
“influence and guide” what teachers do in their mathematics (and science) 
classrooms, with what structures and resources, and to what ends.  
While school leadership in general has been studied extensively in South Africa, 
very little has been done to explore subject-specific instructional leadership 
specifically and more specifically the structures, practices and resources for such 
instructional leadership for mathematics (and science) improvement.  
Our broader research programme investigates how provinces, districts, and 
schools construct the meaning of subject-specific instructional leadership for 
mathematics (and science) together with the nature and efficacy of both the 
structural and/or organisational arrangements and practices of such instructional 
leadership for the improvement of mathematics (and science). Furthermore, we 
also studied the meanings of the structures and practices for the various actors at 
each level and the interconnections thereof. A specific example of one such 
structure for subject-specific instructional leadership in mathematics that has 
been introduced in a number of districts and schools in the Free State is the Lesson 
Study (LS) Groups. The Lesson Study Groups constitute a special configuration 
of what is commonly referred to as the Peer Learning Communities or 
Professional Learning Communities (PLCs) in the Free State province. Lesson 
Study is often credited, among the many other factors that account for the 
Japanese excellence in education, especially in mathematics and the sciences 
(Lewis, Perry and Murata, 2006). In simple terms, LS defines a Japanese form of 
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professional development, where groups of teachers come together and work 
collaboratively on lesson plans, their implementation and engage in post-lesson 
reflection. The central feature of Lesson Study, which sets it apart from other 
similar professional development interventions, is the observation of live lessons 
by groups of teachers who collect data on teaching and learning for collaborative 
reflection at the end of the implementation (Lewis, 2002; Wang-Iverson and 
Yoshida, 2005). 
The major research questions for the study on subject-specific instructional 
leadership through Lesson Study include the following: 

 What are the organisational and/or structural arrangements of the subject-
specific Lesson Study Groups in the districts and school of the Free State?  

 How is subject-specific leadership constructed and practiced to influence 
the classroom practices of the participating mathematics teachers in the 
various Lesson Study groups, and 

 What is the efficacy of the structures and practices of these subject-specific 
instructional leadership Lesson Study Groups in terms (re)shaping 
mathematics classroom practices and/or student achievement? 

 

DISCUSSION 

The attempt to understand the role and influence of subject-specific leadership in 
the improvement of teaching and learning of mathematics (or science) is 
complicated by, among others, the fact that one has to appeal to several different 
bodies of literature all at once. This includes the literature on teacher change, the 
literature on (school) leadership, the literature on instructional leadership proper 
and finally the literature on mathematics teaching and learning. It is this inter-
disciplinarity in the investigation of subject-specific instructional leadership that 
offers the possibilities for a more nuanced and broader understanding of how to 
“guide and influence” the practices of mathematics teachers in ways that have not 
been possible from previous research. 
In the sections that follow, this paper describes one response to Lewis, Perry and 
Murata’s (2006) call to “expand the descriptive knowledge base on Lesson 
Study…in order to provide a full view of LS, (to) reveal its constant and varying 
features, and (to) identify adaptations relevant to the needs in diverse settings”. 
Drawing on a qualitative research study of over 300 mathematics and science 
teachers across the five districts in the Free State province of South Africa, the 
paper describes the major features and variations across settings of the LS groups 
along several dimensions including: organisation, practices, norms, scheduling, 
instructional content and quality of teacher reflections. The paper concludes by 
arguing that the variations in the organisation and structuring of the LS groups on 
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the one hand and in the nature and quality of teacher reflections on the other, in a 
major way, account for the differential impact on teachers’ practices. The findings 
have implications for how to structure professional development opportunities for 
mathematics (and science) teachers in order to maximise the possibilities for 
success of subject-specific instructional leadership and classroom change.  
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TEACHING AND LEARNING MATHEMATICS THROUGH 

PROBLEM SOLVING FOR CONCEPTUAL 

UNDERSTANDING 

Belinda Huntley 
University of South Africa 

Much of school mathematics focuses on procedures and too little on conceptual 

understanding of content (Huntley, Engelbrecht and Harding, 2010).  This 

approach presents learners with a lean and one-sided view of mathematics.  

Despite hours of instruction and procedural practice, learners often fail to 

achieve both procedural fluency and conceptual understanding (Matlala and 

Wessels, 2015).  Marcus and Fey (2006) claim that a problem solving approach 

to mathematics teaching and learning offers an alternative to such procedural 

experiences.  In this paper, I illustrate how a problem solving approach to 

mathematics teaching and learning can enhance learners’ conceptual 

understanding of mathematical content. 

Schroeder and Lester (1989) describe three important areas of problem solving.  

These are:  teaching for problem solving; teaching about problem solving; and 

teaching through problem solving.  In the first case, procedures are taught first, 

followed by problems related to the concepts taught.  In the second case, learners 

are taught the various techniques of problem solving.  In the third case, which is 

also the focus of my presentation, teaching is done through problem solving as a 

means to promote learners’ conceptual understanding of mathematical concepts. 

Various problem solving frameworks, within which a classroom culture of maths 

contests/Olympiad-type problems can be promoted, will be described.  Some 

examples of such questions and the problem-solving strategies to solve them will 

be presented. 

 
WHAT IS A MATHEMATICAL PROBLEM? 

In the mathematics classroom, we can think of almost every task as a 
mathematical problem.  Mathematical tasks can be classified broadly into two 
general types:  exercises and problems.  Orton and Frobisher (2000) put forward 
that what is a problem to one learner may be an exercise to another learner.  
Exercises are generally tasks used for procedural practice and for the mastery of 
skills.  Learners can solve an exercise by applying a routine, familiar procedure.  
Problems, on the other hand, are tasks in which the strategy or procedures are 
unfamiliar to the learners.  Learners need to develop strategic competence and 
reasoning to complete such tasks successfully. 
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It may be more useful to distinguish between routine and non-routine problems.  
Mathematics Olympiad-type problems fall within the category of non-routine 
problems.  Of course, non-routine problems or word problems can become 
routine problems if learners are exposed to them regularly.  In solving non-routine 
problems, learners do not already have a routinised solution method.  They need 
to strategise, to understand the situation, to plan and think of a mathematical 
model, and then to carry out and evaluate their method and answer.  Such 
strategies engage learners in a scaffolded learning experience designed to move 
them up Bloom’s taxonomy from lower-to-higher thinking skills.  Figure 1 
illustrates a revised Blooms’s taxonomy (Anderson and Krathwohl, 2001) to 
show how non-routine problem solving moves learners up from procedural 
understanding to conceptual understanding. 
 
 

 
 
PROBLEM SOLVING FRAMEWORKS 

In this section, I describe a few problem solving frameworks to create a problem 
solving classroom culture. 
 

 Polya’s framework of problem solving 

“To understand mathematics is to do mathematics.  And what does it mean 
doing mathematics?  In the first place it means to do mathematical problems” 
(Polya, 1988) 
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The major contribution on problem solving was made by George Polya (1988) 
who defined intelligence as the “ability to solve problems” and believed that 
“solving problems is human nature itself.”  Thus, he felt strongly that a major 
goal of education should be the development of problem-solving skills.  To that 
end, Polya devised what has become known as Polya’s problem solving stages, 
outlined in his book “How to solve it” (1973): 

1. Understanding the problem 
2. Devising a plan 
3. Carrying out the plan 
4. Looking back 

These phases should not be interpreted as a linear recipe for problem solving – it 
is a cyclic, dynamic process as illustrated in Figure 2 below. 

 
 
Stage 2 – devising a plan – is a critical stage in the problem solving process.  
Learners ought to find strategies of solving a problem with little intervention from 
the teacher.  For stage 3 – carrying out the plan – the learner should be convinced 
about the correctness of each step.  In the last stage – looking back – learners re-
examine and reconsider the path that led to the required solution.  Research has 
shown that developing the disposition to look back is very difficult to accomplish 
with students (Kantowski, 1977).  Some of the reasons cited were entrenched 
beliefs that problem solving in mathematics is all about getting answers; pressure 
to cover a prescribed curriculum; assessment; and student frustration. 
 
Together with these stages, Polya formulated several problem-solving strategies 
or heuristics for solving problems: 

1. Draw a picture 
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2. Guess and test 
3. Use a variable 
4. Look for a pattern 
5. Make a table 
6. Solve a simpler problem 

Very often we use more than one heuristic at the same time to solve a problem. 
In the next section, I will illustrate how to use these heuristics in solving Maths 
Olympiad type problems. 
 

 Schoenfeld’s problem solving framework 

Schoenfeld’s framework is based on Gestaltism learning theory developed from 
a cognitive science perspective.  Schoenfeld (1985) outlines categories such as 
heuristics, control and belief systems that are required when one is working on 
problems with mathematical content.  According to Schoenfeld, problem solving 
instruction, in particular metacognition instruction, is likely to be most effective 
when it is provided in a systematically organised manner under the direction of 
the teacher, as illustrated in Table 1 below. 

TABLE 1:  Teaching actions for Problem solving 

Teaching Action  Purpose 

 BEFORE  

1. Read the problem – discuss 
words or phrases students may 
not understand 

 Illustrate the importance of 
reading carefully; focus on special 
vocabulary 

2. Use whole-class discussion to 
focus on importance of 
understanding the problem 

 Focus on important data, 
clarification process 

3. (Optional) Whole-class 
discussion of possible strategies 
to solve a problem 

 Elicit ideas for possible ways to 
solve the problem 

 DURING  

4. Observe and question students to 
determine where they are 

 Diagnose strengths and 
weaknesses 
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5. Provide hints as needed  Help students past blockages 

6. Provide problem extensions as 
needed 

 Challenge early finishers to 
generalise 

7. Require students who obtain a 
solution to “answer the question” 

 Require students to look over their 
work and make sure it makes sense 

 AFTER  

8. Show and discuss solutions  Show and name different 
strategies 

9. Relate to previously solved 
problems or have students solve 
extensions 

 Demonstrate general applicability 
of problem solving strategies 

10. Discuss special features, e.g. 
pictures 

 Show how features may influence 
approach 

(Schoenfeld, 1982) 
In a role as a facilitator, the teacher can prompt and guide the learners by asking 
the following three questions at any time: 

1. What are you doing? (Can you describe it precisely?) 
2. Why are you doing it? (How does it fit into the solution?) 
3. How does it help you? (What will you do with the outcome when you 

obtain it?) 
Such probing questions can assist a learner or groups of learners to understand a 
problem better and make progress towards a solution.  
 
 Kilpatrick’s problem solving framework 
According to Kilpatrick (1987), learning to solve problems is the principal reason 
for studying mathematics.  Further, Kilpatrick defines a mathematical problem as 
a situation in which a goal is to be attained and the goal has been blocked.  
Additionally, we must use mathematical concepts and principles when seeking 
an answer to the problem (Kilpatrick, 1978).  Stanic and Kilpatrick (1989) see 
“problem solving as an art”.  This view holds that real problem solving (that is 
working problems of the “perplexing” kind) is the heart of mathematics, if not 
mathematics itself.  A problem solving framework, adapted from Kilpatrick, to 
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promote a problem solving classroom culture, would include the following 
components: 

1. Conceptual understanding 
2. Procedural fluency 
3. Strategic competence 
4. Reasoning 

It is within the third component of strategic competence that a learner would have 
to devise their own strategy to solve problems, especially the Maths Olympiad 
type problems.  Within such a problem solving framework, formative assessment 
would play a very important role.  Good quality mathematical problems would 
need to be set to encourage all four of the components listed above (Huntley, 
2012).  
 

WORKED EXAMPLES USING POLYA’S PROBLEM 

SOLVING STRATEGIES (HEURISTICS) 

In this section, Polya’s six problem solving strategies (heuristics), presented 
earlier under Polya’s framework of problem solving, will be discussed as we 
solve six mathematical contest/Olympiad-type problems. 
 

Strategy 1:  Draw a Picture 

This strategy is a natural choice for solving problems in geometry because many 
of the problems of geometry are related to figures, shapes, and physical structures.  
Often drawing one or several pictures can help you to solve the problem or can 
help you to understand the problem better so that you can formulate a plan for 
solving it.  The following clues may help you identify situations where the ‘Draw 
a Picture’ strategy might be useful. 
 
Clues 
The ‘Draw a Picture’ strategy may be appropriate when: 
 The problem involves a physical situation. 

 The problem involves geometric figures or measurements. 

 You want to gain a better understanding of the problem. 
 A visual representation of the problem is possible. 
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Example 1 

A large cube is formed by arranging 64 smaller cubes of the same size in a stack 
that measures 4 cubes by 4 cubes by 4 cubes.  A cardboard box with no top is 
constructed so that the large cube fits tightly in the box.  How many of the small 
cubes are not touching a side or the bottom of the box? 
 
Step 1 Understand the Problem 
There are no gaps between the small cubes and the sides of the box.  Remember 
that the box has no top.  We must determine how many of the 64 small cubes are 
in contact with neither a side nor the bottom of the box. 
 
Step 2 Devise a Plan 
Draw a picture of the cubes inside the box in order to better visualise their 
arrangement [Figure 3(a)].  The 4 by 4 cube has 64 small cubes in it, arranged in 
four layers. 
 

 
 
Step 3 Carry Out the Plan. 
 
Now we can start counting the small cubes that touch the sides and bottom of the 
box.  Shading those cubes that are in contact with a side or the bottom of the box 
may be helpful [Figure 3(b)].  Remove the central “core” of cubes [Figure 3(c)].  
Some of these cubes touch only the bottom of the box.  We can see that the top 
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three layers of 4 cubes each, or 12 cubes in all, touch neither the sides nor the 
bottom of the box. 
 
Step 4 Look Back. 
We also could have solved this problem by subtracting the number of cubes that 
do touch the sides and bottom of the box from 64.  What would happen if the 
large cube measured 5 by 5 by 5?  How many small cubes would touch neither 
the sides nor the bottom of that cube?  Can this problem be generalised to an n by 
n by n cube?  If so, how? 
 

Strategy 2:  Guess and Test 

Also known as “Trial and Error”, the ‘Guess and Test’ strategy is an extremely 
useful method for solving many problems.  ‘Guess and Test’ is often the very first 
strategy employed by experienced mathematicians and novice problem solvers 
alike.  Even if it does not lead immediately to a solution, the ‘Guess and Test’ 
strategy helps you to get a “feeling” for a problem and may suggest other 
strategies that could be used to solve the problem. 
 
The ‘Guess and Test’ method does not necessarily imply random guessing.  In 
fact, often the condition of the problem will limit the possible guesses.  After the 
first few guesses, you may make some observations that will further limit your 
guesses.  Rather than random ‘Guess and Test’, problem solvers more often use 
a form of systematic ‘Guess and Test’.  With systematic ‘Guess and Test’ there 
is some order to the guesses and a means of recording for which guesses have 
been tested.  The following clues may help you to identify situations where the 
‘Guess and Test’ strategy may be useful. 
 
Clues 
 
The ‘Guess and Test’ strategy may be appropriate when 

 There is a limited number of possible solutions to test. 

 You want to gain a better understanding of the problem. 

 You have a good idea what the solution is. 
 You can systematically try possible solutions. 

 Your choices have been narrowed down by first using other strategies. 
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 There is no obvious strategy to try. 
 
Example 2 

Five friends were sitting on one side of a table.  Gary sat next to Bill.  Mike sat 
next to Tom.  Howard sat in the third seat from Bill.  Gary sat in the third seat 
from Mike.  Who sat on the side of Tom opposite from Mike? 
 
Step 1 Understand the Problem 
The five seats are arranged in a straight line.  We are to assign the five people to 
the five seats and determine who, in addition to Mike, is next to Tom.  The order 
of the persons may vary and still meet the conditions of the problem.  For 
example, Gary-Bill or Bill-Gary would satisfy the condition “Gary sat next to 
Bill.” 
 
Step 2 Devise a Plan 
Draw a picture such as the one in Figure 4(a) to represent the seats and use the 
initial letter of each man’s name to represent each of the five men.  Test various 
arrangements of the men using the conditions in the problem to narrow down the 
guesses. 

 
 
Step 3 Carry Out the Plan 
We might start by testing some possibilities for the middle seat.  Remember that 
the problem stated that Howard sat in the third seat away from Bill.  Let’s try 
placing Bill in the middle seat [Figure 4(b)].  Notice that this makes it impossible 
for Howard to be placed three seats away from Bill.  The same problem arises if 
Howard is seated in the middle.  Likewise, because Gary must be placed in the 
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third seat from Mike, neither Gary nor Mike can be in the middle seat.  So Tom 
must be the man in the middle seat. 
Now we will try some arrangements with Tom in the middle seat.  In Figure 4(c), 
Gary is in the third seat from Mike as required, but Mike is not next to Tom.  In 
Figure 4(d), Mike is now next to Tom, and Howard and Bill are placed so that 
Howard is in the third seat from Bill.  But Gary is not seated next to Bill.  We can 
fix that by switching Howard and Bill [Figure 4(e)].  Now this arrangement meets 
all the stated conditions.  To answer the question of this example, Bill must be 
seated on the other side of Tom. 
 
Step 4 Look Back 
Is there any other arrangement of the men that works?  One other arrangement 
that satisfies the conditions of the problem is G B T M H.  This arrangement still 
places Bill on the other side of Tom.  Are there other solutions?  Why or why 
not?  
 
Strategy 3:  Use a Variable 

The ‘Use a Variable’ strategy is appropriate when the problem states relationships 
between unknown quantities, when we can write an equation to model a problem 
situation, or when we desire a general formula.  In applying this strategy, you will 
be able to use your skills from algebra.  The following clues may help you to 
identify situations where the ‘Use a Variable’ strategy may be useful. 
Clues 
The ‘Use a Variable’ strategy may be appropriate when 
 A phrase similar to “for any number” is present or implied. 
 A problem suggests an equation. 

 You desire a proof or general solution. 
 There are a large number of cases. 

 A proof is required in a problem involving numbers. 
 An unknown quantity is related to known quantities. 

 There are infinitely many numbers involved. 
 You are trying to develop a general formula. 
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EXAMPLE 3   

The size of the largest angle of a triangle is three times the size of the smallest 
angle.  The size of the third angle of the triangle is 40○ more than the size of the 
smallest angle.  What are the sizes of the angles in the triangle?  (Use the fact that 
the sum of the angles in a triangle is 180○). 
 
Step 1 Understand the Problem. 
We must use the fact that the angles in a triangle add up to 180○ to help us find 
the sizes of all three angles in the triangle.  We also know how the angle sizes 
compare to one another. 
 
Step 2 Devise a Plan 
We can describe the relationships between the sizes of the angles by introducing 
a variable.  If we use x to represent the size of the smallest angle, we have 
 
  x = the size of the smallest angle 
  3x = the size of the largest angle 
  x + 40○ = the size of the third angle (Figure 5) 
 

 
We must use the relationships we have described to determine the number of 
degrees in each angle of the triangle.   We can use what we know about the angles 
of a triangle to relate the expressions x, 3x and x + 40○.  Because the sum of the 
angles in a triangle is 180○, we can write 
     x +3x + (x + 40○) =180○ 
Step 3 Carry Out the Plan 
Now we can solve the equation to find the sizes of the angles.  



 

47 

 

 
 3x + x + (x + 40○) = 180○ 
 5x + 40○ = 180○ 

 5x = 140○ 
 x = 28○ 

 
This means that 3x = 84○ and x + 40○ = 68○.  Therefore, the largest angle 
measures 84○, the smallest measures 28○, and the other angle measures 68○. 
 
Step 4 Look Back 
Verify that the sum of the angles is 180○. 
   Check:  28○ +84○ + 68○ = 180○ 
Could we have solved the problem another way by using x to represent the size 
of one of the other two angles? 
Strategy 4:  Look For a Pattern 

Much of mathematics consists of observing and describing pattern.  We can 
observe patterns in sequences of numbers, relationships between numbers, and in 
geometric figures.  We often use the ‘Look for a Pattern’ method in conjunction 
with other problem-solving strategies, such as ‘Make a Table’ or ‘Solve a Simpler 
Problem’, which we will discuss soon.  The following clues may help you to 
identify situations where the ‘Look for a Pattern’ strategy may be useful. 
 
Clues 
The ‘Look for a Pattern’ strategy maybe appropriate when: 
 The problem gives a list of data. 
 The problem involves a sequence of numbers or figures. 

 Listing special cases helps you to deal with a complex problem. 
 The problem asks you to make a prediction or a generalisation. 

 You can express or view information in an organised manner, such as in a 
table. 
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EXAMPLE 4 

We can arrange toothpicks to form a row of squares as shown in Figure 6.  How 
many toothpicks are required to form a row of 100 squares in this manner? 
 

 
 
 
Step 1 Understand the Problem. 

We cannot break the toothpicks.  We must arrange the toothpicks in a straight 
line of squares, not in a stacked array.  For example, the arrangement in Figure 7 
would not be acceptable.  We must determine the number of toothpicks to form a 
row of 100 squares. 
 

 
Step 2  Devise a Plan 
We might try a few more rows of squares, say four squares and then five squares 
(Figure 8).  Then we could examine the results to see if there appears to be a 
relationship between the number of squares in a row and the number of toothpicks 
used. 
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Step 3  Carry Out the Plan. 
 

 
So far, from Figures 6 and 8, we have the following: 
 1 square requires 4 toothpicks 
 2 squares require 7 toothpicks 
 3 squares require 10 toothpicks 
 4 squares require 13 toothpicks 
 5 squares require 16 toothpicks 
 
It appears that for each additional square, three more toothpicks are required.  
Therefore, we can say that the row with 100 squares will require three more 
toothpicks than the row with 99 squares.  But how many toothpicks are required 
for the row with 99 squares?  We would prefer not to count so many toothpicks.  
Looking at the pictured rows of squares we might also observe a visual pattern.  
A row of two squares consists of two sets of three toothpicks plus a single 
toothpick necessary to complete the last square as shown in Figure 9. 
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Similarly, a row of three squares consists of three sets of three toothpicks plus a 
single toothpick, and a row of four squares consists of four sets of three toothpicks 
plus a single toothpick, as shown in Figure 10. 
 

 
So a row of five squares would require five sets of three toothpicks plus on single 
toothpick, or a total of 5(3) + 1 =16 toothpicks. 
 
This means that a row of 100 squares would require 100 sets of 3 toothpicks plus 
one more toothpick to complete the last square.  So the total number of toothpicks 
necessary for a row of 100 squares would be 100(3) + 1 = 301.  You may observe 
other visual patterns for the problem, but they should all lead to the same final 
answer, namely 301 toothpicks. 
 
Step 4 Look Back 
How many toothpicks would be required for other rows of squares?  We could 
use a variable to generalize the pattern we have observed.  Let n be the number 
of squares in a row.  Then we can calculate the number of toothpicks required as 
in Step 3.  The row would require n sets of three plus one more toothpick, so the 
total number of toothpicks required would be n(3) + 1 = 3n + 1.  We can also use 
this formula to determine the number of toothpicks required to form a row of any 
size.  For example, a row of 200 squares would require 3(200) +1, or 601 
toothpicks. 
 
Strategy 5:  Make a Table 

It is often helpful to make a list or table when searching for a pattern.  For 
instance, in Example 4 we calculated and recorded the number of toothpicks for 
rows of different sizes.  We could have neatly summarised these data in a table 
such as Table 2 shown next. 
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Table 2: Squares and Toothpicks 

Number of Squares 

In a Row 
Number of 

Toothpicks 

Required 

1 4 

2 7 

3 10 

4 13 

5 16 

 
Arranging data in a table such as Table 2 may make patterns easier to recognise.  
For example, we might observe that adding 2 to each number in the right column 
yields a column of numbers that are multiples of 3.  You will often see tables 
combined with the ‘Look for Pattern’ strategy. 
 
A table can also provide a convenient means for systematically recording guesses 
when applying the ‘Guess and Test’ strategy.  A table is a good way to organise 
data as they are generated, summarise information given in a problem, or list 
possible values of variables.  The following clues may help you to identify 
situations where the ‘Make a Table’ strategy might be useful. 
 
Clues 
The ‘Make a Table’ strategy may be appropriate when 
 You can easily organise and present information. 

 You will generate data. 

 You want to list the results obtained by using ‘Guess and Test’. 
 The problem asks “in how many ways” something can be done. 

 You are trying to learn about a collection of numbers or figures generated by 
a rule or formula. 
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EXAMPLE 5 

A man wishes to enclose a rectangular area of 100 square metres for his horse 
(Figure 11).  He is considering rectangles with whole number dimensions.  What 
dimensions would require the least amount of fencing? 
 

 
 
Step 1 Understanding the Problem. 
The rectangle must have an area of exactly 100 square metres and its dimensions 
must be whole numbers.  In order for the amount of fencing to be as small as 
possible, the perimeter of the rectangle must be as small as possible.  Recall that 
the area of a rectangle is A = l × w and that the perimeter of a rectangle is P = 2l 

+ 2w or P = 2(l + w).  We must determine the length (l) and width (w) that give 
the smallest perimeter. 
 
Step 2 Devise a Plan 
What lengths and widths give an area of 100 square metres?  Make a table 
summarising the possible dimensions and showing the perimeter in each case. 
 
Step 3  Carry Out the Plan 
Possible lengths and widths are summarised in Table 3. 
 
Because 1, 2, 4, 5, 10, 20, 25, 50 and 100 are the only whole number factors of 
100, Table 3 shown contains all possible dimensions for the rectangle.  Therefore, 
the minimum perimeter is 40m and it occurs when the rectangle measures 10m 
by 10m.  Notice that the rectangle with the minimum perimeter in this case is a 
square.  A square is a special type of rectangle. 
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Table 3: Dimensions of a rectangle 

Width (w) Length (l) Area = l × w Perimeter = 2(l + w) 

1 100 100 202 

2 50 100 104 

4 25 100 58 

5 20 100 50 

10 10 100 40 

 
 
Step 4 Look Back. 
Will a square always give the minimum perimeter?  Try rectangles with different 
areas.  Would it make a difference if only three sides of the enclosure were fenced 
and the fourth side was against a garage? 
 
Strategy 5 Solve a Simpler Problem 

If the numbers in a problem are very large, very small, or difficult to work with, 
it is often helpful to solve a simpler version of the same problem.  For example, 
large numbers may be replaced with smaller, more manageable numbers; or 
numbers involving many decimal places may be replaced with whole numbers.  
Once a technique is found for solving the simpler problem, you can often use the 
same techniques to solve the original problem. 
 
For instance, in Example 4 we wanted to determine the number of toothpicks 
necessary to form 100 squares.  Rather than solve the problem with 100 squares, 
we studied several problems.  We examined rows consisting of 3, 4 and 5 squares 
and we observed a pattern that could be extended to the case of 100 squares. 
 
We can also use the ‘Solve a Simpler Problem’ strategy when a figure is complex.  
We can look at simpler versions of the same figure and see if a pattern emerges 
that will lead us to a solution of the original problem.  The following clues may 
help you to identify situations where the ‘Solve a Simpler Problem’ strategy 
might be useful. 
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Clues 
The ‘Solve a Simpler Problem’ strategy may be appropriate when 
 The problem involves complicated computations. 

 The problem involves very large or very small numbers. 

 A direct solution is too complex. 
 You want to gain a better understanding of the problem. 

 The problem involves a large array or diagram. 
 
EXAMPLE 6 

There are 20 people at a party.  If each person shakes hands with every other 
person at the party, how many handshakes will there be? 
 
Step 1.  Understand the Problem. 
Each person must shake hands with every other person exactly once.  If person A 
shakes hands with person B, the person B does not shake hands with person A 
again.  We must count the number of handshakes that occur and avoid 
duplication. 
 
Step 2 Devise a Plan 
We might represent the people as points on a circle and draw a line segment to 
represent each handshake.  For example, the line segment joining A and B 
represents persons A and B shaking hands (Figure 12). 
 

 
Step 3 Carry out the Plan. 
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Figure 12 shows all the handshakes for A.  If we draw the line segment for the 
remaining handshakes, it will be very difficult to count all of them.  However, we 
can more easily solve simpler problems involving parties with fewer people.  
Figure 13 shows the results for parties with two, three and four people. 
 
 

 
We summarise the results in Table 4 and look for a pattern. 
 
Table 4: Summary of handshake results 

Number of People Number of Handshakes 

2 1  

3 2 + 1 = 3  

4 3 + 2 + 1 =6  

5 4 + 3 +2 +1 = 10  

 
Based on the pattern in the table, we might calculate that the number of 
handshakes for six people would be 5 + 4 + 3 +2 + 1 = 15.  Therefore, for any 
number of people say n, the number of handshakes would be: 
    (n – 1) + (n – 2) + ∙∙∙ + 2 + 1 
So, for 20 people, the number of handshakes would be  
    19 + 18 + 17 + + ∙∙∙ + 3 + 2 + 1 
We can use a pattern to find this sum.  Notice that if we pair terms as shown next, 
the sum of each pair of terms is 20, with 10 being an unpaired number in the 
middle. 
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There would be a total of nine pairs of terms, where each pair adds up to 20, plus 
the “leftover” middle term of 10.  So we could say that the total number of 
handshakes would be 9(20) + 10 = 180 + 10 =190. 
 
Step 4 Look Back 
Is there another way we can solve this problem?  Also, if n represents the number 
of people at the party, can we find a general formula for the number of 
handshakes? 
 
CONCLUSION 

In this presentation, as I have taken you through various problem solving 
frameworks and illustrated Polya’s problem solving strategies in solving same 
challenging Olympiad-type problems, I hope that I have encouraged you to give 
your learners a taste for independent thinking by challenging them with 
mathematical problems and stimulating questions.  Problem solving is a critical 
survival skill needed by students to succeed in the 21st century (Huntley and 
Johnson, 2015).  The best thing we can do for our students is help them learn to 
think for themselves.  Focusing on procedural processes merely assists our 
learners to develop an ability to look at a “type” of question and mechanically 
apply an algorithm.  Teaching mathematics through problem solving for 
conceptual understanding means that skills like creativity, ‘thinking out-the-box’ 
and mathematical exploration need to be fostered if we wish to create a problem 
solving culture in our mathematics classrooms.  These conceptual skills are 
central if learners are to succeed in mathematical contests and Olympiads. Like 
Polya, mathematics teachers should see problem solving as a crucial strategy for 
teaching learners to think for themselves and to enhance conceptual 
understanding of content in the mathematics curriculum. 
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By drilling learners in routine operations, the mathematics teacher will only 
succeed in killing their interest in the subject, in addition to hampering intellectual 
development.  Thus, a mathematics teacher has a great opportunity to transform 
learning of mathematics for conceptual understanding, procedural fluency, 
strategic competence and reasoning through problem solving. 
Some effective teacher behaviours and classroom practices to foster the 
development of problem solving skills have been highlighted in this presentation.  
Making this transformation will require a substantial amount of curriculum 
content conceptualising, alternative assessment practices, and pedagogical 
engineering, especially if we want problem solving to become the focus of the 
mathematics curriculum in South Africa. 
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TESSELLATIONS: CONSIDERATIONS AND PROCESSES IN 

MATERIAL 

DEVELOPMENT FOR PRE-SERVICE TEACHERS 

1Stanley Anthony Adendorff and 2Zonia Jooste, 3Rajendran Govender 
1, 2Cape Peninsula University of Technology, 3University of the Western Cape 

 

One of the primary aims of the Primary Teacher Education (PrimTEd) Project 

(part of the Teaching & Learning Development Capacity Improvement 

Programme) is to develop well designed comprehensive materials that support 

the teaching, learning, and assessment of Space and Shape and Measurement 

within initial teacher education programmes. This paper specifically focusses on 

the development of training materials on the concept tessellations in the 

Intermediate Phase.  The mathematics teaching and learning materials are 

intended for use in teacher education programmes, in support of the achievement 

of the standards for these focus areas. Project participants, organized in different 

working groups were tasked to focus on particular aspects of primary 

mathematics teacher education. We, as authors and mathematics material 

developers work as members of the geometry and measurement working group. 

The primary aim of this paper is to share the dynamics, as well as the 

considerations and processes involved in the collaborative exercise of developing 

appropriate mathematics training (content) and learning materials (toolkits) on 

the concept tessellations. Our assignment was to develop materials on 

tessellations on two levels namely, training material (mathematics concepts, 

content and related skills) for pre-service teachers, and corresponding learning 

material (toolkits) for Intermediate Phase (IP) learners (grades 4 to 6). 

Key words: Space, shape and measurement, tessellations, toolkits 

 
INTRODUCTION 

This paper relates to mathematics training material development for pre-service 
teachers as one of the primary aims of a project initiated by the Department of 
Higher Education and the European Union. The project entitled “Developing new 
graduate’s ability to teach geometry and measurement” started in 2016 and will 
come to an end in 2020. The geometry and measurement group consisting of 
academics from different South African universities was tasked with the 
development of units for teaching geometry and measurement content knowledge 
up to the 4th year level of teacher education programs  – this being one of the 
primary aims of PrimTEd, as part of the Teaching & Learning Development 
Capacity Improvement Programme. A particular teaching unit comprised of 
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activities for students, and where appropriate, suggestions to deal with possible 
difficulties students might experience with teaching geometry content knowledge 
as found in the research literature and the experiences of lecturers. A design 
research methodology (Plomp & Nieveen, 2007) is followed with the adaptation 
of applicable current resources to align with the teaching unit developed. 
Particular aspects of the implementation will be the focus of studies by post-
graduate students. Simultaneously, assessment guidelines and items aligned to 
activities will also be designed.  
The discussion to follow highlights pertinent issues related to the initial stages of 
planning and consequent development of content, activities and assessment items 
using Big Ideas as point of departure. The emphasis is thus on the design of 
teaching units, toolkits and accompanying assessment items for teaching 
Geometry and Measurement Content Knowledge (GMCK) to prospective 
teachers across the years of training.  The focus in this paper is on the 
development of mathematics content (units) and toolkits for Intermediate Phase 
pre-service teachers and Intermediate Phase learners. The toolkit development is 
closely linked and aligned with CAPS (Curriculum and Assessment Policy 
Statement) to ensure that the mathematics curriculum requirements are closely 
adhered to. With respect to the content development for training pre-service 
students, we made a deliberate effort to adhere to the Minimum Requirements for 
Teacher Education Qualifications (MRTEQ). 
 
MINIMUM REQUIREMENTS FOR TEACHER EDUCATION 

QUALIFICATIONS (MRTEQ) 

This discussion is based on the MRTEQ (2011) document, which spells out the 
basic requirements in terms of teacher education qualifications. It specifies that 
newly qualified teachers must: 

 have a sound subject knowledge 
 know how to teach their subject(s),  
 know how to select, determine the sequence and pace content in 

accordance with both subject and learner needs, 
 know who their learners are and how they learn,   
 understand learners’ individual needs and tailor their teaching accordingly,  
 know how to communicate effectively in general, as well as in relation to 

their subject(s) in order to mediate learning, have highly developed 
literacy, numeracy and Information Technology (IT) skills,  

 be knowledgeable about the school curriculum and able to unpack its 
specialized content,    
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 be able to use available resources appropriately in order to plan and design 
suitable learning programmes,  

 understand diversity in the SA context in order to teach in a manner that 
includes all learners.  

 
Table 1: Types of Learning (Adapted from MRTEQ, 2015; Powell & Govender, 2017)  

 
 
 
 
 
 
 
 
 
 

  

Newly qualified teachers must also be able to identify learning and social 
problems and work in partnership with professional service providers to be able 
to manage classrooms effectively across diverse contexts in order to: 

 ensure a conducive learning environment,  
 assess learners in reliable and varied ways,   
 use the results of assessment to improve teaching and learning;  
 have a positive work ethic, display appropriate values and conduct 

themselves in a manner that benefits, enhances and develops the teaching 
profession and to reflect critically in theoretically informed ways and in 
conjunction with their professional community of colleagues on their own 
practice in order to constantly improve and adapt it to evolving 
circumstances (MRTEQ, 2011). 

MRTEQ suggests that prospective teachers master competent learning by 
acquiring, integrating and applying different types of knowledge as reflected in 
the table below. The emphasis thus is on developing particular competencies.  
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CURRICULUM AND ASSESSMENT POLICY STATEMENT (CAPS) 

An essential aspect to consider in developing the Toolkits relates to the 
information provided in CAPS Mathematics for the IP (Grades 4 to 6) as it 
pertains to qualities of a mathematics teacher. The requirements state that IP 
teachers should: 

 have a sufficiently broad background knowledge to understand the 
requirements of all subjects in the IP curriculum. 

 be skilled in identifying and addressing barriers to learning within their 
specialization(s), as well as in curriculum differentiation for multiple 
learning levels within a grade. 

 develop a personal understanding of the fundamental mathematical 
concepts that underpin the IP Mathematics curriculum up to at least NQF 
Level 5. (Government Gazette, 15 July 2011). 
 

THEORETICAL ASPECTS INFORMING TEACHING, LEARNING AND 

MATERIAL DEVELOPMENT 

Similar to scientific research and the actual practice of mathematics teaching, 
developing training and learning material cannot occur in isolation or in a 
vacuum, and has to be informed and underpinned by appropriate education 
theories. Some of the theories we deem important for developing mathematics 
materials are Commognition (Sfard), Constructivism (Vygotsky &Piaget), 
Realistic Mathematics Education (RME-Freudenthal), Relational and 
Instrumental learning (Skemp), Situational learning (Lave), Van Hiele model, 
Problem-solving (Polya), and Enactivism (Varela & Davis). Since teaching 
through the years (from pre-outcomes-based to CAPS) has been over-whelmingly 
teacher-centred as opposed to learner-centredness. We want to highlight guided-
reinvention and relational teaching with the intention of making a change in 
favour of learner-centeredness.  
The role of the teacher in applying guided-reinvention is to be a guide to the 
learner, with guidance facilitating discovery (Van Etten & Adendorff, 2001). 
Guided re-invention is one of the key principles of realistic mathematics 
education (Gravemeijer, 1994, p.90) according to which learners “should be 
given the opportunity to experience a process similar to the process by which 
mathematics was invented”. The objective is not to begin “from abstract 
principles or rules with the aim to learn to apply these in concrete situations, nor 
does it focus on an instrumental type of knowledge” (Wubbels, Korthagen and 
Broekman, 1997, p.2). The main emphasis is rather on facilitating and enhancing 
knowledge construction. This is a more dynamic approach of dealing with 
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mathematical concepts by deliberately guiding learners through a reinvention 
process (Freudenthal, 1991). 
 
   
 
 
 
 
 
 
 
 
 
  

 

Figure 1: Threads amongst teaching, learning, content and theory 

 

When teaching tessellations (stemming from transformations), there are two 
types of understanding that the teacher could develop in learners namely, 
relational and instrumental understanding. Relational understanding is considered 
more advantageous to learners as opposed to instrumental understanding (Skemp, 
1978). Teaching for instrumental understanding implies emphasis on the rules 
and procedures to use and the application of skills to use these. Teaching for 
relational understanding on the other hand, is getting the learner to know how to 
apply and use the rule, and having insight in why it works. In summary MRTEQ, 
CAPS and THEORY interrelationship or interconnectedness is depicted in the 
diagram below. 
Guided-reinvention combined with relational teaching and constructivism (as 
an application), can be considered a pedagogical strategy whereby material or 
content is arranged in such a way that the pre-service students are afforded 
opportunities to explore and make sense of concepts or knowledge, and formulate 
conclusions themselves. Through self-activity, and by engaging actively and 
constructively in systematically designed activities students are challenged to 
explore (re-invent), seek relationships (relational learning), and construct 
personal knowledge. 
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Students are allowed to explore –either individually or in small groups- with 
regular shapes which polygons tessellate and which do not  
 
 
 
 
Through trial and error they should eventually realize that the pentagon and 
heptagon do not tessellate, but that the square, regular triangle and hexagon do. 
It would be evident that overlaps and gaps occur with the pentagon and  heptagon, 
but not with the other shapes. 
The next step would be for students to investigate geometrically, by measuring 
the sizes of the interior angles of the said shapes, and by considering the angles 
around a vertex point why the pentagon, heptagon and octagon do not tessellate, 
but the others do. By comparing vertex point arrangements students observe and 
record and formulate their findings in their own words. The diagrams by Bautista 
(2010) in Figure indicate the vertex arrangements of the shapes referred to above: 

      
Figure 2: vertex arrangements of the shapes (Bautista, 2010) 

 

DEVELOPING A TOOLKIT ON TESSELLATIONS 

The development of a toolkit for IP student teachers involves the enhancement of 
knowledge, skills and values required for personal content specific knowledge 
and pedagogical content knowledge development in order to implement  effective 
practice teaching and classroom application  of mathematics as shown below.   
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Big Ideas and links to the Toolkit  

As alluded to earlier, the process of developing geometry and measurement 
material started off with identifying Big Ideas. It is therefore essential to have an 
understanding of what a Big Idea in mathematics education means. According to 
Randall and Carmel (2005, p.9) “A Big Idea is a statement of an idea that is 
central to the learning of mathematics, one that links numerous mathematical 
understandings into a coherent whole”. They furthermore state that:  

Big Ideas should be the foundation for one’s mathematics content 

knowledge, for one’s teaching practices, and for the mathematics 

curriculum. Grounding one’s mathematics content knowledge on a 

relatively few Big Ideas establishes a robust understanding of mathematics 

(2005, p.10). 
Hiebert, Carpenter, Fennema, Fuson, Wearne, Murray, Olivier & Human (1997, 
p.4) maintain that, “We understand something if we see how it is related or 
connected to other things we know” and the extent to which we understand is 
related to quantity and quality of such networks.  
The diagram in Figure 3 is an effort to visually represent related aspects such as, 
the content topics, habits of mind, concepts and skills and how these connect with 
the Big Ideas (Ideas considered central to Space and Shape and Measurement) in 
terms of Spatial Reasoning with the emphasis on Transformations and 
Tessellations.  
 
 
 
 
 
 
 
 
 
 
 
Figure 3: Big Ideas relations to content topics, habits of mind, concepts and skills (Adendorff, 
Jooste & Govender , 2017) 
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Spatial reasoning, also called spatial visualisation allows a person to 
visualise spatial images and manipulate them mentally, thereby making it 
possible to think about 3D-objects and to make inferences (Byrne and Johnson-
Laird, 1989). All of these aspects need to be aligned and should be realized in 
terms of the classroom culture and how teachers manage their mathematics 
lessons. The diagram also gives a view of the initial identification and recognition 
of essential Big Ideas (such as symmetry, transformation, tessellation types, non-
tessellation types, etc.) crucial to the subsequent development of the toolkits to 
ultimately arrive at the stage of the development of the teaching units. 

 

CAPS Content development 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
      Figure 4: CAPS content development  
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As a way of ensuring relevance and usability of our developed material, it is 
essential to comply with particular CAPS content requirements in terms of the 
teaching and learning of transformations and tessellations and the relevant 
integrated content. The diagram that follows summarizes the content 
requirements or criteria for transformations and tessellations according to CAPS. 
The criteria for grades 4, 5 and 6 have been placed in adjacent columns to get a 
better perspective on the progression that is expected to be built into the content 
and activities. 
The diagram in Figure 5 places the Big Ideas more central and pivotal in respect 
of the toolkit development. This is in line with the idea referred to earlier of using 
Big Ideas as fundamental to tessellations as content, how it is taught and how it 
is realized the curriculum. 

 
Figure 5: Big Ideas linked to teaching units and toolkits for WIL (PrimTEd Geomety & 
Measurement Report, Powell & Govender (2017)) 

 

STARTING THE MATERIALS DEVELOPMENT PROCESS 

Our initial planning of the writing process started with a template for the teaching 

unit, which informs the development of the toolkit, a work in progress. After 
having considered all the main aspects, i.e. MRTEQ requirements, CAPS 
information and content, the underpinning theories and the Big Ideas, we 



 

69 

 

developed a template as a guideline to complete the teaching unit as shown in 
Table 2. 
The initial process of materials development was in no way an easy one. Unlike 
with the development of a conventional textbook, we had to consider the content 
development requirements and diverse needs of tertiary education students 
according to our teaching experiences and refined during information sharing 
sessions of the Geometry and Measurement group. While considering the 
mathematics (tessellations) CAPS content requirements for IP teaching in 
schools, we also had to consider the level to which we want to develop our 
students’ own pedagogical content knowledge. For classroom implementation of 
the sub-topic tessellations, we focused on the teaching & learning 
aims/objectives, mental maths ideas, introduction to the topic, social knowledge 
transfer, connections to the environment and real life, activities and projects and 
assessment tasks. We furthermore considered the use of technology and visual 
materials for the effective realization of teaching and learning tessellations in the 
classroom.  
For the pedagogical development of students, we considered social knowledge to 
be transferred, practical implementation and projects, the use of technology and 
video material, assessment and further readings to enhance knowledge on 
tessellations. Social knowledge is viewed as that knowledge acquired through 
interactions with others, such as peers and teachers. 
 

Table 2: Template to guide teaching unit 
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CONCLUSION 

The collaborative materials development process has been educational and 
generally enriching. We have, however experienced what may be viewed as 
particular constraints. One of the main constraints we face in the development of 
resources for the sub-topic tessellations, is the time allocation for teaching and 
learning transformations as stated by CAPS. For grade 6, for example only six 
hours are allocated for the entire year, which may interfere with effective 
implementation of the topic by not allowing enough time to sufficiently deal with 
concept development and applications. Another problem we experience is the 
extent of prior knowledge required to justify the effective implementation of the 
sub-topic, tessellations. Prior knowledge related to the understanding of 
tessellations must be adequately developed. Required pre-knowledge for 
effective teaching and learning of tessellations entails knowledge of symmetry, 
transformations (translation, reflection and rotation), 2-D shapes, patterns and 
angles. Measurement of angles of 2-D shapes, for instance would be required to 
understand why certain regular polygons tessellate on their own while others do 
not.  In grades 4 and 5 measurement of angles is not stated as a requirement in 
CAPS.  
We are currently in the first phase of materials development. Upon completion of 
the first draft, the training material will be piloted at some of the participating 
universities. Toolkits will be used by pre-service teachers during the teaching 
practice sessions at particular primary schools. The information and data gathered 
through lesson observation, post-lesson interviews, and focus group sessions will 
be used to improve and refine content and pedagogical aspects. 
 

ACKNOWLEDGMENTS 

  

This publication has been developed through the Teaching and Learning 
Development Capacity Improvement Programme which is being 
implemented through a partnership between the Department of Higher 
Education and Training and the European Union. 
 

 

 



 

71 

 

REFERENCES 

Adendorff, S.A., Jooste. Z., & Govender, R. (2017). Big Ideas in Geometry and Measurement in 
relation to content topics, habits of mind, concepts and skills. In Primary Teacher Education 
Report on Geometry and Measurement presented at PrimTEd Geometry and Measurement 
workshop held from 21-22 October 2017 in Gordon’s Bay, Cape Town. 

Bautista, G. (2010). Tessellation: The Mathematics of Tiling. 
http://mathandmultimedia.com/2010/03/05/tessellation-mathematics-of-tiling/ 

Byrne, RMJ and Johnson-Laird, PN. (19890. Spatial Reasoning, Journal on Memory and Language 
28, 564-575. 

Department of Basic Education. (2012). Curriculum and Assessment Policy Statement (CAPS) Grades 

4-6 Mathematics. Government Printing Works. 

Freudenthal, H. (1991). Revisiting mathematics education: China lectures. Dordrecht: Kluwer. 

Gravemeijer, K.P.E. (1994). Developing realistic mathematics education. Culemborg: Technipress. 

Gravemeijer, K. Van Galen, F. and Keijzer, R. (2005). Designing instruction on proportional 

reasoning with average speed. Proceedings of the 29th Conference of the International group for 
Psychology of Mathematics Education, 1, 103-121. 

Hiebert, J., Carpenter, T.P., Fennema, E., Fuson, K.,Wearne, D.,Murray, H., Olivier, A., & Human, P. 
(1997). Making Sense: Teaching and Learning Mathematics with Understanding. Portsmouth, NH: 
Heinemann. 

Lave, J. (1988). Cognition in Practice: Mind, mathematics, and culture in everyday life. Cambridge, 
UK: Cambridge University Press. 

Lave, J., & Wenger, E. (1990). Situated Learning: Legitimate Peripheral Participation. Cambridge, 
UK: Cambridge University Press. 

Plomp, T. & Nienke Nieveen, N. (ed.). (2007). An Introduction to Educational Design Research. 
SLO: Netherlands institute for curriculum development Proceedings of the seminar conducted at 
the East China Normal University, Shanghai (PR China). 

Powell, G., & Govender, R. (2017). Big Ideas in Geometry and Measurement. In Primary Teacher 
Education Report on Geometry and Measurement presented at PrimTEd Geometry and 
Measurement workshop held from 21-22 October 2017 in Gordon’s Bay, Caoe Town. 

Randal,l I.C. & Carmel, C.A. (2005). Big Ideas and Understandings as the Foundation for Elementary 
and Middle School Mathematics. Journal of Mathematics Education Leadership, 7(3), 9 – 24.  

Department of Higher Education and Training (DHET). (2011). Revised Policy on the Minimum 

Requirements for Teacher Education Qualifications (MRTEQ). Published by the Minister of 
Higher Education & Training in Government Gazette No 38487 on 19 February 2015. 

Skemp, R.R. (1978). Relational Understanding and Instrumental Understanding. The Arithmetic 

Teacher, 26(3), pp.9-15. 

Wubbels, T., Korthagen, F., Broekman, H. (1997). Preparing teachers for realistic mathematics 
education. Educational Studies in Mathematics, 32(1), 1-28. 

Van Etten, B., & Adendorff, S. (2001). Discovering Pythagoras' theorem through guided re-invention. 
Learning and Teaching Mathematics, 5. 

Van de Walle, J.A. et.al.(2008). Elementary & Middle School Mathematics (7th ed). Boston. 

 

 

http://mathandmultimedia.com/2010/03/05/tessellation-mathematics-of-tiling/
aio
Text Box
Return to the Index



 

72 

 

EFFECTIVE INTERVENTIONS IN ADVANCEMENT OF 

MATHEMATICS TEACHER TRAINING IN A RURAL 

UNIVERSITY 

Jogymol Kalariparampil Alex 
Faculty of Educational Sciences, Walter Sisulu University 

 
South African mathematics education is confronted by the low performance in 

school mathematics, particularly in the Eastern Cape, a rural province in South 

Africa. My own research in the field has affirmed that the low performance in 

school mathematics can be partly attributed to the under preparedness of 

prospective mathematics teachers. Being a teacher trainer in a rural university 

situated in the Eastern Cape, made me do a careful examination on the 

contributions I can make towards enhancing the preparation of prospective 

mathematics teachers. This is in response to the situation that the majority of the 

schools in the Eastern Cape depends on the teachers produced by the rural 

university. In an attempt to address the under preparedness of my student 

teachers, I embarked on a series of interventions such as Content Gap Course on 

school mathematics and the establishment of an interactive Mathematics 

Education Centre. Scholarship of teaching and learning, whereby reflecting and 

researching on my own practice was the theory behind the many developmental 

activities put in place for the advancement of my students. These are the 

milestones in the advancement in the training of mathematics student teachers in 

the rural university. 

Key words:  South African mathematics education; prospective mathematics 
teachers; effective interventions. 
 

INTRODUCTION AND BACKGROUND 

Mathematics in Africa – challenges and opportunities Report (International 
Mathematics Union, 2014) reveal that in South Africa at the school level, 
mathematics achievement is inadequate, with a low number of students going on 
to university with an adequate mathematical background, over the last 20 years. 
The report further indicates that rural mathematics education in South Africa is 
very poor. Particularly, the Eastern Cape Province is characterized by high failure 
rate in school mathematics that has prevailed despite various interventions in the 
field.  It is affirmed by the different documents published by the Department of 
Basic Education (NSC Examinations, 2017: Highlights Report; NSC 
Examinations, 2017: Schools Subject Report; Grade 12 Results- Eastern Cape 
Results). It is also noted from international studies like the Trends in International 
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Mathematics and Science Study (TIMSS) 2015 that even though South Africa 
continues to improve its performance in mathematics scores since 2003, it is still 
a concern to see that it is at the lower end of the rank order of countries and that 
the Eastern Cape is at the lower end of the rank order of the provinces in South 
Africa (Alex & Juan, 2017). 
Teachers are the determining factors of successful educational change within 
education and training system so that promotion of teachers though education is 
a method to access to optimal and successful educational changes (Mostafa, 
Javad, & Reza, 2017). Preparing teachers to teach mathematics effectively is one 
of the most urgent problems faced by those who wish to improve students’ 
learning (Morris, Hiebert & Spitzer, 2009). Teachers should be equipped with 
various knowledge and skills for effective teaching (Kilic, 2014). Research on 
school performance and teaching reveal poor teaching of mathematics in the great 
majority of schools (Alex & Juan, 2017). For this reason a study on my pre- 
service mathematics students was warranted. In this paper, I portrayed the 
answers to the research questions on what interventions can be put in place to 
advance the mathematics education in a rural university. 
 
THE UNIVERSITY CONTEXT 

Walter Sisulu University (WSU), where the research is housed, is categorized as 
both a Historically Disadvantaged Institution (HDI) and a Historically Black 
University (HBU). WSU, as a Comprehensive Institution, is a rural university 
situated in the old Transkei region of Eastern Cape. The region served by this 
university consists of hundreds of schools. Moreover, it serves an area which is 
predominantly rural and underdeveloped. The majority of WSU’s students are 
from the eastern part of the Eastern Cape. For most of them, NSFAS is the only 
funding available for their various needs at the university. They are unable to 
afford the resources they needed to better their learning and to enhance their 
career as teachers of Eastern Cape. Along with the serious financial constraints, 
they are also faced with the following challenges that hindered the success: over-
crowded classroom (more than 200 student teachers in year 1), the majority of 
them are not the immediate matric cohort and many of them are from the old NCS 
Curriculum;  the majority of them are from the very deep rural areas of Eastern 
Cape, many of them meet only the lowest required point to get the admission; 
no/little technology is used in teaching and learning; English Language 
competency is poor and no sophisticated equipments to enhance their learning. 
This made me to embark on a journey to improve their mathematics learning and 
teaching context. Through questionnaires and conversations, interventions were 
tried as a means of addressing some the challenges of under achievements of 
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student teachers in mathematics. Scholarship of teaching and learning was the 
underlying theory on reporting of the interventions that were put in place. 
 
THE THEORY OF SCHOLARSHIP OF TEACHING AND LEARNING 

The quality of teaching and learning in universities has received much attention 
in the recent years and it has been debated on what sort of teaching encourages 
effective learning-  which resulted in not just teaching, but teaching as scholarship 
(Trigwell, Martin, Benjamin, Prosser, 2000). According to those authors, 
university teachers must be informed of the theoretical perspectives and literature 
of teaching and learning in their discipline, and be able to collect and present 
rigorous evidence of their effectiveness, from those perspectives, as teachers. In 
turn, this involves reflection, inquiry, evaluation, documentation and 
communication (Trigwell et al., 2000, p.156). Boyer states that teaching is a 
dynamic endeavor and it must be carefully planned, continuously examined, and 
relate directly to the subject taught.  (Boyer, 1990). Through the various activates 
that I am involved in (my teaching, research, community service, publications 
and conferences), I try to update my knowledge in teaching and learning. Being 
a reflective teacher, my teaching also gets refined constantly.  I study the issues 
relating to my student teachers and research on it and apply my findings to 
practice. I share my ideas about teaching and learning to colleagues, my own 
student teachers and the wider mathematics education community. My Teaching 
is informed by the ongoing evaluation based on my student teachers’ needs and I 
achieve it through planning, assessing and reporting timeously. Lerner centred 
approach to teaching, use of cooperative learning strategies, flipped learning 
through ICT integrated teaching are some of the theory based strategies that have 
been tried and tested in the interventions. This scholarship was the guiding force 
for the interventions put in place for effective teaching and learning. I also believe 
in what Couto and Vale (2014, p.60) who say that “besides other skills, a good 
teacher should not only be passionate about what s/he teaches, but also have a 
mathematical and didactic knowledge which allows him/her to identify: what s/he 
can teach, how, and what the student is capable of learning”. Hutchings, Huber 
and Ciccone (2011, p.4) state that “engaging in the scholarship of teaching and 
learning’s cycle of inquiry and improvement allows teachers to identify and 
investigate questions that they care about in their students’ learning and bring 
what they have found back to their classrooms and programs in the form of new 
curricula, new assessments and assignments, and new pedagogies, which in turn 
become subjects for further inquiry”. The interventions that are put in place and 
reporting of it was built on the theory of scholarship of teaching and learning. The 
interventions were put in place in response to the research on the subject content 
knowledge of the student teachers.  
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METHODS USED IN THE RESEARCH ON THE SUBJECT CONTENT 

KNOWLEDGE 

This part of the paper reports on the research on the subject content knowledge, 
which forms the stem of the interventions. This research adopted a positivist 
paradigm and a quantitative approach. The design was descriptive analysis. The 
sample used for this part of the study consisted of third year university Bachelor 
of Education (Mathematics Education) cohort of 40 students, who voluntarily 
took part in the study out of the 104 students registered for the mathematics major 
course. In order to find out whether my student teachers know what they need to 
teach during their teaching practice, the student teachers were asked to participate 
voluntarily in Paper 1 and Paper 2 tests. The responses by a sample of 40 third 
year student teachers to two question papers which were purposively selected 
from a standardised question paper of Matric Examination of 2014 of which, one 
consisting of three questions on Financial Mathematics and Probability (Paper 1) 
and the other one consisting of 10 questions on Data Handling, Analytical 
Geometry, Trigonometry and Euclidean Geometry (Paper 2) provided the data 
for the study. Due to page constraints, the question paper is not attached to this 
article. It is available from www.ecexams.ac.za.  The scripts were marked 
according to the memorandum and were further analysed using Microsoft Excel 
2013. 
The following table gives the performance of student teachers in the subject 
content knowledge (SCK) test. 
 
Table1: Student teachers’ performance in the subject content knowledge (SCK) test 

Topic Mark obtained (Percentage) 
Financial Mathematics 52 
Probability 20 
Data Handling 35 
Analytical Geometry 37 
Trigonometry 28 
Euclidean Geometry 16 

 
The low percentage of the marks obtained in the test made me to think of the 
interventions that needed to improve the content knowledge of the student 
teachers. The following are the interventions in place to enhance student teachers’ 
learning and success in mathematics.  

http://www.ecexams.ac.za/
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Interventions 

The main intervention that was put in place to advance the content knowledge 
was the Content Gap courses. For the long term benefit, interactive Mathematics 
Education Centre was also established.  
 

Content Gap Course 

From the analysis of the SCK test, it was found that the percentages of marks for 
the majority of the topics were low and that the student teachers had only limited 
subject content knowledge (SCK) on the topics that they were meant to teach in 
the schools during their teaching practice. After analysing the performance of the 
student teachers in the SCK test, it was agreed between the students and I that a 
Content Gap Course could be arranged to address the low performance in certain 
topics. The classes were offered after the normal lecturing hours of the student 
teachers. Due to the constraints of time and the demand of the topics, classes were 
conducted using lectures and cooperative learning strategies for 8 weeks only for 
Financial Mathematics, Probability, Data Handling and Euclidean geometry. 
Analytical Geometry and Trigonometry were not included in the content gap 
course as the student teachers deemed it as more manageable than the other 
demanding topics. A post-test was also written, with the same question paper to 
check the effectiveness of the Content Gap Course.  Most of the student teachers 
attended the content gap courses but only 40 student teachers attended all the 
classes and wrote all the tests. This made the sample size as 40. This research 
adopted a positivist paradigm, pre-experimental design (one group pre-test post-
test design) and a quantitative approach. 

Figure 1: Student teachers’ SCK on selected topics: performance comparison in the pre-test 
and post-test before and after the Content Gap Course 
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The scripts were marked according to the memorandum and were further 
analysed using Microsoft Excel 2013. The following table shows the performance 
of the student teachers before and after the Content Gap Course. 
 
From Figure 1, it is evident that the average percentages for the topics such as 
Financial Mathematics, Probability, Data Handling, Analytical geometry, 
Euclidean Geometry had increased and average percentage for Trigonometry had 
decreased. It is also noted from the analysis that the average percentages for 
Financial Mathematics and Probability were considerably increased and the 
performance in Trigonometry was lower than the percentage of the pre-test. The 
analysis showed that the Content Gap Course had a positive effect in the topics 
that were very new to the student teachers namely Financial Mathematics, 
Geometry and Probability. The topics were labelled very new as the student 
teachers who wrote the test were the cohort of students who never learnt it as part 
of their school curriculum.  
In order to have a long term investment in addressing the SCK of the mathematics 
education student teachers and also to improve their mathematics teaching skills, 
the Mathematics Education Centre was established. The lab facilities were funded 
by the Centre for Learning and Teaching Development. It is also in line with the 
modern technology oriented teaching and learning as more and more smart-
schools, virtual campuses and new forms of open universities are springing up all 
over the richer world as mentioned by Chipunza (2011). Akkaya (2016) also 
affirms that recent technological advances have necessitated the integration of 
technology in instructional processes.  
 

Mathematics Education Centre 

The Mathematics Education Centre was developed from a strong desire to 
improve the quality of Mathematics teaching and learning in the Eastern region 
of Eastern Cape. Eastern Cape Province is characterised by very high failure rate 
in school mathematics that has prevailed despite various interventions such as 
holiday classes, weekend classes and free study materials by the Department of 
Basic Education in the field. The student teachers’ low performance also revealed 
that the problem of learner performance in mathematics persists and it is a vicious 
cycle. Therefore, the main goal of the Maths Education Centre was to improve 
the Maths competencies of pre-service educators so that it can act as a centre of 
Mathematics teaching and learning excellence. The Centre focuses more on E- 
learning. It is a computer lab with smartboard, internet facilities and the Computer 
Aided Mathematics Instruction (CAMI) on 20 computers. This centre operates 
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from a multi-functional room with different units working at different times such 
as: Lesson plan development unit- lesson plans will be compiled and saved onto 
computers; Micro –teaching Lab-The BEd students/ pre-service educators can use 
the smartboard technology to improve their teaching skills; Mathematics 
Education News Letter Publication Office; Mathematics Education Research 
Centre and the centre will also undertake/ house mathematics related programs. 
The theoretical frame work adopted in the establishment of the Mathematics 
Education Centre is the model that addresses technology, content and pedagogical 
knowledge in technology integration which is the Technological Pedagogical 
Content Knowledge (TPACK) model developed by Mishra and Koehler (2006) 
which is an extension of Pedagogical Content Knowledge suggested by Shulman 
(1986). 
The programmes organised by the mathematics Education Centre are tailored to 
enable pre-service and in-service teachers to acquire skills and to improve their 
teaching practices in mathematics. The Mathematics Education Centre seeks to 
address community and country needs especially the rural communities where 
Walter Sisulu University serves. The Centre not only promotes Mathematics 
competencies of pre-service and in-service educators but also actively contributes 
to national development through established programmes with a strong focus on 
the improvement of the achievement of mathematics of school learners in the 
nearby underprivileged rural schools. 
All these are making Mathematics more accessible to learners in schools, Pre-
Service (BEd, BEd Hons, MEd & DEd) Mathematics Education student teachers 
at WSU and in-service educators working under the Department of Basic 
Education in the underprivileged areas of Mthatha. Thus the centre brings 
together an extensive network of mathematics educators and mathematics 
specialists with the hope to strengthen the intellectual capacity of the necessary 
mathematics teaching skills (SCK, & PCK) in educators not only from Grade 8 to 
Grade 12 and the university student teachers, but also the surrounding community 
which WSU serves.       
 
FINDINGS AND DISCUSSION  

Teachers’ content knowledge has a significant influence on student learning and 
academic success.  Wilburne and Long (2010) noted that many pre-service 
teachers find that they never had an opportunity to really study the middle or high 
school mathematics curriculum in depth, but are expected to know the secondary 
mathematics content and be expected to teach it with meaning in their student 
teaching and beginning teaching experiences. Several research studies highlight 
the importance of providing the teachers, during their training, with experiences 
that increase their mathematical knowledge and their knowledge about 
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mathematics (Couto & Vale, 2014). Knowing this importance, through the 
interventions, I tried to advance the experiences that increase the mathematical 
content knowledge of my student teachers. The increased average percentages in 
the post test of the student teachers affirm that the Content Gap Course is helping 
them with advancing the mathematical content knowledge. Akkaya (2016) cite 
earlier studies to affirm that employing technology in mathematics teaching 
increases the quality and permanence of teaching by affecting student 
achievement and attitudes towards mathematics positively. Chipunza (2011) 
reported that evidences show that adoption and use of ICTs in education have 
been erratic across institutions due to inhibiting factors such as, lack of skills; 
limited access to resources; inadequate policy frameworks; inadequate network 
infrastructure and many external factors. But irrespective of the odds, I managed 
to establish the interactive Mathematics Education Centre.  Hutchings, Huber and 
Ciccone (2011, p.1) state that “findings from the scholarship of teaching and 
learning are being brought to bear in individual classrooms and in the design of 
curricula in ways that make a difference for students”. This statement has been 
affirmed through the establishment of the Mathematics Education Centre for the 
advancement of mathematics teaching and learning of my students. 
 

IMPLICATIONS FOR MATHEMATICS TEACHING, LEARNING OR 

RESEARCH 

In this paper I tried to attest that effective interventions can close the gap in the 
content knowledge in mathematics of student teachers. I believe that such 
interventions would make a difference in the advancement in rural mathematics 
when the student teachers become fully fledged teachers. More research on the 
effective use of the Mathematics Education Centre is in progress.   
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MATHEMATICAL MODELLING IN AFRICAN CONTEXTS 

Piera Biccard 
University of South Africa, Department of Curriculum and Instructional Studies 
 
This paper presents the possibilities of modelling in African contexts. The 

conceptions of ethnomathematics and more specifically ethnomodelling are 

presented. In this conceptual paper, it is argued that modelling in cultural 

contexts may develop mathematical sense making and encourage social cohesion 

and respect.  The six instructional design principles are used to design a model-

eliciting problem in an African context. The problem may allow learners of all 

cultures access to some of the geometry curriculum content. It is recommended 

that teachers try to contextualize curriculum content within relevant contexts. 

Keywords: modelling, ethnomathematics, cultural contexts 

 
INTRODUCTION 

D’Ambrosio (2001) proposes that one of the goals of mathematics is to restore 
and reaffirm the dignity of learners. He also maintains that a multicultural 
approach serves to develop respect for people that are different to oneself. Since 
South Africa is also part of a global market, it will need to produce a global 
workforce where people from across countries, cultures and languages work 
together. Readdressing the injustices of the past and creating indigenous identities 
are equally important. In terms of education, the South African mathematics 
curricula (past and present) are largely acultural. Mathematics has been presented 
as a decontextualized accumulation of codes and symbols while Bishop (1990) 
tells us that mathematical ideas are human constructs and have a cultural history 
and that mathematics should be understood as a pan-cultural phenomenon.  
This paper relates one of the objectives of ethnomathematics, i.e. “looking for 
possibilities of improving the teaching of mathematics by embedding it into the 
cultural contexts of pupils and teachers” (Gerdes, 1995, p. 7), however a further 
objective is to present mathematics as a human endeavor across all cultures which 
may be part of the political dimension of ethnomathematics (Rosa & Orey, 2016). 
This political dimensionality recognizes that all cultures and people are 
mathematical. D’Ambrosio (2001) explains how culturally-based mathematics 
can teach learners the diversity sensitivity they will need as part of the future 
global workforce. 
Since the paper is a conceptual paper, concepts are analysed. The concepts 
brought into focus in this paper are: ethnomathematics and mathematical 
modelling. These dimensions brought about a generic conceptual analysis as set 
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out by Soltis (1978). This means that the specific features of ethnomathematics 
and mathematical modelling are set out and examined in response to a current 
need in South Africa.  
The first notion that is problematic is that of the universality of mathematics 
(D’Ambrosio 1985) or the culture free notion of mathematics (Bishop, 1990). 
Orey and Rosa (2012) express the concern that all mathematics related texts, 
curriculum documents and even teaching materials are western based. Vithal 
(2003, p. 35) makes an important remark regarding indigenization vs 
globalization in mathematics education: 

Investigating and dialoging ideas developed elsewhere with those existing 
here, especially in understanding the link between mathematics education 
and society can provide deeper insights about the role mathematics 
teaching and learning can play in a developing democracy such as South 
Africa.  

Ethnomathematics not only includes curricular relevance by building curricula 
around the interests and culture of the learners (Rosa & Orey, 2015) but in the 
case of South Africa it may also promote cultural mathematical knowledge and 
may prevent the disappearance of cultural artefacts. Furthermore, this approach 
will prepare learners to work in the multicultural world that we are living in 
(Shirley 2001 in Rosa & Shirley, 2016). Indigenous mathematical contexts and 
knowledge should be presented to learners of all cultures so that mathematics can 
be seen as a universal human endeavor and not specific to dominant culture. 
Ethnomathematics “actively examines and uses local practices as an entry to the 

subject matter. As a result, both a better access to math education and a 
recognition of mathematical diversity are served” (Francois & van Kerkhowe, 
2010, p. 140 emphasis added). The view of Gerdes (2001) is that intercultural 
intelligibility is needed. A cultural relativism rather than a monolithic view is 
important. This may assist in building the future needed for South Africa through 
combatting decontextualisation that is a result of a monocultural view (Rosa & 
Gavarette 2016, p. 30)  
Bishop (1990) set out six universal mathematical activities identified in all 
cultural groups: counting, locating, measuring, designing, playing and 
explaining. The modelling problem set out in this paper relates to designing and 
explaining as mathematical activities. Francois and van Kerkhovern (2010, p. 
141) outline what the author of this paper intends with the development of 
modelling tasks in context. They state that although “many examples show that 
foreign mathematical practices may be used in class not as some kind of exotic 
diversion next to ‘the real stuff’, but as truly mathematical in their own right”. 
Orey and Rosa (2012, p. 186) see ethnomathematics as the relationship between 
mathematics, cultural anthropology and modelling as shown in Figure 1 where 
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concepts of validation, dialogue and valuing and respecting lead the way to 
ethnomathematics. 
 

 
Figure 1: Relationship between academic mathematics, cultural anthropology and 
mathematical modeling (Orey & Rosa, 2012, p.186). 

 
Ethnomathematics has not gone un-criticized. Horsthemke and Schaefer (2007), 
commenting on ethnomathematics specifically in South Africa, provide an 
overview of their concerns regarding the philosophical and theoretical 
underpinnings. They do, however, acknowledge that mathematical learning takes 
place in a variety of socio-cultural contexts. This paper specifically focusses on 
meaning making in contexts. The author’s stance is that a variety of contexts 
should be used in mathematics education to enable all learners to ‘see’ the 
mathematics in cultural artefacts whether it is from their culture or another 
culture. 
A models and modelling perspective focuses on the ‘situatedness’ of 
mathematics. Mathematical modelling through model-eliciting activities may 
allow a deeper conception of what it means to be mathematical. The level of 
mathematisation required when solving a model-eliciting task is often higher than 
when learners are practicing methods or procedures. The paper follows the 
following format: a brief exposition of what mathematical modelling tasks entail 
and the growing conceptions of ethnomodelling. This is followed by the process 
of designing an ethnomodelling task according to six design principles for model-
eliciting activities. One possible modelling tasks set in an African context is 
considered. 
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2.1 MODELLING AS A FIELD IN MATHEMATICS 

Mathematical modelling has various definitions and interpretations (Cirillo, 
Pelesko, Felton-Koestler & Rubel, 2016). In this paper, modelling is defined as 
the process whereby learners work collaboratively to solve a model-eliciting 
activity where the end result is not only an ‘answer’ to the problem but a model 
that describes some aspect of the real problem. Learners are given a real-world 
contextual problem and need to structure the problem according to the given 
constraints. The process is often messy with learners having to make a number of 
assumptions and revise the consequences of these assumptions.  
Modelling-eliciting-activities specifically require that learners produce a model 
to understand some aspect of a real world problem given to them. Producing a 
model is a far more complex and demanding activity than solving procedural 
mathematics problems. It involves understanding the real world context in which 
the problem is set as well as mathematising the problem. The mathematics results 
of this mathematisation process must then be interpreted and validated in the 
context from which it came.   
Mathematics education has much to gain from including mathematical modelling 
activities in the classroom. Niss, Blum and Galbraith (2007, p.19) state that 
modelling can make ‘fundamental contributions’ to a learner’s development of 
mathematical competencies. Lingefjard (2006) affirms that modelling is one of 
the main and most useful applications of mathematics. Lesh and English (2005, 
p. 487) found that industry needs people who are competent in making sense of 
complex systems, working within teams, adapting to a variety of evolving 
conceptual tools, working on multistage projects and developing sharable 
conceptual tools. These very same proficiencies lie at the heart of modelling tasks 
(Biccard, 2010). 
Modelling as an activity has been described as “an advance on existing classroom 
problem solving” (English & Sriraman, 2010, p. 273) in five significant ways.  
1. The quantities and operations needed to mathematise realistic situations go 
beyond traditional school mathematics. 
2. Modelling offers a richer learning experience than word-problems. Students 
have to elicit their own mathematics to solve the problems. 
3. The explicit use of real world problems from several disciplines are used. 
4. Students have to develop generalisable models – they have to extend their 
thinking to the structure of the problem. 
5. They are designed for small groups to work in as a “local community of 
practice”. 
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2.2 ETHNOMODELLING IN MATHEMATICS 

Orey and Rosa (2012, p. 184) suggested ethnomodelling as a different 
methodological approach to pedagogy around mathematics education. Modelling 
is also one of the proposals for the development of ethnomathematics-based 
pedagogical actions because it recognizes and values mathematical knowledge as 
developed by members of distinct cultural groups and aims to strengthen their 
cultural identity (Rosa & Orey, 2003 in Rosa & Orey, 2015). Similar to 
D’Ambrosio (2001), Orey and Rosa also find the need to include ethnomodelling 
in the global mathematical domain to “widen the views of mathematics in others”. 
In a global context, it is possible that ethnomodelling can add to the views of 
mathematics in others by presenting a non-western cultural reality that has deep 
mathematization potential. The potential for mathematising may be missed by 
traditional decontextualized mathematics approaches. Rosa & Orey (2016, p. 18) 
state that ethnomodelling provides educational opportunities developed through 
the modelling process conducted in sociocultural contexts. 
Sense-making is enhanced through modelling in contexts. The author takes the 
stance that exploring mathematics in various cultural contexts may assist in 
presenting mathematics as a human activity (Freudenthal, 1991). The view of the 
author is that in a multi-cultural society such as South Africa, we should not limit 
ourselves to only teaching ethnomodelling from one or two cultural contexts or 
to present a cultural context that is only relevant to a certain group of learners. 
We should present a variety of cultural contexts to all learners.  
 

DEVELOPING MODEL-ELICITING ACTIVITIES IN CONTEXT 

What follows is an exposition of using context to develop a model-eliciting 
activity. This is an activity or task whereby the question leads learners to construct 
a model of and for the problem. Not all mathematics problems are model-
eliciting. For the most part, mathematics problems only require an ‘answer’. In 
this regard, the six principles as set out by Lesh, Hoover, Hole, Kelly and Post 
(2000) are used to design a task that will be model-eliciting. The model 

construction principle requires that the task elicits a model from learners. The 
reality principle requires that the problem could really happen in a real life 
situation. The self-assessment principle requires that the learners will know if 
they have reached an acceptable solution but also that they are able to judge their 
responses to the problem. The documentation principle requires that the task 
directs learners to document their thinking and processes. This documentation 
process can be assessed and reflected on. The shareability and usability principle 
allows the learners to use their model in its entirety or parts of it in another 
situation. The tools that the learners have developed are so well understood that 
they understand the underlying structure of the mathematics in the model they 
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have developed. The effective prototype principle questions whether learners 
developed a shareable, generalisable model. Does the task require that the model 
can be adapted to a general case? 
Although mathematics underpins many African artefacts and contexts, raising the 
problem from a contextual word-problem to a modelling problem requires that 
the six principles are integrated into the question design. Starting with a context 
problem such as “Litema” which is a Sotho tradition of mural decoration for 
homes as in the following figure:  
 
 

 

 
 
 
 
 
Figure 2: Geometric home decoration (Changuion, 1989, p. 124) 

African geometric patterns can be used to teach the geometric concepts in the 
school curriculum, but beyond that; model-eliciting problems can be set such as 
indicated inTable 1  
Table 1: Modelling task 

Many African cultures decorate the inside and often the outside of their homes with patterns 
called litema. Often when there is a wedding or religious celebration the whole community 
will set about to redecorate the walls of their homes. Women will present their patterns and 
the most prestigious craftsperson will be consulted. Once an agreement is reached by 
everyone the women get to work in completing this task. (Gerdes, 1995).  

Symmetry is the basic feature of these designs. You will find symmetry in the basic unit (one 
block) of each design and you will also find symmetry in the second figure when the blocks 
are place next to each other. 
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(Gerdes 1995, diagonals added) 

                                                                                                (Gerdes, 1995) 

Let’s briefly analyse this design: 

The basic unit is only symmetrical along the two diagonals. 

The symmetry when four units are place like this includes vertical, horizontal and radial 
symmetry now. 

Transformations in geometry include: translations, reflections, rotations 

Unit of analysis: look at both the single block and the whole design 

Positive and negative space is also a feature of geometrical designs 

 

Your task: 

Just like the prestigious craftsperson in the community, your task is to create a scoring 

system where the following designs can be scored. It must be based on the symmetry, 

planes and units of analysis described above.  

Use your scoring system to score the following African designs.  

What would happen to your scoring system if colour was added to the designs? How can you 
use your scoring system to evaluate any cultural design?  

How does your scoring system compare to the other groups? 

     
A                                                  B                                           C 
(Gerdes, 1995) 

 
The above problem shows just one instance where African contexts may enhance 
mathematical learning and sense making. The task elevates the level of 
mathematics by not only including significant areas of geometry in the 
intermediate and senior phase curriculum, but it specifically requires that learners 
model their responses. This means that the mathematics required to work on the 
model needs to be understood at a higher level than simply filling in worksheets 
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on transformations or symmetry. They will be required to make use of vertical, 
horizontal and radial symmetry and identify translations, rotations and 
reflections. They will do this on two levels, the unit block as well as the whole 
design over twelve blocks. In scoring the designs learners will be allocating a 
difficulty or complexity level to the design. 
The mathematics National Curriculum Statement of South Africa (DBE, 2011) 
acknowledges the use of indigenous knowledge systems as one of the values 
underpinning the curriculum; however, it is only mentioned once in the 
introductory pages. Teachers may need more explicit setting out of how to use 
indigenous knowledge systems in their teaching. This papers hopes to mediate 
that need. 
In terms of the 6 principles for designing model-eliciting tasks, this task meets 
the criteria in the following ways: 

1. Model construction principle. The learners have to produce a scoring 
system for the various designs. In doing this, they produce a model of what 
they consider to be mathematically significant in geometric patterns. They 
are able to reflect on the mathematics in the design. Their model would 
indicate their identification of the significant mathematics as well as their 
analysis of the mathematics in each design. 

2. The reality principle. This task is set as it would take place in the context 
of African villages. Setting the design as a task and selecting the best 
design can happen. 

3. The self-assessment principle. Learners will be able to judge for 
themselves that their scoring system is consistent and takes all factors into 
account. The learners will ‘try out’ their scoring system on the designs. 
This may result in them adjusting their system. 

4. The documentation principle. The task will require that learners identify 
the geometric principles. They will draw or indicate them on the pages 
provided. Furthermore, by designing the scoring system, learners will be 
writing down their ideas as they go. The teacher will be able to ascertain 
which geometric properties they have identified and how they have ranked 
them. 

5. The share-ability and use-ability principle. Learners will be able to rank 
geometrical ideas based on ‘difficulty’. This shareable idea will assist them 
to consider what makes a geometric construct more difficult or complex 
than another. Identification of the various transformations and symmetries 
is a shareable useable construct to use in other situations. 



 

89 

 

6. The effective prototype principle. Learners will be able to extend their 
model to a general model for evaluating any design. This will enable to 
identify and rank the geometrical ideas in designs in other contexts. 

 

4. CONCLUSION 

This paper presents an attempt at bringing three areas into a teaching space: 
cultural contexts, mathematical modelling and curricular mathematics. One 
possibility in meeting the need of “how to prepare teachers to create curriculum 
activities based on culturally relevant pedagogies (Greer, 2013 in Rosa & 
Gavarrete, 2016, p. 23) is set out in this paper. Rosa and Shirley (2016) conclude 
that ethnomathematics uses sociocultural practices as vehicles to make 
mathematics learning meaningful and (more importantly according the authors) 
to provide learners with insights into the mathematical knowledge (symmetry, 
translation, rotation, reflection, vertical, horizontal, diagonal) embedded in all 
cultural environments. Meaney and Evans (2013, p. 481) argue that mathematics 
education has a responsibility to help preserve cultural mathematics ideas 
otherwise it will “contribute, intentionally or unintentionally to the loss of 
Indigenous knowledge”. With regards to African murals, Changuion (1989) 
stated that in all likelihood, they would disappear entirely in the near future. 
Learners may have more access to the mathematical concepts in the geometry 
curriculum through exploring contexts such as the South Sotho designs. The 
activity may lead to learners of all cultures accessing mathematics through 
another culture’s artefacts. Appreciation of cultures means that one can be a 
member of many cultures (Settlage, Southerland, Smetana & Lottero-Perdue, 
2018). This may build social cohesion and respect. The science [and 
mathematics] classrooms are ideal places for replacing stereotypes with learner 
engagement and participation (Settlage et al., 2018). The study shows that it is 
possible to teach mathematical content from different contextual perspectives. 
Further research is needed in the implementation of these tasks at school level to 
gauge both learner/teacher perceptions and its effect on mathematics results. 
Mathematical modelling raises the level of mathematisation that learners are 
engaged in. By creating models of and for situations a robust understanding 
(Schoenfeld, 2016) of mathematical concepts may develop since model-eliciting 
lessons are underpinned by the Teaching for Robust Understanding (TRU) 
framework. Classrooms that display teaching for Robust Understanding include 
a high level of mathematics at the appropriate cognitive demand to elicit 
‘productive struggle’. Furthermore, the TRU framework requires that the context 
allows for equitable access to the content while the agency and ownership, as well 
as formative assessment, are embedded in the tasks and lessons. Modelling is an 



 

90 

 

ideal environment for learners to develop a “sense of mathematics as a way of 
thinking about life” (Brown & Stillman, 2017). 
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TASK-BASED INTERVIEWS IN GRADE 9 MATHEMATICS: 

UNDERSTANDING LEARNERS’ PROBLEM-SOLVING 

PROCESSES 

Brantina Chirinda 
University of the Witwatersrand, South Africa 

 
This paper describes how task-based interviews became an integral part of a 

professional development (PD) intervention in assessing its impact on grade 9 

learners’ problem-solving processes in mathematics. Task-based interviews were 

introduced in the second cycle of a large classroom-based design research 

project to assess the impact of the PD intervention on grade 9 learners’ 

mathematical problem-solving processes. Data were collected through 

individual, pair and group task-based interviews with four grade 9 learners of 

diverse abilities. Non-routine problems with several solution strategies were 

posed to the learners during the interviews. The task-based interviews enabled 

micro analysis of participant learners’ problem-solving processes and offered a 

unique insight into how grade 9 learners think and work through mathematics 

questions. This type of deep understanding is essential to improving the quality 

of mathematics education in South Africa. Essentially, the task-based interviews 

enlightened that the PD intervention had a positive impact on learners’ problem-

solving processes. 

Key words: Mathematical problem-solving processes; professional development 
intervention; task-based interviews. 
 
INTRODUCTION 

This study is part of a two-cycle classroom-based design research project which 
designed and developed a PD intervention that can be used to support grade 9 
teachers in teaching mathematical problem-solving. In the first cycle of the 
project, pre- and post- mathematics attainment tests and a self-reporting 
mathematical problem-solving skills (MPSSI) questionnaire were used to assess 
the effect of the PD intervention on learners’ performance. The results indicated 
that the PD intervention seemed to have had a positive impact on learners’ 
performance (Chirinda & Barmby, 2017). Task-based interviews were introduced 
at beginning of the second cycle of the project to gain greater insight into learners’ 
mathematical problem-solving processes. Mathematical problem-solving process 
is the process of working through specifics of a mathematics problem in order to 
reach a solution (Polya, 1957). The objective was for task-based interviews to 
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help explain why learners were possibly doing well in the post-mathematics 
attainment tests and why they were giving better responses in the post-MPSSI.  
Learner task-based interviews are one of the most powerful ways of exploring 
learners’ mathematical thinking and problem-solving processes (Dunphy, 2010).. 
However, the literature review unearthed that task-based interviews are seldom 
practiced in mathematics education in South African schools. Very few studies 
report on task-based interviews in a South African mathematical education 
context. Consequently, the study adds onto the body of knowledge on task-based 
interviews in a South African mathematics education context. 
 
TASK-BASED INTERVIEWS IN THE TEACHING AND LEARNING OF 

MATHEMATICS  

Task-based interviews are a form of clinical interviews (clinical interviews are 
explained in detail under the heading Theoretical Framework) in which a 
participant learner or group of participant learners have a discussion while solving 
a mathematical problem or problems (Maher & Sigley, 2013). Task-based 
interviews offer great benefits such that they are increasingly being used as a 
research method in mathematics education (Dunphy, 2010; Goldin, 2000; Heng 
& Sudarshan, 2013; Jenkins, 2010; Maher, Powell, & Uptegrove, 2011; 
McDonough, Clarke & Clarke, 2002).  
Task-based interviews are advantageous in assessing learners’ mathematical 
problem-solving processes as compared to observation, questionnaires and post-
attainment tests in that the teacher or researcher can probe learners’ thinking 
(Ginsburg, 2009) and dig deeper into their reasoning and problem-solving 
processes (Schoenfeld, 2002). Heng and Sudarshan (2013) found that task-based 
interviews lead to better comprehension of learners’ thinking, learning and 
problem-solving processes and skills in mathematics. Preservice Irish teachers in 
Dunphy’s (2010) study highlighted that task-based interviews facilitated them to 
gain insight into young learners’ thinking processes when doing mathematics. In 
McDonough et al.’s (2002) study, Australian preservice teachers were able to 
comprehend young children’s mathematical thinking and problem-solving 
processes through task-based interviews. As exemplified by these studies, task-
based interviews are valuable in assessing learning of mathematics, problem-
solving processes and mathematical thinking. Attainment tests alone are not an 
adequate assessment tool in that they do not ‘address conceptual knowledge and 
the process by which a learner does mathematics and reasons about mathematical 
ideas and situations’ (Maher & Sigley, 2013, p.580). Hence, I found it relevant to 
use task-based interviews to investigate the impact of the PD intervention on 
grade 9 participant learners’ problem-solving processes in mathematics. 
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The chief focus of task-based interviews is to draw out learners’ thinking about 
problems, growth in mathematical knowledge, mathematical problem-solving 
processes, mathematical thinking and ways of mathematical reasoning. During a 
task based interview, the learner or learners being interviewed interacts with the 
interviewer within a task environment (Goldin, 2000). The role of the interviewer 
is to probe and extend learners’ mathematical thinking. The interviews may be 
structured or semi-structured and should lead learners to scrutinize their problem-
solving processes and to self-correct mistakes in their own solution strategies. 
This study opted for semi-structured task-based interviews which allowed for 
flexibility in questioning learners according to their problem-solving processes 
and mathematical reasoning. I formulated and sought to answer the following 
research question: 

 To what extent does an improvement of problem-solving performance stem from changes in 
learners’ use of problem-solving processes in mathematics? 

 
THEORETICAL FRAMEWORK  

This study is grounded in the work of Piaget (1929) on clinical interviews. As the 
name suggests; ‘clinical’ relates to an all-encompassing observation conducted in 
a ‘clinic’ that can be a researcher’s office.  This is how clinical interviews differ 
from task-based interviews which are conducted in the naturalistic settings of 
learners like classrooms. Piaget explained that clinical interviews consist of open-
ended tasks that are solved by a learner with the interviewer observing and taking 
notes about the way the learner solves the problem. The interviewer poses 
questions to, and probes learners during and after the problem-solving process 
with the objective of establishing the learners’ mathematical thinking, problem-
solving strategies, thought processes and problem-solving processes. Piaget used 
clinical interviews to gain wide understanding of children’s cognitive 
development. Task-based interviews are now being adopted by mathematical 
education researchers to gain insights into ‘individual or group of learners’ 
existing and developing mathematical knowledge and problem-solving 
behaviours’ (Maher & Sigley, 2013, p.579). I used task-based interviews to gain 
insight into participant grade 9 learners’ mathematical problem-solving skills and 
processes. The interviews were carried out in learners’ classrooms. 
 
METHODOLOGY  

Research design  

This qualitative study was positioned within the interpretivist paradigm. An 
interpretivist paradigm considers that the ‘primary aim of social science is to 
understand what people mean and intend by what they say and do and to locate 
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those understandings within the historical, cultural, institutional, and immediate 
situational contexts that shape them’ (Moss, Phillips, Erickson, Floden, Lather & 
Schneider, 2009, p.268). In this study, I understood learners’ problem-solving 
processes by looking at their work and actions when solving problems, and 
listening to their utterances and explanations of their solution strategies. 
Data sources  

The study was carried out at a certain public secondary school in Johannesburg 
North district, Gauteng. Two grade 9 teachers (1 female and 1 male) and 96 grade 
9 learners ranging between 14 and 16 years participated in the second cycle of 
classroom-based design research project. I chose four of the 96 learners to 
participate in the task-based interviews. The four learners were chosen from the 
two participant teachers and were of diverse abilities and included the higher-
performing, average and low-performing learners. Pseudonyms were assigned to 
the learners and were known as James, Tshedza, Peter and Rashid. Learners 
participated in the interviews either as individuals, in pairs or as a group. During 
the interactions, I wrote notes about learners’ problem-solving processes and with 
teachers’, learners’ and leaners’ guardians’ or parents’ permission, I audio-
recorded the conversations for later analysis. Audio recordings permitted the 
recording of the task-based interviews as they transpired and gave me the chance 
to re-experience the episodes at a later convenient time (Chirinda & Barmby, 
2018). I initially wanted to video record the task-based interviews episodes but 
could not get permission because one of the participant learners was an orphan. I 
wrote observations in a research journal and sometimes took pictures of learners’ 
work which I used during the data analysis. 
The intervention  

The grade 9 learners who participated in this cycle normally had extra 
mathematics lessons on Tuesdays between 14h30 and 15h30 and I was allowed 
by the school to use this time to conduct the task-based interviews. I conducted 
the task-based interviews one Tuesday every two months and in total I carried out 
three task-based interviews during the 6-month cycle. The first task-based 
interview was conducted at the beginning of the cycle, the second in the middle 
and the last one towards the end of the cycle. The goals of the interviews were to 
observe learners’ mathematical problem-solving behavior in detail (Goldin, 
2000) and to gain insight into learners’ existing and developing mathematical 
problem-solving processes, skills, reasoning and thinking.  
The interviews were approximately 40 minutes long, which was equivalent to one 
class period. Three questions were used in each interview and their level of 
difficulty increased as the PD intervention for teachers progressed. The tasks 
were taken from the topics the learners were doing at the time of the research 
project: number operations, patterns, functions, algebra, financial mathematics 
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and geometry (see appendix A). Learners were required to solve the first problem 
independently without disruption, and could discuss the second and third 
problems with their peers in the group. Learners were encouraged to talk about 
their ideas as they solved the tasks (thinking-aloud). However, I realized that 
learners were hesitant and shy to think-aloud unless I encouraged them. I 
frequently motivated learners to talk about their ideas each time I found them 
reluctant to. 
The interviews focused on the strategies that the learners were using to solve 
problems, the reason a learner would have taken a certain step, and learners’ 
mathematical problem-solving processes. The following are examples of the 
questions that I posed to learners:  

 Explain to me what the question means. 

 How did you work out the meaning of this question? 

 Explain what you are doing and why are you doing that? 

 How did you decide on the operations to use? 

 Why did you choose this strategy? 

 Does this problem remind you of any other problems you have done before? 

 Were you happy with your answer at the end? And why? 

 How did you know how to solve this problem? 

I asked these questions in order to clarify my understanding of learners’ problem-
solving processes and to give learners the opportunity to verbalise their thought 
processes. I ensured that learners understood the posed problems; however, I 
avoided helping them to solve the problems. I observed how the learners were 
approaching the problems and asked them to verbalise their thinking. Through 
questioning, I encouraged learners to self-correct when they made mistakes, to 
extend their thinking in circumstances where they got stuck, to examine their 
solution strategies and problem-solving processes and to justify their own 
solutions. At times I pretended not to understand the problems and required 
learners to explain the problems to me. In this way I was able to evaluate learners’ 
understanding of the problem. Where learners did not understand the given 
problems I assisted by getting them to read and explain the problem to me. 
Selection of tasks  

I carefully constructed the tasks, because this is a key component of the task-
based interviews in mathematics education (Maher, Powell & Uptegrove, 2011). 
Tasks used in this study are in appendix A. When the first task-based interview 
was conducted, learners were doing numbers, ratio and rate. Task-based interview 
2 occurred when learners had covered financial mathematics, fractions, numeric 
and geometric patterns, functions and relationships and algebraic expressions and 
equations. Task-based interviews 3 transpired when learners were doing the 
section on geometry. 



 

97 

 

Ethics 

To ensure ethical procedures and considerations, I took precaution to protect the 
autonomy and anonymity of participant learners. Letters of permission were sent 
to and subsequently returned from the Gauteng Department of Education (GDE), 
Johannesburg North District of Education, school principal, participant 
mathematics teachers, learners and their parents or guardians. Participants were 
given detailed information about the proposed study and were clearly informed 
of the confidential nature of the research. I ensured that participation was 
voluntary; confidentiality was prioritized, pseudonyms were assigned and 
participants could freely withdraw at any time from the study without incurring 
any negative consequences, although none did. 
Data analysis  

The raw data included field notes from the learner task-based interviews, 
learners’ work from task-based interviews and transcripts from the audio-
recordings. The data were analysed using grounded theory techniques with 
constant comparison (Glaser & Strauss, 1967) and direct quotations were used to 
give insight into when some remarks were made. I did not engage an analytical 
framework for the problem-solving process as a basis for data analysis because I 
did not want to predetermine a priori what I was going to find from the data. 
However, two out of the three themes that emerged from the data can be matched 
to Polya’s (1957) problem-solving processes.  
Trustworthiness 

One criterion of trustworthiness is credibility and it refers to the extent to which 
the qualitative findings are true and recognized as precisely communicating 
participants’ experience (Mertens, 2015). I adopted multiple strategies to enhance 
the credibility of the study, which included data triangulation, prolonged 
engagement in the field, persistent observation, member checking and a code-
recode procedure during data analysis. Data was triangulated and conclusions 
were drawn based on converging data from learners’ written work, observation 
notes, interview notes and the transcripts from the audio recordings. Learners 
participated in three interviews over a 6-month period which provided me with 
sufficient time to observe and assess learners’ performance and problem-solving 
processes. The participant learners served as a check throughout the task-based 
interviews episodes. An on-going conversation with them regarding my 
interpretation of their mathematical problem-solving processes ensured my 
inferences were valid. The code-recode procedure was implemented to check for 
consistency of the data analysis. I coded and after a few days recoded the same 
scripts and if I had similarly coded then I would confidently accept the emerging 
themes. 
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FINDINGS  

The purpose of the task-based interviews was to assess the impact of a PD 
intervention on learners’ mathematical problem-solving processes. The task-
based interviews provided the opportunity to go beyond the correct solutions of 
the tasks and to understand the learners’ thinking (Goldin, 2000) and problem-
solving processes.  Based on the transcripts from the audio recordings and field 
notes from the task-based interviews, the following themes were identified from 
the data: understanding the problem, language challenges, and devising and 
carrying out a plan and looking back.  
Understanding the problem 

The major focus of the task-based interviews was to determine how and why 
conclude participant learners’ mathematical problem-solving processes 
developed during the six-month PD intervention. During task-based interviews 1, 
which was conducted at the beginning of the PD intervention, learners exhibited 
very limited mathematical problem-solving processes. By allowing learners to 
work independently I noticed that they faced major challenges in understanding 
the problems. Learners frequently guessed at what the problem was asking for by 
using a few words in the problem that they understood. For example, on the first 
question in the task-based interviews 1, one learner multiplied 17 by 2.69 without 
understanding why he was doing it. Another learner added 17 and 2.69 and two 
learners divided 17 by 2.69. I concluded that participant learners seemed to 
attempt problems without really understanding what was required. This was also 
verified by the responses given by learners during the task-based interviews.  

Interviewer:     Why did you multiply 17 by 2.69? 

Rashid:            Ummm…I don’t know…. (then silence). 

Rashid had correctly solved the problem and got the correct answer. However, he 
did not know why he had performed the solution strategy and was not sure if his 
answer was correct.  

Interviewer:    Why did you divide 17 by 2.69? 

Peter:              Because it makes sense to divide a big number by a small number. 

James added the two numbers without a valid reason as indicated below.  
Interviewer:   Why did you add 17 and 2.69? 

James:        Umm I do not know….we usually add when we have two numbers in a given 
problem. 

As the PD intervention advanced, teachers’ mathematical problem-solving 
pedagogy improved and this resulted in learners becoming more comfortable with 
problem-solving during the task-based interviews. Learners began to apply what 
they were learning in their lessons and focused on understanding the problem 
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before attempting it. For example, learners began to underline key words in a 
given problem that would help to solve the problem as they had been taught by 
their teachers in the lessons. Below is an extract of how Rashid attempted 
question (c) in task-based interviews 2. 
 

 
Figure 1: Task-based interviews 2, question (c) sample solution 

I noticed that Rashid discussed with Peter making sure that they both understood 
the main words, all the words used in stating the problem and what the problem 
was looking for. This resonated with what was happening in their classrooms, 
that is, understanding a given problem before attempting to solve it and discussion 
was being supported by the teachers. The two students both agreed that it was 
necessary to convert 3 years to 36 months in order to solve iv in (c). 
As the intervention progressed, participant teachers often asked learners to think 
of a picture or a diagram to help them understand the given problems. I observed 
that during the task-based interviews, the four learners incorporated what they 
were learning in their lessons. This is how Tshedza attempted question (c) in task-
based interviews 3. Tshedza drew the diagram below trying to show how 
complementary angles look like. Using this diagram Tshedza could easily explain 
to James what he understood by the term complementary angles. 
 

 
Figure 2: Task-based interviews 2, question (a) sample solution. 
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Language challenges  

During the first task-based interviews, learners had challenges in verbalising their 
thought processes and struggled to answer the interview questions. As the 
intervention progressed teachers were giving learners linguistic support during 
the lessons and learners could easily understand the given problems. During task-
based interviews 2, I could see learners translating problems to each other when 
they were working in pairs. The quality of explanations by learners had improved 
during task-based interviews 3 and learners had become confident in their 
explanations.  
Devising and carrying out a plan and looking back  

During task-based interviews 1, learners were stuck and could not think of ways 
to solve the given problems. As the PD intervention progressed teachers began to 
implement in their lessons what they were learning in the workshops and I noticed 
that during task-based interviews 2, participant learners began to consider ways 
of solving the given problems like guess and check, drawing a table, making lists, 
formulating an equation, thinking of a different approach and trying it out, etc. 
These were the problem-solving strategies that the teachers were using in the 
classroom. This indicated that what the teachers were doing in the classroom had 
an influence on learners’ problem-solving processes. James, as indicated in the 
image below, answered question (a) in task-based interviews 2 using two 
strategies: guess and check and using an equation. 

  
Figure 3: Task-based interviews 3, question (c) sample solution 
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Below is how Peter and Rashid solved question (b) in task-based interviews 3. 
Peter and Rashid still made minor mistakes but it was clear that they were now 
devising ways of solving a given problem, in this case a diagram.   

 
Figure 4: Task-based interviews 3, question (b) sample solution. 

I also observed that when learners were working on question (d) in task-based 
interviews 3 they all started by drawing diagrams of triangles, parallelograms and 
kites and then proceeded to explain. This demonstrates that learners were 
integrating what they were learning in their lessons, that is; to first think carefully 
of what operation they could use before they solved the problem. 
It was pleasing to see that during task-based interviews 2, learners began to look 
back and reflect on their solution strategies just like how they were being taught 
by their teachers during the lessons. For example in question (b), learners 
reviewed to see if their answers made sense by quickly performing estimation. 
Figure 5 is an image of how Rashid solved question 2b (ii): 

 
Figure 5: Task-based interviews 2, question b (ii) sample solution 
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During the interviews I realized that participant learners found some problem-
solving strategies easier to use than others. I observed that the following strategies 
were easily used by the learners during the task-based interviews: making a table 
or a chart; trying a simpler form of the problem; writing an equation or open 
sentence; and guessing, testing and revising. Learners could easily use these 
problem-solving strategies because they rarely ask for very active involvement of 
learners’ creativity and can be used successfully even if one does not understand 
the structure of the problem (Novotná, 2017). Participant learners found the 
working backwards problem-solving strategy hard to implement when solving 
problems. I noticed that all participant learners failed to find the end state of the 
given problems. 
 
DISCUSSION OF FINDINGS  

The pre and post-attainment tests and pre and post-MPSSI demonstrated that the 
PD intervention had a positive impact on learners’ performance. The goal of task-
based interviews was to evaluate if teachers’ participation in the PD intervention 
had an effect on learners’ problem-solving processes in mathematics. The 
findings from the task-based interviews indicate that the PD intervention had a 
positive impact on participant learners’ problem-solving processes. Although 
their solution strategies were not sophisticated, learners displayed greater gains 
in their problem-solving processes as the PD intervention of their teachers 
progressed. This finding confirms that learners’ improvements in the post-
attainment test and post-MPSSI were genuine. Learners were actually doing 
problem-solving differently from the way they were doing it at the beginning of 
the intervention.  
From the findings it is sensible to claim that task-based interviews can be used to 
assess learners’ problem-solving processes in mathematics. This resonates with 
Maher et al. (2011) who state that task-based interviews can be used to investigate 
learners’ existing and developing mathematical knowledge, reasoning habits and 
problem-solving processes and skills. From the task-based interviews, I noticed 
that learners’ problem-solving processes also improved because of the 
opportunity given to them to solve non-routine mathematical problems and the 
chance they got to think about their problem-solving processes and explain the 
former to me. This is in agreement with McDonough et al.’s (2002), Jenkins 
(2010) and Heng and Sudarshan’s (2013) findings.  McDonough et al. (2002) 
uncovered that task-based interviews help learners to display mathematical 
thinking and problem-solving processes initially believed to be beyond their 
capabilities. Heng and Sudarshan (2013) found out that practising teachers were 
able to assist learners to explain, substantiate, justify and verbalize their 
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mathematical ideas and solution strategies through participating in task-based 
interviews. Jenkins (2010) discovered that questions that were asked by 
prospective teachers who participated in the task-based interviews study 
prompted learners to clarify their thought processes. 
 
CONCLUSION 

The task-based interviews were of limited scope and generalizability was not the 
aim of the study. The findings may inform South African teachers and other 
researchers who work with learners who have no or little background in 
mathematical problem-solving. It can be challenging for teachers to implement 
the task-based interviews in their lessons simply because of the time constraints 
due to covering the CAPS curriculum. However, it is recommended that teachers 
can create groups of four to six learners and carry out the task-based interviews. 
From this study I discovered that groups save time and learners can learn from 
each other as they solve problems and verbalize their thought processes.  
A possible challenge is that teachers may not know how to interview learners 
appropriately as purported by Labinowicz (1985):    

It  takes  considerable  sensitivity,  experience,  and  skill  to  become  a  good  interviewer.  
A  raw beginner  might  not  uncover  any  more  information  than  a  standardized  
achievement  test  could. This  might  be  due  to  either  a  failure  to  probe  or  an  
overbearing  manner  that  inhibits  the  child  (p. 28). 

The task-based interviews in this study were intended to be part of a PD 
intervention that supports grade 9 teachers in the teaching of mathematical 
problem-solving and teachers would be trained on the interview and questioning 
techniques, how to craft proper problems and how to ask suitable probing 
questions. If task-based interviews are to be implemented in a classroom, both 
pre- and in-service teachers need to be trained on how to conduct the task-based 
interviews properly. Teachers can be trained on how to take all-inclusive notes 
on what learners do and say during the task-based interviews. This is because 
learners’ actions and utterances are important in assessing problem-solving 
processes during task-based interviews. Teachers can be trained on how to create 
a less-threatening environment for learners during interviews and how best to 
assess learners’ thinking and problem-solving processes without showing 
learners how to solve the problems. McDonough et al. (2002) stress that teachers 
must always be conscious that their purpose in task-based interviews is to pose 
tasks and not to teach learners how to solve them. It is also important that before 
implementation of task-based interviews in an institution, teachers can be trained 
on how to pose interview tasks appropriately and in a manner understandable to 
participant learners. This is because in some instances adults fail to pose interview 
questions in a way that is clear to children (Dunphy, 2010). 
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Limitations to the study 

In this study, because of time and resources only four grade 9 learners at one 
school were involved and this meant that I was not able to explore the problem-
solving processes of learners at other schools. However, the main purpose of the 
study was not to investigate the phenomenon with all grade 9 South African 
mathematics learners but to comprehend the particulars of the case studied in its 
complexity.  During the task-based interviews learners did not like to think-aloud 
when working on problems unless I encouraged them. This resulted in a limitation 
in that sometimes I missed their reasoning and thinking processes when solving 
problems. I could not get the consent to videotape the learners and this resulted 
in a constraint in that I was unable to analyse learners’ actions in detail after the 
task-based interview episodes had transpired.  
Further areas for study 

I recommend that a more rigorous qualitative study should be conducted on how 
best South African mathematics teachers can acquire task-based interviews 
techniques. Teachers can video-record themselves during the task-based 
interviews with learners. The researchers can analyse the videos with the teachers 
and discuss ways to effectively interpret learners’ work and how best teachers 
can question and probe learners during the task-based interviews. Further 
research can be done on how to effectively extend South African learners’ 
mathematical thinking using task-based interviews.  
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APPENDIX A 

Task-based interview 1 

a) Mrs Dube bakes biscuits and sells them at R17 per kg. How much will you pay for 2.69 
kg? 

b) The side length of a square pool area is 6m and the side length of a square tile is 200mm.  

i) Express the lengths as a ratio. 

ii) Express the area of the floor of the pool and the area of one tile as a ratio. 

iii) How many tiles are required to cover the floor?  

c) The school bought a water tank this term. The water tank has capacity of 10 000 litres. 
It takes 8 hours for the school’s water system to fill this tank with water.  

i) Determine the rate at which water flows into the water tank in litres per hour.  

ii) Determine the rate in litres per minute. 

https://archive.org/details/childsconception01piag
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Task-based interview 2 

The following were the problems in the interview: 

a) Archie is 6 years older than Adrian. The total of their ages is 28. How old is Archie?  

b) Mrs Nkosi prepares a fruit cocktail for her son’s 21st birthday.  

i) She mixes 1⅓ litres of apple juice and 2⅔ litres of orange juice. How much 
juice is this altogether?  

ii) If she adds 2⅝ litres of guava juice how much juice did she make?  

c) Audrey buys a car at a cost of R40 000. She pays a deposit of 25% and opts to pay the 
balance using a hire purchase agreement. She is required to repay the balance over 3 
years together with a simple interest of 12% per annum. 

i) Calculate the deposit she pays in cash. 

ii) Determine the amount of the balance after she pays the deposit. 

iii) Determine the amount of money to be repaid by Audrey including the interest 
over the period of 3 years. 

iv) Calculate her monthly payments. 

Task-based interview 3 

a) Your teacher says that all squares are similar? What is your response to this? Write 
down a reason for your answer. 

b) What is meant by corresponding angles? Verbally explain to the person sitting next to 
you and write down your explanation. 

c) What is meant by complementary angles? Verbally explain to the person sitting next to 
you and write down your explanation. 

d) State with reasons whether the following statements are true or false: 

i) If two triangles are congruent, then they are also similar. 

ii) All right-angled triangles are similar. 

iii) A rectangle is a parallelogram. 

iv) The diagonals of a kite are equal in length. 
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CHALK AND TALK? KEY STROKES? OR A DYNAMIC 

DIAGNOSTIC TEACHER? 

Alfred Coleman and Apostolos Giannakopoulos 
University of South Africa 

 

Attrition in education begins from the minute the child goes to school. The 

reasons for it are complex. Matriculation rates are around 50% while graduation 

rates in a South African Open Distance Learning institution have been as low as 

about 15% overall and attrition around 70%. The role of the 21st century educator 

has not been defined. As a result, it can be argued that teaching and learning 

becomes a highly personal endevour. Some of us get it right some others get it 

wrong from Primary education to postgraduate education, especially in 

Mathematics. The paper proposes that the role of the educator should be one of 

a Diagnostic (one who diagnoses learners’ misconceptions, knows their learners 

and so on, like medical diagnosis) Action Researcher, one who adapts with the 

rapid changes in the world and technology, and thus a dynamic educator. Such 

educator can contribute towards minimizing the problem of attrition in general 

and the teaching and learning of Mathematics in particular. 

Keywords: Diagnosing, action research, open distance learning, attrition 
 

ATTRITION IN EDUCATION, A WICKED PROBLEM DEMANDING A 

SHIFT FROM TEACHING TO DIAGNOSING 

Attrition, a wicked problem 

Before a discussion takes place on attrition it is necessary to connect it to its 
opposite which is graduation. And graduation implies that a student passed a 
number of subjects within a certain period. Therefore, pass rates in a subject affect 
graduation. With respect to Mathematics, on the one hand performance in 
Mathematics (and South African learners perform very poorly compared to the 
rest of the world) up to the stage that Mathematics is no longer a compulsory 
subject, is very low. As a result, very few learners take Mathematics in Grade 11 
and even fewer at the university. Pass rates in Mathematics at universities is 
around 50%.  It is hoped that redefining the role of a teacher could improve pass 
rates in what is called nowadays ‘risk subjects’ such as Mathematics, Science 
subjects and accounting.  
Attrition in education begins even before the child goes to school in some cases, 
as some children never receive formal education. Based on annual statistics in 
South Africa for every 100 children that begin formal schooling only about 50 
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matriculate. Of those 50 about 10 go to higher learning institutions and only 2-3 
graduate in the prescribed minimum period. At least 5, drop-out during the first 
semester/ year. This scenario has been with us for decades and no solution has 
been found other than trying to minimize the impact on matriculation/ graduation 
rates. This makes attrition a wicked problem, a problem with no obvious solution 
and formal problem solving techniques cannot be applied due to the multiplicity 
and non-constancy of the variables that give rise to attrition. Wicked problems 
are complex, unpredictable, intractable, inter-connected. Poverty and climate 
change are just two examples (Beer & Lawson, 2016). Then wicked problem calls 
for unorthodox, innovative ways rather than using standard problem solving 
techniques. If we do so, once we thought we solved the problem, suddenly it 
resurfaces. With respect to teaching and learning of subjects such as Mathematics, 
it can be also be considered a wicked problem, since for the past four decades can 
we state categorically we have solved the problem so every child is competent in 
Mathematics? This discourse requires further investigation in the future. 
Attrition and Mathematics 

Attrition, retention, persistence and graduation are four concepts that are 
interrelated and have been the point of discussion in higher education learning 
institutions for decades. But the same concepts are also applicable in basic 
education. Not much research has been done on primary and secondary education 
other than the annual numbers that enter school and those of matriculation. All 
four concepts contain the learner who is dependent on his/ her parent/ guardian 
for his/ her progression throughout schooling, or the student who wants to persist 
and graduate; The teacher or the educator who tries to enable the learner progress 
in his/ her schooling; The content which the learner has to assimilate in his/ her 
cognitive structure, which includes all mental processes that individuals use to 
process and understand information, such as: comparative thinking 
(memorization and classifying), symbolic representation (maths, music, gestures 
etc.) and logical reasoning (evaluation, problem solving, reasoning etc.). 
Mathematics content can be argued differs radically from other types of content 
in the sense that problem solving is its essence. Problem solving is a complex 
activity and there is no consensus as to its definition. However, Giannakopoulos 
(2012, p. 38) synthesized various definitions to:  

Problem solving is an activity that makes use of cognitive or cognitive and physical 
means to overcome an obstacle (problem) and develop a better idea of the world that 
surrounds us. 

Furthermore, Mathematics is the pillar for all sciences as they all contain, to a 
greater or a lesser degree, Mathematics. It can be argued that Mathematics content 
up to even 2nd year university has not change much for almost a century. 
However, in spite of the progress in education and psychology, we have not found 
yet the magic formula that everybody can learn Mathematics like everybody 
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learns some language. Thus how should we teach Mathematics and how the 
learner learns Mathematics remains a problem, a …wicked problem. To learn 
Mathematics, as a rule, one must be taught. This implies that the teacher plays a 
central role. Therefore, the teaching and learning of Mathematics differs from 
other subjects; and finally the conditions (environment) under which such 
schooling takes place.  
Towards a dynamic diagnostic action researcher 

Current teaching and learning practices, if continued, they will only lead to the 
same results. The problem could lie on that there is no clear definition as to what 
the role of a teacher should be in the 21st century, thus the teachers act according 
to their knowledge and experience which can vary from teacher to teacher. This 
paper argues that the role of a teacher should be one of a dynamic diagnostic 
Action Researcher, from Grade R to postgraduate level. Dynamic, because the 
teacher must adapt to fast changing world and especially technology and new 
research findings on teaching and learning and the ‘new emerging student’, and 
being a teacher, and a student simultaneously. A dynamic teacher creates a 
dynamic learning environment. Diagnostic (like a doctor who makes a diagnosis) 
as defined by Solomon (1999) which is one of emphasizing learners’ outcomes 
rather than teachers’ practices, understandings or misconceptions; No 
assumptions are made as to who the students are or what they know; helping 
students to learn to detect, understand and correct misconceptions in their own 
and their fellow students work.  Finally, Action Researcher, meaning that 
continuous evaluation of the teaching and learning must take place and corrective 
interventions must be put in place. Such research can be formalized in form of 
research papers. A question that one can investigate is: How many teachers 
(Grade R to Grade 12) resort to research? Especially in Mathematics research 
since it has been accepted that not many young people can learn Mathematics and 
for years now it is common knowledge that South African learners are far behind 
from other learners around the world. From here on unless otherwise stated, this 
paper concentrates on higher education in general and in an Open Distance 
Learning (ODL) in particular though becoming a Diagnostic Action Researcher 
is a prerequisite of minimizing the impact of attrition or improving pass rates in 
various subjects and especially Mathematics which are the lowest almost of all 
other subjects  
Since the teacher is at the center of the education situation, the student’s 
progression in his/ her studies depends on him/ her among many other factors. 
For higher education, back in the 1970s Bean (1982) identified about 130 factors. 
In the 1990s Tinto (1993), Astin (1993) and Pascarella and Terenzini (1991), and 
others who also used Tinto (1975) attrition model and modified it, or created a 
new model or theory based on it, had varying levels of success (Bernard & 
Amunden, 1989; Sweet, 1986). Tinto had added institutional factors and 
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persistence and Kuh (2002), student engagement.  In a more recent article Tinto 
(2016), with respect to higher education (face-to-face also known as contact 
education or distance education) emphasised the difference between persistence 
(student’s perspective) and retention (institutional perspective). He argued that 
the institution should concentrate on motivating the student to persist, creating an 
atmosphere of belonging, and ensure the student enrolls for the right course and 
make that course attractive. As motivation (extrinsic (by the institution) and 
intrinsic (the learner)) is a key to academic success, when we speak of institution 
we imply everyone, faculty and administration. The educator then could be the 
one that his role could determine persistence. If that is true then his role has to be 
seriously examined. 
In a more recent study by Beer and Lawson (2016) attrition in ODL was labelled 
as a ‘wicked problem’, a problem with no obvious, realistic solution such as 
poverty and crime especially in South Africa, as stated above.  Obviously we 
cannot sit back and do nothing about such a problem. Although we accept the 
complexity of the problem, it will be futile to try and solve it using normal 
problem solving methods, or equally being irresponsible by having high 
expectations on educators. What is suggested here is that we have to accept, even 
though we might not be able to solve that complex problem, we can aim for 
minimising its impact. This brings us to formulating the problem of this study 
which will make use of literature and a case study to develop guidelines as to 
what the role of the educator be in an ODL institution, assuming the institution 
plays its role, in view of existing trends in technology and modern way of life. 
Statement of the Problem 

The problem to be investigated is: 
Current definitions on the role of an educator are either archaic or vague.   
There is a need for defining that role which is in line with current research on 
teaching and learning and take into account the rapid changes in technology 
which implies the educator should be dynamic, keeping in up with those changes. 
This study will try to answer the following question:  
What should the role of the educator be in order to impact on attrition rates in an 
ODL institution? The assumption is that if a current educator continues to operate 
the same way, the same results will be achieved thus attrition rates will remain 
the same; No impact on the rates.   
To answer this question, it is necessary to answer the following sub-questions: 
1) What are the existing attrition models for ODL institution? 
2) What are the duties of a current educator in an ODL institution? 
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3) What are the challenges the educator in an ODL institution is faced with in 
educating the student? 
It is hoped that by answering these questions a number of guidelines can be drawn 
up to assist the educator with making an impact on attrition rates. Although 
Mathematics does not feature explicitly in the research question and sub-
questions, what is discussed below mostly in a general way, and at times in an 
explicit way, the teaching and learning of Mathematics and the difficulties 
experienced by both learners and teachers forms the basis of the exploration into 
the role of the educator.  
 

METHODOLOGY 

In order to answer the research question, literature review is followed by a case 
study to set up the rationale as to why we should be moving from teaching to 
dynamic diagnostic teaching, making use of pragmatism  
The study makes use of: a case study, the University of South Africa (Unisa) an 
ODL institution. Case study research is often used to investigate issues that are 
difficult to study using purely quantitative research approaches (Eriksson & 
Kolvalainen, 2010, p. 95) and it can be an investigation of a person or 
organisation. Pragmatism and existing literature to gain insight into the problem 
of attrition and the barriers and enablers for an ODL educator is also used. Be it 
a traditional contact institution or an ODL institution there are similarities as well 
as differences. The similarities assist us to use research done on the one type apply 
it into the ODL and vice versa. The differences are mostly advantages and 
disadvantages. From the literature review and case study, the current role of the 
educator in an ODL institution is established, the barriers and the enablers for 
performing his/ her duties and approaches used to minimise the impact of 
attrition.  
 
LITERATURE REVIEW 

Attrition could be considered as the focal point of an institution or the educator. 
High attrition rates lead to non-sustainability of the institution (Eybers & 
Giannakopoulos, 2015) and an indicator of the educator’s ability in mastering the 
teaching and learning (T & L) situation. It is accepted that the institution and the 
educator can only take action on factors that affect attrition that are within their 
control (Tinto, 2016). 
Eybers and Giannakopoulos (2015) found that the similarities between contact 
and distance education, are more than the differences such as content, certain 
student and institution characteristics, fields of study and so non. Then it can be 
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assumed that some research’s findings from contact education are applicable to 
ODL and vice versa. But attrition is related closely to retention and persistence 
(Tinto, 1993, 2016; Pascarella & Terenzini, 2005). These two words at times are 
used interchangeably as they aim for the same goal which is the student that 
enrolled to graduate. But retention is from the institution’s perspective while 
persistence from the student’s perspective as stated earlier. For such an aim to be 
achieved a commitment from both parties is necessary and do everything within 
their control to ensure not just retention and persistence but also progression 
(Tinto, 2016). For example, it does not help to retain a student who takes double 
if not longer than the minimum time to graduate as this is to the detriment of both.  
Although there are many models for throughput or retention or attrition, they all 
have identified similar factors that contribute to graduation as discussed by 
Storrings (2006). In her meta-analysis on attrition Storrings highlights the 
problematic situation that arises with many attrition models. Many studies use 
different sets of variables and different types of statistical analysis and even if 
they used same variables there was no consensus as to what variables should be 
used as predictor variables. Also Kember (1989) emphasised the complexity of 
the attrition problem when he stated, “[t]he attrition process is undoubtedly a 
complex one, a theory that could fully explain every aspect of the attrition process 
would contain so many constructs that it would become unwieldy if not 
unmanageable.” This statement highlights again the wickedness of attrition. It 
might be argued that back in the ‘80s structural equation modelling could not 
have been progressed enough to be used and lack of powerful software packages 
was a hindrance. That is where Prinsloo’s (2009) model on student success makes 
it a very useful current model for ODL.       
Since this study takes cognizance of all previous findings it only highlights three 
models that form the basis for this study and details can be found in Sweet (1986), 
Prinsloo (2009) and Kember (1989). 
 i) Application of Tinto’s model into distance learning (Sweet, 1986); 
 ii) Kember (1989) longitudinal model on dropouts in distance education; 
and 
 iii) Prinsloo’s (2009) `student walk’ model. 
Sweet’s (1986) model was chosen because it connects distance and contact 
education by using one of the most sought models that of Tinto (1975); Kember’s 
(1989) model which was also based on Tinto’s (1975) and Spady’s (1970) models 
by broadening the background variables to fit those of distance learning); and 
finally Prinsloo’s (2009) model, a purely ODL model for Unisa. Perhaps Yorke’s 
(2004: 26-29) comments that “students’ perceptions of their learning experience 
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and how they have been treated by providers of courses are likely to be of primary 
significance” sums up the importance of the inter-relationships.  
Pragmatism 

At this point in time, there is no longer a doubt about the complexity of the 
attrition problem, and should be considered as a wicked problem. Approaching 
this problem in a pragmatic way could be beneficial.  Giannakopoulos (2012) 
stated that the pragmatic view stresses the experimental character of the empirical 
science, emphasising the active phases of the experimentation.  Being logical, 
learning truths that appear self-evident or common sense is not enough.  
Hypotheses can be formed by thinking of the practical problem and predictions 
can be made.  The results could prove or nullify our hypotheses.  This is very 
important when we try to form guidelines for the role of the educator where he/ 
she cannot just make assumptions as to who the student is and what he/ she knows 
but must hypothesise and test the hypothesis. Pragmatism promotes an inquiring 
mind with respect to physical laws.  “Inquiry itself is action, but action regulated 
by logic, sparked by theory, and issuing answers to motivating problems of 
practice” (Schaffler, 1999, p. 4).  Learning from experiences is an active process. 
And this study combines such experiences of 35 years in education and 20 years 
of studying the attrition phenomenon.  
This pragmatic approach simplifies the complex problem as follows: In the 
teaching and learning situation there is the educator, the content, the student, the 
institution (as stated above) and in some cases (including this case study) there 
are online tutors and also some face to face tutors. From the institution’s 
perspective, it is assumed that it will do everything within its control to ensure 
retention and graduation of the student, as it was stated above. The student is 
committed to his/ her studies. The tutors supply explicitly (face to face tutoring 
and online discussions) assistance as well as implicitly by means of self-
assessments, posting additional resources and motivating students. Finally, it is 
the educator and content. The role of the educator has not been investigated 
explicitly in any of the attrition models especially in an ODL institution where 
lack of physical presence, as it happens in traditional contact institutions, creates 
a vacuum which has to be filled. Giannakopoulos and Buckley (2013), discussed 
at length such a role, which they identified as a diagnostic action researcher. But 
to be a diagnostic action researcher it implies that: the educator has sufficient 
knowledge as to how to conduct research on education, a conducive atmosphere 
has to exist to conduct such research and possess one of the most important pre-
requisites for conducting such research which is passion. The last pre-condition 
though has not been researched according to the writers’ knowledge but it could 
be a point for another discourse. 
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Case study  

Case study research is often appropriate to investigate issues (here a wicked 
problem, attrition) that are difficult to study using purely quantitative research 
approaches, as stated above.  According to Eriksson and Kolvalainen (2010, p. 
93-97), case study research design provides a platform for testing theory as well 
as for developing new theoretical constructs in a way that is sensitive to social, 
cultural and economic context.  
Eriksson and Kolvalainen (2010, p. 93-97) further describe that the researcher is 
an interpreter who constructs the case and analyses the empirical materials by 
focusing on perspectives, experiences and conceptions of the role players 
involved in the study. Qualitative and quantitative data can, thus, be collected 
from various sources including interviews, statistics, meeting minutes, 
advertisements and observation. Creswell (2007, p. 76) states that a case study is 
aimed at studying an event, a program, an activity, more than one individual. 
Multiple sources, such as interviews, observations, documents, artefacts can be 
used to collect data. For Newman (2000, p. 32) in the case study research, the 
researcher examines, in depth, many features of a few cases over the duration of 
time.  Johnson and Christensen (2000, p. 327) define a case as a bounded system.  
Cases can be individual, groups, organisations, movements, events or geographic 
units.  The researcher selects one or a few key cases to illustrate an issue and 
analytically study it (them) in detail (Newman, 2000, p. 32) 
Unisa here is used in this study as stated above. At Unisa, the official role of the 
educator (teacher) is described briefly in a contract and the Integrated 
Performance Management System (IPMS). Such system contains the various 
KPAs, performance indicators, such as teaching and learning (T & L), research 
(divided into two categories, with a doctorate and without doctorate), academic 
citizenship, community engagement and mentoring and skills transfer (if the 
academic is older than 60 years old). These five KPAs can carry different 
percentages and there is a minimum and a maximum. The percentage is agreed 
upon by the line manager and the academic at the beginning of the year. The only 
KPA that is quantitatively measured is research. The reason being that it is about 
research output in form of units. Supervision of Masters and Doctorates, 
presenting papers in recognised by the government conferences, journal papers, 
book chapters and books carry units. It excludes externally funded research for 
innovation in technology and sciences as this contributes to patents or global 
research. If one excludes the research and perhaps mentoring, the others are 
highly subjective. If the maximum is 5 at the end of the year, a 4 that the academic 
could have given him/ herself, the line manager could say: ‘No it cannot be 4. It 
is 3,5 or 3,4’ or whatever less than 4. That is highly subjective, not that the 4 the 
academic gave him/ herself is objective as there are no quantitative criteria. 
Therefore, one cannot use a performance management system for a just and fair 
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evaluation of an academic. That becomes the next barrier to T & L and research 
excellence.  
It was stated above that aiming for excellence in T & L requires a change in the 
way we conduct our day to day teaching and learning approaches. In this case the 
‘chalk and talk’ or the ‘key strokes’ should be replaced by diagnosing the student, 
if we want to gain knowledge of the student and his/ her misconceptions, who he/ 
she is and so on, which becomes one of his central roles as an educator. 
Achieving excellence in teaching and learning and research  

Higher education institutions around the world in the past decade or so have 
placed great emphasis on becoming recognised research institutions. The 
common saying in the corridors of a university is, ‘publish or perish’. In cases 
like these, the type of research is predominantly applied research: Research that 
could lead, to patents, to discovery of new technology, to business models and so 
on that make their name internationally known. For these reasons they try to 
attract high caliber expert academics. But there is a flaw in this approach. It is not 
sustainable. Sustainability can only be achieved if there is a renewal in the supply 
of expertise. That means such experts they must identify novices who in the end 
will become the next generation of experts. That is where excellence in research 
should be accompanied with excellence in teaching and learning. This reinforces 
the ideas of a dynamic researcher who can make a contribution towards 
minimizing the impact of attrition. And excellence in teaching and learning is 
dependent on the educator.  
How can an educator aim for excellence in teaching and learning? The first pre-
requisite is that the educator must be an expert in a certain field. The second is 
that he/ she must possess Pedagogical Content Knowledge (PCK) (Shulman, 
1986). Whether the educator is teaching in a traditional contact institution or in 
an ODL institution PCK is an absolute necessity. Pedagogic knowledge is related 
to pedagogy, how we teach. Thus PCK is about how we teach the content. But 
even that knowledge is not enough. The educator must also know ‘how people 
learn’. This brings us to the three types of knowledge that must be possessed by 
the educator: Knowledge about themselves and teaching styles, knowledge of the 
content and knowledge of how people learn. Transferring of knowledge (content 
converted to knowledge to be possessed by the students) from an expert 
(educator) to a novice (student), is a complex matter as there are many factors 
that contribute to such a transfer. There is no such a thing as ‘one size fits all.’  
Transferring of knowledge can take place through various media: oral, visual, 
audio-visual, electronically and through printed matter. This brings to the fore 
technology. In this context by technology is meant all different electronic means 
that the educator uses in his/ her T & L situation which includes computers (desk 
tops) and software (such as Learning Management Systems (LMS) as well as 
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mobile technologies such as cell phones or iPads and laptops. In an ODL 
environment the educator relies almost 100% on technology to communicate with 
students using LMS and email and wherever necessary telephone. There is also 
another system, JRouter, which is used for marking assignments. It can be stated 
that these two systems are relatively reliable. Especially in an ODL institution it 
can be argued that technology is the vital link between the educator, the student 
and the content. Knowledge of effective use of technology becomes another type 
of knowledge that is necessary for an educator to possess. Of course as technology 
progresses the educator’s knowledge about technology must also be updated. 
With respect to Mathematics, since it is a subject that is used by other fields to a 
greater or a lesser extent, transferring mathematical knowledge such as problem 
solving cannot be taken for granted.   Such knowledge transfer is not within the 
same domain (e.g. Mathematics) but also other subjects/ fields (e.g. Physics, 
Chemistry, etc.).  Before the new role of the educator is discussed it is necessary 
to look at the context that the educator operates. In this case, it is the University 
of South Africa (Unisa), an ODL institution.  
Moving away from ‘chalk and talk’ or ‘key strokes’ to dynamic diagnostic 

teaching.  
It can be argued that teaching methods are mostly methods devised by individual 
teachers and some are successful others are not. Thus there is a lack of a degree 
of uniformity due to the lack of a clear definition as to who should the 21st century 
teacher be even more so in the case under study, Unisa. 
At Unisa, and perhaps many other ODL institutions, it is what Giannakopoulos 
and Buckley (2013) call it, human versus machine. The machine, a computer, 
could be a personification of the student. When the educator types something for 
the student, it is as though he/ she is in face to face with the student. When he/ 
she types the content that the student will read, it is as though he/ she is giving a 
lecture in a face to face situation. When he/ she posts various things on the LMS 
system, he/ she tries to engage the students into a collaborative manner. Then the 
LMS system has a number of different functions that a student can be engaged, 
such as discussion forums, blogs, pod casts, uploading videos, wikis, self-
assessment exercises and so on. So a lot of time is spent on transferring 
knowledge from the educator to the student. Besides these and setting of papers 
and assignments and then marking them he/ she is required to perform other 
duties as stated in IPMS which most of the time are not associated with improving 
the teaching-learning situation. Einstein’s saying ‘Doing the same thing over and 
over is a mark of insanity’, do not expect different results, is the basis of the 
argument here. To bring about change the status quo has to change.  
In the case of a teacher, ‘chalk and talk’, still dominates the T & L situation in a 
face-to-face education, from primary schooling to even university. But even the 
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most creative teacher can be assumed to concentrate on ‘imparting knowledge in 
a meaningful way’ his/ her teaching is based on assumptions about the learners. 
When it comes to problem solving as an example, they assume that they have to 
teach the learners how to solve problems (in a formal way). However, research 
has shown that young children can solve many problems before going to school 
and by the time the reach Grade 2 or 3 they …cannot solve those problems! An 
indication that there is no connection between formal and informal learning. A 
diagnostic teacher will construct a ‘bridge’ between formal and informal learning. 
This brings us to the role of the educator which has to shift from teaching to 
diagnosing. And this could be a learning paradox, as by teaching is implied 
learning takes place, but diagnosing, at least in the medical sense, means to find 
out what is wrong with the patient and by implication prescribe the right medicine 
to cure the patient. Diagnosing in educational terms involves much more than 
that.  
The diagnostic teacher 

Here, the definition of Solomon (1999) is used. Solomon (1999) describes a 
diagnostic teacher as one "who casts oneself as an observer, scrutiniser, and 
assessor, as well as an engaged teacher." The teacher has to use different sources 
of information and knowledge to be able to make a diagnosis, such as: 
 

• Situation-dependent information: observing various interactions in class (in ODL use of 
discussion forums could be used). 

• Person or class specific information: information about the learner. 
• Professional and experiential information: The two types occur simultaneously (Barth & 

Henninger, 2010).   

Diagnostic teaching shifts the emphasis from teachers' practices to learners’ 
outcomes, understandings or misconceptions (Solomon, 1999); it assists students 
to collaborate among themselves and understand and correct misconceptions. The 
traditional idea that, learners are like ‘empty containers’ which need to be filled 
by the teacher, should not feature in any teacher’s repertoire.  The learner should 
be viewed as a capable being that he/she has what it takes, in collaboration with 
his/ her peers and teacher to keep conquering the unknown by constructing his/ 
her own meanings (a humanistic approach). As stated above, especially in 
primary school phase, teachers do tend to treat young learners as ‘empty 
containers’.  
For Solomon (1999) a diagnostic teacher should develop assessment capacities 
in three domains: (1) seek to know students’ current understandings and 
misconceptions; (2) deepen their own subject area knowledge and choose what is 
worth teaching; and (3) assess their own beliefs and practices, selecting, 
designing, and redesigning appropriate pedagogical strategies. In (2) and (3) lie 
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hidden variables such as desire and willingness to keep improving their 
knowledge and get self-satisfaction; develop passion for research and innovation; 
aim for life-long learning; keep up with current teaching-learning practices in an 
ODL environment especially in technology; become ‘problem thinkers’ rather 
than ‘problem solvers’. How can an ODL educator achieve these aims?   
Briefly, with respect to (1) examining existing practices in an ODL environment, 
the subject matter is geared towards self-learning with the educator intervening 
wherever necessary. Every so often upgrading of the subject matter takes place 
to be in line with current practices and knowledge. Other than biographical and 
personal information they can evaluate the types of knowledge (procedural, 
declarative, strategic, conceptual, schematic, meta-cognitive (Shavelson, Ruiz-
Primo & Wiley, 2005). The fact that an ODL educator is dealing with text 
predominantly could be considered as a disadvantage: On the one hand, trying to 
evaluate a student’s performance, on the other hand giving guidance to the student 
through text. Using a portal to encourage student participation in discussion 
forums can improve student motivation. However, again the educator can play a 
central role by applying knowledge acquired about misconceptions of previous 
students.  
When an educator assesses a student, be it when marking an assignment or an 
exam script, or the quality of discussion or blog just allocating a fair mark should 
only be the product as a result of a diagnostic process. The educator has to 
identify, misunderstandings, misconceptions and even personal factors. That is 
why it is necessary for the educator to have collected as much information about 
the student as possible, in advance preferably.  
Knowing who the ODL student is can assist the educator with the correct 
diagnosis. In an ODL system the quality of the student can be considered to be 
slightly lower than a traditional student (Storrings, 2006; Angelino, Keel-
Williams & Natvig, 2007) due to the ‘openness’ as well as ‘distance’ which could 
imply that many students could be working students and most probably adults 
married with children. The problem is exacerbated by the volumes of students 
that an educator has to cope with. There is no fixed ratio students per educator. If 
we use a random first year module, for example End User Computing we find the 
ratio to be about 2000/1 while others can vary between 1000 and 600 to 1. The 
educator can design questionnaires and collect as much information as possible 
and let the student know that he/ she are there for the student to succeed not for 
self-gratification.   
The second domain (2) that Solomon (1999) suggests is related to the duty (the 
university expects the educator to keep enriching their knowledge, upgrade study 
materials, get higher qualifications (e.g. get NRF (National Research Foundation) 
rating, the highest rating in South Africa of an academic which presupposes the 
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possession of a PhD). But with the duty (external motivation) comes the desire 
and willingness to improve one self and become a successful educator (internal 
motivation). This domain is closely related to the first as the educator has to try 
and answer the question: Why his/ her students ‘get things wrong?’ Being an 
educator it is assumed it is a career and not just a ‘job’ (Giannakopoulos & 
Buckley, 2013). 
The final domain (3) is about ‘taking stock’ of one’s existing teaching practices.  
A number of questions have to be asked about efficiency and innovation always 
within pedagogical principles. But innovation and evaluation of teaching 
practices cannot happen without scientific research, Action Research. Can we 
‘defy’ the statistics and prove them wrong by making significant differences in 
our pass rates in our subjects? Do we know where and why students struggle in 
our subject and we can do something that is within our control? Is it possible that 
certain beliefs about students and subject matter that we hold for years could need 
re-assessment? The questions here could be endless as it is where innovation 
dominates (Giannakopoulos & Buckley, 2013). 
A very important statement was made by Solomon (1999). The author warns 
against the mimicking of face-to-face by ODL institutions by using instruction 
and transmission of knowledge as they should rather design their courses for 
interaction, engagement, building knowledge and skills and flexibility.     
Giannakopoulos and Buckley (2013) added a final prerequisite to the above three 
principles, that of efficient use of Information Communication technologies 
(ICT). The authors stated that the knowledge of ICT by the educator and the 
learner and their beliefs, and attitudes the content, the reliability of ICT are extra 
very important variables. The competition between the human and machine 
comes into life whether a computer is used as a teaching tool (i.e. in a classroom 
situation) or as a communication tool (i.e. in distant education). Use of technology 
(Rumble, 2014; Shirky, 2014; Smith, 2005) in an ODL setup has been recognised 
as an important factor in student engagement which could lead to persistence and 
eventual graduation. One of the arguments that has not been raised in the literature 
is whether technology should be designed to satisfy any human need or the 
humans must adapt to the technology. This is perhaps another point for another 
discourse. 
Having defined the role of a diagnostic teacher, Solomon did not connect that to 
either research or how to achieve excellence in T & L. Giannakopoulos and 
Buckley (2013) added ‘action researcher’ If the educator becomes a diagnostic 
action researcher (Giannakopoulos & Buckley, 2013), then a mind shift could 
take place from teaching to diagnosing. The educator will spend most of his/ her 
time on diagnosing misconceptions, learning styles of students, developing 
student profiles, designing intervention methods, evaluating the results and 
formalising the research as a research output.  
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A dynamic diagnostic Action Researcher: The 21st century teacher 
The above exploration revealed a number of important points. Attrition in higher 
education was, is and probably will be a wicked problem for the years to come. 
In an ODL institution attrition is much higher than traditional contact institutions. 
However, as technology progressed, distance education became less uniquely 
distinguishable from face to face education (Smith, 2005). In fact, some 
traditional universities are adopting some of distance education’s principles (offer 
a blended form of education). Some research has even found that ODL students 
perform better than traditional students (Storrings, 2006). But irrespective of the 
advances in technology, if the educator of an ODL institution cannot use it 
effectively, it will make no difference in persistence.  
The educator of the 21st century cannot be some postman that just delivers 
documents. He/ she needs to develop a mind shift from teaching (chalk and talk, 
or key strokes) to diagnosing. Writing materials for students that he/ she knows 
nothing about them (personal, intellectual, content factors), it is a ‘hit or a miss’ 
situation. A shift from ‘one size fits all’ (teaching) is imperative if any 
improvements in the teaching and learning is to take place. As the student has to 
take responsibility of his/ her studies so should the educator take responsibility of 
the education of the student and his/ her continuous improvement in teaching and 
learning through action research based on his/ her knowledge about his/ her 
students. Especially in an ODL institution there is a greater heterogeneity among 
the students. This means that the educator must become a Diagnostic Action 
Researcher. 
Being a Diagnostic Action Researcher as demanding as it might be it could also 
be very rewarding as the educator keeps constantly in touch with his/ her students 
and their own development. Identifying for example students’ misconceptions 
could lead to taking proactive action. Engaging with the content, their beliefs, 
their practice and with students leads to both internal and external motivation in 
them and students. By seeking to know students’ current understandings and 
misconceptions, deepening their own subject area knowledge and assessing their 
own beliefs and practices, selecting, designing, and redesigning appropriate 
pedagogical strategies could only impact students’ persistence positively. Using 
Action Research to improve their practice, by formalising such research gives rise 
to research output, one of the demands made on the academic by higher education 
institutions. Finally, the 21st century teacher must be dynamic, create dynamic 
classrooms; classrooms (virtual or face-to-face) that are characterized adapting to 
the new developments in technology and research and social and political 
environments, in a systematic way and not a ‘hit or miss’ approach.        
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CONCLUSION 

Changes in technologies used for delivering education and pedagogies require 
that the ODL educator to adapt accordingly. This means the teacher must become 
a dynamic teacher. As research has become an important part of the role of the 
21st century educator in order to improve the teaching and learning situation, it 
can only be achieved through becoming a Diagnostic Action Researcher. The 
’one size fits all’ should belong to the remote past. Teaching should become a 
life-long vocation. Aiming for excellence in the teaching and learning through 
research it could be a very rewarding exercise.  
 
RECOMMENDATIONS 

In an ODL institution, the role of the educator has to be well defined. It is 
recommended here that: 

1) It should be one of a Diagnostic Action Researcher. The advantage of 
that being that it aims at excellence in the teaching and learning as well 
as in research. In such approach teaching and learning cannot be 
dissociated from research as the role indicates. The educator here uses 
research to improve practice. But to enable an educator to become a 
Diagnostic Action Researcher, it requires the institution to create a 
conducive atmosphere for such educator to operate. One of the most 
important barriers could be time. Becoming a Diagnostic Action 
Researcher could be viewed as an ‘extra task’ by the educator. This will 
be true if necessary adjustments in his duties do not take place. This 
gives rise to the second recommendation.  

2) A lot of work that the present educator is faced with is of administrative 
nature and of repetitive work such as setting of and marking 
assignments and marking of exam scripts. A lot of these tasks could be 
performed by tutors or junior lecturers.  

3) Another recommendation could be that educators should be divided into 
two categories: Those that do predominantly research and less teaching 
(say 90%:10%) and those that do predominantly teaching (90%:10%). 
Finally, 

4) Communities of Practices (CoPs) can be formed where the various 
educators share common practices by sharing their knowledge. The 
writers have started such a project which is a five-year longitudinal 
study into attrition where collaboration is promoted within same areas 
(like programming in various levels), involving educational 
psychologists in the design of questionnaires, sharing of results, 
evaluating results and deciding on the next action to be taken. A number 
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of CoPs have been formed and this is the second year of application of 
the project.  
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STUDENTS MATHEMATICAL KNOWLEDGE IN A 

BACHELOR OF EDUCATION (FOUNDATION OR 

INTERMEDIATE PHASE) PROGRAMME 

Kathleen Fonseca, Jeremiah Maseko and Nicky Roberts 
University of Johannesburg 

Concerned with the mathematics that student teachers learn in initial teacher 

education degree, this paper reports on a small cross-sectional study where two 

cohorts of student teachers  – in first year (n=180) and fourth year (n=147) in 

2017 - at a South African university wrote the same mathematics test. The test 

was intended to assess student teachers’ knowledge for teaching mathematics to 

primary school children. The design of the test and experiences of the facilitators 

administering the online test are documented. Comparing the descriptive 

statistics of the results between the first year cohort and fourth year cohort in 

2017 at the same university was disappointing, with very little difference in 

attainment. This study has significance to initial teacher education programme 

designers, course coordinators and lecturers who are responsible to develop 

teacher knowledge for primary mathematics. 

 

INTRODUCTION 

There has been great interest from the mathematics education community to find 
out how preservice teachers are prepared to teach mathematics in both the 
primary and secondary school. It has become important to find out whether and 
how initial teacher education programmes contribute to the development of 
preservice teachers’ mathematical knowledge (Blomeke & Delaney, 2012). Thus, 
international comparative studies such as the Mathematics Teaching in the 21st 
Century (MT21) and the Teacher Education and Development Study: Learning 
to Teach Mathematics (TEDS-M), have been used to assess final year preservice 
teachers’ mathematics knowledge gains. The MT21 study aimed to find out how 
the USA can prepare their middle school teachers to teach a “more demanding 
and rigorous curriculum” by looking at and comparing how other countries 
prepare their middle school teachers (Schmidt, Tatto, Bankov, et al. 2007, p. 3). 
By looking at how six countries (Taiwan, South Korea, Bulgaria, Germany, 
Mexico and the USA), prepared their middle school teachers to teach 
mathematics the study found that there were great differences amongst the 
respective preparation programmes. Ball, Hill and Bass (2005) note that initial 
teacher education programmes vary considerably including courses that offer 
advanced mathematics; mathematics at the grade level that teachers will teach 
children; and courses that focus on mathematical thinking.  
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South Africa also has significant variation in the mathematics taught across its 
initial teacher education programmes offered by its universities. A national policy 
- Minimum Requirements for Teacher Education Qualifications (MRTEQ) - 
guides the South African initial teacher education programme design and 
“foregrounds the importance of knowledge bases underpinning the development 
of effective teaching practice” (Rusznyak & Bertram, 2013, p. 9). Teachers are 
expected to have “sound subject knowledge”, “know how to teach their 
subject(s)” and “know who their learners are and how they learn” (DHET, 2011, 
p. 53).  Yet there are substantial differences in how universities interpret and enact 
these guidelines. 
The Initial Teacher Education Research Project (ITERP) set out to reflect on ITE 
programmes across South Africa with a particular focus on Mathematics, English 
and teaching practice. ITERP was a five-year study (2012-2016) initiated by JET 
Education Services and undertaken in collaboration with the Education Deans’ 
Forum, the DHET and the Department of Basic Education.  Reflecting on 5 
universities, the ITERP study found that  “the overall quality of initial teacher 
education remains questionable” (Deacon, 2016, p. 18). Considering the 
Intermediate Phase programmes it was noted that:  

“lecturers at all five universities noted that on entering a B.Ed. programme some 
student teachers are no more proficient in mathematics and English than the grade 4 
to 6 learners they are preparing to teach.” (Bowie & Reed, 2016, p.116) 

As a result of the ITERP study findings, Deacon (2016) argues that:  
“further research is needed…to establish benchmarks of what new teachers do know 
and can do so that teacher educators can develop or modify their ITE programmes in 
the light of this more substantial evidence” (p.20).  

Similarly Bowie and Reed (2016) contend that teacher educators should critically 
review their four-year B.Ed. degrees, and suggest that:  

“courses should be added that would enable all IP [Intermediate Phase] teachers to 
graduate with a competence and confidence in mathematics and English that has been 
enhanced by their studies and that will assist them to teach these subjects effectively” 
(p. 118) 

It is in direct response to these ITERP study findings, and its resulting calls for 
further research and critical review, that South African universities are 
collaborating on ‘Primary Teacher Education (PrimTEd)’. PrimTEd is part of the 
Teaching and Learning Development Capacity Improvement Programme 
(TLDCIP) which which is being implemented through a partnership between the 
Department of Higher Education and Training and the European Union. PrimTEd 
brings together academics in ITE to develop a common core set of standards for 
mathematics teachers at the primary level, develop and administer common 
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assessment instruments and share learning materials and approaches to work 
integrated learning.  
In this paper we elaborate on our experiences of administering the pilot version 
of PrimTEd mathematics assessment in a particular South African university. We 
reflect on what this has revealed about the first year intake into the Bachelor of 
Education programmes at Foundation and Intermediate Phase level. 
 
METHODOLOGY 

The overall design of mathematics assessment component of PrimTEd draws on 
design-based research (Design-Based Research Collaborative, 2003). We define 
design-based research as:  

A systematic but flexible methodology aimed to improve educational practices 
through iterative analysis, design, development, and implementation, based on 
collaboration among researchers and practitioners in real-world setting, and leading 
to contextually-sensitive design principles and theories (Wang & Haffanin, 2005). 

The research purpose is to improve B.Ed. programme impact through obtaining 
feedback on student teacher attainment in each year of implementation. We 
consider each year in the B.Ed programme as a design cycle where data on 
mathematics knowledge for teaching can be gathered from B.Ed. students when 
they enter the B.Ed. programme at first year, and again when they exist at fourth 
year level. The results from these assessments are intended to allow programme 
designers and lecturers to reflect on and improve the programme over time and 
have some sense of how their students fair compared to a national dataset. Over 
the PrimTEd research period (from 2017 to 2020), it will be possible to consider 
differences in attainment between different cohorts of learners, and analyse those 
in relation to the programme design.  
Research design 

A formal education course on mathematics for student teachers should improve 
the mathematics knowledge of students teachers over time. Participation in an 
ITE mathematics course ought to result in better mathematical outcomes. So a 
student teacher writing a mathematics test in their fourth year, ought to perform 
better than when they wrote the same mathematics test in their first year of the 
B.Ed programme. Tracking particular students longitudinally (over the four years 
of their B.Ed progamme) would provide data on whether they had, in fact, 
improved their attainment in the mathematics test. Such longitudinal studies are 
the long term aim of the PrimTEd research.  
However in 2017, the first year of the PrimTed research project, longitudinal 
studies were not possible. As such the pilot data collected in 2017 was used a 
cross-sectional study. A cross-sectional study offers a snapshot of a particular 
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variable measured in different populations at the same point in time. In this case, 
the two populations were the first year and fourth year cohorts of students in the 
B.Ed programme; the variable being measured was their attainment in a common 
test on their mathematics knowledge for teaching primary school mathematics, 
and the point in time was 2017. 
Our over-arching concern was the extent to which the B.Ed programme was 
improving the student teachers knowledge for teaching primary mathematics. In 
2017, at the pilot and exploratory phase of our design research, we could only 
pose the following research questions to frame our small empirical study: 

 What was the design of B,Ed programme in relation to mathematics, at the time of writing the 
assessment? 

 What were the experiences of the test facilitators when administering the online test? 

 How did the first year and fourth year 2017 students perform on the PrimTEd assessment, and 
what do the results reveal about: 

o Differences between the Foundation and Intermediate Phase cohorts; 
o Relative performance across content domains (topics); and 
o Relative performance by conceptual demand categories. 

We consider 2017 which is the first cycle in our design research process. As we 
repeat the same test with each of our new cohort of student teachers, we will be 
using the data to continuously improve and monitoring changes in our course. 
Two cohorts of student teachers  – in first year (n=180) and fourth year (n=147) 
in 2017 – all at the same South African university, wrote the same mathematics 
test. All first year and fourth year students in the B.Ed. programme wrote the test 
(so the sample represented 100% of the population). 
Ethics 

This preliminary empirical study was undertaken following the ethical processes 
requiring voluntary, informed consent for educational research and under the 
University of Johannesburg’s protocol number of 2017-072. First year and fourth 
year B.Ed. students were invited by their mathematics course coordinators to 
write the PrimTEd mathematics test, as a voluntary part of their B.Ed. 
programme. They were told that the assessment was not ‘for marks’ but rather to 
be used as diagnostic assessment. On commencement of the online test each 
students could choose to ‘opt in’ to have their data from the test included in a 
wider research study and for publication, or to ‘opt out’ and have their data 
excluded. They were assured that no individual student assessment data would be 
published (as all assessment data would be anonymized and aggregated across 
the student groups). 
Design of the test 

A full description of the item design and the assessment framework underlying 
the test is beyond the scope of this paper. We offer a synopsis of the test 
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development process as followed in 2017, and a few illustrations of the types of 
items included in this pilot and exploratory phase.  
The test was an online test consisting of 50 items, and students had 90 minutes to 
complete the test. The test items were spread across two cognitive demands; 
lower and higher cognitive demands as well as a pedagogy category. The 
mathematics content domains and their weighting across the test were as follows: 
TABLE 1: Weighting of content domains in PrimTEd pilot test (2017) 

Content domains Weighting 
Whole number and operations 24% 
Rational numbers and operations 38% 
Patterns, functions and algebra 16% 
Geometry 8% 
Measurement 14% 

 
Items were classified according to a mathematics content domain, cognitive 
demand and or pedagogy category. A panel (comprised of mathematics education 
academics at four South African universities) compiled the test items.  
Test items were drawn from various existing instruments, and some new items 
were proposed. The items were reviewed and discussed by the panel and where 
necessary refined particularly with regard to language clarity. An assessment 
framework as they established to ensure a suitable weighting of items across the 
cognitive demand domains and to ensure a spread of the mathematics content 
domain. Both the draft test and the related assessment framework were circulated 
for review and comment by the panel members. The test was then developed for 
online administration, and once again panel members completed the assessment 
and offered feedback for improvements. Changes in phrasing of questions and 
some diagrams were implemented. It then agreed that the instrument was ‘good 
enough’ to administer with a few universities, so that further refinement of the 
test could take place drawing on item response data.   It was pilot version of the 
PrimTEd mathematics test which was administered to the student teachers.  
The items were classified as either lower or higher cognitive demand as stipulated 
by Stein, Grover and Henningsen (1996) framework on tasks. While ‘lower 
cognitive demand’ items were considered to be routine procedures; the ‘higher 
cognitive demand’ items involved moves between representations; required 
insight; connected across topic areas; and/or had no obvious procedure or starting 
point (Venkat, Bowie,  & Alex, 2017). The following provides two illustrative 
examples of the kind of items included in the pilot test: 



 

129 

 

 
Exemplar item 1: Rational number, low cognitive demand 

0,7 is a decimal fraction. 

Write 0,7 as a common fraction. 

Exemplar item 2: Rational number, high cognitive demand 
A farmer’s cost for milk production is R3,12 for each litre. What are his 

production costs for 2,5 litres of milk? 

The calculation you need, to get the correct answer is: 

A. 3,12 × 2,5 
B. 3,12 - 2,5 
C. 2,5 ÷ 3,12 
D. 3,12 ÷ 2,5 

 
Improving the design and quality of the test is an ongoing research concern of the 
PrimTEd assessment team.  
Administration of the test 

Students completed the test in two computer labs. No calculators were allowed 
students were allowed to use a pen and working out paper. The test was an online 
test and thus was automatically marked. The test sequence for items was 
randomized, which was intended to reduce copying (as each student completed 
the assessment in a different sequence of items). 
The first year students wrote the test in the first semester of the 2017, which was 
near the beginning of their B.Ed. programme). The fourth year students of 2017, 
wrote the test in the second semester of 2017, which was near the conclusion of 
their B.Ed. programme. 
Data analysis 

In this first exploratory cross-sectional study using the pilot PrimTEd test 
instrument descriptive statistics were used to gain a preliminary understanding of 
the data. 
The test was out of 50 marks to calculate the means and standard deviations the 
marks were converted to a percentage. For each cohort, the data was sorted into 
foundation phase and intermediate phase groups. Means and standard deviations 
were calculated to get some sense of performance by cohort and by phase. To 
reflect on the distribution of the results, box and whisker plots were developed to 
present the 5-point summaries for each data set.  
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At the item level, the facility scores for each item were calculated for each cohort 
and then for each group. The facility score indicates the level of difficulty based 
on the percentage of correct or incorrect responses. A high facility score indicates 
most students could answer the item correctly and thus the item can be classified 
as easy Items with a low facility score indicates students were struggling to 
answer the item. The averages of the total facility scores per content area were 
calculated. 
The assessment framework was then used to consider relative performance for 
the content domains, and in relation to the cognitive demand.  
In later design cycles, when the test instrument has been refined, and the data sets 
are larger, analysis of variance as well as item response analysis will be 
conducted. However such analysis is beyond the scope of the current paper. 
 
RESULTS 

In this section we answer the research questions. As such we first describe the 
B.Ed. programme design for the 2017 year (research question 1), before reflecting 
on our experiences of administering the online PrimTEd test (research question 
2). This is followed by a presentation of the descriptive statistics emerging from 
the test results (research question 3). 
The B.Ed. programme design 

At the time when the data was collected, mathematics content courses were 
compulsory for foundation phase students up to their third year of study and 
mathematics methodology was a distinct module which was taught separately. 
However, the intermediate phase students had a compulsory first year 
introductory year mathematics course and then from the second year they could 
select three electives. As such they could choose not to include mathematics as 
an elective (so mathematics was optional). The mathematics content modules as 
a specialisation was offered in both second and third year and a mathematics 
methodology module were only offered in the second semesters of both second 
and third year.  The mathematics content and methodology modules were treated 
as separate entities. Thus, the foundation phase students had three years of 
mathematics content teaching and more than 50% of the intermediate phase 
students had three years of mathematics content teaching but only had two 
semesters of mathematics methodology teaching. 
The Mathematics module offered to the students in their first year first semester 
in the programme is mainly Number, operations and relations covering number 
sense, number systems, bases and set theory. The emphasis in the module is on 
widening the scope of these basics and closed content knowledge gaps, 
consolidating their operational conceptual understating of some basic rules like 
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BODMAS, working and generating patterns, working with elementary set theory 
and Venn diagrams. The number base theory and working with other bases than 
base 10. The number systems cover other countries or systems other than the 
Arabic were use in the South African curriculum and briefly explore their 
histories.  
In the second semester the module covers functions and algebra in the expression 
of fractions, decimals and percentages, exponents, basic algebra around 
constructing and working with formula as well as using coordinates and their 
orientation to plot shapes.  
In both semesters the students tend to display very weak working conceptual and 
procedural knowledge as well as limited to no confidence in themselves. The fact 
that they are coming from varying backgrounds exacerbates the problems of 
teaching first years. The support in the form of tutorials is intended to level of the 
knowledge gaps and build some common understanding between and amongst 
the students.  
Experiences of administering the online test 

Upon reflection, two major challenges had to be overcome in the implementation 
stage. The first involved co-ordinating a suitable time and venue for the test to 
take place as well as the convincing learners to participate in their free time, as 
participation was voluntary. After a number of options were considered and found 
unsuitable, the team identified a Friday when no classes were scheduled and the 
required computer labs could be booked. Another roadblock appeared when the 
team discovered that there was a university policy that no university events could 
be scheduled during a cultural day. With some persistence, the team found that 
they could apply to Senate for a once off exception to this rule. Fortunately, the 
team was able to make their case and Senate approved the exception.  
Now that the scheduling conflicts had been resolved, the team moved their energy 
to recruiting students. While the team members were not involved in lecturing the 
first year class at the time, they were able to gain access to the class through the 
permission and support of one of his colleagues. They spoke to the students 
before one of their regular lectures outlining the aims of the PrimTEd project. 
They strongly urged the students to participate in the examination, reassuring the 
students that it would not in any way influence their marks. Further, they stressed 
that learner participation was voluntary but also the importance of their 
participation.  
On the day of the test, the facilitators discovered that their date and time clashed 
with a scheduled event for another module, nevertheless, attendance was good 
with 230 participating. The students were allocated computers in two adjoining 
labs, with two facilitators in the larger lab and one facilitator in the smaller lab. 
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Students were allocated an hour and a half time slot to complete their exam. 
Computer technicians were available to assist with hardware trouble-shooting. 
Having passed the first hurdle of getting students to the test, a second problem 
arose: internet connectivity. While some students were able to logon and begin 
their examination quite quickly, other students had a long wait before they finally 
were logged onto the system.  Other students had their computers freeze after 
completing a section of the exam. Once this problem had been identified, the 
facilitators watched for students experiencing this difficulty and shifted them to 
new computers. While the test allowed a second login, unfortunately, learners had 
to begin the progress again from the starting point. No doubt this had an impact 
on their performance. 
Following the test, students were immediately given their results. The team was 
concerned about how learners might respond to their marks, particularly about 
failure anxiety. This raises important questions about how this non-assessable 
item might impact the learners’ confidence and performance in other assessable 
items. The team agreed that despite these concerns, that in the future they would 
continue to offer the students immediate results while stressing that the test was 
a non-assessable item in their academic portfolio. The team also recognizes the 
need to investigate and put in place support structures for learners who 
underperform so that the test can provide an early warning system for learners 
experiencing difficulties. Thus, the test can be used to improve learners’ overall 
performance over the course of their studies. 
In addition to their observations about result notification, the team also reported 
on the timing allocation and their experiences implementing the test. First, they 
reported that one and a half hours was an appropriate amount of time for the 
students to complete the exams, including the students who had experienced 
technical difficulties. Second, they observed that it would have been more helpful 
to have two facilitators in both labs, not just in the bigger lab. Third, they 
recommend that the technicians reassess the exam platform to resolve the login 
issues and the problem of computers freezing. Further, they recommend that the 
technicians put an automatic save in place so if students have to log back in, that 
they do not lose all of their progress. 
Attainment in the PrimTEd mathematics test 

The PrimTed mathematics test was administered to first year (n = 180) and fourth 
year (n=147) students in the B.Ed. programme in 2017. The following figure 
presents the comparison in the mean score for each cohort, and how this is 
disaggregated by phase: 
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FIGURE 1: Mean attainment in PrimTed mathematics test (2017) 

 
There was just more than a 1 mark difference in the means from the first year, n 
= 180, �̅� = 46.91% (14.77) and fourth year, n = 147, �̅� = 48.08% (15.00).  
For the Foundation Phase the first year cohort had the same mean (46%), as the 
fourth year cohort. There was however a narrower distribution as the standard 
deviation for the first years was 15%, and for the fourth years was 13%.  
For the Intermediate Phase, there was a slight difference with the first year cohort 
performing slightly worse (�̅� = 47%) that the fourth year cohort  (�̅� = 51%). The 
distribution widened, as the standard deviation for the first years was 15%, and 
for the fourth years was 16%.  
Figure 2 and figure 3 offer a visual depiction of the distribution of results for the 
two cohorts, and the groups (Foundation and Intermediate phase) within each 
cohort. 
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FIGURE 2: Distribution of attainment in PrimTed mathematics test (4th years, 2017) 

 
The skewness coefficient was 0.06 for the first year cohort, while it was 0.47 for 
the fourth years (showing a positively skewed distribution). 
The following series of box and whisker plots give a more details overview of the 
distribution of results for each cohort and the groups within those cohorts. 

   
 

FIGURE 3: Box and whisker plots of 1st year attainment PrimTed mathematics test (2017) 
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FIGURE 4: Box and whisker plots of 4th year attainment PrimTed mathematics test (2017) 

 

We now consider the relative performance by content area, where we find the 
mean facility score for the items in each group.  

 
FIGURE 5: Relative performance by content area (1st years) 

 
The weakest performance was on the pedagogy items in the test. The Intermediate 
phase students performed lower than the Foundation phase students in the 
pedagogy area. One may expect that there would be very poor performance on 
pedagogy items at first year level as students just entering a B.Ed programme 
would not yet have engaged with the pedagogical content knowledge for 
mathematics. However by fourth year level student teachers ought to have 
improved their pedagogic content knowledge for teaching mathematics. Yet the 
fourth year cohort, performed worse than the first year cohort on these items.  
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FIGURE 6: Relative performance by content area (4th years) 

The rational number area also indicates weak performance. While the poor 
performance here was about the same for the first years, in the fourth year cohort 
the foundation phase students performed much lower than the intermediate phase 
students on the rational number items. There was a significant difference in 
performance for the measurement items, with the fourth year cohort performing 
much better than the first years.  

 

FIGURE 7: Relative performance by cognitive demand level (1st years) 
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FIGURE 8: Relative performance by cognitive demand level (4th years) 

As expected both cohorts performed better in the lower cognitive demand items 
than the high cognitive demand items. While the Foundation Phase and 
Intermediate Phase groups performed similarly in the first year cohort, at the 
fourth year cohort, the Intermediate phase students were performing better than 
the Foundation phase students. 
 
DISCUSSION 

The PrimTEd pilot test appears to function well in the context of this university. 
There is a good distribution of attainment about a mean of approximately 50%. 
This means that the test is not suffering from floor or ceiling effects.  
The aspect which is concerning, however, is the very marginal difference in 
performance at first year level compared to fourth year level. As we do not have 
a baseline of the fourth year students as they entered the B,Ed programme in about 
2014, we do not know whether they were the same or different to the first year 
students of 2017. Nevertheless, as there have not been major changes to the 
selection criteria, or the demographics of the students, the finding that the 
performance at first year is only marginally weaker than at fourth year is 
concerning.  
Of interest is the very similar performance of Foundation phase and Intermediate 
phase students at first year level. We had assumed that the students choosing 
Foundation Phase may have weaker mathematics foundations, than the 
Intermediate Phase students; but the data disputes this. The two groups perform 
similarly on the pilot PrimTEd mathematics test.  
It is also of interest to note that the Intermediate Phase seems to perform better 
by 4th year level. This requires some further investigation was as the Intermediate 
Phase students can be split into ‘mathematics’ students (who choose electives to 
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specialise in mathematics) and ‘non mathematics’ students (who do not choose 
mathematics). Differences amongst the Intermediate Phase students, and the 
significance of this apparent variance (and related effect sizes) is therefore of 
interest. 
 
CONCLUSION 

Our participation in the PrimTEd assessment in 2017 was exploratory. This was 
the first year in which a common assessment was written in mathematics, and 
where the same assessment was administered at both first year and fourth year 
levels. The PrimTEd assessment itself was in its first year of development, and 
its use was considered a pilot with 2017 as the first research cycle. 
The data presented in this paper has been interrogated by the course coordinators 
and lecturers, and changes to the B.Ed. design are already underway. This study’s 
implications have already had an impact on teaching within the B.Ed programme. 
For example, a major change has been combining Foundation and Intermediate 
phase groups in the first year for mathematics (as their mathematics attainment 
in the PrimTEd mathematics assessment was comparable). In additional online 
mathematical fluency programme is being trialed to allow student with weak 
PrimTEd scores in first year, to remediate their poor mathematics content 
knowledge. This incremental change in response to feedback on assessment is 
appropriate for design-based research. By participating in the PrimTEd 
assessment in 2018 and beyond, we will continue to reflect on and improve the 
B.Ed. course offerings, our teaching in the programme, and so the learning of 
student teachers. 
This paper may be of interest and use to other B.Ed. programme designers and 
mathematics course conveners in South Africa and the region. While the results 
from this university have been disappointing, we have made progress in that we 
now have hard empirical data on what our student know when they enter the 
programme, and a baseline for what they know when they leave it. Further 
longitudinal data will be used to inform our ongoing reflection on how best to 
equip our student teachers to be confident and knowledgeable teachers of primary 
mathematics. 
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PROVING THE VALIDITY OF LOGICAL ARGUMENTS 

Roland Fray 
University of the Western Cape 

 

In this article an instructional strategy is developed to teach students how to 

prove the validity of arguments consisting of premises that are all universal 

quantified conditional statements of the form  x, P(x) Q(x), where P(x) and 

Q(x) are nonmathematical everyday language statements. The instructional 

strategy involves three steps, namely, translating all the premises in a given 

argument into symbolic form, applying logical rules of inference, and translating 

the conclusion from symbolic language into ordinary English. The 2016 cohort 

of students were taught how to apply the strategy using an argument having 

premises as described above. To test the success of the strategy, students were 

given similar practice problems for individual work. The solution given by a 

student is shown in the article. In a follow-up study the way that symbolic logic 

is used in this paper will be contextualized with actual mathematical content from 

various courses, e.g. calculus, linear and abstract algebra, etc. It is envisaged 

this study will contribute to a better understanding of how the teaching of formal 

logic can increase students’ ability to prove or to understand proofs.  

 

INTRODUCTION 

Undergraduate mathematics students often encounter mathematical statements 
involving both universal and existential quantifiers such as in the definitions of 
injective and surjective functions, limits and continuity of functions, convergence 
of functions, just to name a few instances. Dubinsky, Elterman, and Gong (1988) 
go as far as to suggest that because of the abundance of quantified statements in 
undergraduate mathematics, “finding something out about understanding 
quantification, how it is learned, and what we as teachers can do to help, might 
contribute to the goal of improving all students’ understanding of advanced 
mathematical ideas”(p.44). Dubinsky (1997) found that the use of the computer 
program ISETL in the instruction of quantification aided students in developing 
“some understanding of quantification and the ability to work with it” (p.335). 
Tall and Chin (2002) found that in the context of equivalence relations, students 
often overlook the role of the universal quantifier in the definition of the reflexive 
property. Dubinsky and Yiparaki (2000) studied students’ interpretations of 
statements involving both universal and existential quantifiers such as “Every pot 
has a cover”, “There is a fertiliser for all plants”, and “For every positive number 
a there exists a positive number b such that b < a”. Durand-Guerrier (2005) claim 
that quantification provides a powerful tool used in mathematics education to 
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analyse proofs and to understand students’ difficulties with proofs. Tall (2008) 
proposed to tackle students’ difficulties in handling multiply-quantified 
statements via a 3-mental-world model (embodied, symbolic, formal) in 
mathematics. In a study of first year university students’ understanding of logical 
implication Durand-Guerrier (2003) emphasised that students’ difficulties are due 
to the complexity of this notion and the implicit use of quantifiers in high school 
mathematics classrooms. 
 
ACTION RESEARCH  

In the first semester of 2016 the participants in this study consisted of 34 
undergraduate students enrolled for a mathematical sciences degree at a 
university in the Western Cape province of South Africa. The textbook used was 
Sussana S Epp’s Discrete Mathematics with Applications, Second Edition 
(1995). The course met four times a week for 60 minute lecture periods plus a 
two hour tutorial. One of the topics covered in the course is “The logic of 

quantified statements”. From past experiences of teaching the same course in 
the first semesters of 2014 and 2015, this has been one of the most challenging 
topics to teach.  Other authors confirm this, for example, Dubinsky and others 
(Dubinsky, 1997; Dubinsky et al., 1988) explored students’ understanding of 
complex English sentences involving multi-level quantification. They found that 
students, in order to determine the truth-values of such statements, had difficulties 
negating the statements. 
The main motivation for embarking on this project was to improve my teaching 
of this topic but to specifically focus in this study on how to teach students to 
prove the validity of arguments consisting of premises that are all universal 
quantified conditional statements of the form  x, P(x) Q(x), where P(x) and 
Q(x) are nonmathematical everyday language statements. In the first semester of 
2016 the work done in the project can best be described by what is known in 
education as action research. We give a brief explanation of the concept of action 
research as it is applied here. 
Kurt Lewin, a social psychologist and educator developed his work on action 
research throughout the 1940’s in the United States. According to McFarland & 
Stansell (1993, p. 14) “Lewin is credited with coining the term “action research” 
to describe work that did not separate the investigation from the action needed to 
solve the problem”. Over time, the definition has taken on many meanings. It is 
now often seen as a tool for professional development, bringing a greater focus 
on the teacher than before (Noffke & Stevenson, 1995). According to Borg (1981, 
p.313) action research emphasizes the involvement of teachers in problems in 
their own classrooms and has as its primary goal the in-service training and 
development of the teacher rather than the acquisition of general knowledge in 
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the field of education. Implicit in the term action research is the idea that teachers 
will begin a cycle of posing questions, gathering data, reflection, and deciding on 
a course of action. This involves at least 5 steps of investigation, namely: 

(i) Identification of the problem area; 
(ii) Collection and organization of data; 
(iii) Interpretation of data; 
(iv) Action based on data; and 
(v) Reflection. 

These steps follow a cyclical pattern which can be summarized by the following 
action research cycle. 
 

 
 

IDENTIFICATION OF THE PROBLEM 

The problem under investigation in this article is “How do I teach students to 
prove the validity of arguments consisting of premises that are all universal 
quantified conditional statements of the form  x, P(x) Q(x) ,where P(x) and 
Q(x) are nonmathematical everyday language statements ?” 
An example of such an argument consisting of five premises (1-5 below) and a 
conclusion, is taken from the prescribed textbook. 

1. When I work a logic example without grumbling, you may be sure it is one 
I understand. 

2. The arguments in these examples are not arranged in regular order like the 
ones I am used to. 

Identify 
the 

problem

Gather 
Data

Interpret 
Data

Act on 
Evidence

Evaluate 
Results

Next 
Steps
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3. No easy examples make my head ache. 
4. I can’t understand examples if the arguments are not arranged in regular 

order like the ones I am used to. 
5. I never grumble at an example unless it gives me a headache. 

 
  These examples are not easy. 

 
To answer the research question, my past experiences of teaching this section of 
the textbook in the first semester of 2014 and 2015, played a crucial  role in the 
development of an instructional strategy to prove the validity of given arguments 
whose premises are universal quantified conditional statements such as the one 
above. 
 
DATA GATHERING: ASSIGNMENTS AND RESULTS 

Epp (2003) recommends having students practice translating back and forth 
between formal and informal versions of quantified statements. It is for this 
reason that in order to develop an instructional strategy, students first had to learn 
how to translate statements such as the premises 1-5 in the above argument, from 
informal to formal form and vice versa.  
Experience of teaching this topic in the first semesters of 2014 and 2015 has 
shown that the majority of students had difficulty with translating quantified 
statements containing the words no, none, unless, never and except. Given the 
importance of such statements for our purposes, the 2016 cohort of students was 
given the following assignment to translate statements containing the problematic 
words into formal language using logical symbols. 

Assignment1: Rewrite the following statements in formal language:  

(i) No easy examples in mathematics are challenging. 

(ii) No difficult problems in mathematics can be solved easily. 

(iii) No people except registered students are allowed to attend classes. 

(iv) People will not go to church unless there is a special service. 

(v) People will not buy clothes unless they have a birthday. 

(vi) No bank closes before 15:30 unless it is a small bank. 

(vii) No shark eats plankton unless it is a whale shark. 

(viii) Students never study unless they have to prepare for a test. 



 

144 

 

(ix) None but a true gentleman will offer his seat to a lady on a bus. 

(x) None but a brave soldier will fight in a war. 

 

As can be seen in Table 1, the students performed very badly in this assignment. 
The mark in the last column only indicates that the students were present. Some 
of the reasons for this poor performance were: 
(i) Many students (at least 13) interpreted all the statements as multiply 
quantified statements. For example: “∀ examples in mathematics x, ∃ an example 
y such that x is challenges y” and “∀ difficult problems x, ∃ a problem y such that 
x is can solved easily to y”.  
(ii) Some students wrote the inverse of the required universal quantified 
statement. For example: “ ∀ gentleman x, if x is a true gentleman , then x will 
offer his seat to a lady on a bus (Inverse)” and “ ∀ soldiers x, if x is brave then x 
will fight in a war (Inverse)”. 
(iii) The statements containing the word “unless” were incorrectly translated by 
some students. For example: “∀ banks x, x does not close before 3:30 unless x is 
small”. 
(iv) Some students interpreted the statements as existential quantified 
statements. For example:” ∃ people p such that p is people who will not go to 
church”. 
(v) At least one student translated all statements starting with “No” as the 
negation of a universal quantified statement. For example: “No bank closes 
before 3:30 unless it is a small bank” is translated as” ∼(∀ banks x, if x closes 
before 3:30 then x is a small bank)” which is then incorrectly written as “∃ bank 

x such that if x closes after 3:30 and it is a small bank”. 
 
 

 
 
 
 
The solutions to Assignment 1 were discussed in class and mistakes made by 
students were addressed. To find out whether the students could now cope with 
writing similar statements in symbolic form, the following follow-up assignment 
was given. 
 

 

Table 5: Assignment 1 Results 

# Students 1 2 1 2 5 1 3 19 
Mark 9 8 7 5 4 3 2 1 
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Assignment 2: Rewrite the following sentences in formal language: 
 

       (i)      I trust every animal that belongs to me.  Dogs gnaw bones 

(ii) I admit no animals into my study unless they will beg when told to 

do so. 

(iii) All the animals in the yard are mine. 

(iv) I admit every animal that I trust into my study. 

(v) The only animals that are really willing to beg when told to do so 

are dogs. 

(vi) When I work a logic example without grumbling, you may be sure it 

is one I  understand. 

(vii) The arguments in these examples are not arranged in regular order 

like the ones I am used to. 

(viii) No easy examples make my head ache. 

(ix) I can’t understand examples if the arguments are not arranged in 

regular order like the ones I am used to. 

(x) I never grumble at an example unless it gives me a headache. 

 
As can be seen in Table 2, there was a dramatic improvement in student 
performance on this follow-up assignment; hence I was satisfied that students 
have acquired the ability to deal with these kinds of statements when they occur 
as premises of arguments such as the one mentioned in the section regarding the 
identification of the problem. 
 

 

  
In 

the 
analysis of students’ responses in assignment 2, the following was evident in their 
translation of statements into formal language: 
 

 A number of students wrote either the converse or the inverse of the 
required universal statement.  

 

Table 6:Follow-up Assignment Results 

# Students 6 2 8 2 6 2 4 1 2 
Mark  10 9 8 7 6 5 4 3 2 
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 Since the purpose of the assignment was to prepare students to prove the 
validity of arguments involving quantified statements, students were 
expected to start the statement with “∀x, if x……then x…. ” 
Some students used the variable (x or any other symbol) in the premise in 
different positions (some at the end).  

 
For example, 
 “∀ x, if x is an animal that belongs to me then I will trust x”; 
 
” ∀ x, if I work x without grumbling then I understand x”;  
 
“∀ x, if x is an animal I trust then I will admit x into my study”. 
 

 Some students incorrectly translated the sentences into formal language. 
 
For example,  
“The arguments in these examples are not arranged in regular order like the ones 

I am used to” is translated as  
“∀ x, if x is an argument then in these examples x is an argument that are not 
arranged in a regular order like the ones I am used to”; 
  
” I admit no animals into my study unless they will beg when told to do so” is 
translated as  
“∀ x, if x does not beg when told to do so then x is a person who admits no animals 
into his studies”;  
 
“The arguments in these examples are not arranged in regular order like the ones 

I am used” is translated as  
“∀ x, if x is a person who is used to regular order, then the arguments in these 
examples are arranged”. 
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INTERPRETATION OF DATA: GUIDELINES TO WRITE 

ARGUMENTS WHOSE PREMISES ARE UNIVERSAL QUANTIFIED 

CONDITIONAL STATEMENTS IN SYMBOLIC FORM 

Notes were meticulously kept of students’ responses to assignments completed 
in the first semesters of 2014 and 2015. These notes, together with the 2016 
cohort’s responses to Assignment 2, were compiled into a set of guidelines on 
how to write arguments of the type given in the section regarding the 
identification of the problem, in symbolic form. These guidelines, listed below, 
were printed and handed to the 2016 cohort and explained in detail. 
   
 List of guidelines: 

(a) Translate all the premises in the arguments correctly into symbolic 
form using logical symbols. 
 

(b) When the word “not” appears in a statement, do not automatically 
translate this into )(~ xP  (negation of P(x)) without looking at the 
other premises to see whether the negation appears again; because if 
the negation does not appear again then it is not necessary to use 

)(~ xP . 

 
For example, it is not necessary to use the negation in the following two 
premises. 

 

(i) I admit no animals into my study unless they will beg when told to do 
so. 

 
“ x, if x is an animal that will not beg when told to do so, then x is an 
animal that I will not admit into my study”. 

 
(ii) The only animals that are really willing to beg when told to do so are 
dogs. 

 
“ x, if x is not a dog then x is an animal that will not beg when told to 

do so”. 
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However, the negation must obviously be used in the following two 
premises. 
 
(iii) I admit no animals into my study unless they will beg when told to do 
so. 

 
“ x, if x is an animal that will not beg when told to do so, then x is an 

animal that I will not admit into my study”. 

 
(iv)  I admit every animal that I trust into my study. 

 
“ x, if x is an animal that I trust then x is an animal that I will admit into  

my study”. 
 

(c) Not all premises can be (need to be) translated into symbolic form.  
For example, “Shakespeare wrote Hamlet”. 

 
(d) Read each premise carefully in order to understand what is meant by 

each statement.  It might be necessary to read each premise several 
times (certainly more than once) in order to give a correct translation 
from the informal to the formal form of a statement.  

 
Examples: 

(i) I admit no animals into my study unless they will beg when told to 
do so. 

      x, if  x is an animal that will not beg when told to do so,  
       then x is an animal that I will not admit into my study 

 
(ii) No easy examples make my head ache. 

      x, if  x is an easy example, then x is an example that does 
       not give me a head ache. 

 
       (iii)      No writer who does not understand human nature can stir the hearts  
                   of men. 

        x, if  x is a writer who does not understand human nature then  
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        x cannot stir the hearts of men. 
 

(e) Reading with understanding is crucial for the correct translation of 
premises from the informal to the formal form (using logical symbols). 
Students struggle with this as is evident from the way the premises were 
translated by some students in the first semesters of 2014 and 2015, for 
example, “No birds, except ostriches, are nine feet high” was translated 
as “  birds x, if it has nine feet, then x is an ostrich”; “There are no birds 
in this aviary that belong to anyone but me” was translated as “If there are 
no birds in this aviary, then these birds belong to me”; “No ostrich lives 
on mince pies” was translated as “ x , if x are ostriches then x is not in a 
mince pie”. 

 
(f) Each premise has to be read as part of the whole argument and 

therefore it is important to identify parts of premises that are similar 
(saying the same thing but expressed differently in the given 
premises). When these similar parts have been identified, these parts 
must be rewritten in exactly the same way, using the same words.  

For example, 

 
“I trust every animal that belongs to me” is expressed formally as  
“ x, if x is an animal that belongs to me then x is an animal that I trust’ 
while  

 
“All the animals in the yard are mine” is expressed formally as  
“ x, if x is an animal in the yard then x is an animal that belongs to me”. 

 
“The only animals that are really willing to beg when told to do so are 
dogs” is expressed formally as  
“ x, if x not a dog  then x is an animal that will not beg when told to do 

so 

 

”I admit no animals into my study unless they will beg when told to do so” 
is expressed formally as 
“ x, if x is an animal that will not beg when told to do so then x is an 
animal that I will not admit into my study”. 
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(g) Write each premise (which is written informally in English) in an 
equivalent (formal) way using mathematical / logical symbols.  e.g. 

)()(, xQthenxPifx    or   ∀ x, P(x) ⇒ Q(x).  

            For example: 
When I work a logic example without grumbling, you may be sure it is one 
I understand. 
x, if x is a logic example that I work without grumbling then x is an 
example that I can understand. 
Let P(x) be the predicate “x is a logic example that I work without 
grumbling” and let Q(x) be the predicate “x is an example that I can 
understand”. Then the premise can be stated in symbolic language as  x, 
P(x) Q(x) 
 

            Make sure that this is the correct form (equivalent to the informal form).  
For example, 
“I trust every animal that belongs to me” can be interpreted in two different ways by 
students.  

 
Either as 
“ x, if x is an animal that belongs to me then x is an animal that I trust”  
or as  
“ x,  if x is an animal that I trust then x is an animal that belongs to me”. 

 
The second interpretation is obviously incorrect. 

 
Action based on data:  Using the guidelines given above to develop a strategy 

that can be used by students to draw a valid conclusion by the correct use of 

logical rules of inference. 

 
Using the argument given in problem identification, the 2016 cohort was 
taught how to apply a three step strategy to show that the argument is valid in 
two one hour long lecture periods. 
 

 For easy reference we repeat the argument. 
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1. When I work a logic example without grumbling, you may be sure it is one 
I understand. 

2. The arguments in these examples are not arranged in regular order like the 
ones I am  

            used to. 

3. No easy examples make my head ache. 
4. I can’t understand examples if the arguments are not arranged in regular 

order like the ones I am used to. 
5. I never grumble at an example unless it gives me a headache. 

 
These examples are not easy. 

 

Step 1: Translating all premises into symbolic form (using logical symbols). 

 

1.  x, if x is a logic example that I work without grumbling then x is an example 
that I can understand. 
Let P(x) be the predicate “x is a logic example that I work without grumbling” 
and let Q(x) be the predicate “x is an example that I can understand”. Then 
premise 1 can be stated in symbolic language as  x, P(x) Q(x) 

   
2.  x, if x is one of these examples then x has arguments that are not arranged in 

regular order like the ones that I am used to. 
Let R(x) be the predicate” x is one of these examples” and let S(x) be the 
predicate” x has arguments that are not arranged in regular order like the ones 
that I am used to”. Then premise 2 can be stated in symbolic language as  x, 
R(x) S(x) 

 
 3. x, if x is an easy example then x is an example that does not give me a  head 
ache. 

Let T(x) be the predicate” x is an easy example” and let U(x) be the predicate” 
x is an example that does not give me a head ache”. Then premise 3 can be 
stated in symbolic language as  x, T(x) U(x) 

 
4. x, if x is an example that has arguments not arranged in regular order like the 

ones that I am used to then x is an example that I can’t understand. 
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Then premise 4 can be stated in symbolic language as  x, S(x)   ~Q(x) 
 
1.  x, if x is an example that does not give me a head ache then x is an example 

that I work without grumbling. 
     Then premise 5 can be stated in symbolic language as  x, U(x) P(x) 
 
In summary the given premises, in symbolic form, are 

1. x, P(x) Q(x) 
2. x, R(x) S(x) 
3.   x, T(x) U(x) 
4.   x, S(x)   ~Q(x) 
5.   x, U(x) P(x) 
 

Step 2: Applying logical rules of inference. 

 
For a particular but arbitrarily chosen value a of the variable x these premises are 

1.  P(a) Q(a) 
2.  R(a) S(a) 
3.  T(a) U(a) 
4.  S(a)   ~Q(a) 
5.  U(a) P(a) 
 

It is at this stage that students need to look at the given conclusion “These 
examples are not easy” because this is what needs to be proved. This is done by 
finding the correct order in which the above statements must be connected using 
logical rules of inference. 
 
Starting at 2 we have R(a) S(a) and from 4 we have S(a)   ~Q(a).  
We get ~Q(a)   ~P(a) by taking the contra-positive of 1 and then ~P(a) ~U(a) 
by taking the contra-positive of 5. This leads to ~U(a) ~T(a) by taking the 
contra-positive of 3. Combining these result in R(a)   ~T(a), by the logical rule 
Hypothetical Syllogism. 
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The order in which the premises are used to reach the conclusion is 2, 4, 1, 5, and 
3. The premises could also be used in the order 3, 5, 1, 4, 2 to reach the conclusion 
T(a)   ~R(a) by the logical rule Hypothetical Syllogism. The required answer is 
obtained by taking the contrapositive of T(a)   ~R(a). 
 
Step 3: Translating from formal language to informal language, that is, into 

ordinary English. 

  

For any arbitrary x we have  x, R(x)   ~T(x), that is,  x, if x is one of these 
examples then x is not an easy example.  
This translates back into “These examples are not easy” as required to show.  
Evaluate results: Practice problems for individual work by students. 

 

To test whether students could apply the 3-step strategy discussed above, they 
were given the following arguments taken from Epp (2003) with the instruction 
to show that the conclusion follows logically from the given premises.  
 
(a) 1.         I trust every animal that belongs to me. 

2.         Dogs gnaw bones. 
3.          I admit no animals into my study unless they will beg when told to 

do so. 
   4.          All the animals in the yard are mine. 
  5.          I admit every animal that I trust into my study. 
  6.          The only animals that are really willing to beg when told to do so 
are dogs. 
              All the animals in the yard gnaw bones. 
 
(b) 1. No birds, except ostriches, are nine feet high. 
 2. There are no birds in this aviary that belong to anyone but me. 
 3. No ostrich lives on mince pies. 
 4. I have no birds less than nine feet high. 
             ∴  No bird in this aviary lives on mince pies. 
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(c) 1. All writers who understand human nature are clever. 
 2. No one is a true poet unless he can stir the hearts of men. 
 3. Shakespeare wrote Hamlet. 
 4. No writer who does not understand human nature can stir the hearts 

of men. 
 5. None but a true poet could have written Hamlet. 

  ∴  Shakespeare is clever. 
 

Some students started to work on the problems during their lunchtime break. It 
was fortunate that the class had a two hour tutorial after lunch. This allowed the 
class to continue working on the problems. 
On arriving for the tutorial class, I unexpectedly found one student standing in 
front of the class explaining her solution to the argument in exercise (a) to her 
fellow students. I asked her to continue and sat at the back of the class as an 
observer. I was very excited to see how this student was able to apply the three -
step strategy successfully. I immediately asked two students to take a snapshot of 
the solution. This is shown in Figures 1(a) and (b).  
 

 

 
Figure 1(a):  Part of student three -step strategy 
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 Figure 1(b):  Part of student three -step strategy 
 
 NEXT STEPS 

The solution of one of the exercises illustrated above, has been presented 
correctly on the chalkboard by a student. It shows that the instructional strategy 
could be applied successfully by this student.  
It was further shown in the strategy that the use of symbolic logic is a useful tool 
in assisting students to interpret conditional universal quantified statements as 
they appear as premises (expressed in everyday English statements) of arguments. 
This is supported by a study by Cheng, Holyoak, Nisbett, and Oliver (1986) in 
which it was found that when students were provided with the rules of formal 
logic, examples, and an explanation tying the abstract rules to the interpretation 
of the examples, the percentage of errors that students made in interpreting 
conditional statements was significantly lower for students who were trained with 
only abstract rules or with only examples. Much more work needs to be done to 
ensure that many more students, if not all of them, can apply this strategy 
successfully. A similar strategy should be developed for arguments with premises 
that are bi-level quantified statements involving both universal and existential 
quantifiers such as the ones mentioned in the introduction. In a follow-up study 
the way that symbolic logic is used as explained above, will be contextualized 
with actual mathematical content from various courses, e.g. calculus, linear and 
abstract algebra, etc. It is envisaged this study will contribute to a better 
understanding of how the teaching of formal logic can increase students’ ability 
to prove or to understand proofs. This is in line with the suggestion of Hanna & 
de Villiers (2007). 
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PROBLEM SOLVING IN MATHEMATICS AND 

PROGRAMMING: ARE THEY COMPLEMENTARY? 

              Apostolos Giannakopoulos and Alfred Coleman             
University of South Africa 

 

The importance of problem solving in general cannot be disputed. Governments 

around the world have enshrined problem solving in educational policies 

acknowledging thus problem solving as one of the critical outcomes especially of 

higher education. Is knowledge of Mathematics a pre-requisite to the learning of 

programming? The answer is inconclusive. What cannot be disputed is that both 

subjects are about problem solving. If Mathematics is part of our culture, though 

it is culture independent, its interrelatedness to Programming gives rise to a 

powerful tool which can contribute to the betterment of human kind. One of the 

greatest advantages of programming is that of solving generalized problems with 

numerical solutions thus complementing Mathematics. Mathematics educators 

then could reinforce the importance and understanding of Mathematics if they 

relate various algorithms to algorithms in programming used in the design to 

solve problems in a computer, and highlight the value of programming.  

  

Keywords: Mathematics, Programming, Problem solving.  
 
MATHEMATICS AND PROGRAMMING: A POWERFUL TOOL TO 

SOLVING WORLD PROBLEMS 

Solving problems in everyday life has become more of the norm rather than the 
exception as we have moved from an industrial economy to a knowledge 
economy. The problems have not only increased but they have also become more 
complex, more ‘ill structured’ (Sigler & Tallent-Runnels, 2006) which 
characterise real world problems.  Therefore, the way we go about solving 
problems has also changed. When it comes to solving problems with numerical 
solutions, it is what makes Mathematics and Programming to be symbiotic in 
nature. It can be argued that Programming has the power to simplify the solution 
to numerical problems with its speed, accuracy and consistency. So if 
Mathematics is a part of a culture then Programming plays an equal part. This 
paper aims not only to highlight the significant role that Mathematics plays in the 
learning of programming, a subject with very low pass rates (about 32% in the 
first year of study), but Programming in return extends the limits of solving 
numerical problems.    
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Many authors (Ku, Lee & Ellis, 2017; Williams, 2002; Halpern, 1997, 2017; 
Jeong, 2015) agree that an overwhelming factor that contributes to success in a 
tertiary institution is the ability to think critically and solve problems. Halpern 
(2017, p. 668), an expert in critical thinking, recently stated that “I cannot imagine 
any topic more critical to the future of the world than the development of critical 
thinking skills.” The author further states that such skills can be learned and used 
in novel situations (p. 668). Kup et al. (2017, p, 54) on the other hand claim that 
“Knowledge alone is no warranty of good thinking; critical thinking is what 
provides us with the tool of logic and the proper intellectual attributes we use to 
guide our beliefs and actions.” In South Africa, the White Paper on Further 
Education and Training (Government Gazette No 6140, 1998) emphasizes the 
importance of problem solving as one of the critical outcomes of higher education 
while SAQA (South African Qualifications Authority) (SAQA, 1997) in the 
Government Gazette lists critical thinking and problem solving among the seven 
critical outcomes.  
Accepting that the ability to solve problems is an important skill necessary to face 
the ever changing world, we have to classify problems into categories such as ill 
structured and structured problems. It can be argued that knowledge of solving 
structured problems is a pre-requisite for solving ill structured problems. But to 
solve any type of problem it presupposes that a certain amount of knowledge is 
necessary. On the one hand there are different types of knowledge (e.g. 
conceptual, procedural, declarative, strategic, schematic and variations of them) 
and how well one knows something (deep or surface learning), on the other hand 
knowledge could be general or domain specific. In this case there is still no 
conclusive evidence as to whether knowledge can be transferred from one domain 
to another even though the two settings could be relatively similar (Jenkins, 
2002).   
It is accepted though by a number of authors (Maclellan, 2005; Billing, 2007; 
Kaminski, Sloutsky & Heckler, 2009; Perkins & Salomon, 1989; Sternberg & 
Zhang, 2001) some transfer always takes place. Halpern (2017, 668) on the other 
hand confirms her previous idea (Halpern, 1997) that “far transfer (transfer 
between disciplines) can occur when instructors teach for transfer.” In this case, 
one cannot teach Mathematics and hope that such knowledge can be transferred 
(far transfer) into Programming. Macllellan (2005) also states that it is the degree 
of transfer that differs. Accepting that Mathematics is associated in its entirety 
with problem solving, it is presupposed that the successful problem solver 
possesses the necessary cognitive functions and knowledge and skills to solve the 
problem. Mathematics has been with us for centuries. Programming on the other 
hand, which is also about problem solving (Jenkins, 2002; Robins, Rountree & 
Rountree, 2010; Sternberg & Zhang, 2001), has only been with us for a relatively 
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short time. In order to draw a comparison, it is necessary to understand what we 
mean by problem solving. 
 
PROBLEM SOLVING IN MATHEMATICS AND PROGRAMMING      

Psychology (cognitive, educational) and other subject specific sciences such as 
Mathematics have made enormous progress with respect to understanding the 
phenomenon of learning and problem solving.  They recognise that problem 
solving is essential for all learners especially complex problems (De Corte, 
Verchaffel & Masui, 2004; Gareth, Weiner & Lesgold, 1993 cited by Sigler & 
Talent Runnels, 2006, p. 267). From a Mathematics perspective, it was Polya 
(1973) who introduced a systematic way of solving problems, the four step 
approach: 
Step 1:   Understanding the problem 
Step 2: Devise a plan 
Step 3: Carry out the plan 
Step 4: Looking back (evaluating) 
Polya’s idea was further modified by a number of authors (Sternberg & Williams, 
2002; Bransford & Stein, 1993; Hayes, 1989) and Sternberg (2003, 361) proposed 
a more comprehensive model (see Figure 1). 
The various actions have been sequenced from 1-7 but the problem situation will 
dictate in the end the order (Sternberg, 2003). It might even be necessary to go 
backwards and forwards, skip a step or change the order.  Comparing Polya’s 
conceptual model and this model the similarities are obvious. Steps 1 and 2 
correspond to step 1 of Polya, step 3 as step 2 of Polya, steps 4 and 5 as step 3 of 
Polya and step 7 as that of step 4 of Polya.   
 
 
 
 
 
 
 
,  
Figure 1:  Problem solving adapted from Sternberg (2003: p. 361) 
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Briefly, the first step sometimes (if not most of the time with respect to 
mathematics or programming) is why problems are not solved.  The importance 
of recognising the problem is underestimated (Boostrom, 1996). 
Misunderstanding of the problem obviously cannot lead to its solution. 
Giannakopoulos (2012, p. 91) states: “The secret of problem solving lies on the 
ability of the solver to see the simplicity of a simple problem and the complexity 
of a complex problem.” Be it a complex Mathematics or Programming problem 
the student could give a very simple solution. Assuming that the problematic 
situation has been identified then the problem must be clearly defined (sometimes 
re-defined) and represented in a solvable form.  
In step 3 a strategy must be formulated to solve the problem.  It might require 
analysis where sub-problems can be formulated or synthesis, whereby individual 
parts can be put together or it might involve both.  This is equally true in 
Programming. In order to solve a complex problem, it has to be broken down to 
various components (subroutines, objects). A novice, inexperienced programmer 
tends to look at for ‘short cuts’.   
Steps 4 and 5 refer to preparation for solving the problem. Then the various 
resources necessary (mental, physical) are examined and it is established which 
are needed and then allocated. Steps 6 and 7 are crucial in solving a Mathematics 
or a Programming problem. During the solution of the problem, it is necessary to 
monitor the path that is followed and not when the end of the process is reached. 
In Programming every step should be tested for bugs. Haland (2016) and El 
Zakhem and Melki (2013) stress the importance of aiming for a program bug free 
in every step. Looking for a bug once the program is completed could be a time 
consuming and costly exercise. 
Finally, once the solution has been reached, it has to be evaluated for consistency, 
if it makes sense and so on.  It is possible that evaluation might have to occur at 
a later stage (Sternberg, 2003). In Programming, the evaluation can be considered 
to be very simple. We just run the program by typing ‘Run’! It will either do what 
it was designed to do or do ‘nothing’ or even produce ‘garbage’ (garbage in 
garbage out!). Even when the program works it is necessary to test it for all 
possibilities. For example, it might work for any number except for zero.   
Polya’s (1973) and Sternberg’s (2003) methods are good examples of the 
connection between knowledge and cognitive skills.   
A simple problem can be solved using a simple method as it requires minimum 
knowledge and minimum cognitive skills.  A complex one will require more 
knowledge and more cognitive skills.  The challenge remains: to see the 
simplicity in the simple and the complexity in the complex (Giannakopoulos, 
1991).  And that is an extra ability that should be enhanced in learners.  
Giannakopoulos (2012) questioned the prevailing agreement between researchers 
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that problem solving is a process. He argued that if it is just a process then 
emphasis is placed on the process and not also on the outcome of the process. 
What is the point of designing a number of correct steps that do not lead to the 
solution? Be it Mathematics or Programming, arriving at a reliable and valid 
solution is of equal importance as the (correct) processes used. The product of 
problem solving is, problem solved.  
Giannakopoulos (2012) claimed that failure to solve Mathematics problems could 
be attributed to a great extent to proceduralising problem solving. ‘If you do steps 
1-5 you will solve the problem’! However more often than not, the problem is not 
solved. Procedularising problem solving encourages ‘surface learning’; void of 
any understanding. A procedure should be a product of deep understanding and 
not a ‘short cut’. And Programming contains a lot of interconnected procedures.  
 
TOWARDS A NEW MODEL IN PROBLEM SOLVING 

Giannakopoulos (2012) introduced a new model for problem solving which was 
applied in the teaching and learning of Mathematics. The main constructs were 
critical thinking, Mathematics content and application (see Figure 2). 
Accepting that the teaching and learning of Mathematics is a complex problem, 
it requires a method that identifies the main constructs and their relationships 
(CK, CT, and AP), the various factors that give rise to the constructs, and all 
contribute to performance in Mathematics. Such problems can only solved using 
Structural Equation Modelling (SEM) where one of the most important 
advantages of SEM is that a construct can be used as a dependent as well as an 
independent variable. For a detailed discussion on SEM the reader can refer to 
Ullman and Bentler (2004). Giannakopoulos (2012) found that Mathematics 
content and applying knowledge acquired critical thinking. Furthermore, he 
found that knowledge of content is necessary. But such knowledge consists of 
declarative, ‘that’, (facts, definitions, descriptions), procedural, the ‘how’ 
(sequencing, producing rules), schematic, the ‘why’ (principles, schemas, mental 
models), strategic, the ‘what’, ‘where’, ‘how’ (strategies, domain specific 
heuristics) and finally conceptual knowledge (Shavelson, Ruiz-Primo & Wiley, 
2005). The last type is knowledge of all concepts that make the structure of a 
domain. 
Giannakopoulos (2012, 1991) states that concepts form the heart of any discipline 
(subject). Briefly, concepts are divided into abstract and concrete and are either 
primary (like the word ‘red’) or secondary (like ‘colour’). It is the secondary 
concepts that are problematic. Through thinking the relationships between 
concepts are established and combined with principles form the structures of 
knowledge and skills. Knowledge and skills are used to solve problems 
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Figure 2:   A theoretical structural equation model for problem solving (Giannakopoulos, 
2012, p. 26) 

.  
The above way of concept acquisition could be used in the learning of any subject, 
though it was designed for Mathematics. Its strength lies on the fact that it is not 
difficult to apply and can form the basis for the design/ modification of any 
subject. Programming is also a subject that is characterised by concepts and 
procedures and structure (s) and therefore when one investigates the learning of 
programming the above idea could be adapted in investigating the problem of 
programming.  It can be argued that a computer program is dynamic and this extra 
property of programming makes it in a way unpredictable compared to the 
relatively static nature of mathematical problem.  
A very important aspect that arises from the above model is the connection 
between mathematical knowledge and critical thinking with application. 
Application requires critical thinking and content knowledge. Application is 
closely related to transfer of knowledge. 
Transfer of knowledge 

When we deal with transfer of knowledge normally it implies either that 
knowledge gained in a part of a domain it can be transferred either within the 
domain or outside that domain. Obviously ‘something’ is transferred. Various 
authors highlight the different types of transfer. Larkin (1989) cited by Maclellan 
(2005, p. 152) sees transfer as the use of old knowledge to new situations. Gick 
and Holyoak (1987, cited in (Billing, 2007) state that ‘‘Transfer is a phenomenon 
involving change in the performance of a task as a result of the prior performance 
of a different task.” Billing (2007) goes as far as to state that problem solving, 
learning and transfer are similar cognitive activities.  It is generally accepted that 
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the ‘something’ that is transferred could be in form of training (which includes 
some gain in knowledge and skills) or knowledge and skills. Maclellan (2009) 
adds a new dimension that of ability to generalise specific learning and apply it 
in other similar or new situation.   
Transferring a skill (which could be of physical or cognitive nature) the 
assumption is that it is ‘perfect’, not defective, if successful transfer is to take 
place. For example. if a learner used incorrectly a formula to solve a problem and 
is not aware of it, he/ she will not solve a similar problem successfully. 
Furthermore, the person must see the analogy or dissimilarity between situations. 
One can use successful solution of a problem with successful transfer. Having 
though a “perfect” skill, having learned something, does not imply successful 
transfer (application) will take place (Kaminski, Sloutsky & Heckler, 2009).  
Billing (2007), having reviewed the literature on transfer since 1980, tried to 
establish if there are general and specific skills that are transferable and whether 
such transfer can take place within a domain or across domains. A typical 
example could be someone being able to solve a quadratic equation. Could he/ 
she solve equations that are essentially quadratic (he/ she has to simplify first to 
see if it is or is not) in Mathematics (any section such as Algebra, Geometry and 
Trigonometry all contain quadratic equations) and analogous problems in Physics 
(e.g. s2+ 3s – 5 = 0, a problem in linear motion), in Chemistry rates of reaction 
that contain quadratic equations and so on? For programming, is it a good 
assumption that someone that is good in Javascript, could be equally good in C++ 
or Python or whatever other programming language?    
Billing (2007) arrived at the following conclusions: 

1) Transfer either within a domain or different domains can take place if general principles 
of reasoning are taught together with self-monitoring practices and potential 
applications in varied contexts (Perkins & Salomon, 1989).  

2) Billing (2007) cites some authors who encouraged adaptive and developmental 
learning. i.e. teach all necessary knowledge and skills to perform specific tasks but in 
different contexts while he found others to promote a narrow view (i.e. early 
specialisation). 

3) Transfer depends on: The way an item is encoded; the way information from old      
situations is organised; discrimination of items; and whether a person has a mental set 
to achieve transfer (Sternberg & Zhang, 2001). 

4) Transfer involves both transfer of principles (which is relatively easy, as it involves 
only understanding), and transfer of dispositions (which is more difficult, as it involves 
learning conceptual change) (Bereiter, 1997).  

5) Transfer of knowledge and procedures learned through instruction occurs far less often 
than educators hope; and that there are three components involved in transfer: the 
learner, the content and the context (Billing, 2007).  

6) Existing theories of transfer have concentrated on acquired knowledge, rather than 
focus more on productive practices of learning and the use of the outcomes of prior 
learning in a variety of cultural educational contexts, usinghe results of prior learning 
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in novel situations (Hatano & Greeno, 1999). Hatano and Greeno (1999, p. 650) 
conclusions are in in line with the situated cognition view on transfer which is: 

‘‘Transfer occurs fairly often, if it is continuously supported socio-
culturally...Whether a learner can use what he or she has learned to solve new 
problems. depends on the situations in which the new problems are presented. The 
discourse practices involved in an activity setting are likely to be an important 
factor in supporting or inhibiting transfer.’’ 

Whether knowledge is specific or general, one of the factors that enables the 
transfer of knowledge from one situation to another is understanding.  
Understanding is directly related to learning which could be ‘surface/ rote 
learning’, memory based or ‘deep learning’, learning with insight, 
conceptualising (Folk, 2006).  For Folk (2006) understanding is both a mental 
process and a mental product.  In the former case it is the ability to think and act 
flexibly with what one knows (Perkins, 1994 in Folk, 2006).  In the latter case, it 
means that one has knowledge of the structure of the topic, the structure’s 
purpose, and why it serves that purpose (Perkins, 1986 in Folk, 2006).   
 
APPLYING MATHEMATICS PROBLEM SOLVING PRINCIPLES IN 

PROGRAMMING 

When we solve problems in Mathematics they tend to be structured problems. 
They have a predetermined starting point (initial state), a path to follow (inter 
mediate state) and an end (goal state).  Sternberg and Ben Zeev (2001) and 
Sternberg (2001) state that well-structured problems are “those that have at least 
one clearly specified path to solution, whereas, ill structured problems lack such 
specificity.”  Many ill structured problems are called insight problems (Sternberg 
& Williams, 2002). Such problems do not have a specified initial state or an 
intermediate state. Some structured problems share the same characteristics 
(isomorphic) others are difficult to represent or to model in our minds and find a 
solution for them. The amount of knowledge necessary to solve a problem also 
plays a role but it is not connected directly with the ease or difficulty in solving 
the problem.  Isomorphic problems share the same structure but differ in content. 
A very important observation by Green and Gillhooly (2005), was that it is 
difficult to observe the underlying structural isomorphism of problems and being 
able to apply problem solving strategies from one problem to another. These types 
of problems could also be called analogical problems (Vaughn, 2008). Then we 
get the complex problems.  
The ability to see analogy between problems could be a very important cognitive 
skill in seeing similar analogies in various segments of codes. One can consider 
segments of a program as basic and necessary steps towards solving a 
programming problem. Green and Gillhooly (2005) and Halpern (1997) say that 
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analogies have been used in science to develop understanding especially of 
problems structurally similar but in different knowledge domains.  
Complex problems solving involve many simple and or analogical problems that 
must be solved in a certain order in an inductive or deductive way depending on 
the type of problem.  Simple and analogical problem solving approaches require 
small amounts of knowledge and lower order cognitive skills (Green and 
Gillhooly, 2005).  Complex problem solving requires creative, flexible and often 
unusual and not (totally) approved treatments that draw on a broad understanding 
of the system and holistic thinking (Steiner, 2006). Therefore solving 
mathematical problems it enhances the development of higher order cognitive 
skills which become in a way a habit. Such habit could be transferred to 
programming.   
Jenkins (2002) describes programming as a complicated business. Programming 
is not just about producing program code. It requires many skills and problem 
solving and some idea of the mathematics underlying the programming process 
are essential. The author states that even that is not enough. “A programmer must 
be able to use the computer effectively, must be able to create the program in a 
file, compile it, and find the output.” (Jenkins, 2002). Then the program must be 
tested, and bugs found and corrected. What this statement indicates is that it is 
not only general or mathematical problem solving skills are necessary but there 
are also particular to programming skills that are necessary. 
Mathematics can be considered also as a superstructure that is comprised of many 
sub structures. Doing Mathematics teaches one to place various aspects in a 
hierarchical position and understand the interconnections between the various 
concepts. It requires conceptual understanding. Mathematical concepts as a rule 
are abstract concepts. Giannakopoulos (1991) explained that understanding of 
mathematical concepts is due concretisation of such concepts. These concretised 
concepts are used as the foundation for the formation of new abstract concepts. 
One can draw an analogy between Mathematics structure and a program. A 
program by its nature is a structure and consists of different substructures. A 
structure has to be constructed according to specified criteria. For example, a steel 
structure and a concrete structure require different specifications.  It can be argued 
that the better the understanding of a structure the greater the possibility of one 
being able to use it to solve problems. 
Is it possible that programing structure could be more complex and require more 
complex high level cognitive activities than Mathematics? A part of Mathematics 
that is taught at high school level is Geometry. Geometry is the closest one can 
come to programming for a number of reasons. For example, words must be 
converted to diagrams, use of theorems and axioms, synthesis and analysis and 
so on. It is used as an analogy because a novice programmer who studies 
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programming at first year university, probably just finished high school and 
although he/ she might have some knowledge of what to do with a computer and 
probably how to use it, is hardly sufficient to learn how to do programming.  This 
is not different to Grade 7 learner who starts learning proofs and solving riders in 
Geometry. Geometry is also considered as one of the most difficult sections in 
Mathematics at high school level. Why is this the case? Simply because when one 
is faced with a rider (a Geometric problem), the first prerequisite is that he/ she 
must understand all the theorems and axioms up to that point. All riders require 
knowledge of these. The second prerequisite is he/ she must devise a plan to solve 
the rider. To do that he/ she must know where to start, what theorems and axioms 
to use, how to relate them, how to justify why he/ she is using those theorems and 
axioms, develop a strategy which could lead to the solution of the rider. 
In programming, analogical steps have to be taken. Assuming the student has 
knowledge all the necessary constructs, it is necessary to translate the problem to 
be solved into an algorithm. Here he/ she must choose the appropriate constructs 
and know how they are related. Every construct serves a specific function in the 
program. Therefore, it is necessary for him/ her to know how these constructs are 
related. Then he/ she must decide what is the best route to solve the problem. 
Only then he/ she will be able to convert the algorithm into code and design the 
program.  
The school system as it is in a way promotes linear thinking, which requires one 
to think of one thing at a time. But both subjects require application of all types 
of knowledge simultaneously in such a way thinking has become automatic, 
requiring minimum cognitive load. But it is only the experts that can operate that 
way and students are far from experts. It is estimated that it takes about 10 years 
of programming experience to become an expert (Robins, Rountree & Rountree, 
2010). How long will it take for one to become expert in Geometry? I can only 
speak from personal experience. If we include the high school years it will take 
approximately the same number of years.  
The above exposition highlighted a lot of similarities between the learning and 
doing Mathematics and programming. The question now to be answered: Based 
on the above arguments does knowledge of Mathematics and thus problem 
solving has an effect on the learning of programming which in essence is also 
about problem solving? Does programming add to problem solving in 
Mathematics? The third which could be a null hypothesis that there is no 
connection between Mathematics and programming is equivalent to Mathematics 
is not a necessary, never mind sufficient, for the learning of programming. 
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SHOULD MATHEMATICS BE A PREREQUISITE TO THE LEARNING 

OF PROGRAMMING?         

This question has been with us since the conception of programming. Over the 
years research done on this question arrived at inconclusive results. There are as 
many studies pro Mathematics as there are against Mathematics. At Unisa, an 
ODL institution, has gone through both phases. Currently, there is an attempt to 
remove Mathematics as a prerequisite for programming, especially for the 
Diploma courses. The argument lies mostly on the fact that less students do 
programming and this is due to the fact that they did not do Mathematics at Grade 
12. Also programming lecturers do not see use of Mathematics in their course. 
The counter argument here could be: Is it possible for a programmer to write a 
program in accounting if he/ she has no knowledge of accounting? One though 
has to move away from perceptions and concentrate on the essence of problem 
solving and whether transfer of knowledge within a domain or from one domain 
to the next is possible. 
At Unisa, there are two fields of study, the academic (Degrees) and the vocational 
(Diplomas).  With respect to degrees in Computer Science the need for having 
Mathematics as a prerequisite cannot be disputed because Mathematics is 
involved. For the Diploma courses where the students do Javascript and Web 
Design could be argued that there is not much Mathematics involved. But 
Mathematics as a subject taken up to Grade 12 level has an effect on the cognitive 
development and thinking abstractly, a high level of thinking. As a result, various 
skills are developed such as accuracy, precision, critical thinking, problem 
solving techniques, and how to use knowledge to apply it in different settings. 
These cognitive abilities develop in a natural way when one is Mathematising, 
learning Mathematics.  
To learn programming, all these cognitive abilities, if they do not exist, they have 
to be developed. It is possible they can develop with instructional design. That is, 
all the cognitive skills necessary for programming, have to be incorporated in the 
design of the course. Therefore, in a way, pre-programming instruction is 
necessary, so the necessary thinking tools and procedures will be learned before 
any programming takes place. Of course that will imply lengthening the 
curriculum. On the other hand, if a student in programming already possesses 
these necessary skills on the one hand will assist the student in programming and 
as he/ she is moving towards becoming an expert, the student will begin inventing 
new ways of problem solving which could be added to his/ her existing methods 
of problem solving. This means, while initially is dependent on problem solving 
skills from Mathematics, then he/ she will increase the Mathematical problem 
solving ability thus complementing Mathematics.  
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If problem solving Mathematics abilities can be transferred to programing 
problem solving, so can new developed programming problem solving abilities 
be transferred to Mathematics solution of problems. It is not the content that is 
transferred but cognitive abilities.  
 
CONCLUSION 

Mathematics and Programming are essentially about problem solving. They are 
symbiotic. The fact that doing Mathematics promotes high level thinking skills 
like critical thinking and critical thinking skills such as problem solving, it can 
only assist the student in Programming to solve problems in Programming. Once 
the student has developed such programming skills he/ she can become 
innovative and creative which will complement the Mathematical problem 
solving skills. Using Mathematics as a prerequisite in Diploma courses can only 
be to the advantage of the student. A very important recommendation that can be 
made is that Mathematics teachers not only should make Mathematics accessible 
to all but also continuously relate Mathematics to real life situation and promote 
the significance of Programming which extends numerical solutions. 
Programming on the other hand, not only makes use of Mathematics and various 
cognitive functions like critical thinking, but it also enhances such functions. 
Mathematics and Programming are symbiotic that is interdependent, mutually 
beneficial, and synergetic.  
.  
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DE-SCRIBING THE DESIGN OF THE ‘DISCRIMINANT’: A 

CONVERSATION ANALYSIS OF A TEACHER’S LOCAL 

PRACTICES 

Faaiz Gierdien 
Stellenbosch University 

 

This report explores the notion of ‘de-scribing’ the design features of a 

spreadsheet algebra program (SAP) called Discriminant as a way to highlight a 

teacher’s local practices. ‘De-scription’ refers to instances where potential users 

interact with the design features or ‘inscriptions’ of Information and 

Communication Technologies (ICTs). The context is a small-scale professional 

development initiative in which a group of high school teachers interacted with 

various SAPs. The investigation was conducted through applying conversation 

analysis to selected transcriptions of conversation excerpts between a 

mathematics teacher educator and a mathematics teacher with a focus on the 

SAP. The report concludes by highlighting the challenges of aligning and 

simultaneously exploiting boundary encounters that relate to the teacher’s local 

practices in relation to the use or intended use of ICTs designed in ways that aim 

at enhancing the teaching and learning of particular school mathematics content.  

 

INTRODUCTION  

The purpose of this report is to highlight a teacher’s ‘local practices’ using the 
notion of ‘de-scription.’ The context is a small-scale professional development 
initiative with teachers, who, as potential users, interacted with the ‘inscriptions,’ 
i.e. the inscribed design features of different spreadsheet algebra programs 
(SAPs), as an instance of the application of information and communications 
technologies (ICTs). The teachers work in high schools located in historically 
disadvantaged areas in the greater Cape Town area. The particular SAP – 
Discriminant – (see Figures 1, 2 and 3) has design features that aim at deepening 
understanding of mathematical symbols associated with the discriminant peculiar 
to quadratic theory. Its design is in the form of connected or linked graphical, 
tabular and symbolic representations, akin to Bruner’s (1966) ‘enactive, iconic 
and symbolic’ representations. These design features are in line with the view that 
secondary mathematics is a mass of conceptual material that has to be mastered 
through ‘deepening mathematical thinking’ (personal communication, Cyril 
Julie) involving ‘immersion, and intense familiarization’ (Teese, 2000, p. 181). 
The data incident that will be analysed is one of several in which I became more 
aware of how the teachers were talking about their work in relation to different 
SAPs. 
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For the purposes of this report, the interactions with the teacher, presented as data, 
are in the form of selected transcriptions of conversation exchanges between the 
teacher, and myself as a mathematics teacher educator with Discriminant as the 
focus of conversation. In the schools where the teachers work the lack of 
availability, use of and familiarization with ICTs for mathematics teaching reflect 
a policy in which there is a ‘deep realisation that the implementation of an ICT-
driven school mathematics curriculum will be hampered by resource constraints’ 
(Julie, Leung, Thanh, Posadas, Sacristán, & Semenov, 2010, p. 369). This 
situation means that using the TPACK (technological, pedagogical and content 
knowledge) (Koehler & Mishra, 2009) framework per se is not a fruitful way to 
go. Also, from my observations, I have not seen the participating teachers use 
ICTs in any of the school computer rooms for the purposes of mathematics 
teaching and learning per se. However, I have seen instances where the teachers 
use laptops to display and work through National Senior Certificate (NSC) 
Mathematics examinations papers (‘past papers’). An analysis of the data 
incident, therefore, has implications for mathematics teacher educators and ICT 
enthusiasts who intend to use or who are using ICTs for professional development 
purposes.  
First, the report states a focused problem statement with related research 
questions. This is followed by a review of the literature on boundary objects in 
relation to design aspects, boundary encounters peculiar to professional 
development and particular ‘applied’ conversation analysis tools. Together these 
strands from the literature frame the issues necessary to illuminate the different 
theoretical ideas in the above and to analyse the selected transcriptions of the 
conversation excerpts thereby explicating the notion of ‘de-scribing the design of 
Discriminant.’ 
 

PROBLEM STATEMENT AND RESEARCH QUESTIONS 

The problem statement has different ‘layers’ related to interactions between 
myself as the mathematics teacher educator, the teacher(s) and Discriminant (see 
Framing issues below). A mathematics teacher educator conversing with a 
teacher, with a focus on an SAP (or another type of ICT) with design features 
informed by the research literature constitutes a boundary encounter between two 
discursive practices – university-based mathematics teacher education and school 
mathematics teaching. During such a conversation, there are opportunities for the 
mathematics teacher educator to gain insights into what the teacher does at the 
classroom level. In particular, there are moments when the teacher ‘sees’ the 
designer’s ‘inscriptions’ (Akrich & Latour, 1992, p. 259) ‘inscribed’ in the SAP 
– Discriminant in this case – as a teacher or as a mathematics teacher educator 
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(Coulter & Parsons, 1990, p. 259; Sharrock & Coulter, 1998). In this instance 
‘affordances’ (Fallan, 2008, p 64; Gibson, 1986; Greeno, 1994) refer to whatever 
it is about the environment (the data incident) that contributes to the kinds of 
interactions that occur. In addition, Discriminant with its particular design 
features can be viewed as a boundary object, which the teacher is bound to 
compare with other boundary objects that structure his/her work in the school. 
Historically speaking, the teachers in this initiative do not work in a risk-free 
environment (see Boardman & Woodruff, 2004; Labaree, 2011), meaning that 
they will want to see how and where any SAP connects with the high-stakes NSC 
Mathematics examinations. Also, with Discriminant as a repository of research 
knowledge, the mathematics teacher educator will have to look for opportune 
occasions to learn what it takes to mediate between different types of boundary 
objects that can surface in the conversation and beyond. Simultaneously in these 
situations, the mathematics teacher educator has to guard against promoting a 
deficit view of the teacher(s) (Ponte, 2009). ‘De-scription’ in these instances 
refers to the opposite movement of the designer or engineer’s ‘script’ (Akrich, 
1992, p. 208; Fallan, 2008), which represents the way the SAP ‘looks’ or appears. 
Put differently, ‘de-scribing’ is about what happens when potential users interact 
with Discriminant as in this case. The main research question for this report is: 
How useful is the notion of ‘de-scribing’ when it comes to illuminating this 
teacher’s local practices in relation to the design of Discriminant? The sub-
questions are: 

 What is meant by teachers’ or (the teacher’s) local practices? 
 What are boundary objects and a boundary encounter? 
 Which conversation analysis (CA) analytical tools are necessary to analyse 

the transcriptions of conversation excerpts?   
 

ON TEACHERS’ OR (THE TEACHER’S) LOCAL PRACTICES 

To understand the notion of ‘local practices’, the first question to ask is: why 
work with these teachers? The teachers in this project face specific challenges 
causing them to do their work in practical ways, intimately connected to the 
schooling system and its high-stakes NSC Mathematics examinations, for 
example. They are targeted (Labaree, 2011) more than teachers who work in 
schools in the leafy suburbs of the greater Cape Town area. For example, every 
year the spotlight falls on the latter regarding their leaners’ performance in these 
examinations, with an accompanying ‘media parade of top students’ (Teese, 
2000, p. 188), mainly from high socioeconomic status schools. This ‘targeting’ 
of the teachers (Labaree, 2011) can also be picked up in newspapers (Business 

Day, May 13, 2016). Some quarters consider these teachers from low 
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socioeconomic status schools as ‘just too badly educated themselves.’1 What is 
clear is that there is a pathology associated with the way these teachers are 
addressed.  

In the light of the above, ‘local practices’ refers to ways teachers do, 
understand and interpret their work at the local or classroom level and what they 
need to contend with. Teachers (or this particular teacher) have a ‘local 
rationality’ (Have, 1999, p. 186; Heap, 1990, p. 43), i.e. one that is inextricably 
and relentlessly bound to a ‘local contexture of relevances’ (Garfinkel & 
Livingston, 2003, p. 22). A mathematics teacher seeing the script configured in 
Discriminant might refer to the ‘matric paper’ (segment A, line 5) or want to write 
‘lead questions’ for her learners as way to deepen their understanding of the 
symbols for the purposes of highlighting a local relevance, viz., passing the high-
stakes NSC Mathematics examinations. The mathematics teacher educator, on 
the other hand, might view such actions as narrowing the script and take the 
conversation in a direction where the teacher might begin to ‘see’ the design 
features of the Discriminant in the same way as a mathematics teacher educator 
‘sees’ polynomial functions as a connection between the ‘straight line’ and the 
‘parabola.’  More importantly, ‘local’ means that mathematics teacher educators 
need to be aware of the heterogeneous grammars of activity and that within 
teachers’ local practices there are ‘patchworks of orderlinesses’ (Garfinkel & 
Livingston, 2003, p. 22). All the time in their local practices, teachers attempt to 
do their work in orderly ways by aligning different types of boundary objects that 
structure their work. What demands their attention will differ as the academic 
year progresses. An examination of the notion of boundary objects is thus in 
order.  

 
ON BOUNDARY OBJECTS, BOUNDARY ENCOUNTERS AND ‘DE-

SCRIPTION’ 

The meaning of the notion of ‘de-scription’ becomes clearer when viewed in 
relation to boundary objects and boundary encounters.  
References to ‘boundary objects,’ whether concrete or abstract (Bowker & Star, 
1999, p. 297) appear in the literature on mathematics teacher professional 
development (Cobb, et. al. 2019; Cobb & McClain, 2010; Johnson, Severance, 
Leary & Miller, 2014; Sztajn, Wilson, Edgington & Myers, 2014), and use of 
ICTs (Leung & Bolite-Frant, 2015; Leung, 2017). Star and Griesemer (1989, p. 
393), in their study of a museum, were the first to use the term ‘boundary objects’ 
to analyse interactions between different social groups. Bowker and Star (1999) 

                                           
1 http://sa-monitor.com/sa-schools-sadtu-dominion-bdlive-20-january-2016/ 

http://sa-monitor.com/sa-schools-sadtu-dominion-bdlive-20-january-2016/
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give the concrete example of specimens of dead birds and note that the ‘same 
bird’ had different meanings for amateur bird watchers and professional 
biologists. The ‘same bird’ appeared “in the middle of actors with divergent 
viewpoints” (Star, 1989, p. 46). In the transcriptions of conversation exchanges 
there is evidence of ‘boundary encounters’ (Sztajn, Wilson, Edgington & Myers, 
2014), because of the ways mathematics knowledge, for example, functions, and 
is represented and understood in the two discursive practices mentioned (see 
segment A, line 20).  
Repositories and ideal types are examples of two types of boundary objects (Star, 
1989). Discriminant is an example of a repository as well as an ideal type of the 
designer’s inscriptions regarding the teaching and learning of quadratic theory 
with a focus on meanings related to changes in the literal/numerical, tabular and 
graphical representations of the discriminant. It can also be likened to a kind of 
‘mathematics digital boundary object’ (Leung, 2017) that can be used to mediate 
different viewpoints, about functions, for example, among mathematics teacher 
educators and mathematics teachers. Past ‘matric papers’ are examples of 
concrete boundary objects that are repositories of mathematics knowledge that 
teachers use to prepare their learners for the high-stakes NSC Mathematics 
examinations. Teese (2000, p. 186) gives the examples of teachers in Australian 
private schools who use ‘manuals of questions and worked solutions.’ Similarly, 
in South Africa, there is an industry that produces ‘matric papers.’  
There are three reasons for showing Figures 1, 2 and 3, which are different 
screenshots of Discriminant. The first is to give the reader a picture of what the 
teacher (MT) was seeing and interacting with, during the conversation. Figures 2 
and 3 come from the same ‘sheet’ with Figure 3, showing different columns that 
are lower down on the same sheet/screen shown in Figure 2. These different 
columns are tabular representations showing numerical values of the quadratic 
function depicted in Figure 2. The second reason is to point out the inscribed 
epistemological as well as mathematical considerations (Leung & Bolite-Frant, 
2015, p. 194-6) in the design features. These aim at an intense familiarization, i.e. 
a deep understanding of relationships among the parameters a, b and c, in the case 
of the discriminant.  For example, in the fourth line from the top in Figure 1 the 
questions ‘How?’ and ‘Why?’ aim at engaging the user by drawing attention to 
the epistemic aspects of the design, i.e. deepening an understanding of the 
meaning and changes in the symbols. Other pedagogical considerations are the 
questions at the bottom of Figure 2.  These design features are also ‘instructional 
modes’ (Leung & Bolite-Frant, 2015, p. 197) that relate to Bruner’s (1966) 
‘enactive, iconic and symbolic’ representations. Enactive representations in 
Figure 1 are present in the ‘actions’ in the sixth line: ‘Enter values for a, b and 

c…’ Iconic representations refer to the graphical changes, while symbolic 
representation will be ‘language based’ (p. 197).    
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Figure 1: Screenshot of sheet 1 of Discriminant. 

 

 
Figure 2: Screenshot of sheet 2 of Discriminant.’ 
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Figure 3: Screenshot of sheet 3, showing tabular representations related to the graphical 
representations shown in Figure 2 

 
The third reason has mainly to do with the fourth table or column 4 in Figure 3, 
which the designer should have hidden from the user/teacher (Personal 
communication from Alwyn Olivier). Column 4 contains the y-values of the axis 
of symmetry (see -1 in column 3), which have been chosen randomly. When the 
teacher ‘sees’ the script in column 4 and comments on it, there is something to 
learn about the teacher’s local practices (see segment C).  
In summary, ‘de-scription,’ adapted from the literature on technical objects, is the 
‘opposite movement of the in-scription by the designer’ of Discriminant. In other 
words, it is a concern with what happens when the potential user interacts with 
this SAP. For the purposes of this report, ‘de-scribing the design of the 
Discriminant’ refers, in a broad sense, to the interactions represented in the 
transcriptions of conversation exchanges (segments A, B1, B2 & C), in which 
there are divergent viewpoints. 
ON APPLYING CONVERSATION ANALYSIS (CA) ANALYTICAL 

TOOLS 

CA as a discipline is concerned with discursive practices present in the 
‘sayings/tellings/doings of members of society’ (Psathas, 1995, p. 2), for 
example, mathematics teacher educators and school teachers. ‘Doings’ in CA 
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parlance include ‘embodied actions’ (Psathas, 1995, p. 47) such as pointing with 
one’s finger or entering a value on a computer screen using a keyboard.  In an 
applied sense, the CA tools – turns, sequence organisation, repair and epistemic 
order – are useful when it comes to analysing transcriptions of conversation 
excerpts. In this report, these tools are not the focus in and of themselves. They 
have methodological value in terms of dividing these excerpts into different 
segments, which can shed light on the unit of analysis, viz. the teacher’s local 
practice.  
In the transcriptions of conversation excerpts, turns are the instances where one 
person speaks at a time. Sequence organisation refers to ways successive actions 
or turns in a conversation can be ‘coherent’ or not (Schegloff, 2006). A 
conversation can seemingly go ‘off topic.’ Put differently, there can be sequences 
of utterances where ‘one thing can lead to another’ (Have, 1999, p. 113). Repairs 
(Pomerantz & Fehrer, 1997, p. 171) are those instances where one speaker fixes, 
modifies or corrects what she is saying. Epistemic order (Heritage, 2008) refers 
to orientations in the conversation where speakers position themselves relative to 
their respective discursive practices, viz. university-based mathematics teacher 
education and school mathematics teaching. The teacher, for example, may see 
how the design of Discriminant can help her learners with interpreting the 
‘parameters’ of the parabola (see segment B2, line 13). These tools are not easy 
to distinguish when they are being used in analysing the conversation excerpts. 
For instance, a turn can signal a repair or an epistemic order.  
 

FRAMING ISSUES 

Table 1 outlines different issues, presented in terms of five ‘layers’ that frame the 
data incident, based on the literature cited above. Showing the table has to do with 
guiding the reader on how the analysis proceeded. It has two broad categories, 
viz. descriptive/empirical and analytical levels (see far-left column). The middle 
column shows the different layers. At the descriptive level, there are interactions 
between myself as the mathematics teacher educator (TE), the mathematics 
teacher (MT), and Discriminant, which served as the focus of conversation. (see 
first row, layer 1). Layer 2 has details on the CA analytical tools that were applied 
to analyse the conversation excerpts. Layer 3 shows theory (boundary objects; 
boundary encounters) drawn from the professional development literature 
peculiar to the teachers’ local practices. Layer 4 has more theory at a general 
level, whereas layer 5 has current theory, for example, ‘tools’ (peculiar to the 
design of Discriminant).  
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Table 1: Skeletal outline of framing issues 
D

es
cr

ip
tiv

e,
 

em
pi

ric
al

 

le
ve

l 
Layer 1 Conversation and interactions between the teacher and myself, 

based on Discriminant.  
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Layer 2 Applying analytically distinguishable but interlocking CA tools 

of turns, sequence organization, repair and epistemic order 
helps in de-scribing and thus analysing conversation excerpts, 
which reveal details of the teacher’s local rationalities (Have, 
1999) and thus local practices. 

Layer 3 

Boundary objects: 
professional 
development 
literature peculiar 
to teachers’ local 
practices 

Interactions and conversations with the teacher constitutes to a 
boundary encounter between two different discursive practices, 
namely university-based mathematics teacher education and 
school mathematics teaching…. 

Cobb & McClain (2010); Sztajn et al., (2014) 

High-stakes NSC ‘matric’ Mathematics (matric papers) 

Layer 4 

 

Boundary objects: 

General: de-
scribing design of 
boundary objects  

The data incident is one in which the teacher ‘sees’ the 
inscribed design features of Discriminant as a teacher and at 
times as a mathematics teacher educator.   

Discriminant has a script (Akrich, 1992; Akrich & Latour, 
1992;  Fallan, 2008) that displays epistemological, 
mathematical and pedagogical considerations (see Bolite-
Frant, 2015)  

Knowledge representations of polynomial functions: straight 
lines and parabolas. 

Layer  5 

Boundary objects: 

Specific: de-
scribing the 
design of the SAP.  

 

The SAP: 

 Discriminant  
Design features of Discriminant exemplify the process-object 
duality of the mathematical symbols, e.g., parameters a, b and 
c. 

(Sfard, 1991; 1998) 

Discriminant as a ‘tool’ (Leung & Bolite-Frant, 2015; Hegedus 
et al., 2017)  
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ON THE DATA  

The data, as stated earlier, consist of conversation excerpts in the form of 
numbered lines of transcriptions. Collectively, these excerpts serve as evidence 
of ‘de-scribing the design of Discriminant’, because they represent a conversation 
that focuses on design features that the designer inscribed. They are about the 
‘opposite movement’ of the designer’s script. Put differently, the focus is on the 
designer’s script meeting the potential user (MT), mediated by myself as the 
mathematics teacher educator (indicated as ‘TE.’). The argument is also that, 
collectively, the excerpts represent a boundary encounter.   
 
METHOD OF ANALYSIS 

Based on answers to the main research question, the unit of analysis is the 
‘teacher’s local practices.’ The transcriptions of conversation excerpts reveal talk 
as well as the embodied actions of ‘seeing as’ a teacher and/or ‘seeing as’ a 
mathematics teacher educator. I applied the CA tools mentioned above to classify 
the excerpts into four segments A, B1, B2 and C. Table 2 below has details on 
each segment with a related analysis summary in the second row.  
 

Table 2: Segments of transcription of conversation excerpts and related summaries 

Segments A B1 and B2 C 

Summary of 

analysis 

‘Seeing as’ a 
teacher concerned 
with the high-
stakes NSC 
Mathematics 
Examinations. 

The ‘functions’ of 
lead questions 

 ‘seeing’ the 
designer’s script 
as a  teacher 

 

 

In segment A there is evidence of MT’s concerns with ‘the matric paper’ question 
(line 4), which requires examinees to draw and interpret the nature of the roots, 
which involve the discriminant. In segments B1 and B2, MT mentions, modifies 
and explicates ‘lead questions’ in terms of what he sees on the Discriminant 
screen. The reason for separating B1 and B2 is to make the analysis coherent, 
with ‘lead questions’ as the underlying sequence organization in relation to same 
type of ‘matric paper’ question in segment A. The title in the second row of Table 
2 aims to highlight the nature of the boundary encounter. Segment C represents 
the instance where MT sees different columns the designer made, which in one 
sense are not applicable to his local, classroom practice. 
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ANALYSIS 

Segment A 

Throughout this segment, there are details on MT’s local practices. In lines 4-6 
MT mentions ‘the matric paper’ which had a question requiring examinees to 
give ‘the shape of the graph’ based on the discriminant values a, b and c. Here he 
sees the epistemic and pedagogical considerations in the script, i.e. the design of 
Discriminant. My turn in line 7 is an instance of epistemic order, because I wanted 
some details on how the design of Discriminant connects with the matric paper 
question. In my view, MT’s response is not detailed enough, which leads to a 
repeat of my question (line 9). In lines 13-16 MT explains the epistemic meanings 
between the symbolic and graphical representations related to the discriminant, 
as he knows them from his local practices. In turn, he sees and points out how the 
design of Discriminant aligns with his local, pencil-paper practices.   
 
TE 1 

2 
3 

Can you play around with that (pointing to the scrollbar) to see 
what you get? If you click below a, b and c, you can see you can 
type in particular values. You can type in zero there, and then you 
have to press enter. What is happening here? Which values do you 
have here?  

MT 4 
5 
6 

This is important. I saw last year in the matric paper that the 
question there they didn’t give the numerical values of a, b and c; 
they give them where a is positive, b is positive and c is negative 
like that. They had to give the shape of the graph. This program 
will assist them … it will assist them 

TE 7 How?  

MT  8 This could assist them because the b value affects the axis of 
symmetry value. Where the turning point will lie on the left of y 
or on the right of y.  

TE 9 How? 

MT 10 
11 

It depends on the sign of the b value. If I make the b value as a 
negative sign. If I make b = -3, you see what happens? The turning 
point will move over to the right hand side. 

TE 12 So here is a case where the a is 1, b is -3 and c is 1  
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MT 13 
14 
15 
17 
16 

If I make the a value a value negative, a value -1 and the b value 
-3. The a and b negative. You see what happens now? The 
discriminant … the turning point will move over to the left hand 
side. That is very, very important. So learners will be able to see 
just by looking at the sign, the sign of a and b, whether the turning 
point will lie to the left of the y-axis or the right of the y-axis. This 
will assist them a lot just by looking at the basic structure of the 
quadratic equation they will already know maximum and 
minimum value, -1 will give us the maximum value. 

TE 17 What happens when I, for instance, if I typed in here a = 0?  

MT 18 It won’t be a parabola anymore; it will be a line, then it is going 
to a straight line. 

 
The exchanges in lines 17 and 18 reveal ‘seeing as’ a teacher versus ‘seeing as’ a 
mathematics teacher educator. In these lines there is further evidence of MT’s 
local practice in the form of a local rationality, based on the curricular separation 
between ‘parabolas’ and ‘straight lines.’ My turn in line 17 signals an epistemic 
order, where I have in mind instances where parabolas become straight lines (i.e. 
where a = 0), as in the case of polynomial functions. The sequence organisation 
in these lines illustrates a boundary encounter. In fact, line 17 goes contrary to 
the script, i.e. the main epistemic, mathematical and pedagogical considerations 
in the design of Discriminant (see top line in Figure 1).   
 

Segment B1 

This segment does not immediately follow from line 18 in segment A. It shows a 
sequence organisation where MT talks about how he intends to use Discriminant 
with his learners, based on how he sees the design of Discriminant connecting 
with the kinds of questions in the ‘matric paper’ (segment A, lines 5-6). For 
example, he will ask them to write down their observations (line 1) and use ‘lead 
questions’ (line 6). There are instances where MT repairs (line 8), i.e. modifies 
lead questions (line 6) by mentioning tick boxes (lines 7 and 8) and a ‘multiple-
choice question.’ He elaborates by pointing out the epistemic value of the use of 
the design features of the SAP that aim at ‘opening up’ the meanings of the 
symbols (lines 9-11).   
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MT 1 Obviously then we will have to put the learners in over here, 
expose them to the programme and I will also ask them to write 
down observations 

ME 2 Why?      
MT 3 

4 
5 
6 
7 

Observation in their own words. Instead of just selecting 
something, there is an observation like if they have a page 
[where] I changed the values of a, b and c in terms of positives 
and negatives etc. I would like them to say that is your first one 
select your values write it on the page and write a note as to what 
happens what do you see over there? Not me guiding them. I will 
give them lead questions like: What happens to the roots? Are 
the roots different? One positive, one negative, or both positive 
or both negative? Even if they have to fill in a tick box. 

TE 8 By ‘tick box’, you mean? 
MT 9 

10 
11 

Almost like a multiple-choice question. You give them a 
question and give them all the possibilities. Like I would say if 
a is positive, b is positive, and c is positive, what happens to the 
axis of symmetry? Is it at the left of the y axis is it at the right of 
the y axis?  

 
Segment B2 

In this segment the boundary encounter becomes one where I probe MT on 
whether his lead question can possibly lead special cases, i.e. a ‘moving away’ 
from ‘a parabola’ (line 18). In other words, I had in mind the extreme instances 
(line 7) of the symbols a, b and c associated with the ‘parabolic function’ (line 
20). In terms of his local practices, the analysis reveals RS’s awareness of and 
resistance to these cases. The epistemic order in lines 2 and 4 is about how RS 
teaches and understands his local practices related to teaching the properties of 
the parabola. In my turns, the epistemic order are in lines 3, 5 7 and 9 and are 
repeated till line 21. 
 
TE 1 I think this is the second time I hear you mention lead questions. 

What is it you want to lead them to? 
MT 2 You see I have certain objectives … I have certain objectives 
TE 3 Which are? 
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MT 4 If I teach the parabola, right, without giving them any numerical 
values, right, and only give them the signs of a, the signs of b, 
the signs of c.  

TE 5 By that, you mean?  
MT 6 The positive or negative sign of a, greater than zero, less than 

zero, b greater than zero, less than zero and c greater than zero, 
less than zero 

TE 7 What about the zeros?  
MT 8 Greater or smaller, not zeros, c zero, yes 
TE 9 I am thinking of the case if a is equal to zero, b is equal to zero 

and c is equal to zero? 
MT 10 Yes, that can also be included as a lead 
TE 11 Why…why not? 
 12 

13 
14 

I would not include the ‘why not’. The ‘why’ yes, because we 
can lead them into seeing the parameters, as to what happens to 
the graph when c is equal zero, what happens to the graph 
actually when b is naught. But for me to lead them to say if a is 
equal to zero, let’s see what happens, what do you think?     

TE 15 Let me get to the instance if a is equal to zero, b is equal to zero 
and c is equal to zero. I notice some resistance on your part.  

MT 16 Yes. 
TE 17 Why? 
MT  18 Because then we are moving away from the fact that it is a 

parabola,   
TE 19 And? 
MT 20 A parabolic function, it won’t have two roots, it won’t have the  

characteristics of a parabola 
TE 21 But wouldn’t that be a special case of…  
MT 22 Yes, a special case of functions, but it leads them into another 

domain of functions, you see. 
 
In summary, I have labelled segments B1 and B2 ‘the functions’ of lead 
questions, because the analysis reveals a boundary encounter with respect to 
functions. MT’s local practices indicates that he is aware of the ‘parabolic 
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function’ and ‘another domain of functions’ (line 22). From the analysis it is clear 
that he wants to differentiate between a ‘parabola’ and a ‘straight line’ and does 
not want to see the two as connected in an ‘orderly’ mathematical way, viz. both 
being functions. Another explanation for him making this distinction is the 
structuring effects of the high-stakes NSC Mathematics examinations (see 
segment A line 20: ‘won’t be a parabola anymore.’). As the mathematics teacher 
educator I ‘see’ the design features, i.e. the epistemic and mathematical 
considerations inscribed in Discriminant making it possible to look at extreme 
cases (the zeroes), where they become a linear function or the y –axis. This is a 
deviation from the official script in the design of Discriminant with its focus on 
the discriminant.   
Segment C  

Figure 3 is necessary to follow the analysis. I have labelled this segment ‘seeing 
the designer’s script’ (see Table 2) with the goal of finding out how necessary 
this might it terms of MT’s local practices. In Figure 3 the first three columns are 
tabular representations of the ‘behaviour of the graph’ (line 2), i.e. the ‘parabolic 
function’ (see segment B2, line 20). In my turn in line 5, I draw his attention to 
column 4, where the input values were chosen randomly (personal 
communication from the designer). MT’s reply shows his concern that columns 
ought to have ‘headings’ so that it becomes possible to follow the ‘behaviour of 
the graph’ (line 1), especially in the case of ‘learners’ (line 6). Column 4, 
especially, in the designer’s script, is one that ‘perplexes’ him.  

 

MT 1 They are useful because you can see the behaviour of the graph 
TE 2 You say you can see the behaviour of the graphs from the column, 

how? 
MT 3 

 
4 

The output value is zero, the third, fourth one down. 
Looks at the different columns. 

I can make sense of first, second and third columns 
TE 5 Do you have any idea what is happening in the fourth column?  
MT 6 No. I can figure out the other columns. That fourth column perplexes 

me. There are no headings for the columns. Are the learners supposed 
to figure those out? 

 
In summary, when MT ‘sees’ the script in column 4 the analogy is that of a 
customer seeing the script of an automatic teller machine (ATM) screen 
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displaying her bank balance. This customer would be more interested in the 
balance in her account per se than in the programming design language the 
designer used.  
 
CONCLUDING REMARKS 

This paper addresses the question as to whether ‘de-scribing’ the design of the 
SAP –Discriminant – as an instance of ICT is a useful way to obtain a picture of 
a teacher’s local practices. Besides connectivity issues such as installing 
Discriminant in the school computer laboratories, when it comes to the potential 
use of this SAP (or other types of ICTs) in the particular schools in this project, 
it is evident that inscriptions in the SAP cannot be simply ‘built into’ or ‘read out 
of’ the SAP. This note is especially applicable to ICT enthusiasts. Also, it is 
evident from the analysis that there are times when teacher(s) may want to ignore 
the SAP inscriptions or design features that do not align with their pencil-paper 
local practices, informed mainly by and intimately connected to the high-stakes 
NSC Mathematics examinations. This is an issue that ICT enthusiasts have to 
grapple with constantly. More importantly, the analysis reveals instances of 
‘seeing as’ a teacher and as a university-based mathematics teacher educator, i.e. 
boundary encounters. The latter are crucial for all professional development 
initiatives where mathematics teacher educators need to attend to and where the 
local practices of teachers can surface. Clearly, the teacher works at aligning his 
local practices with the demands from the different types of boundary objects, for 
example, Discriminant and ‘last year’s matric paper.’ More importantly, like 
bank customers, teachers might not necessarily be interested in the scripts that 
designers/programmers wrote to display their bank balance, but rather in their 
bank balance per se. Exploring tighter interconnections between designer 
inscriptions in ICTs and teachers’ local practices might be fruitful, but that would 
entail another study.  
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ANALYSIS OF PRE-SERVICE TEACHERS’ 

MATHEMATICAL MODELLING MOVES ON A PRACTICAL 

PROBLEM 

Rajendran Govender 
University of the Western Cape 

 
This qualitative study, analyzed a group of 29 of senior phase pre-service 

teachers’ mathematical modelling moves as they attempted to solve a practical 

problem which was part of a compulsory test. Through documentary analysis, 

results showed that 12 students moved through stages of the modelling process 

from understanding up to and including the interpretation stage quite smoothly. 

Eleven students seemed to have found a real model through structuring and 

simplifying but were not able to transfer this to a mathematical model through 

the process of mathematization. Most of the remaining six students seemed to not 

to have understood the situation and were not able to write or sketch anything 

about the situation. It seems that reading and understanding a problem and 

mathematization were obstacles preventing  a high number mathematics pre-

service teachers in the sample form continuing successfully with the process of 

modelling, and/or arriving at a plausible solution, 

 

Keywords: Mathematization; modelling moves; structuring; simplifying. 
 
INTRODUCTION 
A mathematical model is a mathematical representation of some real practical 
problem that will enable one to develop a better understanding of the problem 
and generate a plausible solution to a problem, which can be interpreted and 
validated. The process of developing a mathematical model is termed 
mathematical modelling (Lesh and Fennewald, 2010). 
Fostering creative and problem-solving attitudes and competence is one of core 
reasons for engaging students in modelling tasks (Chen, 2013; Govender, 2017). 
In recent years there has been lots of emphasis on mathematical modelling as an 
approach to solve real life problems across a range of field like economics, 
physics, astronomy, botany, zoology, chemistry, actuarial science; engineering 
and production planning. Consequently mathematical modelling is being given 
more attention and inclusion across mathematics curricula both at school and 
tertiary levels.  
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As prospective mathematics teachers (PMTs) are expected to engage their 
learners in modelling activities it is useful that they are adequately exposed to the 
ideas involved in the modelling processes during their undergraduate careers. 
More so, assessment tasks should be designed to include at least a modelling 
problem which can motivate higher order learning and help to foster creative 
problem-solving ideas and competence. Experiences of this nature can only help 
the prospective teachers to gain a better insight and understanding of the 
modelling moves which characterizes the modelling processes, which they can 
reflect upon and utilize in their own practice.  Consequently, this study aims to 
determine the extent to which pre-service mathematics teachers (PMTs) are able 
move through the different steps of the modelling process in their attempt to solve 
a real practical problem in a test.  
 
LITERATURE REVIEW 

Mathematical modelling of real-world problems have the potential to develop to 
higher order thinking and provide information about students’ usable 
mathematical knowledge. The way students see a particular situation does to an 
extent influence the kinds of mathematical knowledge, reasoning and skills they 
invoke or do not invoke when dealing with a practical problem (Bing & Redish, 
2009). The ability of students to understand and to solve real-world problems 
does not result automatically from learning pure mathematics or knowing how to 
operate mathematical tools but can only be achieved by embedding real situations 
into mathematics instruction (Blum, 1991; Karam, 2014).  For example, 
Tuminaro and Redish (1997) found students ability to work with equations and 
solve them was not a problem but rather their inability to carry out certain steps 
of the mathematization process prevented their students to solve a real world 
problem. This concerned the difficulty students experienced from translating the 
quantities inherent in the real world problem into mathematical entities and 
relating mathematical entities to the physical story. 
Niss (2010) asserts that mathematization is necessary and the most important in 
the modelling cycle.  In a study related to structuring for mathematization, Niss 
(2017, p. 459) found that students encountered obstacles when solving Physics 
problems, like (a) not being able to identify a mathematical object; (b) inability 
to structure and simplify situation for mathematization. Furthermore, Almedia 
(2018) says that for successful mathematization to aspects must be considered 
and developed, namely: “the mathematical knowledge of students and the 
students’ knowledge of performing mathematical modelling.”  
Plath & Leiss (2018, p. 159) in their study affirmed that “comprehending a 
mathematical task is a central prerequisite for following the modelling process” 
and that language proficiency has a strong relationship with mathematical 
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modeling achievement. This implies that the number of plausible solutions 
decrease as the language complexity increases. This resonates very much with 
Polya’s (1973) assertion, that reading and understanding of a problem is a 
prerequisite for successful pursuance in solving a problem. Associated with 
comprehension is representation, which serve as ‘tools for active production of 
knowledge’ (Brady, 2018). 
 
THEORETICAL FRAMEWORK 

As represented in Figure 1, the mathematical modelling process consists of a 
number of discrete moves that a student must enact in order realize a meaningful 
solution to a practical problem. These discrete moves includes : (1) Reading, 
understanding  and simplifying the practical problem to get a real model; (2) 
mathematizing the real model to build a mathematical model; (3) working 
mathematically within the context of the mathematical model to generate a 
mathematical result; (4) interpreting the solution ; (5) validating the interpreted 
solution. 

 
Figure1: Moves in the Modelling Process (Adapted from Kaiser and Stander 2013, p.279) 

Understanding a problem, which is the first move of all problem solving and 
modelling processes, requires the problem solver/modeler to figure out what the 
problem is about and identify what question or problem is being posed (Polya, 
1973). This is frequently accompanied by the modeler simplifying of the situation 
through arranging and structuring the problem to a representation that is more 
precise and accessible. This process involves making assumptions, recognizing 
and naming quantities that have possible influences on the situation, identifying 
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key variables and constructing relationships between them (Blum and Kaiser, 
1997). In addition, Schaap, Vos, & Goedhart (2011) says in understanding a 
problem, the skill of visualizing and drawing enables one to simplify the situation 
and overcome blockages while building a mathematical model.  
Appropriate structuring of the situation coupled with the ability to visualize 
enables a student to choose and identify the relevant quantities associated with 
the practical problem that are to be translated into mathematics. This process of 
translating the problem into a mathematical universe of mathematical structures 
and formulas to yield a mathematical model that can be operated upon, is referred 
to as mathematizing (Brady, 2018; Niss, 2015). The mathematical model can be 
operated upon by using relevant and appropriately selected mathematical 
knowledge, techniques; heuristic strategies and tools to work upon 
mathematically to produce a mathematical solution. The resultant mathematical 
solution must be interpreted in terms of the conditions and parameters governing 
the real practical problem (original problem), and translated back to the language 
of practice to give a solution to the original problem. This often includes 
communicating about a solution in manner that is comprehensible and commonly 
understood by the relevant community of practice. 
Finally, in the process of validating, the student is expected to scrutinize the 
solution in real terms in order to see if is plausible. Otherwise, the student is 
expected to check if an error has occurred through an error in his initial 
assumptions or a fault in his mathematical working if the solution does fit the 
situation. By this process of model validation, one is bound to arrive at a working 
mathematical model, which can be used to simulate the original practical problem 
through a set of varying assumptions and parameters affecting it (Oberholzer, 
1992). In addition, the process of validating makes space for one realize alternate 
ways of solving the same problem (Blum & Kaiser, 1997). 
Whilst the moves in the modelling process may appear to be one directional and 
sequential, in reality it is not. Niss (2015, p.1445) says: “An actual solution model 
may go through steps in a different order and the strips may be intrinsically 
entangled.”  Equivalently Ferri (2006) affirms that students do not move through 
the steps of the cycle sequentially, but “they some-times jump directly from the 
real situation to the mathematical model or go forth and back several times 
between the real world and mathematics”. It is envisaged that this study will 
signal to us as mathematics teacher educators the critical aspects of the modelling 
process (including associated skills and abilities) that we should place more 
emphasis on and deliberate in our mathematics teaching education classrooms to 
enable our PMTs to become successful beginner modellers.  
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RESEARCH DESIGN AND METHODOLOGY  

This research was conducted with a group of PMTs enrolled for the Bachelor of 
Education degree for senior phase teaching at a South African University. The 
program is of 4 year duration with mathematics courses focusing on disciplinary 
content and method courses focusing on pedagogical issues. The PMTs go 
through their teacher education program experiencing modelling activities.  
In this paper I articulate aspects from the presented theoretical framework and 
data obtained from empirical research. To this end, I point out contributions to 
pre-service teachers’ engagement with the modelling process, and shed some 
light on the issue in focus:  

How competent are pre-service mathematics teachers in moving through 

the different levels of the modelling cycle?  

To address the research question adequately, this study adopted a qualitative 
approach located within the interpretivist paradigm. This qualitative approach 
allows the researcher through the use of interview transcripts, field notes and 
written responses to items to observe, interpret or make sense of participants’ 
engagement or response towards a phenomenon (or phenomena) in a given 
natural setting like a typical mathematical classroom. In this research, the 
phenomenon of solving a problem through using a modelling approach has been 
explored.  Through using the interpretive paradigm, one could attempt to 
describe, analyze, and interpret features of the phenomenon, preserving its 
complexity and communicating the actions of the participants (Cresswell, 2014). 
Interpretivist researchers recommend that an interpretive approach is suitable for 
qualitative empirical research as it enables one to analyse and make sense of 
participants’ moves, written and verbal actions in great depth through the lens of 
a selected analytical framework (Cresswell, 2014) 
Taking this into consideration as well as the nature of this study as described by 
the purpose and research questions, I resolved to use the case study research 
strategy. The case in this instance are 29 PMTs. 
Working in an interpretive paradigm, requires the gathering of information that 
will enable the  investigator to “make sense” of the world from the perspective 
of the participants; that is the researcher must learn how to behave appropriately 
in that world and how to make the world understandable to outsiders, especially 
in a research community. Thus, in this study, I have been involved in the activity 
as an insider and reflected upon it as an outsider (Cohen, Manion and Morrison, 
2004). Furthermore, as it was critical in this study to capture the pre-service 
mathematics teachers’ critical moves in the modelling process, the document 
analysis data collection method was adopted as a stand-alone method (Blanche, 
Durrheim, & Painter, 2016). Cresswell (2014) asserts that document analysis 
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requires the data to be examined and interpreted in order to elicit meaning, gain 
understanding, and develop empirical knowledge. McMillan & Schumacher 
(2014) sees the reviewing of documents as an unobtrusive method rich in 
portraying what participants believe and value. The primary document for this 
study was the written artefacts containing students’ responses to the two calculus 
practical problems. As seeking meaning in context is the key task of interpretative 
research, I hoped the data collected in this way to be ‘rich’ and more appropriate 
to answer the research questions. 
Leedy and Omrad (2015), describe qualitative analysis as the process of working 
with collected data through the lens of an analytical framework. This kind of 
analysis entails organising the data into manageable units to help synthesize 
patterns that could enable one to discover what is important that could be shared 
with the community of practice. Thus qualitative data analysis requires some 
creativity and innovation on the part of the researcher to enable the development 
of logical and meaningful categories of data, which could be interpreted to 
produce results not only for answering the research question (s) but also to be 
communicated in meaningful ways to other interested persons. In this study, the 
qualitative process of analysis was undertaken by the researcher, who lectured to 
group of PMTs selected for this study. The analytical framework was assimilated 
around the range of modelling moves a student could achieve and this informed 
the coding of the PMTs responses. 
I now present a discussion of the research item; this is then followed by details of 
categories comprising the analytical framework: 
 
RESEARCH ITEM  

The problem was chosen so that the technical level of mathematics required to 
solve the problem has been initially covered in grade 12 and further dealt with in 
their university mathematics course at 3rd year level. The real practical problem, 
with the potential to engage students in the modelling process, was selected and 
given to PMTs do under a class test environment. The item in Figure 1 was one 
of the nine items that was included in class test focusing on the application of 
calculus. The problem, required students to build a model that gives the surface 
area of the top view of a dam, and then express this surface area using functional 
notation with respect to radius as a variable. They are then expected to solve 
𝐴′(𝑟) = 0  𝑜𝑟 𝐴′(𝑅) =  0 to determine the critical value which will generate 
minimum surface area. 
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Task 

The top view of a dam containing fish is to be of the shape as shown in the diagram below. 

The shape consists of four semi-circles, two with a radius of 𝑅 metres and two with a radius 

of 𝑟 metres. The values of 𝑅 and 𝑟 may vary, but the sum 𝑅 + 𝑟  remains fixed at 200 metres. 

Determine the values of 𝑅 and 𝑟 if the surface area of the top view is to be a minimum.        

                                        
Suggested Solution 

 

 

 

 

 

 

𝑅 = 𝑟 + 200 

𝑟 = 200 − 𝑅 
 

𝐴 =  𝜋𝑅2 +  𝜋𝑟2   (Area of big circle +  small  
circle) 

∴ 𝐴 =  𝜋𝑅2 +  𝜋(200 − 𝑅)2   substitute   

∴ 𝐴 =  𝜋𝑅2 +  𝜋(40 000 − 400𝑅 +  𝑅2) 

∴ 𝐴 =  𝜋𝑅2 +  (40 000𝜋 − 400𝜋𝑅 +  𝜋𝑅2) 

∴ 𝐴 =  2𝜋𝑅2 +  40 000𝜋 − 400𝜋𝑅 

∴ 𝐴′(𝑅) =  4𝜋𝑅 − 400𝜋 
 

For Minimum: Set 𝐴′(𝑅) = 0 

∴ 4𝜋𝑅 − 400𝜋 = 0 

∴ 4𝜋𝑅 = 400𝜋 

∴ 𝑅 = 100 
 

  𝐴′(𝑅)            _ _ _ _ _ _ _0 ++++++++ 

                                         R = 100 

                            

∴The surface has area is a minimum when 
R =100m 

∴ 𝑟 = 200𝑚 − 100𝑚 = 100𝑚 
The surface has area is a minimum when  

𝑅 = 100𝑚 and  𝑟 =  100𝑚 
 

 

 

 

 

Figure 2: Details of a real practical problem with suggested solution 

 

ANALYTICAL FRAMEWORK USED TO DISTINGUISH BETWEEN 

THE LEVELS OF MODELLING COMPETENCY   

By considering the abilities and skills that characterize each of the moves in the 
modelling process, the following analytical model, which was proposed by 
Ludiwug and Xu (2010), has been adopted and configured for this study. 
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 Level 0: the student has not understood the situation and is not able to 

sketch correctly or write anything concrete about the problem. 

 Level 1: The student only understands the given real situation, but is not 

able to structure and simplify the situation or cannot find connections to 

any mathematical ideas. 

 Level 2: After investigating the given real situation, the student finds a real 

model through structuring and simplifying, but does not know how to 

transfer this into a mathematical problem. The mathematization is partially 

or completely flawed. 

 Level 3: The student is able to find not only the real model, but also 

translates it into a proper mathematical problem, but cannot work with it 

clearly in the mathematical world. 

 Level 4: The student is able to pick up a mathematical problem from the 

real situation, work with this mathematical problem in the mathematical 

world, and produce mathematical results. 

 Level 5: The student is able to pick up a mathematical problem from the 

real situation, work with this mathematical problem in the mathematical 

world, produce and interpret mathematical results in terms of the 
parameters of the real situation from which the problem emerged. 

 Level 6: The student is able to experience the mathematical modelling 

process and validate the solution of a mathematical problem in relation to 

the given situation. 
 

RESULTS AND DISCUSSION  

As majority of the PMTs responses were found to be belonging to either level 1, 
2 or 5, the results and discussions were will focus on episodes related to levels 1, 
2 and 5.The results are reported here under the category levels 1, 2, and 5 as 
proposed in the analytical framework. 
 
Level 0 

Six PMTs did not sketch or write anything concrete about the problem, as 
illustrated by 2 such responses in Figures 3(a) and (b). One student (namely PMT 
3) as illustrated in Figure 3(c), correctly identified the 2 semi-circles in the given 
diagram, and correctly denoted the radius (r) of each semi-circle. The student 
seemed not to have fully comprehended the given information fully, as the radius 
of the larger semi-circle is shown as 2r instead of 𝑅. 
A fourth student, PMT4, seemed not to have not drawn any to diagram represent 
or show understanding of the situation (see Figure 3(d)). However, the student 
immediately says: S𝐴 =  2𝑅 +  2𝑟 =  200. This is incorrect as it is given 
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that 𝑅 + 𝑟 =  200. Then the student introduces the variable 𝑥, with no 
explanation as to what 𝑥 represents and proceeds to introduce other mathematical 
procedure and operations without taking cognisance of the meaning of the 
equality sign to obtain  
 
  
 
 
 
 
 

 

Figure 3 (a): Response of PMT 1                Figure 3(b): Response of PMT 2  

  

  

 

 

 

 

 

 

Figure 3(c): Response of PMT 3                Figure 3(d): Response of PMT 4 

 

𝑆𝐴 = 4000 − 400𝑥 + 2𝑥2 . This haste to get to some equation, could stem from 
the fact that the student is aware that the problem requires a function to be 
established in order to apply the calculus strategy to determine the value of d𝑅 
and 𝑟 for the surface area of the top view of the dam to be minimum. For example 
after obtaining the equation to give the surface area, 𝑆𝐴 = 4000 − 400𝑥 + 2𝑥2, 
the student proceeded to treat it as a function, and  derivate it correctly with 
respect to the variable 𝑥. Then he proceeded to set 𝑆𝐴′ = 0, which was solved to 
obtain 𝑥 = 100.  Then immediately concluded for minimum 𝑟 =
100 (although using variable 𝑥). Even though the student seems to have 
applied the calculus strategy quite correctly, there are many in-congruencies in 
the response. One such case is possibly the inability of the student to see that the 
2 semi-circles could be assimilated to form a circle with radius r, and the larger 2 
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semi-circles could be assimilated to form a circle with radius R.  This coupled 
with lack of understanding of the given relationship between  𝑟 + 𝑅, by writing 
2𝑅 + 2𝑟 =  200 in step 2, could have prevented the student from simplifying 
and structuring the situation for relevant mathematization to take place, and 
produce an expected mathematical models like 𝐴 =  𝜋𝑅2 +  𝜋𝑟2   (Area of big 
circle +  small  circle), and 𝐴(𝑅)  =  2𝜋𝑅2 +  40 000𝜋 − 400𝜋𝑅. In a nutshell, 
we could say that the student was not able to select relevant objects, establish 
relationships, and idealize the object to allow for correct mathematical 
representation. 
 
Level 2 

 

 
 

 
 
 
 
 
 
  

Figure 4: Response of PMT 5 

 
The analysis of student responses showed that 11 students were placed in the 
Level 2 category. As evident in Figure 4, the student shows some understanding 
of the given information by inserting the variables r and R, which represent the 
radii of the larger and smaller semi-circles respectively. The student seemed to 
realize that t he could represent the area of the bigger circle by writing down 𝟏

𝟐
×

(𝝅)(𝑹)𝟐 × 𝟐 and the area of the smaller circle by  𝟏
𝟐

× (𝝅)(𝒓)𝟐 × 𝟐. This suggests 
that PMT 5 was able disaggregate the top view representation of the dam into 2 
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circles, a circle with radius r and a circle with radius R, and hence find a kind of 
real model through structuring and simplifying the situation. The student seems 
to have inclination that he must add the areas of the smaller circle and larger circle 
to possibly get an expression to work with but he does not realize such a target. 
This demonstrates that he is not able to transfer the real model into a mathematical 
model/problem. This is evidently to his poor mathematical knowledge and use of 
mathematical techniques. 
 
Level 5 

The responses of 12 PMTs demonstrated competence in executing all the moves 
in modelling process relatively accurately. Figure 5, illustrates the response of 
one such student, namely PMT 6. 
 

 
  

 
 

Figure 5: Response of PMT 6 

 
PMT 6 inserts the symbols 𝑟 and 𝑅, appropriately onto the diagram of the top 
view of the dam to represent the radius of the smaller semi-circle and larger semi-
circle respectively. Having recognized the significant variables in this situation, 
the student represents the 2 larger semi-circles found in the original diagram of 
the top view of the dam by a one large circle with radius 𝑅 immediately below 
the original diagram. Similarly the student represented the 2 smaller semi-circles 
as one small circle with radius 𝑟.  The PMT’s drawing of the 2 circles immediately 
below the original shape of the dam (see Figure 5) signals that the student was 
able to structure the situation and create the platform for the process of 
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mathematization to kick in. Firstly, the PMT demonstrates conceptual 
understanding of the physical situation as he was able to build a formula, namely 
𝐴 =  𝜋𝑅2 +  𝜋𝑟2, to express the surface area of the top view of the dam through 
using the information inserted in the circles he has drawn. This move suggests 
that the student succeeded on translating quantities in the problem into 
mathematical entities and relate the mathematical entities in accordance with 
information in the problem.  
The student, being quite aware that r and R are variables proceeded to express  
the model for this problem as a function A(r), namely the surface area of the dam 
can be obtained subject to knowing the value of the variable r.  The student being 
conversant with the calculus strategy to determine maxima and minima,  
proceeded to set 𝐴′(𝑥) = 0, and successfully solved it to obtain the critical value, 
𝑅 =  100, and immediately stated that  𝑟 =  100. The student went the extra 
mile to determine whether a minimum value will exist for critical value of 100. 
After the gradient test (using the number line), the student correctly concluded 
that a minimum will exist when 𝑅 =  100. 
The PMTs checking as to whether there exists a minimum for the critical value R 
= 100, and final conclusion that a minimum exists when R= 100m  shows not 
only deep insight into the use of the calculus mathematical strategy but clearly 
shows that he is able to evaluate and interpret his answer in terms of the given 
practical problem. Indeed he does provides a solution to the original problem 
which was produced through using appropriate mathematical techniques and 
knowledge correctly. 
 
CONCLUSION AND IMPLICATIONS  

Creating opportunities to invoke and use the modelling approach to solve a real 
practical problem in a mathematics test, provides opportunities for students to 
stretch their thinking, and select their own strategies to develop plausible 
solutions, which they can interpret in relation to the original problem. For 
example, the representative attempt of PMT 6, who was operating at Level 5, 
has shown that it is possible for students to move through the phases of the 
modelling processes. PMT 6 was able to read and understand the situation as 
was demonstrated by his deconstruction of the original diagram of the top view 
of the dam and then representing it as circles with radii 𝑅 and 𝑟 respectively. 
This helped to structure and simplify the problem and enable the student to 
proceed to relate mathematical quantities like r and R, with information in the 
problem. Effectively PMT 6, the problem solver, was able to select the relevant 
objects, and establish relationships, and idealized the object to allow for 
mathematical representation.  PMT 6 having conceptually understood the 
physical situation was thus able to express that understanding in an equation, 
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namely 𝐴 =  𝜋𝑅2 +  𝜋𝑟2 , which is precisely the area of big circle +  area of 
small  circle. In so doing, he made a mathematization of the physical situation. 
The developed mathematical model, 𝐴 =  𝜋𝑅2 +  𝜋𝑟2, served  as a springboard 
for PMT 6 to invoke relevant mathematical knowledge and techniques to find a 
solution to the practical problem. The  student proceeded to successfully 
interpret his solution in terms of the parameters of the real situation from which 
the problem emerged including the verification that a minimum value does exists 
for the critical value of R = 100.  
Episodes characterizing PMTs operating at Level 0, do suggest that one’s 
inability to read and understand a problem does inhibit one from making an 
adequate representation of the situation which could help to simplify and 
structure the situation for the process of mathematization to begin.  On the other 
hand, the episode characterizing PMTs operating at Level 2, suggest that if one 
is able to simplify and structure the situation, one may be impeded from moving 
forward to the process of mathematization and/or  mathematical working if they 
lack necessary related  mathematical knowledge and techniques. Furthermore, 
as was case with PMT 4 (see Figure 4), even though students may know of a 
strategy which could be used to solve a problem, they can still be hindered from 
arriving at a meaningful solution if there mathematical model is deficient, and/or 
if their mathematical workings are flawed.   
Finally, if we want our students to be successful and proficient at solving real 
practical problems using a mathematical modeling strategy, then it is incumbent 
upon us as classroom practitioners to ensure that reading and understanding of 
problems are part of our daily/regular classroom activity. In addition, we must 
design more open ended problems that provides opportunities for our students 
to decide and select relevant mathematical strategies and techniques to solve a 
given problem. 
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MATHEMATICS TEACHING AND LEARNING PRACTICES 

IN SOUTH AFRICAN PRIMARY SCHOOLS 
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There is concern at the performance of mathematics learners across the phases 

and grades. In this regard, there seems to be a concerted effort to assist 

mathematics learners in the FET phase  especially grade 12, with a plethora of 

support programmes such as winter and spring schools, Saturday classes and 

afternoon classes. Such large scale support may not necessarily be available for 

learners in primary schools. This study interrogates mathematics teaching and 

learning practices in some primary schools. The results indicate that while 

primary school teachers seem to be doing their best, there is a lot more that needs 

to be done to give primary school learners a strong mathematical foundation for 

high school and beyond. 

 

INTRODUCTION 

Mathematics is a key school subject in South Africa and other countries. 
Countries all over the world are always looking at ways of improving the teaching 
and learning of Mathematics at all school levels. In South Africa, there is a 
tendency for the various provinces to have intervention or support programmes 
for Mathematics learners in the FET phase (grades 10 – 12). While there have 
been successes in these support programmes over the years, more focus should 
be on children in their earlier years as much of the child’s mathematical 
development takes place in the Foundation phase 
There is no doubt that much of what happens in the later years of schooling has 
its roots in the earlier school years. In a plenary paper delivered at the 2016 
AMESA Annual Congress in Mbombela, Mpumalanga, Nicky Roberts provides 
compelling evidence that Mathematics in grade 12 has its beginning in earlier 
grades and starts at conception (Roberts, 2016). 
Roberts uses a grade 12 Mathematics question, x2 - 9x - 20 = 0 as a target for 
mathematical development and argues for at least 12 steps which are involved in 
solving this equation.  Each of the steps can be broken down further and traced 
to the introduction of exponents, integers and variables in the Senior Phase. In 
turn, the building blocks for Senior Phase mathematics can be traced to learners 
having fluency with the four operations and factors in the Intermediate Phase. To 
master fluency with these operations and number relationships, a four level 
development framework is considered in the Foundation Phase. Roberts presents 
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evidence to show that prior to entering schooling, foundational ideas relating to 
counting, number relationships and operations are already shown in some 
children.  She, further, states that all children are born with a numerical starter kit 
which includes an Approximate Number System (ANS) and Object Tracking 
System (OTS) which forms the basis of mathematical thinking (Roberts, 2016) 
Roberts’ paper should dispel any doubt about how crucial early childhood 
mathematics development is. Since a significant proportion of this development 
takes place in the primary school, there should be concerted efforts to strengthen 
mathematics teaching and learning practices in the primary school in order to 
impact positively on the success of learners as they move to the higher school 
grades. 
 
PROBLEM STATEMENT 

Although learners doing Mathematics in the FET tend to struggle with the subject, 
the numbers doing Mathematics at grade 12 level has been increasing over the 
years.  This is shown in table 1. 
Table 1: Number of learners doing Mathematics in South Africa (2011 – 2017) NSC 
diagnostic report (2014; 2017)                                            

      Year Number who wrote  

Mathematics 

2011 224635 

2012 225874 

2013 241509 

2014 225456 

2015 263903 

2016 265810 

2017 245103 

                                                                 
The highest number of learners writing Mathematics in South Africa was reached 
in 2016.  For the years shown in Table 1, national performance in Mathematics 
reached a peak of 59,1% in 2013. However, with the writing of the first grade 12 
examination under CAPS (Curriculum and Assessment Policy Statement) in 
2014, there was a drop in the overall mathematics pass rate. This is shown in 
Table 2. 
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Table 2: Mathematics numbers and performance (2011 – 2017) NSC diagnostic report (2014; 
2017) 

Year Number who 

wrote 

Mathematics 

 

Number 

achieved at 

30% or above 

Percentage 

achieved at 

30% or 

above 

2011 224635 104033 46,3% 

2012 225874 121970 54,0% 

2013 241509 142666 59,1% 

2014 225456 120523 53,5% 

2015 263903 129481 49,1% 

2016 265810 135958 51,1% 

2017 245103 127197 51,9% 

 
When one examines Table 2, the peak of 59,1% in 2013 also resulted in the 
highest number, 142666, passing Mathematics in the same year, The second 
highest number occurred in 2016 when 135958 learners passed Mathematics. 
However, this still means that a large number of grade 12 learners are failing 
Mathematics.  
 
Various reasons have been given for the high failure rate in grade 12 
Mathematics. Sinyosi (2015) , in a study of schools and learners in the Vhembe 
area of Limpopo, South Africa outlined some factors  which impact on the failure 
rate in Mathematics. These are:  
 

 Learner-based factors: Mathematics learners are poorly prepared 
in the lower grades for senior grades. They lack proper foundation 
and background in mathematics and have difficulty with basic 
mathematics. Learners tend to be negative towards their teachers and 
mathematics and lack self-motivation. Learners whose parents are 
illiterate are unlikely to be assisted by parents with homework.  Thus, 
there is little or no supervision of learners’ work outside of the school 
environment. 
 

 Teacher-based factors:  Teachers tend to lack passion in 
mathematics and do not teach mathematics in a creative manner. 
There is insufficient support for teachers in mathematics content and 
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methodology. Principals are not giving their teachers the necessary 
support. 
 

 School Management Teams (SMTs) factors:  Mathematics 
teachers do not receive adequate support from the School 
management Teams (SMTs). This lack of support stems from poor 
organisation of supervisory roles expected from SMTs. As a result 
teachers' work is not being properly monitored and supervised.  

These factors are serious and needs to be addressed at various levels (school, 
district and province). While the preceding information focuses on high school 
Mathematics, the factors outlined may also be relevant to the primary school.   
 
LITERATURE REVIEW 

There have been numerous studies about primary school mathematics. This 
literature review examines some of these studies. Dowker, Bennet and Smith 
(2012) investigated the attitudes to mathematics in three primary schools in 
England and found that children were generally positive to mathematics in this 
age group. There was little difference between the attitudes of grade 3 learners 
and grade 5 learners. However, the results do support the hypothesis that the 
relationship between self-rating and actual performance may develop between 
Grade 3 and Grade 5. The only significant gender difference was in self-rating, 
where boys rated themselves higher than girls did. There were no gender 
differences in actual performance or in other attitudes 
Rikhotso (2015) investigated primary school learners’ attitudes to Mathematics 
in the Groot Letaba circuit in Limpopo.  She found that most of the learners have 
negative attitudes towards learning Mathematics. This is in sharp contrast to the 
study by Dowker, Bennet and Smith (2012). Rikhotso’s study reveals that 
learners’ negative attitudes are influenced by the following factors: 

 Many learners believe that Mathematics is complicated.  

 Repeated failure in Mathematics.  

 Lack of resources, such as textbooks, in many schools.  

 Family members, parents and teachers discourage learners.  

 Negative attitudes of teachers.  
Her study also revealed that learners, who regularly perform poorly in 
Mathematics, develop negative attitudes towards the subject.  She found that 
gender also plays a role in learners’ attitudes towards Mathematics. Rikhotso 
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suggested the following strategies which could be used to motivate children to 
learn and perform well in Mathematics. 
  

 Subject specialists should be invited to motivate learners.  

 Mathematics teachers should be recruited from other countries.  

 Teachers should use constructivist methods of teaching.  

 Principals and heads of department must motivate the learners.  

 Teachers should ensure that learners are actively involved in lessons.  

 Teachers should refrain from telling learners that Mathematics is 
difficult.  

 Teachers must apply different methods of teaching that will cater for 
the learners’ individual needs  

 
It would appear that primary school teachers have great influence over their 
learners. As seen from Rikhotso’s study, some teachers have negative attitudes 
towards Mathematics and these attitudes tend to influence learners attitudes. 
Mapolelo (2003) speaks about in-service teachers’ beliefs about mathematics 
teaching and learning. She indicates that changes in these beliefs “come slowly 
over a long period of time”. Further, teacher educators should be careful not to 
ignore the fact that changes in beliefs may come from different experiences rather 
than from teacher education programme itself.  

In another study, Hudson, Henderson & Hudson (2015) speak about changing 
teachers’ perceptions concerning their levels of confidence and competence in 
relation to teaching Mathematics as a result of their participation in a Masters’ 
course. In relation to change in attitudes and beliefs, there was a distinctive move 
from the fundamentalist viewpoints held by many of the participants at the start 
of the course, in particular, those relating to the absolutist nature of the subject 
regarding rules, right and wrong answers and testing.  
Shahrill, Abdullah and Yusof (2015) list the following key enabling factors which 
impacts on the teaching and learning of Mathematics: 

 The support and involvement of the school principal, both directly and 
indirectly to Mathematics teachers. 

 Teachers ‘ commitment to teaching by agreeing to give extra help to 
learners outside normal school hours and readily support the school’s 
extra-curricular Mathematics activities. 
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 Teachers should note that their learners’ understanding of conceptual 
and procedural knowledge in the four main operations of addition, 
subtraction, division and multiplication will enable or hinder their 
performance in Mathematics 

 Learners’ literacy abilities in understanding the mathematics problems 
may play an important factor with regard to their performance in the 
subject 

 Parental involvement is another important factor that may affect 
children’s performance in Mathematics.   

In a panel discussion at the 2017 AMESA National Congress on progression 
across the phases and the transition from primary school to high school panel 
member Gary Powell came up with the following points or questions: (Gary 
Powell, Personal communication, 6 July 2017)  

 Teachers should try to use  contexts to act as a point of departure when 
teaching  mathematics and be careful on how to move from the context 
to the “rule” 

 Is “hard” mathematics threatening to primary school teachers? 
 How is Mathematical reasoning taught in the primary school, if at all? 
 Learners should develop a deep understanding of mathematical 

concepts in primary schools 
 High school teachers should build on this understanding, and not just 

demand the application of algorithms. 

The literature review for this paper may be summarised as follows: 
 Learner attitudes to Mathematics in the Primary school depend on a 

number of factors. There were two studies discussed; one conducted 
in England and one in South Africa. The learners at the three schools 
in England tended to be more positive toward the subject while those 
at the two schools in Limpopo, South Africa tended to be more 
negative. Some suggestions are given on how to change the negative 
attitudes (in the South African context). 

 An important consideration with regard to learner attitudes to 
Mathematics was the issue of gender. In the English schools, there 
were no discernable differences in this regard. The only issue was that 
boys tended to rate themselves higher when compared to girls. In the 
South African context, gender issues tended to be more prevalent, 
resulting in more males entering mathematically related careers when 
compared to females. However, this appears to be changing.   

 The role of the teacher cannot be overestimated in changing the way 
their learners view Mathematics.  Those with negative attitudes toward 
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Mathematics are likely to pass these attitudes onto their learners and 
this may affect their performance in the subject. Two of the studies 
described in the literature review show how teachers’ attitudes toward 
Mathematics may be changed for the better; but this may take a long 
time.  

 Teachers should use contexts to build mathematical understanding in 
learners and be careful on how to move from the context to the rule. 
Learners should leave primary school having been given the 
opportunity to develop a deep understanding of mathematical concepts 
and high school teachers should build on this understanding.  

 The school principal has an important role to play. The support and 
involvement of the school principal with Mathematics teachers also 
has an impact on learner performance. 

 Teachers also need to give consideration to the way in which their 
learners are able to grasp concepts in Mathematics and apply various 
procedures as these would give them an indication whether the 
children in their classes are learning.  Further, children’s literacy 
abilities are also likely to impact on how they work with “word 
problems”. 

 Another important factor is parental involvement.  When parents 
support their children’s mathematics learning, it has a positive 
influence on the children and may possibly improve their performance.   

The literature review has thrown some light on some of the issues involved in the 
teaching and learning of primary school Mathematics.  It may now be opportune 
to introduce the research question for this study 
 

RESEARCH QUESTION  

The following research question was formulated for this report.  
What are some of the issues which impact on the teaching and learning 

of Mathematics in primary schools? 

The following sub-questions were formulated in the context of the research 
questions: 

 How is Mathematics allocated, taught and supervised in primary schools?  
 How do primary school learners fare in various topics in Mathematics? 
 How may one describe teachers’ ability in the various Mathematics topics 

and concepts? 
 What support programmes are there for teachers and learners? 
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 What is the level of the schools’ participation in Mathematics Olympiads 
and Competitions? 

 To what extent do schools keep track of their learners once they get to high 
school? 

 What is the level of parental involvement at these schools? 

 
CONCEPTUAL FRAMEWORK 

There should be two considerations when locating this paper within an 
appropriate conceptual framework.  Firstly, learning is situated; that is, how a 
person learns a particular set of knowledge and skills, and the situation in which 
a person learns, are a fundamental part of what is learned (Greeno, Collins & 
Resnick, 1996). Secondly, teachers’ knowledge and beliefs interact with 
historical, social and political contexts. This is done in order to create situations 
in which learning to teach occurs. Thus, teacher learning “is usefully understood 
as a process of increasing participation in the practice of teaching, and through 
this participation, a process of becoming knowledgeable in and about teaching” 
(Adler, 2000:37) 
This study focuses on some of the factors affecting the teaching and learning of 
mathematics in primary schools. This learning of mathematics is “situated” 
within a primary school context. Further, the role of the teacher in facilitating this 
mathematics learning in a primary school context is also discussed. Thus, there is 
a need for the teacher to reflect on and learn more about the practice of teaching 
to improve the facilitation of mathematics learning among primary school 
learners.  In this regard, the situated learning perspective as discussed in the 
previous paragraph may be a suitable framework in which to locate this research. 
 
RESEARCH METHODOLOGY 

To answer the research question and consequently the sub-questions, a survey 
was conducted with schools using the questionnaires.  Schools were identified 
through their participation in the South African Mathematics Challenge (a 
Mathematics competition for primary school learners) and regional AMESA 
(Association for Mathematics Education of South Africa) activities.   All schools 
volunteered to be part of this survey.  For ethical considerations and to ensure the 
anonymity of the participating schools and provinces, codes were used (see under 
results).   
 
The questionnaire 
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The questionnaire was very comprehensive in nature and sought information on 
the following:  

 School and teacher profile 
 Mathematics subject allocation  
 Supervision of teachers 
 Linking and integrating school topics 
 Support for teachers who are “not performing” 
 Support for learners who are “struggling” 
 Grade 4 learners 
 Learner proficiency in Mathematics topics/concepts 
 Teachers’ ability in Mathematics topics/concepts 
 Participation in Mathematics Competitions 
 Keeping track of learners once they get to high school 
 Parental involvement  

Analyses of data 

The data emerging from this study has been analysed by looking at trends and 
patterns of coherence.   
 

DATA ANALYSIS 

The writer used codes A, B, C, … to denote the schools involved. There were 12 
schools which participated in the survey. These schools were located in different 
provinces. The codes 1, 2, 3,… were used for the provinces. 
The school location and teacher profile is shown in table 1. The codes A, B, C, 
… are used  
Table 1: School location and teacher profile 

School 

Code 

Province 

Code 

Location  Number of 

teachers 

Qualifications of 

teachers 

A 1 Urban 7 well 
experienced 
teachers  

Five teachers have 
diplomas and two 
have degrees 

B 3 Urban 5 well 
experienced 
teachers, 3 with 
more than 25 
years of 
experience 

Four Teachers have 
diplomas;  one has a 
diploma with an 
advanced certificate 
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C 2 Urban 4 teachers with a 
range of 
experiences ; two 
have 24 or more 
years of 
experience  

Two Teachers have 
degrees and two 
have diplomas 

D 4 Urban 6 teachers with a 
range of 
experiences; three 
have 15 or more 
years of 
experience 

One teacher has a 
diploma and five 
have degrees 

E 3 Rural 3 teachers with 10 
or more years of 
experience 

Two teachers have 
degrees and one has 
an advanced 
certificate with a 
honours degree 

F 3 Rural 2 teachers with 20 
or more years of 
experience 

Both teachers have 
degrees 

G 3 Semi-
urban 

4 teachers with 
three having more 
than 20 years of 
experience  

Three have 
diplomas and one 
has a degree 

H 2 Rural 2 teachers ; one 
with 3 years’  
experience and the 
other 21 years  

One has a degree 
and the other a 
diploma 

I 5 Rural 8 teachers, only 2 
have more than 10 
years’ experience 

Four have degrees 
and four have 
diplomas 

J 1 Urban  2 teachers, one 
with 9 years’ 
experience and the 
other with 29 
years’ experience 

One has a degree 
and one a diploma  

K 1 Urban  One teacher with 
24 years of 
experience 

The teacher has a 
diploma  
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L 1 Urban One teacher with 
20 years of 
experience  

The teacher has a 
degree 

 
Trends observed in table 1 

The 12 schools in the survey are located in five difference provinces, with four 
schools from provinces 1 and 3, two schools from province 2 and one school each 
from provinces 4 and 5. Seven schools are classified as urban, one as semi-urban 
and four as rural. The teachers at the schools are very experienced with most 
having more than 10 years of experience teaching Mathematics in the primary 
school. All teachers are qualified having diplomas or degrees. Some also have 
advanced certificates.      
Allocation of Mathematics 

Schools B to F (seven schools) allocate Mathematics to teachers in grades 4 to 7 
based on their qualifications, experience and expertise in the subject. Schools K 
and L each have just one mathematics teacher, for grades 5 to 7 (in school K) and 
4 to 7 (in school L). In school A, the grade 4 and 5 mathematics classes are taught 
by the class teacher while the grade 6 and 7 classes are taught by specialist 
teachers. A similar situation exists in school I. However, at this school only the 
grade 7 classes are taught by subject specialists.  
Supervision of teachers 

All schools in the sample have a system in place in which teachers’ work are 
supervised. This supervision is done by mostly the heads of departments. One 
school also has a Mathematics subject head who supervises the work of teachers.  
From time to time, the principal and/or deputy principal may also be involved in 
the supervision. All of these supervisory activities are discussed in staff or subject 
meetings and form part of the academic programme of the schools. At each of the 
schools, it is compulsory for teachers to plan and prepare their lessons. This 
preparation must be submitted to the supervisor for checking and noting to the 
supervisor at periodic intervals.   
Most of the schools have structured classroom visits. During these classroom 
visits, supervisors may be involved in the following: 

 Observing the interaction between teacher and learners in the classroom 
 Monitoring progress with regard to the content coverage   
 Scrutinising learners’ work in their books to ascertain their progress in 

Mathematics. This may also reveal the type of remedial measures which 
can be ascertained; this may also assist in the planning of remedial 
measures 
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At each of the schools there is on-going internal moderation of School-Based-
Assessment (SBA). This is very important since SBA contributes a significant 
proportion of the final mark for Mathematics.  
Lesson planning and preparation  

As noted in the previous section, lesson planning and preparation is compulsory 
at all the schools in question. In schools A, B, C, E, F, H and I teachers take lesson 
planning and preparation very seriously as they realise that Mathematics is an 
important subject and they need to plan and prepare well for their classes.  
At school D. teachers would appear to be needing support with regard to the 
implementation of CAPS at their school. However, at school G the school 
principal is not a “mathematics person” and is reluctant to purchase support 
materials for teachers. At schools J and K, there seems to be a challenge with 
regard to planning and preparation. At school J, there appears to be a lack of good 
planning and preparation resulting in topics not being covered well. At school K, 
teachers expect to be supplied with worked out lessons and ready materials.   
Despite the challenges experienced at some of the schools, the key points 
emerging from the data are captured below:   

 Planning is done both weekly and for the term. However, daily preparation 
is compulsory. The CAPS document must be consulted at all times. 

 Good practices and teaching approaches are shared in subject meetings  
 Mathematics lessons should also encourage creativity in learners and 

inculcating a love for the subject  
 Policy prescripts are taken into account when planning and preparing 

lessons 
 The teacher should also set appropriate mental and tables tests as a part of 

his/her preparation  
 The teacher should also indicate the type of support that is given to learners 

in projects, assignments and investigations 
 The lack of proper planning and preparation by teachers at some of the 

schools impacts negatively on lesson delivery  

Teaching mathematics by integrating and linking topics  

Mathematics should not be taught in isolation.  Powell (2017) states earlier in this 
paper about the use of contexts to develop learners mathematically, there is no 
doubt that integrating and linking topics will elicit better understanding of 
mathematical concepts and procedures.  
All schools indicated that integration and linking topics forms part of their 
planning and preparation. Other subjects which may be integrated within 
Mathematics are Technology, Natural Sciences, Economic & Management 
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Sciences, Arts & Culture and Language. There is also integration within 
Mathematics. 
At school A, grade 4 learners are involved in mini “Market Days” where the 
emphasis is on calculations. Their learners also participate in the mental maths 
programme and the South African Mathematics Challenge. At school C, the grade 
6 learners are given a project where they have to design their dream houses, using 
a computer programme. Here, mathematics is linked with Arts & Culture and 
Natural Sciences.  
Integration is done fairly well in school D. When teaching learners about financial 
mathematics, they are able to link mathematics with their own experiences such 
as shopping and utility bills. Integration also occurs in Space and Shape when 
learners are taught 2D shapes and 3D objects; these are linked to things they 
experience in their environment such as Ndebele drawings and traffic signs.  
Remedial programmes for teachers 

Teachers have an important role to play in children’s mathematical development. 
Thus, if a teacher is not performing, then there is every likelihood that children’s 
mathematical development would be negatively affected, at least while at school. 
These “under-performing” teachers would definitely need support. This could be 
from within the school or from outside. 
It is unfortunate that four of the schools do not have any support or remedial 
programmes for teachers. However, at the other schools, there are programmes in 
place for teachers. These include: 

 Internal mentoring programmes where colleagues or mentors are assigned 
to support  “under-performing” teachers 

 Head of Department assisting with planning and preparation and choosing 
resources such as teaching aids and textbooks 

 Content and methodology workshops for teachers arranged by the school 
or department  

 Encouraging teachers to register for ACE and other programmes in 
mathematics 

Learner profiles and support programmes 

Only five of the schools indicated that they were satisfied with the quality of 
learners coming from their Foundation phase. At school A, learners are given a 
solid foundation by vastly experienced teachers in the foundation phase, thus 
easing their move into the Intermediate phase. Teachers in the Intermediate phase 
are ready to build on what children learnt in the Foundation phase. However, a 
few of the learners have poor drill skills and are weak at bonds and mental 
mathematics. It was made clear that this is not the schools or teachers’ fault.  
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At school C, the grade 4 teacher previously taught grade 3. This teacher is aware 
of the requirements of both grade 3 and grade 4 so is able to bridge the gap of 
learners moving into grade 4.School H expressed satisfaction with the 
foundational knowledge of their children and teachers are able to build on this 
knowledge. Learners tend to struggle with grade 4 concepts when seen for the 
first time. Similar sentiments were expressed by school J. In grade 4, they do a 
number sense project with learners and this also builds on what they learnt in the 
Foundation phase. School E did not have Foundation phase learners. 
There were some concerns in the remaining schools. These schools were not 
satisfied with the quality of work done by their Foundation phase teachers. The 
reasons are summarised in table 2. 
Table 2: Quality of grade 4 learners  

School Comments from school on grade 4 learners 

B In grade 3 learners are taught by their class teacher while in 
grade 4 they are taught by subject specialists. They find the 
children lacking in basic concepts  

D The transition from grade 3 to 4 has a huge impact on learner 
performance in grade 4. Learners in grade 4 cannot interpret 
questions; struggle with problem solving and cannot work 
independently 

F Learners do concepts in Sepedi Home language in the 
Foundation Phase and only get to start new concepts in English 
in grade 4. It takes them time to adapt to the new LOLT and new 
concepts in grade 4.  

G This school has similar experiences to school F. 

I There are definite differences between the two grades. This 
includes the number of subjects and workload. Learners tend to 
struggle with the new way of working in grade 4, even though 
they may have been good in grade 3.In grade 4 teachers need to 
have a good understanding from where the learner is coming 
from and where the teacher wants to take them 

K The transition from grade 3 to grade 4 is always a problem. 
Grade 4 teachers receive learners who are partially ready. 
Further there are  large classes in grade 4 resulting in a lack of 
individual attention for learners who may need support 

L Grade 4 learners tend to struggle with various  concepts, 
including number sense and correct use of operations 
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Only two schools indicated that they were satisfied with the quality of learners 
they took in from other schools at the beginning of grade 4. These were schools 
A and C. School A reported that their intake of grade 4 learners from other schools 
were “mostly fine” and that it differed from child to child.  An interesting point 
raised by school A is that children may have been exposed to different methods 
of working (e.g. long division) and these are addressed in the grade. 
School C stated that learners from other schools tend to have good “number 
concept and knowledge”. However, the pace at school C may be a bit faster and 
learners have to get used to the pace. Further, those who come from rural areas 
sometimes struggle with number concepts.     
The comments given by other schools is summarised in table 3  
Table 3: Quality of grade 4 learners transferred in from other schools   

School Comments from school on new grade 4 learners  

B Learners have a problem with learning Mathematics 
through the medium of English 

D It is a huge challenge because of the language barrier; our 
first language is English and some come from schools 
where Xhosa or Tswana was the first language 

E The school is not satisfied as the learners come to grade 4 
from other schools with little knowledge of the basics in 
Mathematics  

F Most struggle in the same manner as those who completed 
FP in our school; except for those from Gauteng Province 
who did all their subjects in English in the FP 

G Most of the learners do not perform well; they are below 
the standard of learners from within the school 

H Most children coming from other schools are not on par; 
have little or no mathematical background; do not know the 
tables 

I Sometimes these learners are not on the same level as us; 
struggle with small things like handwriting 

J We usually get weak learners from other schools; they 
initially struggle at the school  
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Despite issues with regard to the quality of grade 4 learners at a number of schools 
in the sample, all schools were able to identify strengths in their grade 4 learners. 
These strengths are captured below: 

“They know the 4 basic operations well; regarding calculations; good 

grounding in FP”; “ They have basic knowledge – count; add, subtract, 

multiply and divide”; “Their concepts of addition and subtraction; 

methods they use to solve calculations”; “ Solving problems on addition 

and subtraction; properties of 2D shapes; number patterns & data 

handling”;  “addition & subtraction”; “ good in counting and addition as 

well as shapes”; “ Solid foundation making it easier for them to cope 

despite the change to English”; “ can calculate; expand or break down 

and know their shapes”; “ They are good at speed-work and can solve 

problems. They are able to use the DBE workbook which is colourful and 

learner friendly”; “Data handling; time; space & shape”; “Patterns”. 
 

The strengths described above are very reassuring as it means that, despite 
challenges at some schools, teachers are able to build on these strengths in grade 
4.  At the same time schools realise that they have to identify in which areas their 
learners require support in grade 4: These are shown here 

“They need some time to consolidate new concepts so they can reason sums 

for themselves; without waiting to be told what to do; also the constant 

drill of bonds and tables”; “They must a basic knowledge on the use of 

operations”; “Number bonds must be established; working with big 

numbers is not as important as number concept; need to work 

independently; concept of word problems and ready knowledge  needs to 

improve”; “ Interpretation; analysis of questions; reading time and 

solving word problems”; “ Mathematical knowledge,  skill and concepts”; 

“ Basic knowledge of maths concepts in English as well as basic 

operations”; “ Knowledge of  basic operations”; “They still need more 

practice with calculations; need to know their tables better and exposed to 

tests on the tables”; “Mathematics vocabulary,  problem solving, numbers 

and  operations,  fraction and decimals”; “ Mental maths programme; oral 

or written every morning”; “Multiplication and addition”  

Only one of the 12 schools (school F) indicated that they did not have support 
programmes for learners who have difficulty with certain mathematics topics. All 
the other schools had support programmes. Some of the common programmes of 
these schools are listed below. : 

 Learners are given mental mathematics tasks daily; those 
Mathematics teachers who are class teachers can also make time to 
give children extra support.  
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 Arrangements are made to support learners with extra lessons in the 
afternoons. At some schools there are also early morning classes.  

 Some schools give learners extra work to do at home under parental 
supervision  

Besides extra classes and sessions in the mathematics laboratory for learners to 
practice geometric skills, school H uses the CPA (Concrete, Pictorial, Abstract) 
method of teaching. The CPA approach brings concepts to life by allowing 
children to experience and handle physical objects themselves. Every new 
abstract concept is learned first with a “concrete” or physical experience in which 
children are taught by teachers who use “concrete” or physical experiences   
Learners’ performance in the various grade 4 – 7 topics 

Each school had to rate, using a 1 to 10 scale, their learners’ abilities in the various 
mathematics topics in grades 4 to 7 . This was compiled in four tables, one each 
for grades 4, 5, 6 and 7. The average rating for each grade per school is shown in 
Table 4.  
Table 4: Learners’ performance in various grade 4 – 7 mathematics topics 

Teacher’s  rating of learner performance in Grades 4 – 7 (Average)   

 A B C D E F G H I J K L 

Grade 4 8,8 6,2 7,1 5,0 ---- 5,9 6,8 4,3 4,9 4,7 5.4 5,0 

Grade 5 7,4 9,7 7,0 5,3 4,0 ---
- 

7,2 4,8 5,7 5,2 5,7 5,3 

Grade 6 7,2 6,4 7,3 5,5 4,4 ---
- 

7,7 5,4 5,9 6,1 5,9 5,4 

Grade 7 7,5 8,2 7,6 5,7 5,6 ---
- 

8,0 5,7 5,4 6,9 5,7 5,5 

Total 
30,9 30,5 29,0 21,5 

13,0 5,9 
29,7 20,2 21,9 22,9 22,7 21,2 

Average 
7,7 7,6 7,3 5,4 

4,7 5,9 
7,4 5,1 5,5 5,7 5,7 5,3 

             NB: School E only starts with grade 5; school F only has up to grade 4 

Teachers’ abilities in the various grade 4 – 7 topics 

Each school also had to rate, using a 1 to 10 scale, their teachers’ abilities in the 
various mathematics topics in grades 4 to 7. This was compiled in four tables, one 
each for grades 4, 5, 6 and 7. The average rating for each grade per school is 
shown in Table 5.  
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Table 5:  Teachers’ abilities in various grade 4 – 7 mathematics topics 

Teacher’s  abilities in various topics in grades 4 – 7  (Average)   

 A B C D E F G H I J K L 

Grade 4 10,0 8,0 7.3 7,5 ---- 8,6 7,6 7,0 5,8 5,9 7,3 5,8 

Grade 5 8,5 9,9 7,3 8,1 5,7 ---
- 

7,7 7,0 7,4 6,6 7,4 5,8 

Grade 6 9,4 9,3 8,0 8,1 5,3 ---
- 

7,7 7,0 7,9 6,8 7,4 5,9 

Grade 7 7,7 8,8 8,0 8,4 5,4 ---
- 

7,3 7,0 7,2 6,8 7,4 5,6 

Total 
35,6 36,0 30,6 32,1 

16,4 8,6 
30,3 28,0 28,3 26,1 29,5 23,1 

Average 
8,9 9,0 7,7 8,0 

5,5 8,6 
7,6 7,0 7,1 6,5 7,1 5,8 

             NB: School E only starts with grade 5; school F only has up to grade 4 

 
To establish whether there is a relationship between the average data in tables 4 
and 5, a scatterplot is drawn, using excel. We note that there is a positive 
correlation between learner performance and teacher ability in the various 
mathematics topics, that is, the higher the teachers ability in the various 
mathematics topics, the higher the learner performance in those topics.   This 
means that if learner performance in primary school mathematics is to improve, 
then teachers’ abilities in the various topics should improve.   
 
Participation in Mathematics Olympiads and Competitions 

Schools A, B, C, E and I participated in various mathematics competitions in 
large numbers.  Examples of such competitions are AMESA local competitions, 
the South African Mathematics Challenge and the Horizon mathematics 
competition. Very few or no learners from the other schools participated in 
mathematics competitions.   
A high proportion of learners from schools A and C made it to the second and 
final round of the South African Mathematics Challenge. 
Graph showing the relationship between learner performance and teacher 

ability in various topics 



 

221 

 

 
Primary school – high school relationship    

Nine schools (schools A; B; C; D; E; G; H; I; J) in the sample indicated that they 
have a relationship with the high schools which their grade 7 learners normally 
go to. Schools A, B and D indicated that the high schools were usually 
complimentary of mathematical abilities of their learners.  The top 10 grade 7 
learners of school D are given free admission to the high school. 
Unfortunately, schools K and L stated they had no relationship with their high 
schools. This may probably impact negatively on learners from these schools 
when they move to high schools.  
The same nine schools from above indicated that that their learners leave for high 
school well prepared. They often receive positive feedback from the schools on 
how their learners are doing in high school. These schools have regular meetings 
with their high schools and this has contributed to their learners making a 
successful transition to high school.   
Schools K and L reported that their learners leave for high school, not fully 
prepared. Their learners have not yet grasped certain mathematical concepts and 
this has happened since the foundation phase. Their learners also have a language 
barrier and this is likely to continue in high school, thus, impacting negatively on 
their mathematical development. 
All schools, with the exception of school L, kept in touch with their learners when 
they went to high school. This was done in various ways such as: 

 Feedback from the schools or parents, who have children in both 
primary and high school  
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 Attending high school prize-giving functions to see how they are 
faring 

 Visits from old learners who speak about their performance or seek 
help for assignments and other tasks 

 School J started a grade 7 alumni programme; learners they are given 
advice and motivational talks; some learners are given bursaries to 
attend top boarding schools 

Parental involvement    

Schools A, B, C, D, G and I indicated that their learners’ parents are very 
supportive and attended school meetings. For the other schools, very few parents 
attended school meetings. School H stated that parents of learners living in its 
hostels live far away and are unable to attend school meetings. They are informed 
about school news through newsletters and notices which are sent to them weekly.  
The majority of schools report that parents were generally supportive of the 
schools in improving and achieving higher academic standards. Some examples 
given are: 

 Parents attend information sessions and other academic meetings 
regularly 

 Parents assist the schools with fund raising to buy the latest technology 
to assist teachers. These include laptops and data projectors 

 Parents go through and sign learners’ books 
 Schools have homework hubs and “Whatsapp” to improve 

communication between teachers and learners after school hours 
 Parents whose children are doing well are usually supported  
 Despite some parents being illiterate at one of the schools, they are still 

able to support their children as this is encouraged by the schools. 

The majority of the schools stated that parents do try to support their children 
with their schoolwork and homework. However, for some schools, very little or 
nothing is happening.  This lack of parental support is noted in schools B, E and 
G while school H reported that parents tend to support their younger children but 
steer away from their supporting their older children. 
 Other comments from schools   

To cover any issues not covered in the questionnaire, schools were free to give 
other comments. These comments are listed per school and are shown in Table 6. 
However, not all schools gave comments. 
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Table 6: Other comments from schools 

School Comments 

A The school has a strong mathematics department with 
both experienced and younger staff with fresh ideas. 
The school indicated it also has its challenges 

B The learners are under the supervision of caregivers 
at home as the parents are working far from home. 
They usually come home over weekends and tend to 
be tired 

D The DBE workbooks are not being optimally used by 
learners. Learners tend memorise examples in DBE 
books without understanding the mathematics. The 
DBE should rather provide teacher’s guides.  

E Any form of assistance with respect to mathematics 
is most welcome 

F It is our wish that the communities we are serving 
could be made to realise the importance of parental 
involvement in education 

G We need to make mathematics fun in our classrooms 
and not threaten our learners. Mathematics teachers 
will develop professionally by joining AMESA and 
attending AMESA workshops and conferences.  

I When you call parents of those who are performing 
poorly it is very difficult to get them to honour 
appointments. Some parents of LSEN deny that their 
children need additional support.  

L There are challenges with respect to mathematics 
learning in grades 4 to 7 and there should be more 
support for learners  

                         

FINDINGS 

As stated earlier, 12 Schools from five different provinces participated in this 
study.  Seven schools are classified as urban, one as semi-rural and four as rural. 
The findings of the study, which emanate from the data outlined,  are now written 
within the context of the research sub-questions.  

Allocation and supervision of mathematics teachers 
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All have mostly experienced mathematics teachers who are doing a 
reasonably good job. Mathematics is allocated according to the experience 
and qualifications of the teachers. While most of the schools have specialist 
mathematics teachers, at some schools, Mathematics is taught by the class 
teacher.    
All schools have a system whereby teachers are supervised. Teachers’ work 
is monitored by the HOD/Subject head. The HOD/Subject head also checks 
learners’ work. In some schools, the supervisor visits teachers’ classes to 
monitor delivery of lessons.  School Based Assessment is also moderated.  
Planning, preparation and integration  

All schools in this research indicate that it is compulsory for teachers to plan 
and prepare their lessons as the lack of proper planning and preparation by 
teachers can impact negatively on learning. It is important to consult with 
the CAPS document at all times so teachers are on track with the coverage 
of work. When preparing lessons, teachers should allow for learners’ 
problem solving skills and creativity to be developed.  At some schools 
mental tests and table tests are given regularly to help boost the learner 
mathematical development.  The necessary support is given to learner when 
they are given assignments, projects and investigations. Schools also use 
meetings to share good classroom practices and teaching approaches.  
There is a belief among all the schools that Mathematics should not be taught 
in isolation. Examples are given by some schools where teachers use 
different contexts to develop learners mathematically. It was felt that 
integrating and linking topics will elicit better understanding of 
mathematical concepts and procedures. 
Foundation phase – intermediate phase interchange   

Grade 4 teachers need to build on what children learnt in the Foundation 
Phase. In this research it is reported that grade 4 learners start the 
intermediate phase with a number of strengths and teachers are able to 
consolidate these strengths. Also weaknesses identified in grade 4 learners 
are addressed through support or remedial programmes. 
Interestingly, only five schools indicate that they are satisfied with the 
quality of learners coming through from the Foundation phase. This is not 
acceptable as there should always be discussions within a grade and across 
grades and phases between teachers.   
Further, only two schools are satisfied with learners coming into grade 4 
from other schools. This means that some of our schools are not doing justice 
to children’s mathematical development.  
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Support for teachers and learners 

Teachers have a key role to play in children’s mathematical development. 
There are times when teachers may not be performing optimally and would 
require support.  Most of the schools indicate they have internal mentoring 
programmes to support such teachers. This support may also be given to new 
or inexperienced teachers.  The HOD/Subject head may assist teachers with 
ideas on planning and preparation and the use of appropriate resources in the 
class. Teachers are also encouraged to enrol for in-service or other 
programmes for mathematics. 
11 of the 12 schools indicated that they give extra support to learners who 
were having difficulty with Mathematics. This is highly commendable as 
any early support given is likely to impact positively on learners’ 
mathematical development in the later grades. Support programmes start in 
grade 4 when there is consolidation of the work done in the Foundation 
phase and managing the change from “mother tongue” instruction to 
English. Other examples of support programmes at the schools include daily 
mental tasks, early morning and afternoon support to small groups and 
sending remedial work home to be completed under parental supervision.  
 

Teacher ability and learner performance in various mathematical 

concepts and topics  

Despite the diversity of schools in this study, the data reveals that there is a 
positive correlation between teacher ability and learner performance in 
various mathematics topics and concepts. This means that more should be 
invested in teaching and teacher development if learner performance in 
primary school mathematics is to reach an acceptable level.   
Mathematics Olympiads and competitions 

While it may seem important for schools to enrol their learners in various 
Mathematics Olympiads and competitions, only five of the schools did so. 
This is rather unfortunate as participation in Mathematics Olympiads and 
competitions should be encouraged at all schools. These Olympiads and 
competitions can take children’s mathematical development to an even 
higher level. For example, a competition such as the South African 
Mathematics Challenge targets learners from grades 4 to 7 and involves 
problem solving. Learners who participate in the Mathematics Olympiads 
and competitions in primary school are likely to continue with such 
participation in high school.    
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Tracking learners’ high school progress 

In South Africa, the emphasis is on performance in grade 12. However, all 
grades leading up to this grade are important. Thus, when learners leave 
primary school for high school, it is important to track these learners’ 
progress at least for the first two years of high school. This may give an 
indication whether the learners have been well prepared for high school and 
may become a marketing tool for the school.  
Nearly all schools in this study tracked learners’ progress when they moved 
to high school. Once again, this is commendable as these schools take 
“ownership” of their former learners.  One notes that, generally, learners’ 
performance in Mathematics tends to drop in grade 8, despite grade 8 being 
a continuation of grade 7. It is possible that learners are taking too long to 
adapt to high school. By tracking their learners’ progress in high school, 
primary schools may come with ways in which the transition from primary 
school to high school becomes easier for learners. However, this should be 
done in collaboration with the high schools.  
Parental involvement   

Most of the schools are satisfied with the level of parental involvement in 
their learners’ education. Parents are very supported of the school and assist 
the schools in a number of ways.  However, there are challenges at some 
schools. At one rural school learners are supported by caregivers during the 
week as parents work out of town. When they come home during the 
weekend, they are too “tired” to support their children. Another school 
complained about parents being “illiterate” and unable to support their 
children. This was in sharp contrast to one other school which reported that 
even “illiterate” parents are involved in their children’s education.    

 

RECOMMENDATIONS 

After considering the findings of this study in the previous section, the writer 
would like to make the following recommendations: 

 It is noted that schools use a mix of class teaching and subject specialist 
teaching for Mathematics. While class teaching may be suitable for grade 
4 to allow for continuity from grade 3 to grade 4, it is recommended that 
mathematics subject specialist teaching should commence at least in grade 
5.  

 There should be discussions between teachers across phases. For example, 
grade 3 teachers should be working closely with grade 4 teachers so that 
learners are better prepared for grade 4.  
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 Schools should have support programmes for learners who have difficulty 
with Mathematics. This will ensure that learners’ misconceptions and 
errors are remediated early enough.  

 Each school should have a structured programme of supervision and 
support for teachers. In this way teachers who are not performing up to par 
may be identified and given the necessary support.. 

 Planning and preparing lessons should be compulsory and teachers may 
use an integrated approach (within Mathematics and with other subjects) 
when teaching mathematics.  

 There should be a follow-up of learners once they leave primary school, at 
least for the first two years of high school. This may give primary schools 
an indication of whether they are on the right track in preparing learners 
for high school mathematics. 

 Learners should be encouraged to participate in Mathematics competitions 
from an early age. This has the potential to deepen their mathematical 
ability and assess their performance with those of learners from other 
schools. 

 All parents, irrespective of their level of education, should be encouraged 
to support their children. While knowing or being familiar with the work 
may be a bonus, it is not necessary. Parents can still support their children 
in a number of ways such conversing with children about work done at 
school, taking an interest in the children’s work by looking at their books, 
ensuring that children have a place to do homework, etc.   

 

CONCLUSION  

This survey of Mathematics teaching and learning practices  in some primary 
schools produced rich data with which the writer could work with.  There is no 
doubt that mathematics teachers in the primary schools are trying their best. 
However, the work done in the various schools seems to be uneven. Although all 
schools have teachers who are well-qualified and experienced, the activities for 
learners seem to differ vastly.  These activities are likely to impact on learner 
performance as they move through the grades. Various factors impact on the 
teaching and learning of Mathematics and some of these have been outlined in 
this study.   
There are always going to be discussions and strategies about improving teaching 
and learning of Mathematics in South Africa schools. This paper has shed some 
light on the practices in some primary schools. It is hoped that the findings and 
recommendations are noted and possibly used as a basis for strengthening 
mathematics teaching and learning practices at more primary schools.   



 

228 

 

REFERENCES 

Adler, J.: 2000, ‘Social practice theory and mathematics teacher education: a conversation between 
theory and practice’, Nordic Mathematics Education Journal (NOMAD) 8(3), 31–53. 

Department of Basic Education (DBE) (2018): 2017 National Senior Certificate Examination: School 

Subject Report. Government Printing Works. Pretoria 

Department of Basic Education (DBE) (2014): 2014 National Senior Certificate Examination: 

Diagnostic Report. Government Printing Works. Pretoria 

Dowker, A; Bennet, K and Smith, L  (2012): Attitudes in Mathematics in primary school children. 
Child Development Research. Volume 2012. Article ID 124939 

Greeno, J.G., Collins, A.M. and Resnick, L.B.: (1996_, ‘Cognition and learning’, in D. Berliner and 
R. Calfee (ed.), Handbook of Educational Psychology, Macmillan, New York, pp. 15– 46. 

Hudson, B; Henderson, S and Hudson, A (2015): Developing mathematical thinking in the primary 
classroom: liberating students and teachers as learners of mathematics. Journal of Curriculum 
Studies. 47(3): pp 374 - 398  

Mapolelo, D.C. (2003). Case studies of changes of beliefs of two in-service primary school teachers. 
South African Journal of Education    Volume 23 (1): pp 71 – 77 

Rikhotso, S. B. (2015): Primary school learners’ attitudes on mathematics learning in Mathematics. 
Unpublished masters’ thesis. University of South Africa. South Africa 

Roberts, N (2016). Preparation for Matric (NSC) Mathematics starts at conception. Proceedings of the 
22nd  Annual Congress of the Association of Mathematics Education of South Africa (AMESA) 
Volume 1. Busisiwe Goba and Jayaluxmi Naidoo  (Editors). pp33 – 53 

Sinyosi, Livhalani Bridget (2015) Factors affecting grade 12 learners' performance in mathematics at 
Nzhelele East circuit : Vhembe District in Limpopo, University of South Africa, Pretoria, 
http://hdl.handle.net/10500/20245 

Shahrill, M; Abdullah, N.A, and Yusof, H.J.H.M (2015): Factors affecting students’ performance in 
Mathematics: Case studies in three primary schools. Paper presented at the 7th ICMI-East Asia 
Conference paper on Mathematics Education: In Pursuit of quality Mathematics education for all, 
Cebu City, Philippines 11 – 15 May 2015.   

 

 

 

 

 

 

 

 

 

 

 

 

 

http://hdl.handle.net/10500/20245
aio
Text Box
Return to the Index



 

229 

 

 

MATHEMATICS ACROSS THE CURRICULUM: THE CASE 

OF GRAPHS IN THE SCIENCES 

Vasuthavan Gopaul Govender 
Eastern Cape Department of Education & Nelson Mandela University 

 
Mathematics concepts are widely used in the study of Physical Sciences, Life 

Sciences, Natural Sciences and other subjects. From an early age learners are 

exposed to graphs in Mathematics and the Sciences. However, from the data 

collected for this paper, it would appear that both primary and high school 

learners tend to have difficulty with graphs in the Sciences and this may possibly 

affect their performance in the Science subjects. Further, graphs form an integral 

part of the assessment of Physical Sciences in the FET phase in South Africa.  In 

this regard, the graphs in two grade 12 Final Examination Physical Sciences 

papers are analysed and the mathematical origins of such graphs discussed. This 

is done in an attempt to show the links between graphs in Mathematics and graphs 

in the Sciences and encourage integration between the two subjects.     

INTRODUCTION AND BACKGROUND 

Mathematics is a very important subject in South Africa and other countries. It is 
a compulsory subject in South Africa until grade 9. The CAPS document for 
Mathematics (Senior Phase) defines Mathematics as 

Mathematics is a language that makes use of symbols and notations for 

describing numerical, geometric and graphical relationships. It is a human 

activity that involves observing, representing and investigating patterns 

and quantitative relationships in physical and social phenomena and 

between mathematical objects themselves. It helps to develop mental 

processes that enhance logical and critical thinking, accuracy and problem 

solving that will contribute in decision-making.  (DBE, 2011:8) 
 
The definition of Mathematics in the FET (Further Education and Training) 
Phase) is exactly the same as that of Mathematics in the Senior Phase, with one 
additional statement  
 

Mathematical problem solving enables us to understand the world 

(physical, social and economic) around us, and, most of all, to teach us to 

think creatively                                                                (DBE, 2011a: 8) 
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One of the specific aims of Mathematics in the Senior Phase is the “acquisition 

of specific knowledge and skills which are necessary for the study of related 

subject matter (e.g. other subjects)” (DBE, 2011:8). Although this is not explicit 
in the FET document, this specific aim also has relevance for Mathematics in the 
FET.  
One of the specific skills for mathematics learners in the FET is the ability to 
“communicate appropriately by using descriptions in words, graphs, symbols, 

tables and diagrams”. (DBE, 2011a: 9). This skill is very important in a subject 
like Physical Sciences. 
A summary of the purpose and specific aims of Physical Sciences as outlined in 
the CAPS document for Physical Sciences is listed below:   

 It makes learners aware of their environment and to equip learners with 
investigating skills relating to physical and chemical phenomena, for 
example, lightning and solubility.  

 Classifying, communicating, measuring, designing an investigation, 
drawing and evaluating conclusions, formulating models, hypothesising, 
identifying and controlling variables, inferring, observing and comparing, 
interpreting, predicting, problem-solving and reflective skills are some of 
the key skills which are relevant in Physical Sciences  

 Physical Sciences promotes knowledge and skills in scientific inquiry and 
problem solving; the construction and application of scientific and 
technological knowledge; an understanding of the nature of science and its 
relationships to technology, society and the environment. 

 Physical Sciences prepare learners for future learning, specialist learning, 
employment, citizenship, holistic development, socio-economic 
development, and environmental management.  (DBE, 2011b:8) 

 
There is a close link between “communicating” from the second bullet above and 
the specific skill of Mathematics where learners have to “communicate 

appropriately by using descriptions in words, graphs, symbols, tables and 

diagrams”.  Graphs may be used in Physical Sciences to communicate findings, 
relationships and other relevant information to the learners. Learners may have to 
interpret the graphs and come up with conjectures and predictions.  
Graphs are used in the Sciences from very early in the primary school.  By the 
time learners reach the FET and choose Physical Sciences as a subject, learners 
should be well-versed in drawing and interpreting graphs.  
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STATEMENT OF THE PROBLEM 

One of the specific aims of the Natural Sciences and Technology curriculum for 
the intermediate phase is “Investigating Phenomena in Natural Sciences and 
Designing and Making Solutions in Technology”. A skill emanating from this 
aim is for learners to record information or data. In this regard, learners should 
record observations or information such as drawings, descriptions in simple table 
format or as simple graphs.  Another skill is for learners to interpret information 
given in table form or graphs and be able to convert information from one form 
in which it was recorded into another, for example from a table, into, an 
appropriate graph. Learners should be able to perform appropriate simple 
calculations, to analyse and extract information from tables and graphs, (DBE, 
2011c: 16).  
For Natural Sciences in the Senior Phase, skills such as recording information, 
interpreting information and communicating fall under the broad category of 
process skills (DBE, 2011d: 11).  These skills are taken further in the FET phase. 
The CAPS document for Physical Sciences gives examples of the skills that are 
relevant for the study of Physical Sciences. Skills such as communicating, 
identifying and controlling variables, observing and comparing, and interpreting 
involve the use of graphs. (DBE, 2011b: 8) 
A close scrutiny of the various phase CAPS documents for Mathematics and the 
Sciences reveals that learners are exposed to different types of graphs from very 
early on and this continues into the FET. Collaboration between Mathematics and 
Science teachers from the early grades may better prepare learners to draw and 
interpret graphs. 
 However, it would appear that there are some challenges with regard to the way 
graphs are taught and used in the Sciences in primary school. The writer 
communicated with a Natural Sciences subject advisor, responsible for 
approximately 200 schools, in this regard. The subject advisor reported the 
following challenges which came to the fore from his workshops with teachers 
and the scrutiny of learners’ Natural Sciences books and test papers during school 
visits:   

 Learners are not shown how to correctly draw graphs from a table of 
values. When they draw graphs, there is some uncertainty about the axes 
and scales to be used.  

 When learners are given graphs that are already drawn, the questions posed 
tend to be “low order” in nature and learners are not given the opportunity 
to make predictions or extrapolate using the graphs. 

 Teachers are not able to adequately explain the relationship between two 
variables and how changing one variable affects the other. 
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 Learners are not given adequate practice to draw pie charts and are usually 
given ones that are already drawn. 

 Some schools with access to computers are able to use excel to draw graphs 
which are then given as part of class activities.  However, this deprives 
learners of knowing how the graph was constructed. 

 In many primary schools teachers teach both Natural Sciences and 
Mathematics. However, there is very little integration between the two 
subjects.                                               
            (JA Sampson: personal communication, 14 February 2018) 
    

It would seem that a lot more needs to be done in the primary school to encourage 
integration between Mathematics and Natural Sciences.  The issues described 
above, especially with regard to graphs, eventually find its way to the FET. 
 
LITERATURE REVIEW 

This literature review focuses on four important issues, a look at integration 
within the curriculum, how a science teacher may integrate Mathematics into her 
classroom, first year physics students’ inability to apply their mathematical 
knowledge to Physics and their issues with graphs and how students may become 
better at graphing skills through practice and training.  

McCormick and Murphy (1998) refer to some issues with respect to Mathematics 
in context in England and Wales. These issues may also have relevance in a South 
African context. In mathematics lessons the focus is on the mathematical concept 
or procedure, often devoid of context. When contextual features are added to 
problems in mathematics, the task for students is to extract the mathematics and 
then solve the mathematics problem. This contrasts with everyday life, where the 
mathematics is a tool to solve a problem. The national curriculum in England and 
Wales sees links between mathematics, science and technology but there seems 
to be little or no effort to emphasise these links. Each of these classes 
(Mathematics, Science, Technology) is seen as a micro-culture and McCormack 
and Murphy suggest that an explicit recognition of the mathematical 
opportunities along with some strategies to deal with them is needed. Such 
strategies need to recognise the different purposes in each of the three classrooms, 
and the different ways in which the curriculum is dealt with in the school 
(Murphy, 1998).  

Mwakapenda and Dhlamini (2010)  report on a South African study which saw 
the integration of  Mathematics with other subjects such as Arts and Culture, EMS 
and Physical Sciences. Each teacher had to come up with a concept map on topics 
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relevant to the subject. The Physical Science teacher’s concept map involved the 
concepts: work, equation, energy, power.  The teacher’s map had detailed 
connections between concepts that are more linked to science (i.e. work, energy, 

power). However, the concepts solutions, function and equation are not explicitly 
shown on the map. The teacher pointed out that she did not seem to immediately 
see the connections between the concept solutions and work, energy and power. 
While, she recognised the need to use mathematics in teaching the concepts work, 

energy and power, she appeared to be uncertain on how the mathematics concepts 
may be linked to Science, despite being a Mathematics teacher for several years. 
A study by Paige (2015) on first university students reveals that most participants 
were not able to transfer their mathematics knowledge to a physics context. The 
study further reveals that the majority of participants interviewed do not have an 
understanding of the basic physics concepts such as average velocity and 
acceleration. Paige recommends that Physical Science teachers in the FET 
schools should also undergo constant training in data handling and graphs by 
subject specialists and academic professionals from Higher Education Institutions 
For a number of years Biology (now called Life Sciences in South Africa) was 
one of the Science subjects where it was felt that Mathematics would not play a 
key role. But this has been changing both locally and internationally. Meisadewi’s 
(2017) research with Biology students at a university in Indonesia focused on 
improving students’ graph representation and interpretation (graphing skills). 
These students were regarded as being weak in Mathematics and opted to study 
Biology. However, Biology in the 21st century had become a quantitative science 
which involved the use of more quantitative date. The students worked with bar 
and line graphs in a laboratory. Students were good at interpreting the graphs as 
indicated by the pre-test results.  The post-test results indicated that students had 
become better at constructing graphs, confirming the relevance of the training 
received.  Meisadewi states that the mastery of graphing skills is a process that 
requires hard work and time and intensive training.  
This short literature survey may be summarised as follows:  

 Mathematics, Science and Technology are separate subjects and are taught 
in different ways, with little or no integration, even when taught by the 
same teacher. 

 Some Science teachers tend to analyse and teach science content in a very 
one-dimensional way, without due regard to the mathematics involved in 
the content. 

 First year Physics students are unable to transfer their mathematical 
knowledge to Physics and have difficulty understanding basic physics 
content. Physical Science teachers at high schools need training in data 
handling and graphs.  
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 Subjects such as Biology which were considered to be suitable for learners 
who are weak in Mathematics are becoming increasingly quantitative in 
nature. It is imperative for learners to be able to analyse quantitative data 
in various Science subjects such as Biology and Physical Sciences using 
line, bar or other appropriate graphs.      

 

RESEARCH QUESTION  

In the light of the discussions in the previous section the following research 
question is posed for this paper: 

What are the types of graphs which feature in the Sciences and how are 

these graphs related to the graphs that are taught in the Mathematics 

classroom? 

The following subsidiary questions were formulated within the context of the 
research question. 

 Why are graphs important in the Sciences and how are graphs 
integrated into Science lessons? 

 What understanding do learners have of graphs? 
 How are graphs in the Sciences linked to graphs in Mathematics? 
 How are graphs integrated into the assessment of grade 12 Physical 

Sciences papers? 
 What role could Mathematics teachers play in facilitating the 

understanding of graphs? 

 

THEORETICAL FRAMEWORK  

The Berlin-White Integrated Science and Mathematics Model (BWISM) is an 
appropriate framework for this paper. This model has been recognized in both the 
mathematics and science education communities over a number of years. It 
reflects on and combines multiple perspectives and endeavours, including 
empirical research, a comprehensive review of the literature, the perspectives of 
the mathematics and science communities, curriculum research and development 
projects, and valued classroom practice (Berlin & White, 1998) 
The Berlin-White Integrated Science and Mathematics Model include six aspects.  
These are: 

 Ways of learning. Integration can be based on how students experience, 
organize, and think about science and mathematics.  
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 Ways of knowing. Integrated school science and mathematics can reinforce 
the cyclical relationships between inductive-deductive and qualitative-
quantitative views of the world.  

 Content knowledge. Science and mathematics can be integrated in terms 
of content that is overlapping or analogous. Big ideas or themes such as 
change, conservation, models, patterns, scale, symmetry, and systems can 
be found in both science and mathematics.  

 Process and thinking skills. Integration of science and mathematics can 
focus on ways of collecting and using information gathered by 
investigation, exploration, experimentation, and problem solving. Skills 
such as classifying, collecting and organizing data, communicating, 
controlling variables, developing models, estimating, experimenting, 
graphing, hypothesizing, inferring, interpreting data, measuring, 
observing, predicting, and recognizing patterns are representative of this 
aspect. 

 Attitudes and perceptions. Integration can be viewed from what children 
believe about   science and mathematics, their involvement, and their 
confidence in their ability to do science and mathematics.  

 Teaching strategies. Integration can be viewed from the teaching methods 
valued by both science and mathematics educators. Integrated science and 
mathematics teaching should include a broad range of content, provide 
time for inquiry-based learning and problem solving, provide opportunities 
to use laboratory instruments and other tools, provide appropriate uses of 
technology (e.g., calculators and computers), etc.                                                      
                                                                           (Berlin-White, 1998) 

 
All six aspects of the Berlin-White Integrated Science and Mathematics Model 
are relevant for the current research. This relevance is shown later in the paper 
under the Findings and Recommendations heading   
    
RESEARCH METHODOLOGY 

Both quantitative and qualitative data were collected in this paper. The 
quantitative data consisted of examining learner performance in the graph 
questions which appeared in the Physical Sciences grade 12 examination papers. 
This data was obtained from the National Diagnostic Reports.  
The qualitative data emerged from the interviews with three people who were 
involved in Science education to get a sense of the graphs which are relevant to 
the Sciences. Two of the people interviewed were Science subject advisors, one 
responsible for approximately 200 schools (grades 4 to 9) and the other 
responsible for approximately 80 schools (grades 10 to 12). Further qualitative 
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data was obtained from teachers who participated in a workshop to review the 
grade 12 Physical Sciences examination papers.  Teachers had to give their views 
on the grade 12 papers using certain criteria. However, for the purposes of this 
paper, only views about questions requiring a mathematical background are 
considered. These interviews and workshops elicited views on graphs in the 
Natural Sciences and Physical Sciences from the participants’ perspectives, 
making this part of the research more qualitative in nature (Hatch, 2002)  
The writer also analyses the types of graphs which appear in the grade 12 Physical 
Sciences papers. As a result of space limitations, only the two papers of 2015 
were chosen. The mathematical origins of the graphs in these papers are discussed 
with a view to encouraging collaboration between the Mathematics and Physical 
Sciences teachers thereby ensuring that learners see links in what they have learnt 
in their Mathematics and Physical Sciences classes. The National Diagnostic 
reports are used to establish the learner performance in the graph questions 
Collection of data 

As state in the previous part of this paper, data for this research was collected 
through surveys (using interviews), data emanating from workshops and using 
government documents such the CAPS documents, grade 12 Physical Sciences 
examination papers, and the National Diagnostic Reports.   

Interviews 

Three science educators were interviewed for this research. These were a 
science teacher who has taught Science in both Primary and High Schools, 
a Natural Sciences subject advisor who has responsibility for grades 4 to 
9 and a Physical Sciences subject advisor with responsibility for grades 
10 – 12. The interviews sought the following details: 
 The importance of graphs in the Sciences 
 The  types of graphs  that  Science learners should be familiar with            
 The integration of these graphs into Science lessons 
 Learners’ understanding of the graphs  
 Link between graphs in Mathematics and graphs in Science  
 The role of  Mathematics teachers  
 Any other comments     

Graphs in Grade 12 Physical Sciences Examination Papers 

Two recent Grade 12 Physical Sciences final exam papers (from 2015) 
papers) were examined to ascertain the types of graphs which learners 
have to analyse and interpret in these papers. The mathematical origins of 
these graphs are discussed.  
The National Diagnostic Reports 
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The Department of Basic Education of South Africa releases diagnostic 
reports on performance in the various high enrolment subjects on a 
question by question basis. In this research the diagnostic reports for 
Physical Sciences are interrogated to ascertain learners’ performance in 
questions involving graphs in 2015.   
Teachers’ views on the graph questions in the grade 12 examination 

papers 

33 Physical Sciences teachers participated in a workshop to review the 
grade 12 papers of 2017.  Teachers were split into two groups, with one 
group working with paper 1 and the other working with paper 2.  The 
teachers participated voluntarily in this activity. The review involved 
teachers discussing the papers using key headings such as technical 
aspects, content coverage, cognitive levels and an overall view of the 
papers. The writer uses references to Mathematics from the report 
generated as part of the data for this paper. 

 

RESULTS 

Interviews 

The three science educators who were interviewed provided some rich data for 
this research. The data covers graphs in the Sciences from the Intermediate Phase 
(grades 4 – 6) right up to the FET (grades 10 – 12).    

 

The importance of graphs in the Sciences 

The Science teacher stated that graphs present data that can be easily read 
at a glance as opposed to reading and having to extract data from a 
paragraph or text; easier to draw conclusions, make comparisons and , 
deductions. 
The Natural Sciences subject advisor added that graphs are used to 
represent data in a different form. Learners should be able to translate 
from numbers to a graph or from graphs to numbers. 
The Physical Sciences subject advisor went further by stating that learners 
should be knowledgeable about graphs as these assist their investigative 
skills. Learners should be able to draw graphs or interpret graphs that are 
already drawn. It helps with coming up with conclusions or evaluating 
conclusions, hypothesising and predicting trends. 
Types of graphs 
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All three interviewees responded that learners should be familiar with line 
graphs, bar graphs and pie-charts. The Natural Sciences subject advisor 
also included histograms. 
Integration of graphs into Science lessons 

They stated that graphs could be integrated into classroom activities and 
practical work.  The pie-chart could be used when the given data is split 
such that its components add up the total. For example, if a survey of 
learners’ favourite sport is carried out and each learner must choose only 
one sport, then a pie-chart will be suitable. The line graph could be used 
when comparing temperature increase or growth. The bar graph could be 
used to compare demographics such as the growth of a female child versus 
the growth of a male child from ages 10 to 16.  
Other examples include electricity usage of various appliances over a 
period of time; percentage of various mining types in SA or water-holding 
capacity of various soils.  
 

Learners’ understanding of the graphs  

All three interviewees indicated that learners tend to struggle with graphs. 
The Science teacher stated that learners often do not see the correlation 
between the equation and the graphical representation. They do not see 
the applications uses of graphs and the correct depiction of the axes and 
how to plot points correctly. 
The Natural Sciences subject advisor remarked that learners’ 
understanding of graphs was generally weak in all grades. Teachers tend 
to give learners graphs and then learners must read off from the graph. 
Learners are not encouraged to draw the graphs themselves, thus 
depriving them of understanding how these graphs are constructed.   
The Physical Sciences subject advisor indicated that learners tend to have 
poor understanding of graphs. They find it difficult to draw and interpret 
graphs. Further, they are not able to successfully draw conclusions and 
other information from graphs. 
Link between graphs in Mathematics and graphs in Science  

All three agreed that there are definite links between graphs in 
Mathematics and graphs in the Sciences. The Science teacher stated that 
in both Mathematics and Science, data is used in problem solving and 
there is a need for graphical representation to solve or draw certain 
conclusions by either drawing graphs or reading from the graphs. 
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The Natural Sciences subject advisor commented further by saying that 
the skill of drawing a graph is very important and there should be 
opportunities for learners to practice this skill in both Mathematics and 
Science. 
The Physical Sciences subject advisor was more specific in her response. 
She stated that the gradient of a graph represents either velocity or 
acceleration or resistance depending on the type of graph. The area under 
a velocity-time graph can be used to find the displacement. The y-
intercept of a line graph can also be used to find a value like internal 
resistance of a battery with EMF-time graph. 
 

The role of Mathematics teachers  

Mathematics teachers could play a complementary role to reinforce the 
application and interpretation of graphs. They can give a bit more 
background on graphs and show the functionality of the graphical 
representation. Teachers could also emphasise the appropriateness of the 
graphs, using the correct graph to best represent the data. Learners should 
be taught to draw and interpret graphs firstly in the mathematics class 
before being exposed to graphs in the Science classroom.  
Other comments 

The Science teacher reported that learners need to know when graphs are 
necessary to depict data and how it makes things easier to see/read/draw 
conclusions. They also need to see the necessity for graphical presentation 
and which graphs to use in a given situation.   
The Natural Sciences subject advisor stated that teacher development is 
needed in graph construction and interpretation and attributed the poor 
performance by learners in graphs to a lack teacher knowledge in this key 
part of the Sciences.  
The Physical Sciences subject advisor commented on learner 
performance during exams and practical work. She stated that learners’ 
performance tends to deteriorate when there is a graph question. She also 
stated that learners who struggle with Mathematics are likely to perform 
poorly in the Physical Sciences. 

Trends emerging from the interviews 

While only three people were interviewed, it must be noted that two of the of 
people were subject advisors, one working with Natural Sciences teachers in 
approximately 200 schools and the other working with Physical Sciences teachers 
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in approximately 80 schools, possibly adding more weight to their data. The 
following trends emerge from the interviews: 

 All interviewees agreed that graphs are an integral part of the Sciences. 
Graphs make it easier for learners to analyse and interpret information at 
a glance and assists learners’ investigative skills. Learners are able to 
evaluate, hypothesise and make predictions using graphs. 

 Learners doing Science subjects should be aware of three basic graphs, the 
line graph, the bar graph and the pie chart. 

 Graphs are integrated into class activities and practical work. Interviewees 
also gave a variety of contexts where graphs could be used to represent 
given information. 

 Learners tend to struggle with graphs for a variety of reasons. They are 
not able to see the correlation between the equation and the drawn graph. 
They tend to confuse the horizontal axis (x-axis) and the vertical axis (y-
axis) and have difficulty plotting points on graphs.  Teachers make it easier 
for learners by giving them the graphs and then asking them basic 
questions.  Thus, learners tend to have very little or no exposure to higher 
order graph questions.  

 There are definite links between the graphs in the Sciences and graphs in 
Mathematics.  Learners must be able to use data in problem solving in both 
Mathematics and Science and come up with the necessary graphical 
representations to solve the problems or draw certain conclusions from the 
graphs. Learners should be given the opportunity of drawing graphs in 
both the Mathematics and the Science classrooms. In the Physical 
Sciences, the gradient of a graph represents either velocity or acceleration 
or resistance depending on the graph drawn. Further, the area under a 
velocity-time graph can be used to find the displacement. In an emf-time 
graph, the y-intercept of the graph can be used to find an internal resistance 
of a battery.  

 Depending on the annual teaching plan for the various grades, it is likely 
that learners may first encounter graphs in the mathematics class. In this 
regard Mathematics teachers have a key role to play in ensuring learners’ 
understanding of the graphs. Once learners have grasped the graphical 
concepts in the mathematics class, Science teachers should be able to build 
on this understanding in the science classroom. 

 Science learners generally perform poorly in graphs in both the GET and 
FET. This poor performance may possibly be due to poor understanding 
by the teacher. Thus, there is a need for Science teachers to be further 
developed on teaching and constructing graphs and facilitating the 
interpretation thereof.  
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Grade 12 Physical Sciences Papers 

In this part of the research the writer examines graphs which appear in the grade 
12 Physical Sciences papers of 2015. The following graph type questions appear 
in Physical Sciences paper 1 (DBE, 2015) 

2015 Physical Sciences Paper 1 

Question 1.3 

Which ONE of the graphs below correctly represents the relationship between the 
kinetic energy (K) of a free-falling object and its speed (v)?    (2 marks) 

 
Here, learners are given a description and then have to choose one of four 
graphs which correctly matches the description.   We note the axes with 
velocity on the x-axis and kinetic energy on the y-axis. Since the object 
starts from rest (0 joules and 0 m.s-1 )  and falls down. Due to gravity, the 
rate of falling increases. The formula to calculate kinetic energy in this 

context is = 21

2
E mv . The graph representation of this formula is a 

parabola which is only found in the first quadrant. Thus, the correct 
answer is C. The parabola is a quadratic graph.  
In mathematics, learners are introduced to parabola in grade 10. They 
work with the parabola = 2y ax .  From a teaching perspective, Science 

teachers should be able to link   = 21

2
E mv  with = 2y ax .  

The average percentage for this question is 26%. The diagnostic report 
states, for this question, that the interpretation of the relationship between 
variables ( kE vsV ) on a graph was poorly understood. 
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         Question 1.5 

The graph below represents the relationship between the work done on an object and 
the time taken for this work to be done.  

   
The gradient of the graph represents  

A. Power      B. Momentum  C. Kinetic Energy    D. Potential Energy   

In analysing this graph we note that the gradient of the graph is
Δ
W

t
.  It is 

known that =
Δ
W

P
t

. Thus, the answer is A.  

Learners start formally with straight line graphs in the mathematics 
classroom in grade 9. They should be familiar with the gradient of a 

straight line which is 
Δ
Δ
y

x
 . Science teachers should draw on the learners’ 

mathematical knowledge when working with graphs in the sciences. 
Learners performed better in question 1.5 where the average percentage 
is 71%.                                                   (DBE, 2016:179) 
The suggestions for improvement as indicated in the Diagnostic report for 
questions 1.3 and 1.5 was: 

 Greater emphasis should be placed on interpretation of graphs 
including interpreting the shapes of graphs. 

 The concept of change needs to be honed into, especially how one 
physical quantity changes with respect to another in different 
situations. 

 Relationship between variables should be emphasised 

Question 3 

Ball A is projected vertically upwards at a velocity of 16 m.s
-1 

from the ground. Ignore 
the effects of air resistance. Use the ground as zero reference.  
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3.1 Calculate the time taken by ball A to return to the ground   (4) 

3.2 Sketch a velocity-time graph for ball A.                               (3) 

 

        Show the following on the graph:  

 

(a) Initial velocity of ball A  

(b) Time taken to reach the highest point of the motion  

(c) Time taken to return to the ground  

           

ONE SECOND after ball A is projected upwards, a second ball, B, is thrown vertically 

downwards at a velocity of 9 m. s
-1 

from a balcony 30 m above the ground. Refer to 
the diagram below.  

 

 
 
3.3 Calculate how high above the ground ball A will be at the instant the two balls 
pass each other                                                                                              (6) 

 
The velocity-time graph for question 3.2 is a straight-line. Learners 
should be familiar with the straight line graph in the mathematics 
classroom as the straight line graph is taught from grade 9. Straight lines 
usually have an x and y-intercept.  These basic ideas may be used in this 
question.   
At the outset learners should indicate which direction is positive and 
which is negative. Thus, two solutions are given: 
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Upwards positive 

 
Downwards positive 

 
The average percentage for question 3.2 is 69% and for question 3.3 it is 
11% (DBE, 2016). Question 3.3 appears to be difficult for learners with 
the official memorandum showing six ways in which the correct solution 
could be obtained (DBE, 2015).  
The diagnostic report stated that many learners showed poor 
understanding of position, displacement and height. The report 
recommended the following: 

 Learners should be provided with more practical tasks in translating 
graphs to diagrams and diagrams to graphs so that they can gain an 
understanding of objects moving in the vertical plane. 

 They should pay more attention to graph sketching/skills since 
sections in Physics lend itself to problems that involve graphs.  

            We now examine the graph questions which appeared in Physical 
Sciences paper 2 (DBE, 2015a). 
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2015 Physical Sciences Paper 2 

There are a number of graph questions which are set in the 2015 Physical 
Sciences Paper 2. Most of these graphs are “reaction type” graphs. 
 
Question 1.5 

The energy changes represented by P, Q and R on the potential energy graph below 
take place during a reversible chemical reaction.  
 

                 
Which ONE of the following changes will decrease both P and R, but leave Q 

unchanged?  

 

A.  A decrease in volume          B. The addition of a catalyst  
C.  A decrease in temperature   D.  A decrease in concentration   

              

Learners need to interpret the graphs. For example, the potential energy 
increases until it reaches a maximum, then falls. However, at the end of 
the reaction, the potential energy is higher than at the beginning. Learners 
have to understand the graph and then see what will cause both P and R 
to decrease and leave Q unchanged.  The memorandum gave B (the 
addition of a catalyst) as the correct answer. 
 
Performance in this question is quite good at an average of 67%.  
Question 5 
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In this question, three experiments are conducted and a volume time graph 
for experiment 1 was drawn.   

 

Learners have to answer questions on the graph. These questions are on 
reaction rate, mass produced, locating the highest volume formed within 
an interval. They then have to draw experiments 2 and 3 (in question 5.4) 
on the same system of axes. There are further questions for them to work 
out.  
 
Average learner performance is poor in questions 5.1 (39%), 5.4 (31%) 
and 5.5 (38%). It is noted that learners had difficulty in drawing 
experiments 2 and 3 on the same system of axes as experiment 1.  This is 
confirmed by the National diagnostic report which states that candidates 
lack basic skills to interpret graphs and that they could not draw graphs 
that represented the data in the table (Q5.4). In its recommendation for 
improvement, it is stated that interpretation of data and identification of 
variables need to be addressed in class and that learners must be exposed 
to more exercises which require practical skills, starting from Grade 10.    
                                                                                             (DBE, 2016) 
Question 6.4 

In question 6.4 the above graph is drawn and is based on results from 6.1 
to 6.3.  Learners have to compare a rate of reaction by choosing the correct 
response from three given responses.  Average learner performance for 
6.4 is 22%. Candidates failed to link the gradient of the graphs at time t1 
to rate of reaction or change in concentration in the same time to rate. 
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Question 6.5 

 
The graph below is given for question 6.5. 

                  
 

                
 
Learners have to state, with reasons, whether the forward reaction is 
exothermic or endothermic.  The average learner performance for this 
question is 22%. Many candidates failed to interpret the graph (Q6.5) 
correctly to determine whether the forward reaction was exothermic or 
endothermic. They also failed to look at the yield at the higher 
temperature. 
 
Question 6.6 

The Maxwell-Boltzmann distribution curve is given in question 6.6. It 
represents the number of particles against kinetic energy at 300 °C.  
 



 

248 

 

 
Learners have to redraw this graph and then draw another graph, on the 
same system of axes, when the temperature is 400 °C. Both graphs have 
to be clearly labelled. However, candidates had difficulty in drawing the 
graph when the temperature is 400 °C .   
 
The average percentage for this question is 49%. 
 
Question 10.2 

In question 10.2, the graphs show how the percentage of ammonia in the 
reaction mixture that leaves the reaction vessel varies under different 
conditions  

 
 

Learners have to analyse and interpret the graph to come up with 
estimation in 10.2.1, advantages (using high pressure) in 10.2.2 and 
disadvantages (using low pressure) in 10.2.3.   
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Most candidates could not or did not know how to apply their knowledge 
of rate and equilibrium to the Haber process (Q10.2.2 & Q10.2.3).  Some 
of the other common errors were: 
 

 Incorrect molar mass for ammonium nitrate. 
 Incorrect use of ratios 
 Incorrect conversions from kg to g. 

 
The average percentage performance for question 10.2 is 54%.  

 
While the analyses done here are only for the 2015 papers, a similar exercise with 
other Physical Sciences papers may be done to get a sense of the graphs which 
are crucial to the understanding of various topics in both Physics and Chemistry.  
 
Trends emerging from the 2015 Grade 12 Physical Sciences Papers 

The following trends emerge from a close scrutiny of the grade 12 Physical 
Sciences papers of 2015. 
 

 Graphs, in various guises, appear in both papers 
 There seems to be mainly straight line graphs in paper 1 and “reaction 

rate” graphs which may appear as “curves” or straight lines in paper 2. 
 Learners must analyse and interpret the graphs and possibly extrapolate or 

make predictions 
 Learners may also have to draw a graph from a given scenario. 
 Whether graphs are already drawn or learners have to draw the graphs, 

learners must be able to link the graphs to the content learnt. For example, 
graphs in paper 1 are linked to Physics content and graphs in paper 2 are 
linked to Chemistry content  

 Learners generally scored poorly in the sections involving graphs 
 The DBE diagnostic reports were able to point out a number of errors or 

learner misconceptions when it came to graphs. In this regard, it 
recommended that teachers should devote more time to graphs from grade 
10.      
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Teachers’ views on the graph questions in the grade 12 examination papers 

In both group discussions (paper 1 and paper 2) teachers report that learners of 
the Physical Sciences should have a strong mathematics background to work 
through the mathematics- aligned questions. In this regard, they list the graph 
questions which appear in both papers. In paper 1, the graph questions are 1.3 
(position-time graph); 1.4 (velocity-time graph); 3.4(Sketching of a velocity-time 
graph); 6 (interpreting a frequency-time graph); 9.1 (Potential difference – current 
graph) and 10.12 (emf-time graph). In paper 2, the graph questions are 1.4 
(potential energy-course of reaction graph); 3 (vapour pressure – temperature 
graph); 5 (volume-time graph) and 7.2 pH-volume graph.   
Trends emerging from the review of grade 12 Physical Sciences Papers 

Teachers who participated in the grade 12 review of the 2017 Physical Sciences 
papers highlight the mathematics-aligned questions in the papers. These include 
working with equations, formulae and graphs.  They report that the weaker 
learners, who are usually poor at Mathematics, tend to “struggle” with these types 
of questions.  The graphs which appear in both papers (in 2017) were similar to 
the ones which appeared in the 2015 papers. This means that graphs form an 
integral part of grade 12 assessment and teachers must plan accordingly when 
teaching Physical Sciences. 
 

FINDINGS AND RECOMMENDATIONS 

The findings of this paper are being written with the research sub-questions in 
mind. For each finding, there are references to the Berlin-White Integrated 
Science and Mathematics (BWISM) model, showing the relevance of this model 
as a theoretical framework for this paper. Some recommendations are also 
included.  

The importance of graphs in the Sciences and integration into Science 

lessons 

Graphs are an integral part of the Sciences from the intermediate phase 
right up to the FET. Graphs make it easier for learners to analyse and 
interpret information at a glance. Graphs assist learners’ investigative 
skills and learners are able to evaluate, hypothesise and make predictions 
using graphs. Graphs should be integrated into class activities and 
practical work and there are various contexts where graphs may be used 
to represent given information.   
Learners need a sound mathematical knowledge to navigate through the 
various Science graphs, meaning that there is overlapping content 
between Science and Mathematics. Thus, there should also be integration 
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between the Natural Sciences and Mathematics in the GET as well as 
Physical Sciences and Mathematics in the FET. This will assist learners 
in the way they learn these subjects ( BWISM Model: ways of learning; 

content knowledge).  
Learners’ understanding of graphs 

It would appear that learners tended to struggle with graphs for a variety 
of reasons. They may not be able to see the relationship between an 
equation and the drawn graph.  Some tend to confuse the horizontal axis 
(x-axis) and the vertical axis (y-axis) and have difficulty plotting points 
on graphs.  To cover for these challenges, teachers give learners graphs 
that are already drawn and then pose vary basic questions on the graphs.  
Learners are not given sufficient practice to draw and interpret the graphs 
and then come up with the correct conclusions and deductions from the 
graphs.  Their issues with graphs go right up to grade 12 and are 
confirmed by the diagnostic reports for grade 12 Physical Sciences papers 
as well as Physical Sciences teachers.  In fact, Paige (2015) states that 
first year Physics students also have issues with graphs. 
There is no doubt that learners need support when it comes to 
understanding graphs and there should be a review of the teaching 
strategies which are used in the various grades (BWISM Model; 

teaching strategies). They need to be given the opportunity of drawing 
graphs from a given table of values from the early grades. Further, they 
should be taught on how to recognise the independent/dependent 
variables, read off from the graphs, extrapolate/interpolate, make 
predictions, etc.(BWISM model: process and thinking skills).     

Linking graphs in the Sciences to graphs in Mathematics   

There are definite links between the graphs in the Sciences and graphs in 
Mathematics.  Learners must be able to use data in problem solving in 
both Mathematics and Sciences and come up with the necessary graphical 
representations to solve the problems or draw certain conclusions from 
the graphs (BWISM model: process and thinking skills).     

From the analyses of the grade 12 Physics paper (Physical Sciences P1) 
for 2015, we note that the various graphs in the paper are closely linked 
to the straight line graphs which are studied in grade 9 and grade 10 
mathematics classes and the simple parabola which is introduced in grade 
10 mathematics ( BWISM model: ways of learning; ways of knowing).     

 The graphs which appear in the Chemistry paper (Physical Sciences P2) 
are mostly “reaction rate” graphs. These graphs are usually curves and 
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may be analysed using very simple mathematical analyses techniques. ( 
BWISM model: ways of learning; ways of knowing).     
 These techniques may involve the following: 

 Determining whether the graph is increasing or decreasing,  
 Stating when the graph reaches its maximum   
 Determining when the graph is “parallel” to the x-axis 

Sometimes, more than one graph may be included on the same system of 
axes. An example of this may be the reaction rates of an experiment at 
two or three different temperatures or three experiments being conducted, 
all at the same temperature.     
The assessment of graphs in grade 12 Physical Sciences papers 

We note from our scrutiny of the 2015 Grade 12 Physical Sciences papers 
that graphs form an integral part of these examination papers. The 
diagnostic reports indicated that learner performance in the graph 
questions was mostly poor. This appears to triangulate with the interviews 
conducted with the science teacher and two subject advisors.   
While the diagnostic reports emphasise the need for Physical Sciences 
teachers to work with graphs in their classes from grade 10, more work 
needs to be done in the earlier grades to ensure that learners are better 
prepared for graphs in the Sciences.   
Learner “struggles” with graphs in the earlier grades may be due to a lack 
of understanding by the science teacher. Science teachers in the primary 
school are usually generalists and may not have the necessary background 
to improve learners’ understanding of graphs. This may possibly affect 
learners’ confidence in their ability to do science. (BWISM model: 

attitudes and perceptions). Such teachers need to be identified and sent 
for further development. Paige (2015) also suggests more training on 
graphs and related topics for Physical Sciences teachers in the FET phase.    
The role of Mathematics teachers in facilitating the understanding of 

graphs 

Since graphs are usually first studied in the mathematics class, 
Mathematics teachers have a key role to play in ensuring learners’ 
understanding of the various graphs. All graphs studied in the Sciences 
have the origins in Mathematics.   Once learners have grasped the 
graphical concepts in the mathematics class, Science teachers can build 
on this understanding in the science classroom (BWISM model: ways of 

learning; ways of knowing; teaching strategies).     
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In the various grades, Mathematics and Science teachers should sit and 
plan together. They should make learners aware that graphs done in the 
Mathematics class are relevant to the Science class, and vice versa. 
(BWISM model: ways of learning; ways of knowing; teaching 

strategies).  Integration between Mathematics and Sciences can start as 
early as grade 4. Thus, there is a need for primary schools to appoint 
specialist mathematics and science teachers as these teachers are likely to 
play a leading role in integrating these two subjects.  

 

CONCLUSION  

Learners who do Natural Sciences and Physical Sciences should have a solid 
mathematical background to work through the mathematics embedded in such 
subjects. This paper provides some evidence to suggest that learners have 
difficulty with graphs from grade 4 right up to grade 12.  
It would seem that learners are taught that graphs in the mathematics classes are 
“different” from graphs in the science classes. This may lead to confusion and 
retard their progress in both Mathematics and the Science subjects. This paper 
has shown that more work needs to be done to integrate Mathematics and the 
Science subjects and strengthen teaching and learning in these subjects. The 
findings of this paper, which are aligned with the six aspects of the Berlin-White 
Integrated Science and Mathematics Model, point to how this may be done and 
some recommendations in this regard are given.  
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TRANSFORMING MATHEMATICS CLASSROOM 

PRACTICE THROUGH UBUNTU FOR THE IMPROVEMENT 

OF GEOMETRY TEACHING 

Zingiswa Jojo 
University of South Africa 

 
This paper presents the findings of a study conducted with fifteen grade 8 

mathematics teachers in the Mt Ayliff district of the Eastern Cape on how their 

classroom environments and practice were transformed through Ubuntu for the 

improvement of geometry teaching. A multiple case study design was followed in 

a qualitative study, in which data was collected through classroom observations 

together with semi-structured interviews conducted with two teachers 

conveniently sampled. Initially teachers had undergone three workshops on how 

the Ubuntu framework could be infused in their classroom practices such that 

their students could productively engage with meaning in mathematics. Two 

individual lessons were then videorised and undergone thematic analysis. Results 

revealed how the teachers transformed their approach to different mathematics 

topics to exploit the diversity in the classrooms and bring each learner inclusively 

into understanding meaning in the interpretation of geometric terms with their 

application through a modified sharing and valuing of each students’ 

contribution in their classrooms. This study recommends that teachers’ use of 

different models can build confidence for students and enable them to discern 

critical features in understanding mathematics tasks while simplifying real 

situations in their environments.  

Key words: Ubuntu, transformations, geometry, classroom practice, environment 

 
INTRODUCTION 

Battista (2007) proposes that two principles of human thought offered by 
cognitive science are important for the analysis of the nature students’ learning 
of geometry. Those principles emphasize that (i) the human mind constructs 
rather than receives meaning, and (ii) individuals construct new knowledge and 
understanding based on what they already know and think (Branford, Brown and 
Cocking, 2000). These are two principles essential for mathematics teachers to 
understand in order to promote students’ mathematics learning. The challenge 
could be that the mathematics teachers must assist students to construct 
mathematical meaning with what they see such that their conscious reasoning is 
activated. Ornstein (1991) asserts that our experiences, percepts, and memories 
are not of this world directly but are our own creation, a dream of the world, one 



 

256 

 

that evolved to produce just enough information for us to adapt to local 
circumstances. Thus in this paper I suggest that for students to act on and reason 
about their prevailing environments and value them, there must be some 
connections to what they know for them to be able to construct meaning and 
understand new knowledge. For example, in the rural settings in which this study 
was conducted, it is usual practice for domestic animals like goats to be tied up 
with a rope of a certain length within a certain range to graze away from 
destruction of planted mealies fields. The underlying principle in that exercise is 
based on geometric circles. The animal can only graze within the circumference 
as determined by the radius from the length of the rope. I argue in this paper that 
through Ubuntu that familiar context to rural grade 8 students can be harnessed 
by a mathematics teacher and used for a recall of experience like mental versions 
of experiences where students will construct mathematical connections in their 
daily lives.   
In South Africa, students’ entitlements to knowledge, skills, understanding and 
in some cases examples of content competency required at a particular grade is 
prescribed by the Curriculum Assessment Policy Statement (CAPS). However, 
CAPS does note prescribe how teachers should organize their students’ learning 
and develop ideas of adjusting their classroom practice (Hurrel, 2013) to ensure 
content competency at particular levels. Perhaps, this could be associated with 
the fact that students bring diverse backgrounds in each mathematics classroom 
context and are unique. Moreover, According to (Fujita & Jones, 2003) geometry 
has a dual nature, the theoretical and an area of practical experience which often 
causes a dilemmas and opportunities for both teachers and students. The 
dimension from which this paper is framed is from the Ubuntu philosophy in 
which teachers were coached on how to infuse everyday knowledge and 
experiences of students into the teaching of geometric concepts at a grade 8 level. 
It takes into consideration the fact that most African concepts of constructions of 
knowledge is centred around circles. Gade (2012) asserts that Ubuntu has 
different meanings best defined in terms of relations with other people. Ubuntu 
as a philosophy, is a way of thinking about what it means to be human, and how 
humans, are connected to each other or should behave toward others. 
Methods employed by teachers to teach geometry in secondary schools are to a 
very large extent influenced by the kind of resources and facilities available in 
the school. Due to the geographical location of the Mt Ayliff district and socio-
economic issues like poverty, low income capacity with parents in that 
community, learning materials other than a prescribed textbook for mathematics 
supplied by the Department of Education (DoBE), are scarce. For example, most 
students cannot afford to have calculators together with drawing instruments 
required in the mathematics classroom. The schools are overcrowded, operating 
in less resourced classrooms with inadequate furniture and basically depend on 
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the department for provision of both teaching and learning resources. The 
teaching and learning of mathematics, in particular Geometry, presents 
challenges in these schools due to lack of relevant facilities for its teaching and 
learning. This hegemony is challenged in this paper with a reflection of 
observations made with two grade 8 mathematics teachers who created classroom 
environments that favor learning of geometric concepts through selection of 
themes familiar to students. Through Ubuntu those teachers managed to create an 
optimal classroom climate that was accommodative to allow students to re-
conceptualize and correct their understandings of concepts learnt in previous 
grades. A free environment that allowed students to make mistakes without being 
ridiculed was created and it allowed students to commit and invest effort in 
wanting to know and build confidence to know more.  
Reality in Ubuntu is informed by the power derived from embracing people’s 
cultural philosophy (Bopape, 1990).  It is an aspect of the African people’s 
culture. Batswana, Bapedi, Basotho refer to this culture as ‘botho’, while the 
Nguni’s (Xhosa’s, Zulu’s, Ndebele’s; and Swazi groups refer to it as ‘Ubuntu’.  
For my convenience in this paper, I’ll use Ubuntu. It embraces concepts like: 
"Umntu ngumtu ngabantu" which is literally translated as: ‘a person is a person 
through other people’. This implies that it is through the support from other 
people that a person is able to achieve his/ her goals. This reality is therefore 
based on collaboration, togetherness, and working collectively, through which 
the best results can be achieved. When this philosophy is well explored and 
understood by a mathematics teacher, it culminates in the latter putting 
maximized effort to ensure that the classroom environment welcomes students’ 
errors and questions while it also promotes engagement with problems posed and 
boosts their reputation under general.   
A massive decline in the number of students enrolling for mathematics in 
grade10-12 in South Africa has been observed over the past five years. For 
example, 225000 students were registered to write matric (grade 12) mathematics 
in 2011 compared to only 187 89 in 2017.  On the contrary, Mbugua, Kibet, 
Muthaa, & Nkonke (2012) assert that Mathematics is a foundation of scientific 
and technological knowledge that is vital in social- economic development of the 
nation. Moreover, mathematics allows students to make sense of, participate in 
and contribute to a world characterized by numbers, numerically based arguments 
and data represented and misrepresented in a number of different ways (DoBE, 
2012)). It is in this sense that the decline in mathematics enrollment and 
performance is a worrying trend for most South Africans in education, business 
and all mathematically related field specialists. I owe this paper to multitudes of 
rural mathematics teachers who often receive huge numbers of underprepared 
students in grade 8 from surrounding feeder primary schools. Prescribed teaching 
approaches from scarce textbooks are ineffective and meaningful teaching is 
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compromised.  It takes a passionate teacher to assist such students and inculcate 
a notion of knowledge sharing, working together collectively to assist each other 
beyond the call of the syllabus.  With this background, I am of the opinion that it 
is possible to help teachers who handle mathematics teaching in rural schools to 
infuse Ubuntu to transform their classroom practices for better performance of 
students in the subject. Through the use of qualitative research methods, the study 
responds to the question, ‘How can Ubuntu be infused to transform classroom 
practice for the promotion of effective geometry teaching? 
 
LITERATURE REVIEW 

Ernest (1999) asserts that the important aspects schools of thought of mathematics 
are logic, formal systems, ideal structures, constructions, human activity. All 
systematic subjects have certain inherent order to them that dictate how they 
should be approached.  Mathematics is a systematic subject that should be taught 
logically. Ernest (1999) identified two main divisions in logic, formal and 
material logic. Formal logic deals with the form of reasoning, whereas material 
logic deals with the content of reasoning. In grade 8 geometry the emphasis is on 
material logic where students that is learnt after formal logic to assist them in the 
development of thinking skills.  When students are familiar with a context, they 
may then be able to believe something and hence deduce formal logic. At school 
mathematics which is a combination of visual representations, that include 
geometry and graphs, together with symbolic calculations and manipulations is 
taught to enable students to have a grounding in thinking skill required for 
abstraction in higher mathematics. I argue in this paper that the different kinds of 
representations of the human activity of doing mathematics exist in our 
surroundings and should be exploited for the meaningful understanding of 
geometry.  
Higgs (2003) asserts that the philosophical discourse in South Africa about the 
nature of education, teaching and learning has always been fragmented. 
Furthermore, the author sounds a call which insists that all critical and 
transformative educators in South Africa need to embrace an indigenous socio-
cultural way of teaching. Through Ubuntu the reach society of multiple sets of 
conceptual schemes can be used to enable students to interact with the reality such 
that their mathematical understanding   is maximized.    

In the present curriculum, students in mathematics classrooms have been 
socialized to believe that their own experiences, concerns, curiosity and purposes 
are not important. Mathematics has become a monster that scares both 
mathematics teachers and students. It is perceived as being devoid of meaning, 
bearing no relevance either to students’ everyday experience and contexts, or to 
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issues in their societies. Learning mathematics for those students is more of the 
nature of obedience than of understanding or constructing meaning. Respect, 
solidarity and cooperation are some of the main aspects of Ubuntu. Most students 
in the rural schools that participated in this study come from homesteads 
comprised of no more than two huts. This then manifests to one of the rooms 
being used as both a kitchen and leaving room for all members of the family while 
the other hut would be a bedroom for the parents. Most conversations by the 
elderly family people would take place in the kitchen. Respect and cooperation 
are attributes taught to children from early age. For example, it is disrespectful 
for a child to comment, ask why and or involve himself/herself in those 
conversations. This trend escalates to the mathematics classroom where teachers 
find it difficult to engage with the students since they would not open up to voice 
what they think out of respect. Teachers therefore have to disrupt that classroom 
environment from a teacher instruction, to an interactive engaging space where 
students are free. Cooperation at home is interpreted as a case where the younger 
ones cannot challenge a given instruction from elderly people and or teacher in 
class. This is contrary to the required essentials of working collectively under the 
notion of Ubuntu proposed in this paper.        

Moreover, Tutu (2004) notes that  

“I am human because I belong. I participate, I share.” A person with Ubuntu is open and 
available to others, affirming of others, does not feel threatened that others are able and good, 
for he or she belongs in a greater whole and is diminished when others are humiliated or 
diminished, when others are tortured or oppressed, or treated as if they were less than who they 
are. (p. 31) 

Ubuntu is a unifying concept within South African people culture and thus 
deserves prominence in the curriculum in all respects . When teachers 
demonstrate the understanding of the historical development of mathematics in 
various social and cultural contexts both in urban and rural settings, students will 
not feel threatened and will exercise their both their minds and confidence in the 
classroom. Through Ubuntu, the teachers worked as collective humans with their 
students, restored their self-worth, and their ways of thinking from hegemonic 
structures, and facilitated their ability to articulate what they do and think about 
in order to provide a foundation for their productive individual participation in 
the classroom. I will also borrow from the Bapedi’ expression that talks to 
cooperation and solidarity attributes of Ubuntu when they say, "Tau tsa hloka 
seboka di fenywa ke nare e hlotsa".  Literally explained this means that even a 
limping buffalo can beat lions without unity. Figuratively, this  implies that unity 
is strength or simple tasks may remain impossible unless there is cooperation. In 
mathematics classrooms an environment of social organization, cooperation, 
communication; sharing of ideas; and solidarity where students are free to express 
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themselves without fear of belittling is necessary to improve their performance 
and bring them into better understanding of the different concepts. In that 
environment their critical thinking skills are enabled and they learn to ask the 
‘why’ and ‘how come’ questions. This paper is mainly interested in the use of 
indigenous knowledge readily available in the rural areas for students’ 
improvement in understanding geometric concepts. 
Moreover Waghid (2014) explores ubuntu as an individual and communal 
orientation, where people act with their individualities (attitudes, beliefs, 
understandings and ways of seeing the world) and therefore have something to 
say or contribute, and communal, in the sense that their association with other 
individuals in a collective is important when acting or doing things. This study 
prides itself with an addition of indigenous paradigm where teachers who were 
participants in this study improvised and shared material readily available in their 
environment to promote the teaching of geometric concepts.   As long as fifty 
years ago, the Mathematical Association analysed the learning of geometry into 
three stages: (i) the intuitive appreciation of the concepts of geometry; (ii) the 
appreciation of the relationship between pairs of sentences, that is local 
deduction; and (iii) the appreciation of the overall logical structure of Euclidean 
geometry, that is global deductive structure. Students in grade 8 have experience 
challenges even to understand the first stage due to the abstract examples referred 
to in their textbooks. The participants in this study drew from communal 
experiences of the students to bring forth explanations of geometric concepts and 
put value in some structures occurring in students’ immediate proximity. In order 
to transform a teaching practice in the mathematics classrooms, each of the 
participants had to create environments that enabled students to be active, while 
it fosters a respectful, engaging, and cooperative atmosphere for learning 
(National Board for teaching standards, 2012(a)). In addition, those teachers 
helped the students to unleash their intellectual skills and risks wherein they feel 
safe to communicate their different points of view, conduct explorations on 
presented challenges, make mistakes, and admit confusion or uncertainty in some 
instances in order to learn. The challenge was to create an environment that 
boosted students’ work ethics and prompts them to own and be responsible for 
their learning, so that a culture of knowledge sharing becomes a norm in and 
outside the mathematics classroom. It took each teacher’s patience, dedication, 
commitment and a need to transform existing monotonous mathematics 
classrooms that ooze fear of students’ self-expression to a well-pleasing 
destination where every student would like to be. An observed growth in students’ 
active participation in classroom escalated to knowledge sharing where students 
who understood some concepts assisted the others to understand. This was 
possible because the teachers used a variety of flexible instructional methods with 
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a skill of good judgment and planning with adjusted discretions to deliver their 
geometric lessons. 
THEORETICAL FRAMEWORK 

Various issues of classroom practice were considered in the teaching and learning 
environments in which the participants in this study found themselves. Those 
included the physical and social environments in which underprepared students 
sought to learn mathematics. Of importance in such disabling environments is the 
role of the teacher in making it a priority for effective of mathematics to be 
accomplished while their passion in mathematics teaching was developed. 
Transformation refers to change. Most often an environment in which a teacher 
presents an example on the chalkboard, calculates it with emphasis on the 
procedures followed, is a common practice in most mathematics classrooms. This 
usually is substantiated by instructions for students to do certain problems on their 
workbooks for classwork and or homework without certainty on whether the 
students understood the content dealt with or not.  Mezirow (1985) defines 
learning as a process that involves use of previous experiences, and prior 
interpretative meanings to construct new and/or revised interpretations and 
meanings of such experiences to guide future action. Mezirow, (1991) proposes 
a transformational learning experience that requires the learner to make an 
informal and reflective decision prior to his/her engagement with the activity. 
Such meta-cognitive processes as problem-solving strategies, problem-posing 
questions, communicative dialogue and discourse with self and others allow one 
to move to increased awareness and become more critically reflective on prior 
assumptions and beliefs, to negotiate one's own purposes, values, and meanings, 
rather than to simply accept those of others. The perspective of transformation 
underpinned this study while it challenged the teachers’ personal development 
and growth. Teachers were challenged to tap into innovative ways of teaching 
that elicit caring, compassion, and empathy to diagnose and close mathematics 
knowledge gaps identified with the grade 8 geometric concepts. Through the 
incorporation and application of those Ubuntu attributes, the observed teachers’ 
practice changed. Their habits of expectations when they taught basic 
mathematics concepts like geometry were challenged such that they modified 
their routine lesson deliveries. This was done to enhance and ensure students’ 
construction of mathematics meaning together with their interpretations through 
integration of familiar cultural contexts that were familiar to the students. This 
provided a safe, flexible, and supportive environment that had a commitment of 
effective and meaningful learning (Good and Brophy, 1994). Its characteristics 
were student centered, constructivist and social in form, while dynamic in nature. 
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METHODOLOGY 

This paper reports specifically on the data collected during the third year of a 
three year, longitudinal study aimed at exploring teachers’ challenges 
experienced in teaching grade 8 mathematics in fifteen schools in a district in the 
Eastern Cape of South Africa. The study was premised in an interpretive 
paradigm, which according to (Ary, Jacobs & Razavieh, 2002) seeks to 
understand the process from the perspective of the participants. The purpose was 
to investigate how Ubuntu can be used to transform mathematics classroom 
practice. It therefore reflects on the findings on how Ubuntu transformed the 
teachers’ classroom environment for improvement of geometry teaching. A 
multiple case study design was followed in a qualitative study, in which data was 
collected through classroom observations together with semi-structured 
interviews conducted with two teachers conveniently sampled. Initially teachers 
had undergone three workshops on how the Ubuntu framework could be infused 
in their classroom practices such that their students could productively engage 
with meaning in mathematics. During the interviews, the teachers looked back on 
their journey of growth in the teaching of mathematics and reflected on what 
worked best in the challenging environments in which they executed their 
practice.  
This empirical study was made up of three phases. The first phase entailed 
familiarization in which the researcher visited the participants’ schools to observe 
their classroom practice whilst teaching grade 8 mathematics. During the second 
phase, a workshop was conducted with all the fifteen grade 8 teachers where they 
were introduced and exposed to innovative ways of teaching and improvisation 
in a case where there were lack of resources. In those sessions teachers were 
taught how to outsource relevant images from the internet using available 
technology. The third phase on which this paper reports on involved classroom 
observations with two participants, followed by semi-structured interviews 
conducted with on observed practices. The two lessons were video- recorded.    
 
RESULTS AND DISCUSSIONS 

An adopted tool (Bell, 1982a) was used in an observation schedule that sought to 

monitor how the participants (i) set the environment for learning, (ii) selected 
instructional materials, (iii) used instructional activities, (iv) provided an 
opportunity for students’ participation, (v) individualized instruction and (vi) 
provided feedback to students’ responses. Semi-structured interviews were then 
conducted with each of the teachers on the basis of their classroom performance 
in those lessons. 
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Observed Practice 1 

The first teacher taught mathematics in a congested classroom with 108 grade 8 
students in an overcrowded classroom lacking in furniture for them to sit properly 
whilst learning mathematics. Figure 1 attests to the experiences of learner 
occupation of the classroom.  

 
Figure 1: Grade 8 class congested 

Clearly, with such congestion it was hard for both the teacher and the students to 
engage in classwork. The teacher had to be innovative, compassionate and show 
empathy in order to facilitate productive learning. The teacher’s comments during 
interviews were: 
Teacher 1: This class is too big, at first I developed some ill attitude because due to lack of 
furniture, even if I give them classwork, they are unable to participate. They write on each 
other’s back and when I complained to my principal, he says he is still waiting for the 
department to supply furniture.  

Interviewer: So what did you do? 

Teacher 1: I started giving them investigation problems to do at home with the help of the 
community. I thought at least let me activate discussions in class and turn the usual noise to a 
productive lesson in class. For example, the first project I gave them was to go and ask their 
parents and elderly people how the built the kraals.  

Interviewer: How did you think about that project? 

Teacher 1: I have been thinking of a familiar concept that I can use in class to discuss the 
different shapes in geometry as you suggested that we need to do things collectively with our 
students. 

Interviewer: Tell me more, this is interesting.  

Teacher 1: Oh yes, the following day in our discussion some told me of round shapes of kraals 
that accommodate a number of cattle. What was most interesting is the logic and reasoning 
behind a decision that one of the students’ grandfathers took. He decided to build a rectangular 
bigger kraal.  

Interviewer: How so? 

Teacher 1: The idea was that there were so many calves in that season, so more space had to 
be opened such that the calves stay in the round small kraal while the cattle stay in the other. 
This would also ensure that the calves do not suck milk before the milking happens in the 
morning. 
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Interviewer: This is an interesting process, how did it then help you in your mathematics 
classroom? 

Teacher 1: I was able to build on the concepts of area and perimeter of the kraals, explain the 
difference without making students knowledge diminished.   

In the lesson observed with teacher 1, she used a honeycomb theme to introduce hexagonal 
shapes and patterns to her grade 8 class. 

 
Figure 2: A honeycomb 

 
Figure 3: Basic features of a honeycomb 

She learnt that walker bees could use triangles or squares for storage. They don’t 
leave gaps. But the hexagon is the strongest and most useful shape in the 
honeycomb. This aroused much interest to the students as there was a common 
practice in the area to trade on honey extraction. So immediately students saw the 
picture in Figure 2, their interest was aroused. They started brainstorming about 
everything they knew about honeycombs. They were exposed to this scenario in 
order to be able to construct meaning in geometry rather than receive it (Battista 
2007) and would then construct new knowledge based on what they knew and 
thought. Nonetheless, the challenge for the teacher was to redirect the discussions 
to be productive and reward mathematics thinking amongst the students. He then 
immediately probed questions that enabled students to reveal that the unit basic 
structures of a honeycomb is a hexagon. In geometry, grids are tessellations of 
original 2-D shapes. This was followed by a discussion of features and 
characteristics of a hexagon.  This was facilitated through a reduction of Figure 2 
to Figure 3 and Figure 4 where the discussion was extended to the introduction 
of other shapes like triangles, pentagons, regular and irregular figures together 
with differences between 2-D and 3-D shapes. 
The students in this lesson used their previous experiences with beehives and 
honeycombs to construct new and revised interpretations and meanings of 
geometric shapes (Mezirow, 1985). The interpretations of characteristics of each 
shape discussed in class guided their future understanding of geometry. Through 
this exercise, students were led to the third level of van Hieles’ levels of 
abstraction and finding relationships between the shapes (van Hieles’ 1986). This 
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occurred after they had recognized and analysed the characteristic critical features 
and differences between hexagons, pentagons, triangles and other shapes. This 
resulted from a communicative dialogue and discourse created by the teachers 
from a context familiar to the students. After the productive discussions, the 
teacher gave students homework with instructions on how to draw a regular 
hexagon using their mathematical instruments.  When the teacher was required to 
justify the success of her lesson, she said: 
Teacher 1: I had to use a context familiar to the students. You know in this area there are social 
and economic ways in which people make a living, they sell honey and sell peaches from their 
gardens. I therefore felt it relevant to use the honeycomb for my geometry lesson. 

Observed practice 2 

The second teacher was observed teaching mathematics in a rural, well-resourced 
recently refurbished school and a classroom equipped with whiteboard. Although 
the facilities were provided by the department, the teachers had not been trained 
on using them. The lesson commenced when the teacher projected a picture of an 
old dilapidated round hut. Figure 5 represents the projected round hut. 

   
Figure 5: Round hut 

There was an immediate giggling and laughing reaction from most of the students 
in the classroom. The teacher also smiled and enquired from the class:  
Teacher2: Why are you laughing? What’s funny about my round hut? Because she was gentle 
and empathetic, many of the students’ hands went up, for attention. 

Response 1: ‘Excuse me teacher, the hut is not round’ ‘Also the door has no real shape.’ 

Teacher2: Oh yes, have you ever watched how a hut is built? How can we ensure that the hut 
built will be round? 

There were now very few hands raised, students wondered but their interest was 
so drawn because there are huts at their homes. The context created was familiar 
to them. The process of building a hut was described by the teacher putting 
emphasis on the identification of the centre first, and how wide the hut would be. 
After the identification of centre which was indicated by a point on the floor first 
and then on the chalkboard, a stick would be plunged on that point with a 
measured rope tied to it. She used the chalkboard compass with a certain radius 
to draw a circle. Geometric concepts like the circumference, centre, radius, and 
circle were explained. Thus the students were able to establish that the hut in the 
paper was not round because the radius length was not consistent, it waived and 
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hence an irregular shape resulted. This meaning was constructed through 
discussions and discourse that ensued in the classroom. The next feature of the 
hut that was discussed was the shape of the door frame. It was supposed to be 
rectangular. The teacher requested one of the students to draw a rectangle on the 
chalkboard after which critical features of what makes a shape a rectangle. In 
addition, other rectangular shaped objects in and outside the classrooms were 
identified. It was also interesting to note that for some students, the facts that ‘a 
square’ is some form of a rectangle, could not resonate well with them. These 
discussions consumed a lot of time and ended just before the discussions of the 
cone shaped roofs of the hut. During interviews with the teacher after the class, it 
was of interest to me to know how the teacher would continue with the lesson. 
Teacher 2:  We are still going to engage with this theme for almost a week and 
beyond, I mean ‘the hut’. I have realized that there is a lot of other geometric 
concepts that we can explore using this theme. For example, we will talk about 
different hut decorations. In our culture we usually do those decorations on the 
walls with a mixture of mud and water. We will also explore the length and 
movement of the shadows formed at different times of the day around the hut. 
This is some of the indigenous knowledge that was used by our uneducated 
parents to detect time. 
Interviewer: Oh wow! This is a huge source of geometric thinking. Tell me, do you think your 
usual classroom practice was transformed? If so, How?  

Teacher 2: Oh yes, to a large extent. You know what as a teacher, I am human. I have been in 
the same situation as my students in the past. All I knew in geometry was triangles but I could 
not relate or connect them to any of the concepts I knew. So it did not make any sense. But I 
thought I would try and make things simple for my students so that they understand geometry. 

Interviewer: So how can you reflect on your practice now?  

Teacher 2: Yhoo a lot, you know what? I have realized that through these innovative 
illustrations students interact, play, and are interested in my lessons. My instruction became 
effective since students now play around with their compasses and produce drawings that 
develop and engage their geometric thinking.  
 

CONCLUSIONS 

The paper addresses the fact that through Ubuntu, creativity and innovation, 
existing classroom environments and practices can be disrupted for the 
improvement of the teaching of geometry.  This study confirmed some issues 
from literature that suggest that a warm, safe, and caring environment allows 
students to “influence the nature of the activities they undertake, engage seriously 
in their study, regulate their behavior, and know of the explicit criteria and high 
expectations of what they are to achieve” (Jannarone, 2014, 5). This paper 
exposes the teachers to effective instructional approaches that can promote 
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students’ interactions while they construct mathematical meaning and engage in 
geometric experiences using familiar contexts. When teachers imagine 
themselves in their students’ space, they can be able to understand their feelings, 
desires, ideas and actions. Through Ubuntu, teachers in under-resourced schools 
can acquire techniques where they by way of introjection get involved in 
manipulating issues of teaching material lack while they impart mathematics 
skills to ungrounded students. It takes Ubuntu to be able to offer and master that 
aesthetic experience. Collectively with the use of indigenous knowledge in our 
communities, students can be able to make meaning in mathematics and improve 
in performance. Also in compassion teachers can help to close the gap in students’ 
pre-requisite background mathematics knowledge such that they do not suffer the 
consequences as they pursue mathematics in higher grades. Ubuntu can also 
equip mathematics teachers to exercise patience while they modify their 
instructional approach to afford students to ask different questions and present 
their work in different ways.  
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The purpose of this study was two-fold: first to determine the extent to which first-

year foundation phase mathematics student teachers understand the concept of 

prior-knowledge, and second to determine the extent to which their 

understanding could be linked with their competence to identify prior-knowledge 

for given foundation phase mathematics content. The study was qualitative in 

nature and firmly grounded in the interpretivist paradigm. An open-ended 

questionnaire was used to collect data from 239 participants. It was found that 

although the majority of participants could illustrate an adequate understanding 

of ‘prior-knowledge’, they struggled to identify aspects of prior-knowledge for 

given mathematics content. This reveals the need for teacher education 

programmes to enhance student mathematics knowledge for teaching. 

 
INTRODUCTION  

Much has been written about teaching and learning over decades of research into 
how learners learn and how educators teach (Atwell, 1998). More recently, a great 
deal of research has been done on teacher training and the do’s and don’ts of this 
very important educational field (Harris, 2011). Furthermore, research about 
specialised content knowledge (subject specific) has been done by researchers 
such as Ball, Thames and Phelps (2008). However, research regarding higher 
education teacher trainees’ perspectives on and knowledge of various subject 
content and other aspects of teaching, are not well documented. An attempt to 
address this gap with special reference to the subject Mathematics led to this study 
and involved first-year Foundation phase education students at a higher education 
institution in South Africa.  
Research conducted prior to and in the early 1980s was concerned with general 
aspects of teaching, and not with the content knowledge teachers needed for 
teaching a specific subject. In the late 1980s a major departure from the research 
of the day was made by L.S. Shulman and his colleagues through their seminal 
work. Shulman (1986) attempted to merge content and teaching practices, and 
argued that there is unique subject matter specific to professional knowledge for 
teaching. It was named Pedagogical Content Knowledge (PCK) and refers to the 
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knowledge of organising, representing and packaging content in such a way that 
learners can learn it easily (Mishra & Koehler, 2006).  
PCK has interested many scholars including Ball et al. (2008). In pursuit of 
developing PCK, Ball et al. drew on the theories of learning and constructed an 
argument according to which teachers need to have prior knowledge of learners’ 
conceptions and misconceptions of particular concepts, before further teaching 
on the topic can commence. A teacher with the necessary PCK will be able to 
formulate teaching strategies that are informed by learners’ misconceptions and 
content gaps. The study of Ball et al. focused on developing domains of 
mathematical knowledge for teaching. Among the six knowledge domains that 
they proposed, the knowledge within the horizon domain, that is, the knowledge 
of how mathematical topics are related over the span of the curriculum, is 
applicable to this paper. Furthermore, a teacher with the necessary PCK will be 
able to formulate teaching strategies that are informed by learners’ 
misconceptions and content gaps. 
 
PROBLEM STATEMENT 

De Angelis (2011) agrees with Ball et al. (2008) on the importance of prior 
knowledge in teaching and learning. Besides her focus on language learning, she 
investigated the impact of learners’ prior language knowledge on the learning 
process, as opposed to the teachers’ knowledge of learners’ prior knowledge that 
is needed for learning. Similarly, in their study to examine the role of specificity, 
namely the type of targeted learning activities and learners’ prior knowledge for 
the effect of relevance instruction on learning, Roelle, Lehmkuhl, Beyer and 
Berthold (2015) demonstrated the importance of teachers’ knowledge of learners’ 
prior knowledge in choosing the most effective teaching methodology. 
Furthermore, Dávila (2015) argued that teachers need to have knowledge of 
learners’ prior knowledge to create successful classroom environments for 
learning. However, Dávila extends the preceding scholars’ arguments and says 
that this prior knowledge includes the social and environmental context that 
learners come from and find themselves in. Thus, drawing from the findings of 
her study, Dávila posited that learners bring a wealth of knowledge from their 
homes and communities, their knowledge funds, which teachers need to take into 
consideration. Moreover, the teachers need to be attentive to the existing learners’ 
framework for learning.  
Contrary to the above argument on the importance of prior knowledge for 
teaching and learning, Laski and Dulaney (2015) show that prior knowledge may 
have a negative impact on learning. In their study they argue that learners need to 
suppress or override the activation of prior knowledge in order to think in ways 
that are more relevant to the given task.  
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What is missing from literature regarding studies on prior knowledge, however, 
are studies that draw from Ball et al. (2008) regarding the theorisation of the 
horizon knowledge domain. Scholars in mathematics education are silent about 
student teachers’ understanding of prior knowledge and their knowledge or 
competence to analyse mathematics content to determine the relevant prior 
knowledge needed for teaching specific mathematics content. The reason might 
be that they mainly focus on the impact of learners’ prior knowledge on learning, 
as well as on the general social and contextual prior knowledge that learners bring 
to the classroom. The current study focuses on student teachers’ competencies in 
identifying prior-knowledge that learners need in order to learn a particular 
mathematics concept/content. In other words: knowledge not only of what 
learners have, but also of what they need. In this study we focus specifically on 
the extent to which first-year Foundation phase students can identify prior 
knowledge regarding specific Grade 2 mathematical content. 
In response to the identified gap in literature the current study sought to address 
the following questions: 
 

What understanding do first-year pre-service Foundation phase student 
teachers have of the concept prior-knowledge? 
 
How do they apply their understanding of the concept prior-knowledge to 
identify the prior-knowledge that Grade 2 learners need to learn 
multiplication by two? 

 

LITERATURE REVIEW 

The identified section of related literature seeks to respond to the research 
questions by establishing what is currently known. This is done in order to create 
a conceptual basis for studying the teacher knowledge needed for determining the 
necessary prior-knowledge for teaching multiplication on Grade 2 level. 
Generally, prior-knowledge is viewed as an important component in 
understanding new knowledge. This is in agreement with Fyfe and Rittle-Johnson 
(2016) who define prior knowledge as the key moderator in the context of 
teaching and learning. In addition, Ell, Hill and Grudnoff (2012) opine that prior-
knowledge plays a significant role in learning new information, concepts and 
material. Contrary, Ball and Bass (2000) argue that just as prior knowledge can 
be used positively it can also hinder learners’ development during the learning 
process. 
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The fact that learners have prior knowledge for all forms of teaching and learning 
is unavoidable, however. Drawing from Bruner (1960), we argue that learning is 
a cumulative process during which learners construct new concepts based on their 
current and prior knowledge. Thus, despite the possible negative effects that prior 
knowledge might have on learners’ construction of new knowledge, there is a 
need for mathematics teachers to have knowledge of the prior knowledge that 
their learners need in order to assimilate new mathematics concepts. We 
hypothesise that when mathematics teachers possess such knowledge, it better 
enables them to facilitate the process of successful teaching as described by 
Bruner. 
Literature captures many studies that support our argument for prior knowledge 
in teaching and learning. Wilson (2016), in his exploratory study of the 
knowledge aspects needed for equitable mathematics teaching, measured 
mathematics teachers’ prior knowledge of mathematical algorithms and notation 
which they bring into the classroom. In doing so, he found prior knowledge to 
have great relevance in predicting teacher knowledge for equitable mathematics 
teaching. Similarly, but from a learner’s perspective, Cepic (2012), in his study 
which aimed to propose new methodology for teaching liquid crystallisation, 
assessed learners’ prior knowledge of liquid crystals in order to find out what they 
already know and built on their existing knowledge. In the same vain, Costley 
and West (2012), in their study to examine the premise of a universal approach 
to include prior knowledge as inter-text, posited that prior knowledge is relevant 
for developing new knowledge and thus enables the teacher to develop the roots 
already in the learners’ minds. These studies further show the pedagogical value 
of prior knowledge in teaching and learning. Moreover, Oleson and Hora (2014) 
conducted a study on the role of prior knowledge in shaping teaching practices. 
What was different about their study, is that it was focused on higher education. 
In the study, they interviewed and observed university lecturers in an attempt to 
explore the role of prior knowledge in the teaching practices of university 
lecturers. The findings of the study revealed that lecturers drew from their past 
experiences as students to inform their teaching and instructional goals. 
From the reviewed literature it is clear that hardly any attention is given to teacher 
trainees’ knowledge of learners’ prior knowledge to learn new concepts. Thus, 
the current study creates its conceptual basis of ‘teacher knowledge for teaching’ 
by drawing from the ‘mathematical pedagogical content knowledge for teaching’ 
framework (Silverman & Thompson, 2008).  
EMPIRICAL INVESTIGATION 

The study had a qualitative research design, in which descriptive data were 
collected and analysed. The research strategy was a case study, describing the 
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prior-knowledge of English and Afrikaans speaking first-year Foundation phase 
education students on two campuses of a university in central South Africa. 
A questionnaire was designed and developed for data collection. The design and 
development of the instrument was guided by the module outcomes which the 
first-year education students were expected to demonstrate at the end of the year. 
Amongst others, upon the completion of the module on Foundation Phase 
Mathematics, students were expected to demonstrate competence in analysing 
mathematics content and identifying prior knowledge needed by Foundation 
Phase learners to learn given mathematics concepts or techniques. Rittle-Johnson, 
Star and Durkin (2009) in agreement argued that learners’ prior knowledge of a 
particular mathematics concept, enables a teacher to know what levels of 
instructional support are needed for students to learn new concepts. 
Correspondingly, the current study tested pre-service teachers’ understanding of 
prior-knowledge as well as their competence to identify prior knowledge for 
given mathematics concepts. The questionnaire furthermore assessed the 
students’ ability to compile a memorandum and to rephrase questions. The 
current study reports only on aspects regarding prior-knowledge, namely the first 
and second items of the instrument. 
The qualitative data were collected using an open-ended questionnaire. The data 
were collected at two research sites namely, Bloemfontein and QwaQwa. The 
population of the study was first-year Foundation phase pre-service teachers at 
South African universities. The sample consisted of a group of 239 first-year 
Foundation Phase pre-service teachers at a specific university in central South 
Africa. The sample was selected purposefully, as they constituted the students 
taught by the three authors. This choice of sample also contributed to the 
trustworthiness of the study, as the data were collected from the very participants 
involved in determining learner prior-knowledge on pre-service level. The total 
number of participants (239) consisted of 81 participants who used English as 
medium of instruction and 61 participants who used Afrikaans as medium of 
instruction. The participants (97) who used English as medium of instruction 
were from two different campuses of the institution. The participants’ consent for 
participation was sought and they were made aware that participation was 
voluntary.  
Data with respect to Question 1 was analysed by grouping similar responses 
together. Thematic analyses were possible by grouping similar responses, and the 
number of responses per theme was determined. The second question was 
analysed in two different ways. The first analysis determined how many different 
aspects of prior-knowledge the participants could determine. The second analysis 
determined the frequencies of the specific identified prior-knowledge for teaching 
multiplication by two, as mentioned by the participants.   
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FINDINGS  

Herewith, a presentation and discussion of the analysed data, which were 
obtained with respect to the two research questions addressed in this article, are 
provided. Question 1 of the questionnaire asked the participants what their 
understanding of the term ‘prior-knowledge’ was. An analysis of the data for 
Question 1 is presented in Table 1. 
TABLE 7: Responses to Question 1 of the questionnaire. 

N=239 

Theme 1: Knowledge learners have before learning more 150 
(53%) Background knowledge and knowing little about the subject before learning more (57); Previous 

knowledge learnt, to be used to acquire new knowledge (18); Primary/Fundamental/Foundational 
or basic knowledge to learn more (17); Knowledge you must be aware of before you are 
introduced to a new topic (2); Primary knowledge that prepares and introduces learners to the 
subject they are learning (1); Knowledge considered before learning (1). Knowledge that the 
teacher and learners have about a topic before a lesson is given (1); Knowledge that you already 
have about a certain topic (47); Something you have been taught in a past grade (6). 

Theme 2: Knowledge for dealing with Mathematics 44 
(16%) Knowledge you have before dealing with mathematical content (34); Knowledge we use to apply 

the steps of Mathematics (7); Knowledge I have from primary and high school about Mathematics 
(1); It is specific Mathematics knowledge (1); Knowledge of numbers and their value, 
understanding of mathematical symbols, what and how each are used (1). 

Theme 3: The basics/foundational knowledge of a learning area 20 
(7%) The basics of a learning area or content foundation (8); Simple definition of something 

(1) ;Knowledge which is not detailed (1); It is general knowledge (6); It is your 
knowledge foundation (4). 

Hundred and fifty (150) of the 283 responses by 239 participants (53%) described 
‘prior-knowledge’ as knowledge that learners have before learning more as 
depicted in Table 1, Theme 1. Moreover, it was interesting to note that 57 
responses identified ‘prior-knowledge’ as background knowledge, where learners 
know a little about the subject or topic, before they embark on learning more. 
Similarly, 47 participants stated that prior-knowledge is “knowledge that you 
already have about a certain topic”. Theme 1 is generally characterised by student 
understating that prior-knowledge refer to knowledge that has to be in place as a 
prerequisite for further learning to take place. 
Theme 2 is characterised by responses, which describes prior-knowledge as the 
“knowledge of dealing with Mathematics and mathematical content” specifically. 
The responses in Theme 2 began to make connections between the general 
knowledge of the concept of prior-knowledge and mathematics content 
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knowledge. Taking into consideration the fact that the participants were 
knowingly attending their first lecture of a mathematics module, in which they 
would be confronted with Mathematics for the Foundation Phase, it seems 
contradictory that only 16% of the responses linked this question on prior-
knowledge directly to mathematics prior-knowledge. Twenty (20) of the two 
hundred and eighty-three (283) responses (7%) simply referred to ‘prior-
knowledge’ as the basic or foundational knowledge of a learning area (Theme 3).  

The frequencies of applicable prior-knowledge as mentioned by the participants, 
are displayed in Table 2 in decreasing order, with the prior-knowledge mentioned 
the most number of times in the top position and the prior-knowledge mentioned 
the least number of times in the bottom position. Furthermore, these occurrences, 
expressed as a percentage of the total number of responses (299) in the second 
column from the right, are grouped into three groups, as follows: Group III 
includes 0 < % < 5; Group II includes 5 < % < 10; and Group I includes 10 < % 
< 16. The same data was used to express the responses in relation to the number 
of participants (135) who provided prior-knowledge with respect to Question 2. 
Although percentages are used to indicate the relation, they do not add up to 100 
as each of the 135 participants contributed an average of 2.2 different responses. 
The distribution of the responses into the three groups stays the same if the group 
sizes are increased 2.2 times.  

This results in data from the last column being grouped into three groups that 
correspond to those in the second-last column, as follows: Group III includes 
0 < % < 11; Group II includes 11 < % < 22; and Group I includes 22 < % < 35.2. 

Group I are made up of response categories A, B, C, D, and E, in which each 
category received more than 10% of the total responses. Prior-knowledge 
identified by the participants include counting in 1s and 2s, knowledge of addition 
and multiplication, being able to double values, and having knowledge of the 
multiplication sign. These aspects are indeed very relevant prior-knowledge for 
teaching multiplication by two, and the participants did well in identifying them. 
A total of 190 of the 299 responses (63.5%) fall within this group. If the 
information is interpreted as a percentage of responses coming from the 135 
participants who provided prior-knowledge when answering Question 2, then 
140.7% of the responses fall within this group. This means that each of the 135 
participants provided 1.4 responses that fall within Group I. 

Group II are made up of response categories F, G, and H, in which each category 
received 5 < % < 10 of the total responses expressed in percentage. Prior-
knowledge that was identified by the participants include having an 
understanding/knowledge of numbers, being able to group objects, and knowing 
the 2 and 3 times tables. 
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TABLE 2: Frequencies of applicable prior-knowledge as mentioned by the 
 participants. 

Question 2: What would be the prior-knowledge for teaching multiplication by two, for example 
3 x 2, to a Grade 2 class? 

  Nr. of 
responses 

% of 
299 

% of 
135 

A Counting in 1s or 2s 46 15.4% 34% 

B Knowledge of addition/being able to add 42 14% 31.1% 

C Multiplying/Know how to multiply numbers                    I 37 12.4% 27.4% 

D Doubling/twice as many 33 11% 24.4% 

E Have knowledge of the x sign 32 10.7% 23.7% 

F Have an understanding/knowledge of numbers 26 8.7% 19.3% 

G Grouping objects, for example apples or sweets               II 24 8% 17.7% 

H Knowing the 2 x table and/or 3 x table 22 7.4% 16.3% 

I Know what multiplication is/means 12 4% 8.9% 

J Knowledge of subtraction/being able to subtract 8 2.7% 5.9% 

K Be able to read 5 1.7% 3.7% 

L Making pairs of 2s                                                             III 5 1.7% 3.7% 

M To make ‘more’ 4 1.3% 3% 

N Know the commutative property:  
2 times 3 = 6 and 3 times 2 = 6 

2 0.7% 1.5% 

O Rounding off 1 0.3% 0.7% 

Total responses 299  

Total number of participants who provided prior-knowledge  135 

Although understanding numbers and grouping objects are relevant prior-
knowledge, learners on Grade 2 level would not necessarily have formal 
knowledge of the 2 and 3 times tables as a more formal approach is usually only 
followed in Grade 3. A total of 72 of the 299 responses (24.1%) fall within this 
group. If the information is interpreted as a percentage of responses coming from 
the 135 participants who provided prior-knowledge when answering Question 2, 
then 53.3% of the responses fall within this group. This means that each of the 
135 participants provided 0.53 responses that fall within Group II. This can be 
interpreted as every second participant identifying an aspect of prior-knowledge 
that falls within this group. 
Group III are made up of response categories I, J, K, L, M, N, and O, in which 
each category received less than 5% of the total responses expressed in 
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percentage. Prior-knowledge that was identified by the participants include 
knowing what multiplication is/means, knowledge of subtraction, being able to 
read, making pairs of 2s, to increase/’make more’, knowing the commutative 
property, and rounding off. Of these, the essential prior-knowledge for teaching 
multiplication by two could probably be reduced to knowing what multiplication 
is/means, and being able to make pairs of 2. The prior-knowledge identified in 
Group III is therefore less applicable than that identified in Group II and Group 
I. A total of 37 of the 299 responses (12.4%) fall within this group. If the 
information is interpreted as a percentage of responses coming from the 135 
participants who provided prior-knowledge when answering Question 2, then 
27.4% of the responses fall within this group. This means that each of the 135 
participants provided 0.27 responses that fall within Group III. Otherwise stated, 
it can be interpreted that roughly every fourth participant provided an aspect of 
prior-knowledge that falls within this group.  
Returning to the two research questions, we consider research question 1 first: 
What understanding do first-year pre-service Foundation phase teachers have of 
the concept prior-knowledge? Themes identified from the given data, show that 
the participants demonstrated an accurate understanding of the term ‘prior-
knowledge’. Considering that these responses came from Foundation Phase 
student teachers at the very beginning of their first year of study, is encouraging. 
The second research question read as follows: how do Foundation phase teacher 
trainees apply their understanding of the concept prior-knowledge to identify the 
prior-knowledge that Grade 2 learners need, to learn multiplication by two? 
Unfortunately, this question provided less encouraging findings and a definite 
point of address for teacher trainers at higher education institutions. Our findings 
indicate that 56.5% of the participants could identify prior-knowledge for 
teaching multiplication by two. This means that just over half of the participants 
could perform one of the most basic and necessary preparatory activities for 
teaching mathematics to Foundation Phase learners at the onset of their training 
at the specific higher education institution. This can, of course, be interpreted as 
positive or negative, depending on the perspective of the reader. Further analysis 
of the data indicated that each of the 135 participants who provided aspects 
regarding applicable prior-knowledge for teaching multiplication by two, 
contributed an average of 2.2 different responses. Being able to count in 1s and 
2s was identified as the most important prior-knowledge for teaching this Grade 
2 content. 
 

DISCUSSION OF FINDINGS  

The study investigated the extent to which student teachers understand the 
concept of prior-knowledge in the context of teaching and learning. The findings 
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from the thematic analysis in Table 1 confirmed that the student teacher 
participants had adequate understanding of the concept ‘prior-knowledge’ as it 
relates to the teaching and learning context. The findings of this study resonate 
with the findings of Roelle, Lehmkuhl, Beyer and Berthold (2015), namely that 
in order for teachers to select appropriate teaching approaches, an understanding 
of learners’ prior-knowledge plays an important role. Thus, demonstrating 
adequate understanding of prior-knowledge by the student teachers is a step in 
the right direction for becoming good mathematics teachers. In fact, Costley and 
West (2012: 21) confirms the step in the right direction as they put it that, “prior-
knowledge information is relevant for the development of new knowledge” and 
thus, prior-knowledge is an integral part of teaching and learning.  
Unlike Cox, Steegen and Cock (2016) and Dávila (2015) who focus on the prior-
knowledge of learners, the current study revealed the pre-service foundation 
phase teachers’ understanding of prior knowledge and how they apply their 
understanding regarding the identification of prior knowledge for learning 
multiplication.  What is important about studies like the current one, is that they 
focus more on the knowledge needed for teaching mathematics. Thus, as a result 
there is a potential to improve mathematics teacher education programmes at 
universities.   
 
CONCLUSION 

This investigation of the prior-knowledge that 239 first-year Foundation Phase 
students had of a simple Grade 2 mathematics concept, rendered interesting 
results. Although the majority of participants could illustrate an adequate 
understanding of the term ‘prior-knowledge’, less than half of the participants 
could identify at least one applicable aspect of prior-knowledge for the given 
mathematics content. These results demonstrate that the general understanding of 
the concept ‘prior-knowledge’ does not mean that student teachers will equally 
be able to apply their understanding in a mathematics teaching and learning 
context. The findings of this study confirm that special mathematics knowledge 
for teaching the subject, does exist. Furthermore, these findings may be beneficial 
for foundation phase teachers’ education programmes; for instance, by ensuring 
that adequate attention is given towards developing student teachers’ 
competencies in more specialised fields for teaching, than just the subject content 
or the pedagogy. Moreover, the study recommends further longitudinal research, 
which could trace and measure the development of student competence levels at 
different stages of their BEd foundation phase programme. These kinds of studies 
are important as they are able to inform mathematics teacher education.   
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WORKING WITH FREQUENCY TABLES 

Lukanda Kalobo 
Department of Mathematics, Science and Technology Education, 
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The paper aims to explore student teachers’ use of appropriate statistical 

terminology in working with frequency tables. A specific challenge is that 

teachers are to use appropriate statistical terminology in teaching these tables at 

schools. It is important to understand the statistical terminology including terms 

related to frequency tables before moving on to interpreting tables. A test was 

used to collect data which was administered to a conveniently selected sample of 

sixty-seven (67) student teachers. The results indicate that student teachers 

struggled in using appropriate terminology in working with frequency tables. 

Thus, student teachers and teachers should be trained to develop the statistical 

terminology needed in teaching frequency tables at school levels. 

Key words: Statistical terminology, Frequency distribution tables, Statistical  

                    literacy, Student teachers.  

 

INTRODUCTION  

In South Africa, high school learners should be exposed to mathematical 
experiences that give them many opportunities to develop their mathematical 
reasoning and creative skills in preparation for more abstract Mathematics in 
higher/tertiary education institutions (Department of Basic Education, [DBE], 
2011: 10). To develop essential mathematical skills the learner should  develop 
the correct use of the language of Mathematics; and communicate appropriately 
by using descriptions in words, graphs, symbols, tables and diagrams (DBE, 
2011: 8-9). Statistics being part of the Mathematics curriculum, this might be the 
case in the use of appropriate terminology in working with frequency tables.   
In the National Council of Teachers of Mathematics  (NCTM, 2000), one of 
principles put forward states that students must learn Mathematics with 
understanding, actively building new knowledge from experience and prior 
knowledge. Green (1992) pointed out that: “statistical concepts provide a 
fascinating area to explore. What the statistician regards as straightforward and 
obvious (terms such as average, variability, distribution, correlation, bias, 
randomness,...) are the distilled wisdom of several generations of the ablest 
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minds. It is too much to expect that there will not be a struggle to pass on this 
inheritance”. This might be the case with the frequency tables in Statistics, where 
students might struggle to use appropriate terminology in working with these 
tables.   
Although researches focussing on teaching and learning statistics have been 
conducted at schools in South African (North, & Zewotir, 2006; 2010), not much 
research has been conducted in the use appropriate terminology in working with 
frequency tables. This article seeks to assist in securing this gap. Thus, this paper 
explore first year student teachers’ use of appropriate statistical terminology in 
working with frequency tables.  
 
DEVELOPING BASIC STATISTICAL LITERACY 

The current study is restricted to a framework based on the work of Watson 
(1997). Watson (1997) proposed that students must be able to understand the 
basic statistical terminology including terms related to numerical and graphical 
descriptive statistics. Gal (2004) suggested that understanding basic terminology 
and concepts concerning graphical and descriptive statistics is necessary for 
statistical literacy. Statistical literacy involves the ability to discuss and 
communicate concerns about statistical information (Gal, 2004). Statistical 
literacy includes basic and important skills that may be used in understanding 
statistical information or research results. Society expects citizens to be 
statistically literate after they graduate from high school and statistical literacy is 
a necessary skill of a productive and informed member of the modern world (Ben-
Zvi & Garfield, 2004; 2008).  An alternative characterisation of statistical literacy 
(Ben-Zvi & Garfield, 2007: 380) postulates that statistical literacy “involves 
understanding and using the basic language and tools of Statistics: knowing what 
basic statistical terms mean, understanding the use of simple statistical symbols, 
and recognizing and being able to interpret different representations of data”. 
There are other views of statistical literacy such as Gal’s (2000; 2002), whose 
focus is on the data consumer: Being able to read and interpret data presented in 
graphical or tabular form is an important element in one of the component of the 
statistical knowledge (Gal 2004). This component also includes understanding 
how tables and graphs can be presented to mislead or give false impressions (Gal, 
2004). Gal (2004, 56-57) proposed a list of essential topics that should be taught 
in high school. Among the topics, interpreting tables and graphs is one of them. 
Thus each citizen needs a basic understanding of statistical vocabulary, statistical 
symbols, and the ability to critique statistical claims in the media. This paper 
focuses on student teachers’ use of appropriate terminology in working with 
frequency tables.  
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APPROPRIATE TERMINOLOGY IN WORKING WITH FREQUENCY 

TABLES  

In a variety of innovative instructional techniques, Lancaster and Tishkovskaya 
(2010; 2012) suggested developing the skill of communicating Statistics by 
asking learners to explain terminology and to interpret the statistical results in 
everyday words (des Nicholls, 2001; Rumsey, 2002; Schield, 2004). 
It’s in the context of frequency distributions that we encounter a telling example 
of the importance of communication. The nature of large data sets is difficult to 
communicate without some means of summarizing the data sets (Sprinthall, 
2000).  
In a frequency table data are organised by listing every possible score as a column 
of score value and the frequency of occurrence of each score value as another 
individually in the case of discrete series or in a range or class interval in the case 
of both discrete and continue series (Stockburger, 1996; Sprinthall, 2000; Ross, 
2010: 18). According to Sprinthall (2000), small to moderate dataset can be more 
usefully represented in a simple frequency table.  
The following data represent the number of days of sick leave taken by each of 
50 workers of a given company over the last 6 weeks (Ross, 2010: 18-19): 
2, 2, 0, 0, 5, 8, 3, 4, 1, 0, 0, 7, 1, 7, 1, 5, 4, 0, 4, 0, 1, 8, 9, 7, 0, 
1, 7, 2, 5, 5, 4, 3, 3, 0, 0, 2, 5, 1, 3, 0, 1, 0, 2, 4, 5, 0, 5, 7, 5, 1 
Since this data set contains only a relatively small number of distinct, or different, 
values, it is convenient to represent it in a frequency table, which presents each  
score value along with its frequency of occurrence. Table 1 is a frequency table 
of the preceding data. In Table 1 the frequency column represents the number of 
occurrences of each score value in the data set. Note that the sum of all the 
frequencies is 50, the total number of data observations.                            
In explaining statistical terminology as suggested by Lancaster and Tishkovskaya 
(2010; 2012), and Watson (1997) students must be able to understand and explain 
the terms; score categories (values) and frequency. 
There are many types of frequency tables. In this study, our discussion focuses 
on the relative frequency table, cumulative frequency table, and the two-way 
frequency table.  
A relative frequency table presents the frequency of occurrence of score values 
and the relative frequency in which each score value occurs (Ross, 2010: 21). The 
frequency table can be more useful by adding a column for relative frequency 

(see Table 2).  
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Table 1: A Frequency Table of Sick Leave Data (Ross, 2010: 18-19) 

Score value Frequency 

0 12 

1 8 

2 5 

3 4 

4 5 

5 8 

6 0 

7 5 

8 2 

9 1 

 
Table 2: A Relative Frequency Table of Sick Leave Data (Ross, 2010: 21) 

Score value Frequency Relative 
frequency 

0 12 12

50
=0.24 

1 8 8

50
=0.16 

2 5 5

50
=0.10 

3 4 4

50
=0.08 

4 5 5

50
=0.10 

5 8 8

50
=0.16 

6 0 0

50
=0.00 

7 5 5

50
=0.10 

8 2 2

50
=0.04 

9 1 1

50
=0.02 

The relative frequency is calculated by dividing the frequency of occurrence of 
each score value by the total number of cases (Boslaugh & Watters, 2007: 
64). Note that relative frequencies should add up to approximately 100%, 
although the total might be slightly higher or lower due to rounding error. 
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Relative frequencies can be written as fractions, percents, or decimals (Illowsky 
& Dean, 2010; Weiss, 2012: 42-54). For the data of Table 1, n = 50 and so the 
relative frequencies are as given in Table 2.  
In working with the relative frequency tables students teachers should be able to 
understand appropriate statistical terminology including terms involve in this 
table (Lancaster & Tishkovskaya, 2010: 2012); Watson, 1997). Understanding 
the terminology and terms will help students in adding a column for relative 

frequency and calculating this term.  
In a cumulative frequency table, the frequencies are shown in the cumulative 
manner. Here again, the frequency table can be more useful by adding a column 
for cumulative frequency (see Table 3). Cumulative frequency can defined as the 
sum of all previous frequencies up to the current point (Freund, 2001:12).  
 
      Table 3: A Cumulative Frequency Table of Sick Leave Data  

Score value Frequency Cumulative 
frequency 

0 12 12 

1 8 20 

2 5 25 

3 4 29 

4 5 34 

5 8 42 

6 0 42 

7 5 47 

8 2 49 

9 1 50 

In understanding the terminology and terms involved in the cumulative frequency 
table, students might able to add a column for the cumulative frequency and 
calculate all the values in this column (Gal, 2004; Watson, 1997). 

A two-way frequency table or contingency table serves to present in a 
summarised way the frequency distribution in a population or sample that was 
classified according to two categorical variables (Batanero & Estrada, 2006).  
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Table 4: A Two Ways Frequency Table 

 Sport Utility 
Vehicle (SUV) 

Sports Car Totals 

Male 21 39 60 

Female 135 45 180 

Totals 156 84 240 

Let's take a look at the vocabulary used to identify cell locations in two-way 
frequency tables in Table 4. The table has several features: Categories are 
labelled in the left column and top row; The counts are placed in the centre of the 
table; Totals appear at the end of each row and column; A sum of all counts 
(a grand total) is placed at the bottom right; The totals in the right column and 
bottom row are called marginal distributions (excluding the grand total) 
(Batanero, Godino, Vallecillos, Green, & Holmes, 1994).  
This study focused on the use of statistical terminology and terms in working with 
the frequency tables, based on ideas taken from Watson (1997). Our aim is to 
show that the use of statistical terminology and terms in working with the 
frequency tables are important to develop students’ ability to complete and 
compute the frequency tables. We analyse the responses to elementary questions 
about appropriate statistical terminology and terms such as : the frequency, 
cumulative frequency, relative frequency, frequency table, relative frequency 
table, cumulative frequency table, two- ways frequency table, categories, counts, 

totals, grand total, and marginal distributions. 
 
METHODOLOGY 

The research design for this study is a mixed method design that is analysed 
through quantitative and qualitative methods. The research questions of this study 
were divided into two phases: (1) How does students use appropriate statistical 
terminology in working with the frequency table, relative frequency table, 
cumulative frequency table and two-way s frequency table? (Quantitative phase); 
(2) How does the students’ use of appropriate statistical terminology in working 
with frequency table, relative frequency table, cumulative frequency table and 
two-way frequency table have an influence in draw (completing) these tables? 
(Qualitative phase). The interrelation of quantitative and qualitative data allows 
for the examination of the overlapping parts of each phase (Creswell & Clark, 
2007). 
 

http://www.statisticshowto.com/marginal-distribution/
http://www.statisticshowto.com/marginal-distribution/
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PARTICIPANTS 

The target population of this study consists of the 75 first year Mathematics 
Education students at Central University of Technology (CUT), in the Free State 
province, South Africa. A convenience sampling technique was used to select six-
seven (n = 67) willingly Mathematics education students at CUT because of their 
availability and the quickness with which data could be gathered.   

INSTRUMENT 

To collect the data a test was used. The average time taken for the test was 20 
minutes. There was at least one question given to students on each of the 
frequency table, cumulative frequency table, a relative frequency table, and a 
two-way  frequency table. Taking into account that the questions contained sub-
questions, there were 13 items in total. The responses to the test were marked.  

VALIDITY AND RELIABILITY 

For the reliability of the instrument, a pilot study was carried out with two 
Mathematics Education students from CUT that were not part of the sample 
(Fraenkel & Wallen, 2012: 147). The content validity was carried out by 
involving two Mathematics lecturers for further scrutiny (Fraenkel & Wallen, 
2012: 147). In this study the findings cannot be generalised to Mathematics 
Education students of other tertiary institutions because of the small size of the 
sample (Cohen, Manion & Morrison, 2011). 
ETHICAL CONSIDERATIONS  

In conducting their research, all researchers in education must adhere to legal 
codes and conform to ethical guidelines (Suter, 2006:79). Permission was granted 
by the Department of Education at the CUT. Students were tested after school 
hours. Before writing the test students were explained about the purpose of the 
test, and their benefits. An informed consent was obtained from each participant. 
Confidentiality of the data and freedom to withdraw at any time without penalty 
were guaranteed to participants before they gave consent to participation.  
 

DATA ANALYSIS AND RESULTS  

Quantitative data analysis of the test 

The first part of this analysis involve four questions test, including 13 items to 
explore students’ use of appropriate statistical terminology in working with 
frequency table, the relative frequency table, the cumulative frequency table and 
the two-way  frequency table. In Table 5, the first column represents the number 
of students who answered each item correctly (pass) or incorrectly (fail).  

http://www.businessdictionary.com/definition/availability.html
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The last two columns represent these numbers as percentages of the total. The 
last row represents the results for the test as a whole. In the last row, it can be 
seen that 16(24%) of the students pass the test.  
 

Table 5: Students’ test result 

Question  Number of Students 

 

% of students 

Pass Fail Pass Fail 

Q 1.1 34 33 50.7 49.3 

Q 1.2.1 14 53 28.9 71.1 

Q 1.2.2 35 32 52.2 94.8 

Q 2.1 1 66 1.4 98.4 

Q 2.2 1 66 1.4 98.4 

Q 3.1 14 53 20.9 79.1 

Q 3.2 9 58 13.4 86.6 

Q 4.1 62 5 92.5 7.5 

Q 4.2.1 0 67 0 100 

Q 4.2.2 18 49 26.9 73.1 

Q 4.2.3  0 67 0 100 

Q 4.2.4 1 66 1.4 98.4 

Q 4.2.5 0 67 0 100 

Average 16 51 24.0 76 

 
One might notice from table 5, in question 1.1, 34(50.7%) students were able to 
complete the table. The responses to question 1.2.1 show that, 14(28.9%) students 
couldn’t identify the number of times a data item appears, as a frequency. The 
responses to question 1.2.2 indicate, 35(52.2%) students were able to identify the 
table as a frequency table. Furthermore, in question 2.1 and 2.2, most of the 
students failed to respond to the question, with only 1(1.4%) student being able 
to complete the relative frequency table and to explain how to draw this  table.  
One might notice from Table 5, that the responses to  question 3.1, 14(20.9%) 
students have failed to completing the cumulative frequency table and 9(13.4%) 
students were able to explain how to draw(complete) the cumulative frequency 
table. The responses to question 4.1, and 4.2.2 show that 62(92.5%) and 
18(26.9%) students were able to complete the table and to identify the table as a 
two-way frequency or a contingence table respectively. It appears that the 
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responses to question 4.2.1, 4.2.3 and 4.2.4 indicate that students wriggled in 
using the appropriate terminology. In these three questions, students couldn’t 
identify the entries in the centre of the table as counts; Categories are labelled in 
the left column and top row; and totals  appear at the end of each row and column 
respectively. The overall performance of students for each item is illustrated 
graphically as shown in Figure 1. 
 

Figure 1: Students’ average percentage per question (n = 67) 

From Figure 1, it might be seen that most students pass well question 4.1 
involving the completion of a two-way  frequency table. This means that most 
students   understood how this type of table is constructed and what it represents. 
Half of the students pass question  1.1 and 1.2.2 involving the completion of the 
frequency table and the identification  of the correct term for this table. It seems 
that students performed very badly on all the other items.  
Qualitative data analysis of the students’ answers 

In the first part of the analysis, students couldn’t respond to questions about the 
tables. Form Table 5 and Figure 1, the researcher identified items that gave 
students most problems: item 1.2.1(28.9%); item 2.1(1.4%); item 3.2(13.4%); 
item 4.2.1, 4.2.3 and 4.2.4(0%); and item 4.2.2(26.9%). The researcher decided 
to analyse the responses given by students in these questions to supplement the 
information from the first part of the data analysis. Students who failed questions, 
but have given the answers were selected. Student were coded as student 01, 02, 
03 up to student 67.  
The frequency 

In question 1.2.1, students were asked to complete the missing word: “the number 

of times a data item appears, is known as ……….”; In this question the answer 
supposed to be “the frequency”. Student 01, 02 and 03 mentioned the “Mean”, in 
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the test. Student 06 and 09, 26, 22 and 47 pointed out: “The mode”. It is noticeable  
that, in Table 1, most of the students couldn’t mention “The frequency”.  

The frequency table  

In question 1.2.2, students were asked to complete the missing word: “This type 
of table is call……….”. The response this  question is “the frequency table”. 
Student 20, 36 and 61 brought up: “Cumulative table”, Student 34 pointed out: 
“Cumulative frequency”. Student 35 listed: “The Stem and leaf”. Student 27 
said:” Bibliographical”. From Table 1, one might notice that a large number of 
student teachers couldn’t mention” The frequency table”.   
Divide the number of cases in each category by the total number of cases  

In question 2.2, students were asked: “explain how do you calculate values in a 
relative frequency column?”. Students’ answer to this  question supposed to be: 
“by dividing the number of cases in each category by the total number of cases”. 

Student 06 mentioned; “I do not recall”. Student 12 explained: “Counting the 

number of students that have the same hours”. Table 1 shows that, most of  the 

student couldn’t explain how to calculate values in a relative frequency column 
correctly. 

The sum of all previous frequencies up to the current point 

In question 3.2, Students were asked: “Explain how do you calculate values in a 
cumulative frequency column?”. The answer to this question supposed to be: 
“add all the previous relative frequencies to the relative frequency for the current 

row”. Student 28 explained: “Take from the hours grouped column and 

manipulate and manipulate these numbers”. Student 38 gave details: “Take the 

number that are common in the information we were given in difference between 

the numbers’. One might notice in Table 1 that most of the students couldn’t 
explain how to calculate values in  a cumulative frequency column correctly.  

The counts  

In question 4.2.1, students were asked to complete the missing word: “The entries 

in the table are…..…”. The answer to this question is: “Counts”. Student 11 
stated: “Features”. Student 41 mentioned: “Results”. Student 12 mentioned: 
“Students survey”. Student 40 said: “Data”. Student 46 specified: “Information 

collected”. It is evident that, in Table 1, in this question, most of the students 
couldn’t mention the term “Counts”.  
The two-way table or contingency table 

In question 4.2.2, students were asked to complete the missing word: “The type 

of table is call….…”. The answer to question 4.2.2 is: “The two-way table or 

contingency table ”. Student 23 brought up: “Cumulative frequency”. Student 22, 
29 and 50 stated: “Data”. Student 41 stated: “Positive opinion”. From Table 1, 
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it is noticeable  that, in this question, most of the students couldn’t mention the 
terminology “The two-way table or contingency table”. 
The categories  

In question 4.2.3, students were asked to complete the missing word: “….… are 

labelled in the left column and top row”. The answer to this question is supposed 
to be: “Categories”. Student 16 stated: “Gender”. Student 20 revealed: 
“Controlled”. Student 33 said: “The terms”. Student 07 indicated: “Surveyed 

group”. From Table 1, in question 4.2.3, most of the students couldn’t complete 
the correct word.  
Marginal total 

In question 4.2.4, students were asked to complete the missing word: “…appear 

at the end of each row and column”. The answer this question is: “The marginal 

total”. Student 56 spoke about: “x”. Student 13 talked about: “Females”. Student 
44 brought up: “Male that have positive opinion”. Table 1 shows that, most of 
the students couldn’t give the correct word. 

Grand total 

In question 4.2.5, students were asked to complete the missing word: “A sum of 

all…..… is placed at the bottom right”. The answer is supposed to be: “the grand 

total”. Student 11 and 25 indicated: “Features”. Student 03 and 07 said: “Data 

collected”. Student 20 talked about: “Intervals”. From Table 1, in question 4.2.5, 
it is evident that, most of the students couldn’t mention the term: “The grand 

total”.  
It is a matter of disconcert that, of the 67 students involved in this study, no 
respondent was able to respond to all the items relating to the frequency table, the 
cumulative frequency table, the relative frequency table, and the two-way  
frequency table.  

DISCUSSION OF THE RESULTS 

In question 1.1 and 1.2.2, half of students answered it correctly. Among few 
students who got item 1.1 and 1.2.2 correctly, were the ones that were able to 
identify the term “frequency” in question 1.2.1. This shows that in understanding  
the term “frequency” student teachers were able to build the statistical knowledge 
of the frequency table (NCTM, 2000; Watson, 1997)  
In question 2.1; 2.2; 31; and  3.2, most of the students who failed to answer 
question 2.21 and 3.21 couldn’t answer question 2.1 and 3.1. This shows that 
understanding how values in the cumulative frequency column or relative 
frequency column are calculated might help students teachers in working with the 
cumulative frequency table or relative frequency table respectively. This shows 
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once again that understanding the terminology or terms is necessary to discuss 
and communicate about tables (Gal, 2004, Watson, 1997). 

In question 4.1, most of the student (92.5%) where able to complete the two-way  
frequency table but failed question 4.2.1; 4.2.2; 4.2.3; 4.2.4; and 4.2.5 involving 
the use of appropriate statistical terminology or terms. The fact that students could 
complete the table, not knowing the specific terms might show the like of 
development in understand the use of appropriate statistical terminology or terms 
in working with these tables. This shows that teachers might be focusing on how 
to complete or represent frequency tables without using appropriate terminology 
(des Nicholls, 2001; Rumsey, 2002; Schield, 2004).  
Overall, we observe a big number of students who did not provide any answer; 
they justified in their responses that “I cannot remember”; “It never was explained 
to me”, “There is a long time since I studied this”.  In tem 2.1 and 3.1, the 
confusion between the cumulative frequency table and the relative frequency 
table was observed. Showing once again that students teachers’ like of statistical 
knowledge about the frequency tables (Gal 2004). At the same time, we found 
that most students could not explain how to complete a relative frequency table 
and a cumulative frequency column. This was noticeable in question 2.2 and 3.2, 
where most of the students struggled in explaining the meaning of the terms 
“cumulative frequency” and “relative frequency” respectively (des Nicholls, 
2001; Rumsey, 2002; Schield, 2004, Lancaster, G. A., & Tishkovskaya, S. 
(2010).  
Even though explanations of terminology were given in most of the questions and 
students were supposed to use the appropriate statistical terminology involved in 
each question, they struggled to identify this terminology.   
 

CONCLUSION 

The statistical terminology of frequency, score value, cumulative frequency, 
relative frequency is critical to students preparing to teach in senior phase and 
high school. Furthermore, statistical terminology or terms such as: ccategories, 

counts, totals, grand total, marginal distributions, joint frequencies are  also 
critical to student teachers. Consequently, Mathematics  education students 
should be able to use appropriate statistical terminology when working with the 
frequency table, the cumulative frequency table, the relative frequency table, and 
the two-way frequency table. Certainly, a teacher probably needs to know most 
of these terms in order to teach this kind of tables.  
Mathematics education students need to have a Statistics course as part of their 
requirement, taught in methods that emphasize the use of appropriate statistical 
terminology. Furthermore, student teachers need to have Statistics education 

http://www.statisticshowto.com/marginal-distribution/
http://www.statisticshowto.com/joint-frequency/
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module or units in Mathematics Methodology on different theories of teaching 
and learning Statistics. There is a need to find ways to support practicing teachers 
develop their knowledge on appropriate statistical terminology in working with 
frequency tables. The current study will contribute to the improvement of the 
student teachers and high school teacher development in the conceptual 
understanding of frequency tables in Statistics classroom. 

Finally, this study suggest that further explorations are needed in the issues of 
developing teachers conceptual understanding of frequency tables, as well as their 
methodology in teaching Statistics. 
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APPENDIX A 

STUDENT TEACHERS’ TEST  

The aim of this test is to explore student teachers’ use of appropriate statistical  terminology 

in working with frequency tables. 

QUESTION 1   

1.1 Twenty students were asked how many hours they worked per day. Their responses, in 
hours, are listed below:  
5; 6; 3; 3; 2; 4; 7; 5; 2; 3; 5; 6; 5; 4; 4; 3; 5; 2; 5; 3 

      Use the information collected and complete the following table.  

  

  

  

  

  

  

  

  

1.2 Complete the missing word. 
1.2.1 The number of times a data item appears, is known as ………………….……….  

1.2.2    This type of a table is call …………………………………..……………. . Table.   

QUESTION 2  

2.1 Use the information collected in question 1 and complete the following Relative      

      Frequency Table. 

   

   

   

   

   

   

 

2.2   Explain how do you calcalute values in a relative frequency column. 

…………………………………………………………………………………………………
………………………………………………………………………………………………… 
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QUESTION 3  

3.1 Use the information collected in question 1 to complete the following Cumulative    

      Frequency Table. 

   

   

   

   

   

   

   

 

3.2 Explain how do you calcalute values in a cumulative frequency column. 

…………………………………………………………………………………………………
…………………………………………………………………………………………………  

QUESTION 4  
4.1 A university surveyed its 200 students on their opinions of campus home residents. The  

      results showed that 40 males and 42 females have a positive opinion, 36 males and 56        

      females have a negative opinion, and 14 males and 12 Females are neutral. Use the        

      information collected to complete the following table.                                                                                                       

Opinion 

          

Gender 

Positive  Negative  Neutral Total 

     Male     

     Female     

     Total     

 

4.2 The table in 4.1 has several features. Complete the missing word(s). 
4.2.1 The entries at the centre of the table are called …. ..………………………………..…… 

4.2.2    This type of table is also called………………. ……………………….……..………....   

4.2.3    ……………………………… ……………are labelled in the left column and top row. 

4.2.4    …….……………………………………..…appear at the end of each row and column. 

4.2.5 A sum of all …….…….…….……………..…….…………is placed at the bottom right. 

aio
Text Box
Return to the Index
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INVESTIGATING TEACHERS PEDAGOGIES IN ENGLISH 

AS LANGUAGE OF LEARNING AND TEACHING IN GRADE 

4 MATHEMATICS: PERSPECTIVES IN EDUCATIONAL 

TRANSITION 

Manditereza Blandina 
University of the Free State 

 
 When learners transition from Grade 3 to 4 there usually is a drop in academic 

performance that is evidenced by a decrease in test scores. Therefore, this study 

investigates whether there are differential pedagogic approaches between Grade 

3 and 4 teachers in the teaching of Mathematics through English language of 

learning and teaching (LoLT). The study foregrounds teacher pedagogies in 

Grades 3 and 4, where the LoLT is English, which is neither the learners’ first 

language nor majority of the teachers’ first language. This research is based within 

the framework of Bernstein’s theory of classification and framing. The study uses 

the interpretive paradigm and the case study approach which are both concepts of 

qualitative methodology. Research findings highlight a discrepancy between 

Grade 3 and 4bteacher pedagogies. This article provided an important opportunity 

to advance the understanding of how teachers’ pedagogies in LoLT influences the 

teaching of Mathematics during the transitional phase.  

 

INTRODUCTION 

Within the South African context, (Grade R-3) is the Foundation phase and Grade 
4 is an entry level to a standard that falls within the intermediate phase (DBE, 
2012). In this study, a Grade 4 learner is defined as a pupil who has just finished 
the foundation phase (Grade 1 to 3). If we look at Grade 4s in South Africa, they 
experience a lot of academic challenges which lead to failure to adapt to Grade 4 
academic and social demands. Research cited, in studies of LoLT and transition 
seem to indicate that there are incongruent relationships between learner needs 
and teacher pedagogies in LoLT during transitioning. Jindal-Snape and Rienties 
(2015) describe transition in education as movement from one phase to the other 
resulting in the teachers, learners and their peers renegotiating and restructuring 
their learning context including interpersonal relationships. 
 
LITERATURE REVIEW 

In the South African context, when Grade 3 learners transition to Grade 4 or 
change learning contexts, they are beset with challenges. These challenges 
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manifest as statistically related achievement loss, increased workload, the change 
from home language to English LoLT and failure to cope with literacy and 
reading challenges (Pretorius, 2014). Other challenges cited by (Sibanda, 2015) 
include lack of relevant vocabulary, presence of complex content in the 
curriculum. Furthermore, (Pretorius, 2014) point out that there is a challenge in 
the movement from more concrete thinking to abstract because learners fail to 
relate content matter. All these are general transitional challenges not specifically 
related to Mathematics performance only. Learners also experience teacher 
changeover, since this is the commencement of subject teaching. For example, in 
the foundation phase, the learners are taught by a single teacher who sees to their 
academic, social and emotional needs at school and who lays the linguistic and 
numeracy demands of the child. Whereas, in Grade 4 one class may be taught by 
more than one teacher (DBE,2012). Presence of many teachers sometimes result 
in relationship problems between the teacher and the child (Nkosi, 2016) and this 
may result in the learner disconnecting from curricular demands. Furthermore, 
according to the Department of Education (2008) learners are not able to read, 
write and count at expected levels, and they are unable to execute tasks that 
demonstrate key skills associated with literacy and numeracy.   
International studies, on learner transition indicate that Grade 3 to 4 transitioning 
is not an easy time since most learners start experiencing educational challenges 
which result in statistically related achievement loss (Sanaco & Palumbo 2009). 
Several studies thus far have linked (citing a few though) Bellmore (2011), 
Rockoff and Lockwood, (2010) and Gee (2008) have posited and investigated 
various theories related to the fourth-Grade challenges during transitioning. All 
these transitional issues may either manifest in Mathematics lessons in Grade 4. 
There is a dearth of studies in Grade 3 and 4 transitions and the teaching and 
learning of Mathematics so this current study is important in that it advances new 
understandings in Grade 3 and 4 Mathematics pedagogy in English LoLT.  
My study focused particularly, on Grade 3 and 4 teacher challenges, during 
learner transitioning whereby most learners experience challenges in 
Mathematics performance. Regarding challenges in Mathematics problems, 
Gumede (2017) propounds that South Africa’s real Mathematics problem is 
language.  In my view, it could be true but it seems the direct challenge lies in 
extracting content from the curriculum and communicating the content in LoLT.  
Literature reviewed imply that challenges seem to be originating from the 
guidelines set in the current Mathematics curriculum, which seems highly 
classified and highly framed according to Grade by Grade progression. (Pausigere 
,2014) regards the curriculum guidelines as having a bearing on teacher practice. 
This foreground the teachers practice in the study because the teacher must be 
able to recontextualise content for learners who concurrently learn new 
Mathematics skills and English as LoLT. Exploring teacher pedagogy is 
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instrumental in that teachers’ pedagogical practices play an important role in 
provision of quality education. Therefore, teacher pedagogies during learner 
transition are very consequential, since the main driver of the variation in pupil 
learning at schools is the quality of teachers (Barber & Mourshed, 2012). 
 In South Africa, teacher quality is a challenge as stated by (Nkosi, 2016) who 
cautions that language and teacher quality are huge areas of concern. In my view, 
it is imperative to acknowledge teacher pedagogy as a key factor during 
educational transitioning in Grade 4. In a study referred to on teacher pedagogy 
in the learning of Mathematics it is concluded that teachers’ pedagogical 
orientation in English LoLT influenced students learning (Viliami, 2005).  
I think as children transition, in any phase, it is expected that there is a negative 
change in Mathematics performance, and this negative change is caused by 
shifting the pedagogical style of teaching Mathematics. Studies by PIRLS 2016, 
SACMEQ 2007 and ANAs show that our learners are poor in grasping concepts 
and hence they resultantly scored below the TIMSS low benchmark of 400 
(Mullis, Martin Foy & Hooper, 2015). 
Mathematics and the LoLT becomes contentious since most people hold the 
misconception that there is no need for language learning in a Mathematics lesson 
since Mathematics achievement is based on knowledge of symbols (Setati ,1998). 
To determine effects of learner achievement during transition, literature reviewed 
seems to highlight that once students transition to Grade 4 only a minority of 
learners sufficiently master content subjects across the curriculum meaning this 
is not a Mathematics problem alone (Sanaco and Palumbo, 2009). This literature 
review further sheds light on how Mathematics achievement is affected and what 
teachers are doing to adjust their practices once the students are in Grade 4.  
Regarding specific Mathematics challenges in South Africa, following issues are 
mentioned; firstly, there is a mismatch between assessment policies and practices 
because the actual performance does not corroborate the expected performance. 
Secondly, our learners will routinely be promoted from one phase to the next 
without having mastered basic skills or foundational content. There is lack of 
learner exposure to sufficient content in terms of reading and writing and solving 
mathematical concepts (Schollar & Associates, 2008).  
In the case of South Africa, learners tend to perform poorly in Mathematics in 
both local and international standardized tests, despite the reforms that have been 
put in place, and the efforts that have been made, to try and improve performance. 
Reddy, Isdale, Juan, Visser, Winnaar and Arends (2016) questions whether there 
is need to adopt different teaching methods (for example, those used by countries 
leading in TIMSS) would be likely to lead to an improved level of success.  
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All the above factors cited, draw attention to issues that lead to a drop in academic 
achievement in Mathematics during transitioning between Grades 3 to 4. This 
drop is a consequence of failure to adapt in the culture of the community which 
is the Mathematics class in this case, Dale and Cuevas (1987) similarly, hold the 
view that the language of instruction is vital in most academic disciplines for 
example, failure to read result in Mathematics failure, because a learner cannot 
solve Mathematics solutions without interpreting meaning.  
The problems of learning Mathematics is not a South African phenomenon only, 
because Mathematics learning proves to be a challenge, even on the international 
front. Thompson, (2016) assert that schools in Australia rank behind in 
Mathematics and science according to findings in a 2015 TIMSS report. 
Additionally, it is stated that about a third of year 4 students fail to reach the 
required nationally agreed proficient standard. Similarly, (Amit, 2015) assert that, 
the United States of America is beset with challenges in Mathematics 
performance. This study investigates all cited Mathematically related challenges 
according to a Bernstenian perspective. 
 
THEORETICAL FRAMEWORK 

Bernstein’s theories are therefore used through the lenses of discursive and 
evaluative rules to highlight learning and teaching relationships in Grades 3 and 
4 Mathematics classes. The study used classification and framing as two 
dimensions of pedagogical variations. Therefore, “classification” and “framing” 
of knowledge were used to unpack teacher pedagogies in the teaching of 
Mathematics (Bernstein,1971). The constructs of classification (1990:100) and 
framing provides a means to analyse how power and control are transmitted 
because of the way power and control are distributed within a discourse 
(Bernstein, 1996). Classification describes how powers are transformed into 
specialized discourses. Classification can either be characterized as being strong 
or weak depending on the degree of either learner or teacher autonomy in the 
pedagogic space.  
On the other hand, ‘framing’ is concerned with the “how” of knowledge and 
brings into insight the discursive and hierarchical rules. Therefore, framing 
comprises the following elements: the locus of control over the selection, pacing, 
sequencing, and evaluation of knowledge from the curriculum. The degree of 
framing highlights the degree of autonomy during learning regarding what the 
learner has access to (Bernstein, 1975). Lessons which were observed were 
analysed based on the extent to which the teacher oversaw selecting, pacing, 
sequencing of learnt content in the classroom and the study provided such 
examples from the lessons. 



 

300 

 

RESEARCH OBJECTIVE 

To examine whether there are differences between Grade 3 and Grade 4 teacher 
pedagogical practices in Mathematics and if so to establish what we can learn 
from them.                                         
RESEARCH QUESTIONS 

1. Are there any differences between Grade 3 and Grade 4 teacher pedagogical 
practices in Mathematics and if so to establish what we can learn from them?                                         

2.  How do teachers’ pedagogical practices in English LOLT influence Grade 3- 
     4 learning of Mathematics during transitioning? 
             
RESEARCH DESIGN AND RESEARCH METHODOLOGY  

The study presented is a multiple case study approach of 6 teachers’ pedagogical 
practices in the teaching of Mathematics. The study draws from an interpretive 
paradigm hence, the related methodological procedures and approaches are 
qualitative in nature. I chose the interpretive paradigm (Creswell, 2013) because 
of its epistemological stance that meanings and reality are extracted from social 
extractions; so, in this research the teachers were observed and interviewed in 
their contexts. In that regard, the investigator explored a real life, contemporary 
bonded system (Creswell, 2013).  
The Study used observation and interviews as techniques (Creswell, 2009) to 
generate qualitative data. The instruments selected included the interview 
questions and the class observation (Creswell, 2009). The data for the present 
study were collected within Motheo district where six former Model C schools 
were conveniently sampled between January to April 2017. Participants were 
sampled based on their convenience and accessibility. The sample of the 
population of the study comprise 6 teachers.  I chose 6 schools to ensure that data 
generated by such a number within the same district will be applicable and 
comparable. Although the schools are former Model C schools, the learners are 
predominantly black. Selected schools share similar characteristics in terms of 
staff and student population which is mostly black middle-class learners. The 
learners either speak English as a second or third language. All case schools 
practiced class teaching in Grade 3 classes and subject teaching at Grade 4 level 
Data collection  

The researcher designed an observation checklist as one of the data collection 
instruments as well as an interview schedule. The interview questions read as 
follows: 1. What challenges (if any) are exhibited in the teaching of Mathematics in English 

LoLT and 2. How much does teacher’s strategies in LoLT influence learner performance in 

Mathematics? Firstly, the observation schedule was used to observe the 
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pedagogical processes in lessons regarding framing and classification. 
Afterwards, participant teachers were interviewed at the end of each day. The 
study conducted one interview session with each participant to find out their 
perspectives regarding LoLT challenges in Mathematics. Teachers were 
interviewed on issues relating to the position of LoLT and Mathematics 
pedagogies. However, it should be noted that in Grade 3 each teacher is 
responsible for the teaching of all “subjects” per class, whereas, in Grade 4 there 
are subject specialists. Hence, the practice in Grade 4 is that a teacher is allocated 
at least one or two subjects to teach.  
Data reduction and analysis  

The data analysis firstly involved, evaluation of lessons which were observed and 
that was through studying description of the cases and through generation and 
description of themes. indicate that in case studies data is scrutinized through 
description of the case and through generation and description of themes 
(Creswell 2013). Data was reduced using the interpretive approach where themes 
and patterns were drawn and compared. Observations were done in classes where 
English is the LOLT. Themes and categories were realized from the teachers’ 
responses to the interview questions similar categories were therefore 
incorporated. Lesson observations were recorded then transcribed and themes 
drawn. (Creswell, 2013). From interviews prominent themes were recorded and 
compared to the lessons findings. 
 

FINDINGS AND DISCUSSION 

An example of a Grade 3 lesson excerpt   
Grade 3 Teacher C:   

Teacher: Today we are going to work on subtraction 

Teacher: To subtract means what? 

Learner: A: to take away 

Learner B; Few  

Teacher; Okay to take away or to make less   

Today we are doing Mathematics -Subtraction and Breaking up Numbers. Remember last week we said when we break up we 

are grouping numbers in their families. The family of units, the family of tens and the family of hundreds. 

 (put the numbers in their families) for 36 … I can say 30+6 

Teacher: Can you tell me what we should do if we have 38 + 28 

Pupil: we break up 30+20 then add 8and 8 

Teacher: Correct. …now I want everyone to work out 56+34. Remember to break up and group according to families. 

(Teacher walks in rows checking whether learners are involved). 

Teacher: Get a friend seated next to you and choose a work card with a sum Break up the numbers on the work card. 

The teacher moved around indicating to learners what was missing. Afterwards, the teacher revised with the whole class. 
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Grade 3 teacher pedagogy  

Framing 

Grade 3 teachers seem to adopt a common teaching approach whereby their 
pedagogy was more of a mixed pedagogy, resulting in a balanced approach of 
weak and strong framing. In most cases, the teachers started by strong framing 
for example in leading in the selection of the content for the lesson, reading out 
the sums and giving the instruction. Later, the teachers changed instructional 
options by asking learners to choose a work card, though the theme was still the 
same. The excerpt provided above shows a mixed pedagogy sometimes the 
framing is weak and sometimes it is strong. The Grade 3 teachers had an extended 
block of time they let the children finish their work before moving on to the next 
subject, so there is usually weak pacing and this gives the learners more time to 
acquire knowledge 
The teachers walked around correcting mistakes and helping children to work on 
missing criteria. The teachers altered the levels of pacing, selection and levels of 
hierarchy. Even though the powers and boundaries of authority were significant 
this did not stop the teachers from also involving learners and interacting with 
them. The learners had a chance to collaborate and to select resulting in weak 
selection. 
Classification 

The teachers’ approaches were mixed because the pedagogies were in accordance 
to a process of mixed pedagogy. Sometimes the classification was strong and 
sometimes weak. The teacher gave a ‘’co- extension’’ (Naidoo, 2012) of the 
meaning, in the knowledge mediated in the lesson thereby linking English LoLT 
and Mathematics. The pedagogical strategy used focused on both Mathematics 
and language. The English LoLT related to Mathematics when the teacher said: 
To subtract means what. The teacher went on to integrate ideas and concepts; 
‘'Remember last week we said when we break up we are grouping numbers in their families. The family of units, the family of 

tens and the family of hundreds. 

 (put the numbers in their families) for 36 … I can say 30+6. Teacher: Can you tell me what we should do if we have 38 + 28 

that is when learners chose from given work cards to do pair work. Most Grade 3 
classes showed a lot of interaction and feedback in English LoLT. I think the 
Grade 3 teachers approaches seemed advantageous because they appealed to 
learner needs and the learners seemed to comprehend what they were doing 
judging from their responses in the classroom. 

Grade 4 teacher pedagogy 

Sample Grade 4 Lesson  

Mathematics lesson: place value 

Teacher:  today we want to practice subtraction. To subtract means to take away or the difference of a sum. Remember the 

small number does not take away the big number. Teacher writes on the board the sum.  
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Th   H    T   U 

1     8   9    5 

     - 3   8   9  

The teacher reads the sum for the learners which reads as follows one thousand eight hundred and ninety-five minus three 

hundred and eighty-nine. Teacher: OK So look at the board everybody. I am going to subtract coming from the units. I say 5 

minus 9 .it can’t because 5 is smaller than 9 then I borrow from 9 under the tens and. I borrow one ten and 9 becomes 8 tens. 

(Teacher cancels 9 and put 8 under tens) Then my new units are 15 then I subtract 9 and the answer is ….6 followed by 8-8 

the answer is followed by hundreds we say 8-3 =5. Then under thousands I say 1thousand minus nothing the answer is (1506). 

Now open page 33 and write numbers 1 till 8. Remember to write fast because the bell rings at 9oclock.  Pupil: madam I 

don’t understand? Teacher: what don’t you understand? Pupils: everything. Teacher: You must remember that you are now 

in Grade 4 and you must be serious. How can you say everything when I have just explained? 

Framing 

In Grade 4 classes teacher pedagogies correspondingly followed similar whereby 
the teachers adopted the traditional model of transmission which gives the teacher 
prominence over the learner. The teachers similarly, started with an introduction, 
and regulative instruction and straightaway gave learners the sums for the day. 
The Grade 4 teacher pedagogies were a “one size fits all’’ pedagogic approach. 
The teachers seem not so good in communicating especially English LoLT. Most 
teachers’ daily mathematical teaching culture was deep-rooted in the traditional 
approach (direct transmission) thereby revealing aspects of strong framing and 
this restricted communication in LoLT and other related concepts. 
Classification 

The Grade 4 teachers focused on the rules and procedures of Mathematics subject. 
There was no co- extension in concepts that were taught to learners. It is like the 
teachers assumed that Grade 4 the learners must possess sufficient literacy skills. 
An example from one of the Grade 4 lessons provided, show that, pacing was 
highly visible (strong framing and strong classification) the teacher gave out an 
instruction to the learners without involving them at the same time using a strong 
pacing. A look at some few kids who were sitting beside the researcher showed 
they were not sure of what to write. One learner commented that he does not 
understand after the teacher had given an example and asked the learners to 
follow the example and write. The other learners also murmured the same 
concern. ‘’Pupil: madam I don’t understand’’ Powers of communication seemed too 
strongly classified and the teacher did not create a floor for elaborations or co- 
extensions. 
Instead the teacher responded by saying:’’ Teacher: You must remember that you are 

now in Grade 4 and you must be serious. How can you say everything when I have just 

explained how to work the sums? The learners seemed to hesitantly take their books 
and by the end of the period most learners were working on the first sum. The 
teacher remained standing in front of the learners meanwhile reminding them that 
the bell will ring soon. The Grade 4 teacher did not move around to see what the 
Grade 4s were doing. This was during term one when the learners are still facing 
challenges in adjusting and it is at this critical stage where learners are still 
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adapting to everything. Even though, the teachers may be very good in 
Mathematics. I think the teachers lacked powers of elaboration hence making the 
approaches disadvantageous to learning. 
 

Interviews 

The teacher interviews revealed the following thematic strands, firstly, that 
sometimes learners are routinely promoted from one phase to the next without 
having mastered basic skills or foundational content. This affects teacher 
pedagogies when teaching the Grade 4 class because it means the teacher must 
start from the basics in both Mathematics and the LoLT. Secondly, there is a 
blame game, Grade 4 teachers blame Grade 3 teachers for not laying a strong 
Mathematical foundation and the Grade 3 teachers feel Grade 4 teachers’ 
pedagogies are strongly framed and too teacher centered hence creating a learning 
gap, compared to Grade 3 teacher approaches. Thirdly, Grade 3 teachers felt the 
Grade 4 teachers must adjust their pedagogical approaches to suit learner 
developmental need instead of expecting learners to match the context. In my 
view, what is currently happening in Grade 4 Mathematics classes, is that learners 
fail to comprehend learnt matter since they lack LoLT vocabulary that supports 
in comprehending Mathematics. Lesson observation findings corroborated 
interview findings in that there are differential pedagogical approaches between 
grade 3 and 4, and that Grade 3 pedagogies seem more beneficial. 
Classroom implications 

The researcher believes the Grade 4 teachers need to be more explicit in giving 
information and should structure their lessons to suit learner needs and learner 
developmental level. The teachers should not move fast when teaching to give 
the learners time to comprehend and grasp information which is being 
recontextualised in English LoLT. When children are learning in a language 
different from their home language teachers need to structure Mathematics 
around several main ideas connected to the concepts being learnt for example use 
of pictures, diagrams and objects. Hence, (Meiers, M. & Trevitt. 2010 p 73) assert 
that, ‘’Teachers have a significant role to play in explicit teaching to help students 
deal with the complexities of language in Mathematics’’. When teachers do not 
understand about the nature of language used in Mathematics classrooms then 
they do not frame the subjects according to learner needs and they may fail to 
integrate ideas.  
 
CONCLUSIONS 

Findings revealed incongruent relationship in the pedagogies between Grade 3 
and Grade 4 and a consequent contextual complex relationship between the LoLT 
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and the language requirements for teaching Mathematics in Grade 4. As stated in 
the introduction, teacher pedagogies are influential in the teaching of 
Mathematics during learner transitioning. Therefore, there is need to develop 
effective ways of teaching both the language of Mathematics and the language of 
teaching and learning (Setati,1998). However, this study cautions that, if teachers 
pedagogy in LoLT, and the medium, of communication is not aligned to the 
concepts and framework of Mathematics then the teachers will limit pedagogic 
spaces resulting in strongly framed and strongly classified discourses which may 
not suit learner diversity. This study concludes that, teachers need to use relevant 
pedagogical practices in LoLT to suit individual Grade 4 needs ‘not a one size 
fits all approach’.  
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STUDENTS’ MISCONCEPTIONS AND ERRORS DISPLAYED WHEN 

SIMPLIFYING EXPONENTIAL EXPRESSIONS 

Sego Matlala, Luneta Kakoma 
University of Johannesburg 

 

This paper reports on first year engineering students’ misconceptions and 

subsequent errors that they make when simplifying exponential expressions. This 

descriptive qualitative study was conducted in one of South Africa’s public 

universities located in the Gauteng province. Data were generated using 

students’ examination scripts based on simplification of exponential expressions. 

The scripts were analyzed qualitatively for conceptual and application errors 

displayed by these students. The findings indicate that some first year engineering 

students still have some fragmented understanding with regard to simplification 

of exponential expressions. This paper provides suggestions from literature as to 

how teachers can teach exponents in ways that limit misconceptions and 

consequent errors made by students when simplifying exponential expressions. 

Key words: exponential expressions, misconceptions, errors, engineering 
students 
 
INTRODUCTION 

Simplification of exponential expressions is at the heart of our understanding of 
mathematics-dependent concepts such as population growth, radioactive decay 
and compound interest (Pitta-Pantazi, Christou & Zachariades, 2007; Weber, 
2002). Considering the South African (SA) education system, the teaching and 
learning of exponents starts as early as in primary school years and continue later 
in secondary schools (Department of Basic Education (DBE), 2011, p.43). In the 
SA mathematics curriculum, exponents are allocated nine hours of teaching in 
Grade 7, eight hours in Grade 8 and five hours in Grade 9. The Grades 7, 8 and 9 
constitute the primary school band – Senior Phase. In the Senior Phase the content 
covered include representation of numbers in exponential form and performing 
calculations using numbers in exponential form (DBE, 2011, p. 43). Exponents 
are allocated two weeks of teaching in Grade 10, while three weeks of teaching 
is allocated in Grade 11. Exponents are not taught in Grade 12. Grade 10, 11 and 
12 constitute the secondary schools band –Further Education and Training (FET) 
band. In the FET band the content include laws of exponents and application of 
exponential laws (DBE; 2011, p. 21). A major problem with the SA curriculum 
is that it does not specify the number of teaching hours relating to exponents in 
secondary schools. In both primary and secondary schools, the teaching and 
learning of exponents takes place during the first term of the academic year. At 
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the university where the study was conducted, the teaching of exponents is 
allocated approximately one week (

2
14  hours) and takes place during first 

semester for first year Bachelor of Engineering Technology (B. Eng. Tech). 
Despite exponents being taught during primary and secondary school years, some 
first year engineering university students continue to show misconceptions and 
related errors when simplifying exponential expressions. As lecturers, we noticed 
that some first year engineering students regularly display misconceptions which 
lead to them making errors when simplifying exponential expressions. These 
misconceptions are of great concern to us as they eventually contribute to students 
making errors when simplifying exponents. In our opinion university students 
need not make such basic errors when simplifying exponential expressions. So 
far, however, too little attention had been paid to first year engineering students’ 
misconceptions and errors regarding simplification of exponents.  
This paper is based on a larger study which identified and analyzed Extended 
Engineering (EE) students’ misconceptions and accompanying errors displayed 
when simplifying exponential expressions. EE students are students who 
complete an engineering qualification in four years because of lower admission 
scores as compared to their counterparts. The focus of the study was to draw from 
literature some instructional strategies that could limit this group of students’ 
misconceptions with exponential expressions while studying at the university. 
The findings of this study may make some contribution towards understanding 
engineering students’ misconceptions and associated errors they make when 
simplifying exponential expressions. Through answers to its research question 
the study highlight instructional approaches that can be used at universities to 
address students’ misconceptions and related errors when simplifying 
exponential expressions. 
 

Research question 

What are the misconceptions displayed in the form of errors by engineering 
students when simplifying exponential expressions? 
 
Conceptual framework 

The constructivist (Piaget, 1964) and socio-culturalism (Vygotsky, 1986) theories 
of learning informed the study. In this study, researchers used these ideas to best 
analyze students’ misconceptions and errors related to exponential expressions. 
For the constructivists, students are not regarded as empty ‘vessels’ that have to 
be filled with knowledge by the teachers. Rather they construct their own 
knowledge. In this study, researchers support the view that learning requires 
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students to adapt existing knowledge from previous experiences to accommodate 
new ideas. Students’ prior algebraic knowledge need to be adapted to 
accommodate exponential knowledge. For example, students already know that 
a dot (.) means multiplication that is 2.3 = 6. Contrary, with exponents 2. 3𝑎 ≠
6𝑎.  
Unlike Piaget (1964), Vygotsky (1986) emphasises the notion of concept 
formation. Commenting on the process of concept formation, Lau, Singh and 
Hwa (2009) argue that concept formation is studied by referring to the means by 
which the operation is accomplished, including the use of tools, the mobilisation 
of the appropriate means and the means by which people learn to organise and 
direct their behaviours. Based on this process, Vygotsky (1986) conceptualised 
the idea of the zone of proximal development (ZPD). He argues that children who 
by themselves are able to perform a task at a particular cognitive level, in 
cooperation with adults, will be able to perform at a higher level, and this 
difference between the two levels is called the child’s ZPD. The interest of this 
study is on first year engineering students’ errors they make when learning 
exponential expressions. Teacher–student intervention is drawn based on the 
distance between the cognitive levels when a first year engineering student 
performs an exponential task alone and in cooperation with the mathematics 
teacher.  
 
LITERATURE REVIEW 

Defining misconceptions and errors 

Misconceptions can be regarded as incomplete or incorrect details individuals 
possess. According Luneta (2015) misconceptions are observable in students’ 
work as errors, which indicates that errors are symptoms of misconceptions that 
students hold. Thus, misconceptions manifest themselves in the form of errors. 
Similarly, Gardee and Brodie (2015) state that misconceptions generate errors. 
For Olivier (1989), errors play a significant role in the mathematics classroom as 
they are a reflection of the manner in which students reason and they illuminate 
the processes through which learners attempt to construct their own knowledge. 
Therefore, students’ errors reflect their understanding of a concept, problem or a 
procedure (Roselizawati, Sarwadi & Shahrill, 2014). From this perspective, errors 
can be used by teachers to provide learners with epistemological access to 
mathematics and contribute to developing students’ conceptual understanding 
(Brodie, 2013). Consequently, knowledge of students’ errors is vital and teachers 
should provide opportunities for students to display their errors because these can 
be critical stepping stones for effective instruction (Luneta, 2015). In view of this, 
mathematics teaching and learning should take into account that any student has 
an innate potential of making errors. 
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However, most of students’ errors are not of an accidental character. According 
to Smith, diSessa and Roschelle (1993), misconceptions arise from prior learning, 
either in the classroom or from learners’ interactions with the social and physical 
world. This view is supported by Roselizawati, et al. (2014) who maintain that 
misconceptions can be caused by failure to make connections with what students 
already know. Some of the reasons that contribute to students making errors 
include; lack of knowledge of the mathematical concepts or the students not 
understanding what is required of them in a mathematical task (Swan, 2001). 
Other reasons can be attributed to individual student’s problem solving strategies, 
rules from previous learning experiences in the mathematics classroom or 
incompatibility with teachers’ instruction (Roselizawati et al. 2014). Unlike Swan 
(2001) and Roselizawati et al. (2014), Luneta (2015) maintains that most common 
errors that people make are a result of people operating at different levels of 
reasoning as they may not understand each other. This may likely be the case with 
the teaching of exponential expressions if the teacher and the students are 
functioning at different levels of reasoning. However, earlier research has also 
shown that very few errors in exponents are random or careless and that many 
errors are in fact conceptual and learned and have become habitual and consistent 
with advancing years in school (Baxter & Dole, 1990). According to Dubinsky 
(2000), most students’ misconceptions can be attributed to their tendency to work 
at lower levels of abstraction. Therefore, misconceptions can obstruct the 
development of more sophisticated understandings of mathematical concepts 
(Bezuidenhout, 1993). As a result, students need experiences that would enable 
them to reorganise their thinking (Machaba, 2016). Misconceptions are likely to 
occur when students try to accommodate new knowledge. When students 
construct knowledge, reconstructing and reorganising their prior knowledge and 
aligning it with their new knowledge, misconceptions are likely to arise 
(Machaba, 2016).   
Teaching and learning exponents 

Simplification of exponents is being taught during primary and secondary school 
years. However, exponents remain to be difficult to teach and learn (Pitta-Pantazi, 
et al., 2007). This view is supported by Weber (2002) who states that students’ 
performance in exponential expressions is limited. He asserts that students often 
forget many properties of exponents shortly after they learn them and can rarely 
explain why these properties are true. Likewise, many students perceive 
exponents as challenging, unnecessary and complicated. Some students think that 
exponents have no connection with everyday life. These perceptions, generally, 
originate from the lack of exponential number sense and from overgeneralization 
of rules that are true for natural numbers, integers and rational numbers to 
exponents (Satre & Mullet, 1998). Hence, majority of students are not sensitive 
to the exponential nature of certain exponential numerical progressions. 
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Firstly, in teaching exponents, one has to consider the relationship between 
symbols, meanings and properties of exponents. Secondly, the conceptual 
understanding of exponents involves a deep understanding of the number system, 
which include, natural numbers, rational numbers, irrational numbers, real 
numbers and sometimes imaginary numbers. For example, in the early stages of 
teaching exponents,  
23 is interpreted as a command which means (2 × 2 × 2). This interpretation 
relates to the procedural understanding of simplification of exponential 
expressions. However, in the later stages of teaching exponents, the interpretation 
of 2

1

3 contradicts the initial interpretation of simplifying exponential expressions. 
Vosniadou (2002) indicates that the interpretation of 2

1

3 requires structural 
understanding. The structural understanding demands accepting new specific 
knowledge and new logic that more or less contradicts students’ initial knowledge 
(Vosniadou, 2002). 
In addition, it is important, to indicate that previous studies in mathematics 
education showed that students relied mostly on ‘prototype concepts’ instead of 
the abstract mathematical definition of the concept while solving mathematics 
problems (Pitta-Pantazi, et al. 2007). Prototype examples are used as a frame of 
reference so that other examples are judged by reference to the prototype as a 
whole instead of by reference to the mathematical definition of the concept. In 
this study the researcher maintain that students develop prototype examples of 
exponential expressions such as, an exponent is like 𝑥𝑚 where 𝑥 and 𝑚 are 
positive exponents. When students are asked to calculate the magnitude of the 
exponential expression (𝑥𝑚), their minds attempt to respond by resonating with 
the mental prototypes. If there is a resonance, students answer back positively. If 
there is no resonance, such as in the calculation of 2

1

3, students experience 
confusion. If such a confusion exists, a conceptual change is required. The term 
“conceptual change” means the kind of learning required when the new 
information to be learned comes in conflict with the students’ prior knowledge 
(Pitta-Pantazi, et al. 2007).  
Mullet and Cheminat (1995) state that some students attempt to simplify 
exponential expressions by using intuitive understanding of exponents. When 
asked to simplify the expression of the form 𝑥𝑚, students used two different 
strategies: the addition and the multiplicative strategies. According to Mullet and 
Cheminat (1995), the additive strategies are prominent with the young students 
(ages 15 to 16) while the multiplicative strategies seem to be typical of the older 
students (ages 17 to 18). The younger students who used the additive strategies 
paid more attention to the base of the exponents. The older students who used the 
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multiplicative strategies paid more attention to the power of the exponential 
expression.  
One of the theories relating to the teaching and learning of exponents is 
Dubinsky’s APOS theory (Dubinsky, 2000) that explains the way in which 
students develop their understanding of exponentiation as functions. He 
developed an instructional model on exponentiation consisting of four stages, 
namely; action, process, object and schema. An action stage is a repeatable 
physical or mental transformation of objects that obtains other objects (Dubinsky, 
2000). In the case of exponents with positive powers, determining the magnitude 
of the exponential expression  𝑥𝑚 involves repeatedly multiplying 𝑥 by 𝑚 times.  
Students with a process understanding of a concept can imagine the result of an 
expression without actually carrying out the corresponding action, and can 
reverse the steps of the original expression to obtain a new process (Sfard, 1991). 
In the process stage of computing exponents, students’ understanding of 
exponential functions only makes sense when their domain is restricted to the 
natural numbers (prototype concept). Students with a process understanding of 
exponentiation can view exponentiation as a function and reason about properties 
of this function. For example, 𝑥𝑚 will be positive because is an increasing 
function. The students are able to simplify the expression and thereafter able to 
reflect on it. The process understanding partially represents the conceptual level 
of understanding exponential expressions. In an object stage the student needs to 
be in a position to interpret situations where the number to be evaluated is not 
only a positive integer but a fraction, a negative number, or an irrational number 
(Dubinsky, 2000). To simplify 2

1

3, students should understand that the concept of 
power, originally defined only for the natural numbers, can be expanded to 
include zero, fractions, and complex numbers. For instance, to interpret 2

1

3, the 
student must make sense of what ‘one third factor of 2’ would be. These requires 
a structural understanding or conceptual understanding of a concept. A schema is 
a collection of actions, processes, objects, and other schemas, together with their 
relationships, that students understand in connection with the concept (Dubinsky, 
2000). This collection would be coherent in the sense that students would have 
some means (explicit or implicit) — perhaps the formal definition — of 
determining, for any phenomenon encountered, what relationship it has to their 
understanding of this particular concept. 
 
RESEARCH DESIGN AND METHODOLOGY 

According to McMillan and Schumacher (2001) research designs are procedures 
for conducting the study, including from whom, when and under what conditions 
the data will be generated. The study employed a descriptive qualitative research 
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design. Descriptive and qualitative designs can be good research designs mainly 
if the research question is descriptive, which applies in this study (Trochim, 
2001). Nonetheless, researchers should not be tempted to regard certain types of 
research designs as more important because they answer questions in which one 
is interested (Cook & Cook, 2016). According to Cook and Cook (2016) every 
research design has its own strengths and limitations  
Data Sources 
A purposive sample of the study involved a sample of 200 first year EE students’ 
examination scripts. The students were registered in the BEng. Tech qualification 
at the time of the study. According to Creswell (1994), purposive sampling 
involves selecting individuals that could best answer the research question. The 
researchers believed that the solutions of the examination scripts of the 200 
students were the best scripts to answer the research question: What are the 
misconceptions displayed in the form of errors by engineering students when 
simplifying exponential expressions? 
Data generation 
Data provide an evidential base from which to make interpretations and 
statements intended to advance understanding and knowledge concerning a 
research problem or question. Lankshear and Knobel (2005, p. 266) claim that 
data means “bits and pieces of information found in the environment” that are 
collected or generated in systematic ways. However, this claim is underscored by 
David and Sutton (2004), who hold the view that data should not be viewed as 
that which is out there to collect, but rather what the researcher ‘manufactures’ 
and records. This means that researchers can determine what counts as data 
depending on the questions and the objectives that drive the study. For this study, 
researchers wanted to explore students’ misconceptions displayed in the form of 
errors that students make when learning exponential expressions. As a result, 
‘students written responses’ to questions of different exponent-related problems 
in the BEng. Tech Mathematics module were chosen as data that best answered 
the research question. 
 
DATA ANALYSIS  

For the purposes of this study, the focus was mainly on document analysis, 
meaning that gathering and analysing documents produced in the course of 
everyday events. Content analysis implies a systematic examination of forms of 
communication to document patterns objectively (Marshall & Rossman, 1995). 
Therefore, content analysis was done through reading mathematics tasks and 
reading students’ solutions. Researchers analysed the data following the methods 
described by Johnson and Onwuegbuzie (2004), namely, discovery of patterns 
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(induction), analysis of solutions to identify errors and the testing of researcher’s 
assumptions (deduction). The focus was mainly on students’ errors and incorrect 
procedures. Subsequently, partially correct or incorrect responses from the 
examination scripts were analysed qualitatively to identify patterns of students’ 
misconceptions and accompanying errors they displayed when simplifying 
exponential expressions. This also involved thinking about possible remediating 
strategies. The errors were analysed using the following codes derived from 
literature:  

 Definition error – a student applied the definition of exponents incorrectly 

 Misuse of exponential rules – application of the rues of exponents incorrectly 

 Common factor errors – taking-out a common factor and application incorrectly  

 Cancellation error – procedure requiring ‘cancelation’ was carried out wrongly 

 Expansion errors – incorrect procedure for breaking down exponents 

 Irrelevant knowledge – knowledge applied to simplification of the expression is not applicable 

 Careless mistakes – mistakes done unintentionally 

 Partial execution errors – incomplete removal of brackets 

 Splitting error – incorrect application of division 

 The categories were used as a lens through which students’ misconceptions and 
their associated errors regarding the simplification of exponential expressions 
were divided. Table 1 represents some of examination tasks regarding 
simplification of exponential expressions as well as students’ vignettes. Scripts 
that showing exponential errors were chosen. 
Table 1: Examination tasks with students’ solutions 

Questions Students’ Vignettes Addressing Misconceptions and 

errors 

 

32𝑛+1 − 2. 3𝑛+13𝑛−1

2. 32𝑛 − 5. 32𝑛+1
 

 
 
 
 
 
 
 
 

52−𝑥 − 4. 5−𝑥

5−𝑥 + 2. 5−𝑥+1
 

Common factor error 

 
------------------------------- 

 

Students can see exponentiation as 
an operational process rather than 
an abstract object (Sfard, 1991). 
The source can be as a result of task 
sequencing because exponents are 
usually taught after factorisation.  
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32𝑛+1 − 2. 3𝑛+13𝑛−1

2. 32𝑛 − 5. 32𝑛+1
 

 

Misuse exponent rules 

 

Lack of understanding of 
exponential rules. Do not give rules 
directly to students without the 
explanation. Provide students with 
the background of each rule. 

 

9𝑥+2 − 27
2
3

𝑥−
1
3

32𝑥−1
 

 
 

Irrelevant knowledge

 

Overgeneralisation of algebraic 
rules (Olivier, 1989). This demands 
structural understanding: accepting 
new specific knowledge and new 
logic that often contradicts initial 
knowledge (Vosniadou, 2002). 

 
 

9𝑥+2 − 27
2
3

𝑥−
1
3

32𝑥−1
 

 
 
 

Cancellation error 

 

Roselizawati, et al. (2014): failure 
to make connections with what 
students’ already know, 
overgeneralisation of algebraic 
rules (Olivier, 1989). A 
“conceptual change” should take 
place, meaning that the kind of 
learning required when the new 
information to be learned comes in 
conflict with the prior knowledge 
(Pitta-Pantazi, et al. 2007). 

 

18𝑥(2.31−𝑥)2

2𝑥−1
 

Careless mistakes 

 

Reflection and looking-back  after 
arriving at the solution  can assist 
students see careless mistakes 

 

3. 2𝑎+1 + 2𝑎+4

3. 2𝑎+1 − 2𝑎
 

Splitting error 

 

Lack of knowledge of the basic 
mathematical concepts (Swan, 
2001). Task sequencing also plays 
a role in this case. 

 

66𝑥 . 93𝑥

544𝑥 . (
1
4

)
2−𝑥 

 

Definition error 

 

Use of intuitive understanding of 
exponents. For example, using the 
multiplicative strategies by paying 
more attention to the power of the 
exponential expression (Dubinsky, 
2000) – repeated multiplication. 
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(
9𝑚−2𝑥

𝑚−3𝑥𝑚−4𝑥−1
)

2

 

 

Partial execution  error 1 

 

Weber (2002) asserts that students 
often forget many properties of 
exponents shortly after they learn 
them and can rarely explain why 
these properties are true. 

 

91−𝑦. 6𝑦−3. 8𝑦

16𝑦−1. 3−𝑦 . 2𝑦−2
 

Partial execution error 2 

 

Lack of understanding of 
exponential rules. Do not give rules 
directly to students without the 
explanation. Provide students with 
the background of each rule. 

 

18𝑥(2.31−𝑥)2

2𝑥−1
 

 

Expansion error 1 

 

Lack of understanding of 
exponential rules. Do not give rules 
directly to students without the 
explanation. Provide students with 
the background of each rule. 

 

18𝑥(2.31−𝑥)2

2𝑥−1
 

Expansion error 2 

 

Be careful of how you say things so 
as not to leave the wrong 
impression in a student’s mind. 
This can be as a result of what was 
said before, for example, a dot (.) 
means multiplication.   

 

(2−1 + 3−1)2 

 
 

Be careful of how you say things so 
as not to leave the wrong 
impression in a student’s mind. 
Often we, as teachers, we say 
Brackets means multiplication.  

 
The above attempts could indicate lack of exponential knowledge. Students often 
reflect incorrect knowledge of exponential expressions.  Generally, 
misconceptions arise from prior learning, either in the classroom or from learners’ 
interactions with the social and physical world Smith. Et al, (1993). The main 
source of misconceptions is mostly an overgeneralization of previous knowledge 
(that was correct in an earlier domain), to an extended domain (where it is not 
valid) (Olivier, 1989). Some misconceptions and underlying errors reflect the 
misuse of the rules of algebra. Students applied the rules of exponents incorrectly 
by sometimes subtracting the exponents even though it is not applicable to do so. 
This implies the misuse of the rules of exponents with regards to the 
simplification of exponential expressions. The student’s approach of removing 
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the brackets in some cases was incomplete and therefore incorrect. Thus the 
execution of the distributive law in simplifying exponential expressions was not 
completed successfully. Drews (2005) argues that errors can be caused by 
teachers making assumptions about students’ experiences regarding a particular 
topic. Furthermore, errors might be caused by teachers who are not 
knowledgeable in certain exponential concepts. It is essential to assist teachers 
build a good understanding of exponential expressions and their relationships. 
 

RESULTS AND DISCUSSIONS 

The findings of the study are discussed especially in the context of the empirical 
data gathered through students’ responses to examination tasks related to 
simplification of exponential expressions. The findings of this study provide a 
basis for understanding how first year EE students simplify exponential 
expressions. The findings suggest that some students lacked competency in 
simplifying exponential expressions. Students seemed to rely on ‘prototype 
concepts’ instead of the abstract mathematical definition of the concept of 
exponents. 
The study identified misconceptions displayed in the form of errors in the 
students’ answers to examination tasks. Students often could not apply the 
exponential laws correctly (misuse of exponent rules). In some instances students 
could not take out the common factor and divide each term correctly (common 
factor error). It was very common to find students applying the cancellation law 
incorrectly when solving exponential expressions (cancellation error). The 
findings suggest that the identified errors could be due to the underlying students’ 
misconceptions. 
One of the theories that can be used to address the identified misconceptions and 
errors is Dubinsky’s APOS theory (Dubinsky, 2000) that explains the way in 
which students develop their understanding of exponentiation as functions. Peng 
and Luo (2009) recommends using four kinds of error analysis that teachers can 
use to engage with learners’ solutions; identify, interpret, evaluate and remediate. 
However, some teachers can be able to identify students’ errors but struggle to 
interpret them appropriately, thus unable to evaluate or remediate the errors. 
Implications for mathematics classroom practices regarding exponents might be 
that teachers should take into account the misconceptions and errors students 
display when learning exponents. 
 

CONCLUSION 

The main aim of this study was to identify the most common errors displayed by 
first year engineering students when simplifying exponential expressions. The 
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purpose was to draw from literature review instructional strategies to limit such 
misconceptions and errors. Identifying and analysing students’ misconceptions 
has become a priority for me as a mathematics lecturer and researcher in 
mathematics education. In my opinion, misconceptions and errors can be rectified 
and this can lead to a deeper and a more complete understanding of mathematical 
concepts. The theoretical framework for this study was rooted in the work of 
constructivist and socio-cultural theorists, Piaget and Vygotsky. They 
acknowledge that misconceptions and associated errors are important 
components of the learning process and are important source of information for 
both the teacher and the students. 
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A MATHEMATICS TEACHING STRATEGY: THE EFFECTS 

OF SPIRAL REVISION AND PRODUCTIVE PRACTICE IN 

THE CASE OF ONE STUDENT 

Bruce May and Cyril Julie 
University of the Western Cape 

 
This paper reports on how a teaching strategy that includes spiral revision and 

productive practice impacted a pre-service mathematics student’s retention and 

transfer of knowledge. In particular it reports on how the teaching strategy was 

adapted as a consequence of a student initially performing satisfactorily and then 

not maintaining this performance in subsequent assessments on the same topic. 

The findings indicate that strategies to enhance self-explanation abilities are 

required in such teaching strategies. Furthermore the example space utilized 

should include more reversal and deepening-thinking-like problems in order to 

encourage transfer of relevant knowledge in reversal and higher order type 

problems.  The merits of the teaching strategy and in particular the assessment 

component of the strategies are reflected on. 

 
INTRODUCTION 

There is a dearth of empirical studies which investigated teaching strategies that 
support procedural enhancement and support conceptual understanding of 
Mathematics of pre-service teachers. For the school mathematics situation 
Hiebert & Grouws (2007) argue that there is no single study or even set of studies 
that attempted to determine which features of teaching would enhance skill 
efficiency and conceptual understanding. It is widely agreed that prospective 
teachers should graduate with a command of the five kinds of mathematical 
competencies given by Kilpatrick (Kilpatrick, J., Swafford, J., & Findell, B. 
(Eds.). (2001). These competencies are conceptual understanding, procedural 
fluency, strategic competence, adaptive reasoning and a productive disposition. 
It is thus incumbent upon mathematics educators to develop teaching strategies 
that will develop these competencies. A perennial challenge faced in pre-service 
Mathematics teacher education in the quest to develop these competencies is the 
retention problem in that students can deal with problems related to a 
mathematical topic immediately and for short while after it has been taught. When 
they are confronted with similar problems or near-similar problems, in 
particularly test situations, they commit errors and it seems as if they forgotten 
the strategies and tactics they used to solve these near to the time when it was 
taught. A related issue is that students seem to struggle to apply strategies and 
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tactics for dealing with mathematical problems in one area or topic in another 
area or topic. This is the transfer problem. 
The major focus of this paper will be on how retention of procedural knowledge 
and ability to transfer procedural knowledge (which requires conceptual 
understanding) was influenced through a teaching strategy which prioritises spiral 
revision and productive practice. 
 
RESEARCH QUESTION 

It has been indicated above that pre-service teachers experience problems with 
retention and transfer of the mathematical knowledge they are taught. It has also 
been alluded to that a teaching strategy based on spiral revision and productive 
practice might possibly contribute towards the improvement of the situation. By 
improvement is meant that if the pre-service teachers are confronted with problem 
situations they are able to apply competencies to solve near similar problems 
included in the teaching sequences and more remote problem situations. Based 
on this the research question for the study was: Are retention and transfer abilities 
of pre-service mathematics teachers enhanced if they experience mathematics 
through a teaching strategy underpinned by spiral revision and productive 
practice?  
 

THEORETICAL FRAMEWORK 

Niss (2007) argues that the use of theories is essential in any discipline that 
perceives itself as scholarly or scientific. This study follows the approach of 
Gresalfi, Martin, Hand & Greeno (2009) of developing a framework based on the 
constructs of import inherent in the research question. This is a pragmatic 
approach to the issue of a “theoretical” framework and more in line with Niss’s 
(2007) notion of research framework compromising an organised network of 
concepts (including ideas, notions, distinctions, terms, etc.) and claims about 
some phenomenon. A description of these constructs follow.  
Two of the essential teaching objectives of mathematics are the enhancement of 
retention and transfer of knowledge. Mayer (2002) defines retention as the ability 
to, at some point in future, recall learnt material in the same way it was presented. 
Transfer is defined as the capacity to utilize prior knowledge to solve new 
problems or to learn new subject matter. Some of the intentions of our teaching 
strategies were to enhance participating students’ retention and transfer abilities. 
As already indicated spiral revision and productive practice is the instructional 
strategy through which we hoped to achieve this. 
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Humans forget approximately half of newly learned knowledge in a matter of 
days or weeks (Ebbinghaus, 1885; Rubin & Wenzel, 1996; Averell & Heathcote, 
2010; Murre & Dros, 2015) unless they consciously review the learned material. 
The speed of forgetting is dependent on factors such as the difficulty of the 
learned material, how the material is presented, depth of learning and 
physiological factors such as stress and sleep. To address the “forget problem” 
and enhance retention, the strategy of “spiral revision” was developed in a 
project, the Local Evidence-Driven Improvement of Mathematics Teaching and 
Learning Initiative (LEDIMTALI).  
Julie (2013, p. 93) describes “spiral revision” as: 

Spiral revision is the repeated practising of work previously covered. It is 
underpinned by the notion that through repeated practice learners will 
develop familiarity with solution strategies of mathematical problem types 
that they will come across in high-stakes examinations. Productive 
practising has to do with allowing learners to develop general ways of 
working in school mathematics through “deepening thinking”-like 
problems whilst practising. An example of such  problems is “Factorise ak 

– (k + a) + a2 in more than one way.” 
Spiral revision is a variant of a set of approaches linked to deal with retention. 
Some of these approaches are: distributed practice (Seabrook, Brown, & Solity, 
2005, Smith &  Rothkopf, 1984), the incremental approach (Saxon, 1982, 
Klingele & Reed, 1984), shuffling of mathematics problems (Rohrer &  Taylor, 
2007), spiral testing (Wineland & Stephens, 1995), deliberate practice (Ericsson, 
Krampe & Tesch-Romer, 1993) and the spacing effect (Dempster, 1988). 
Although there are subtle differences between these variants, they share the 
objective to “reinforce previous learning and encourage retention of material” 
(Wineland and Stephens, 1995, p. 228). The core of these approaches is that 

[Of the] problems contained within each problem set, only a few deal with 
the most recently presented topic; the remaining problems are review 
problems of previously learned material. The frequency of exposure to 
examples specific to the original types is never completely withdrawn. It 
is [the] intent to provide, within each problem set, elements of all 
previously introduced topics, either through direct example problems, or 
by incorporating a number of previously learned functions within a more 
complex problem.(Johnson & Smith, 1987, p. 98). 
 

Distributed practice is contrasted with mass practice seen as the concentration of 
activities of a topic after the topic has been taught. The practice focus on what 
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has been taught immediately and the next engagement the learners will have with 
the topic will be during revision sessions normally before tests. 
 
The majority of research concerning knowledge retention has utilized tasks that 
require verbatim recall of for example nonsense words. Very few studies have 
investigated retention of mathematical procedures and concepts. In particular 
there is a dire lack of research that has examined how the distribution of practice 
across learning sessions affects the retention of mathematical knowledge that 
require more than verbatim recall. 
Overlearning is a strategy where a student first masters a skill and then 
immediately continues to practice the same skill (Rohrer & Taylor, 2006). A very 
popular teaching strategy in mathematics is to present students with an example 
of a specific type of problem and then require the students to practice solving 
many of the same type of problem immediately. This type of practice is usually 
done as a once off exercise and can thus be classified as overlearning. The 
retention of knowledge in the learning of mathematics is absolutely crucial since 
in the overwhelming majority of cases prior knowledge is required to solve 
presented problems. It is thus important to know which type of practice would 
enhance retention of mathematical procedures and concepts best. Research done 
by Rohrer and Taylor (2006) has shown that long-term retention of a 
mathematical procedure was better aided by distributed practice. In our research 
we utilized both distributed and overlearning strategies. We utilized overlearning 
mainly for mastery and distributed practice for retention purposes and deeper 
understanding. An important construct to determine the effectiveness of such 
practice is retention interval. Retention interval is defined as the duration of time 
between the test and the most recent learning session (Rohrer & Taylor, 2006). 
Some researchers argue that retrieving information during a test is not a neutral 
event and that the retrieval process can change knowledge and in itself can 
produce learning (Roediger & Karpicke, 2008). Furthermore research has shown 
that testing can be employed as a strategy to enhance retention of knowledge 
(Roediger & Karpicke, 2006; Carpenter, Pashler, Wixted & Vul, 2008). Findings 
of empirical research has shown that repeated testing on the same content boosted 
retention more than repeated study (Roediger & Karpicke, 2006). In our study we 
have employed repeated testing on the same content as a strategy to enhance 
retention of indispensable mathematical knowledge.           
Near transfer is said to occur when in problem solving situations the original and 
transfer contexts are highly similar and there is a high degree of overlap between 
original and transfer contexts. Conversely far transfer is required when the 
original and transfer situations are dissimilar and little overlap exists between 
original and transfer settings (Schunk, 2004). In Cognitive Psychology 
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automatization is defined as the practice of a skill or habit to the point whereby it 
becomes routine and requires little if any conscious effort or direction. Perkins 
and Salomon (1992) argue that when automaticity is achieved in learning 
instances near transfer has a high probability of occurring. They contend that if 
the example space utilized for practice is too narrow far transfer is negatively 
affected. Findings of research done by Ning & Sun (2011) however indicate that 
an overlearning practice strategy on similar problems in mathematics is not 
sufficient for far transfer and that self-monitoring is also a requirement. Self-
monitoring is a teaching strategy where students are encouraged to focus more on 
what they are doing and thinking.    
Since we wanted our students to become proficient in the content areas which 
form part of our curriculum we needed to devise teaching strategies that would 
help students to develop competency in the specified content areas. A goal of the 
instruction therefore was to develop task specific proficiency. Kalyuga (2007) 
argues that the development of task-specific expertise is a prerequisite for 
becoming a higher-level expert in a broader domain of learning. Task-specific 
expertise is the ability to perform fluently in a specific class of tasks.  
Ericsson (2000) argues that expert performance in a domain of learning is viewed 
as an extreme case of skill attainment and is the result of incremental 
improvement of performance during extensive experience in the domain. 
Experience is gained through deliberate practice on tasks designed by an 
instructor with the goal of improving aspects of a students’ performance. Ericsson 
(2000) maintains that amount of time spent in solitary practice influences the 
level of expertise attained. He contends that the greater the accumulated amount 
of practice the higher the level of expertise achieved.          
Practice consisted of working through selected mathematical tasks (either in 
class, in tutorial class, as homework or in class tests) that were similar to examples 
encountered earlier, were reversal type problems or deepening-thinking-like 
problems. Each successive class test included questions from previously covered 
content and therefore students were required to revise previously covered topics 
in their individual studies as well. Class tests therefore formed part of the revision 
process. Our motivation for including spiral revision in our teaching strategy is 
based on the notion of automatization as explained earlier.  
 

METHODOLOGY  

A qualitative case study research design was employed in the study. It focuses on 
one student, a single case. Research studies in Mathematics Education using a 
single student were highly influential in inspiring research leading to current 
reforms in school mathematics. One of the seminal studies in this regard was that 
of the Zimbabwean researcher in Mathematics Education, the late Stanley 
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Erlwanger. He reported on a single learner’s ways of working with respect to 
ordinary and decimal fractions and reveals the errors this student committed and 
the misconceptions he held (Erlwanger, 1973). Davis (1984), for example, 
reported on a non-conventional ‘correct’ method a learner used to solve a 
subtraction problem.  Studies such as these inspired, although not always 
acknowledged, the development of the Mathematical Knowledge for Teaching 
(MKT) movement (see for example, Ball, Hill & Rowan, 2005). 
The particular student focussed on in this article was part of a group of pre-service 
teachers enrolled for a mathematics course. Students enrolled for the course were 
diverse in terms of their school-leaving mathematical knowledge. Many of these 
students did mathematics up to grade 12 but some did mathematical literacy. The  
work of the student called Jane henceforth that is reported on entered the course 
with a school mathematical literacy background. She was opportunistically 
selected since she came to the office of the lead author and complained that she 
‘went blank’ during the 3rd test. The course was a second year first semester 
Module. This article focuses on the linear functions and analytic geometry 
component of the course.   
The data were the written tests of Jane and a written response to a question posed 
during a discussion with her to probe the phenomenon of “went blank”. Tests 
were presented to students during regular class time. The responses of Jane to 
these tests were subjected to in-depth analysis.  
 
As already indicated the “intervention” was a strategy underpinned by spiral 
revision and productive practice with deepening-thinking problems. Spiral 
revision was enacted through including previously covered topics in successive 
tests covering the recently completed work. An assumption accompanying spiral 
revision was that if students experience and develop competence with solving 
problems presented in a particular direction there would be ‘automatic’ transfer 
to similar problems in the reversed direction. If in a lesson on linear functions 
examples such as: determine the equation of the line through (3;-1) and (-1;1) 
were discussed, then a problem such as: determine the 𝑥 − 𝑎𝑛𝑑 𝑦 −intercept of 

the line 2𝑦 = 𝑥 − 1 = 0  can be classified as a reversal type problem.   
 

DATA PRESENTATION AND RESULTS         

After the topic of linear functions (as part of the broader topic analytic geometry) 
was dealt with, the students wrote test 1. Jane (not her real name) produced a 
response with only a minor error  to the first question (which was a question on 
linear functions) of the test (see figure 1). The question was as follows 
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“Determine the equation of the straight line through (2; 1) and perpendicular to   

3𝑦 + 2𝑥 = 6” 

 

 
Figure 1: Jane’s response to the question in test 1. 

 
Figure 2: Jane’s response to the similar item in test 2 written in March 

 

The authors are aware that this should be +6, but it is 
regarded as a slip and not as a conceptual error. The intention 
was to determine if Jane knew she had to find the slope of 
the line. 

The student writes in a way that make it seem as if the x is part of 
the denominator, but if one check her other writings one sees that 
it is not the case. 
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The second test (test 2) was written a month later and it contained a similar item 
related to linear functions and analytic geometry. For test 2 the question was: 

“Determine the equation of the line with y-intercept -2 and passing through the 

point (2;1)”. Jane also produced a response with only a minor error answer to this 
question (see Figure 2). 
A third test (test 3) a month after the second also had a related item dealing with 
linear functions and analytic geometry. The difference between the items in tests 
1 and 2 and the one in test 3 is that for the first two items the equation of the line 
had to be determined whereas for test 3 this was given (equation of the line) and 
students had to find those things that were given in tests 1 and 2. The item in test 
3 was thus a reversed item (Figure 3). Jane struggled with this item as illustrated 
in Figure 4, her response.  
 
QUESTION 1 

1. Given line 𝐷𝐹 with equation:   𝑥 + 2𝑦 − 2 = 0 (as shown in the sketch) 

1.1 Find the slope of line  𝐷𝐹.        

1.2 Find the length of  𝑂𝐴.         

1.3 Determine the length of 𝑂𝐵.        

1.4 The  𝑦 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒  of 𝐸 is -1. Find the length of 𝐸𝐹 if 𝐸𝐹 is parallel to the  𝑥 − 𝑎𝑥𝑖𝑠.  
  

1.5 Write the coordinates of 𝐴  𝑎𝑛𝑑  𝐹.       

1.6 Determine the midpoint of line 𝐴𝐹.       

1.7 Determine the length of 𝐴𝐹.        

 
Figure 3: Test 3 written in April 
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Figure 4: Jane’s solution for question 1 of test 3 

As mentioned, it was after test 3 that Jane revealed that she went “blank” when 
dealing with these problems. In order to determine what she meant with going 
“blank”, a discussion was entered into with her. During the discussion, she was 
presented with the following problem based on linear functions (this formed part 
of question 1 of the tests 1 and 2 that was written) (see Figure 5): “Find the 
equation of the line that is parallel to the line y = 2x + 4 and through the point 
(1; 2)”. Jane could not produce a written solution despite the fact that this work 
was revised more than once in the recent past (see line 1 in figure 5). Since she 
could not recall the slope-intercept form for the equation that represents the linear 
function  (y = mx + c), it was written down for her (this is the part that is circled 
in Figure 5) and she was requested to use this to solve the problem.  She still 
could not proceed and was asked to write down the point-slope form for the 
equation of a line [y − y1 = m(x − x1)] and to use this in her reasoning. She then 
substituted numbers for all the variables (see line 3 & 4 in Figure 5).   
 

 
Figure 5: Jane’s solution to an item on linear functions 
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ANALYSIS 

A comparison of Jane’s solutions for the three tests reveals that the student could 
recall the slope-intercept form of the linear equation in test 1 (February) and test 
2 (March), but could not reproduce it in test 3 (April) and nor could she reproduce 
it in our discussion. She was aware in both test 1 and 2 that only when the linear 
equation is written in standard form that the coefficient of the x−term represents 
the slope of the line. The first question of test 3 required her to write the equation 
in standard form and then find the slope of the line. Although she did exactly this 
in test 1 and 2 she failed to do this in test 3. In test 1 Jane was aware that the 
solution to question 1 requires that one first find the slope of the given line by 
writing the equation in standard form, subsequently the slope of the other line is 
found by utilizing the fact that the product of the slopes of perpendicular lines 
equals -1. This new gradient together with the given point is then substituted in 
the point-slope form to determine the required equation. Jane could not even start 
the similar problem that was provided in the discussion. Based on the above 
evidence one can therefore argue that one of the objectives of the teaching 
strategy namely retention of knowledge of linear functions has at least in the case 
of Jane not been achieved adequately, since she could not recall both the slope-
intercept form and the point-slope form of a line which are indispensable 
knowledge for linear functions.    
Question 1 of test 3 (figure 1) is different to the previous two tests in the sense 
that in question 1 of test 3 a sketch is provided whereas in the first two tests no 
sketch has been provided. Furthermore in test 1 and 2 intercepts and coordinates 
are provided whereas in question 1 of test 3 the student is requested to do the 
reverse i.e. to determine intercepts in order to determine lengths. As was alluded 
to earlier this question was a reversal question. It can be argued therefore that 
question 1 of test 3 required the student to use prior knowledge in a new way.  In 
other words the question required knowledge transfer. Based on the above 
evidence a case can be made that (at least in the case of these kinds of questions) 
the objective of enhancing the ability of students to transfer knowledge has not 
been fully realized for Jane. One can therefore argue that Jane has not acquired 
the necessary proficiency in this class of tasks and hence has not developed the 
required degree of task specific expertise. It would also seem that the ability to 
make connections between mathematical tasks and relevant prior knowledge is 
not adequately developed. The question is what does Jane’s struggles tell us about 
the teaching strategy and what were shortcomings about its implementation. In 
the section that follows, description is given of the shortcomings of the 
implemented teaching strategy and the path followed to address these 
shortcomings. 
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The teaching strategy adapted  

Many factors could be possible contributors to Jane’s non-retention of 
indispensable knowledge and inability to identify instances where transfer of 
prior knowledge is required. One such possible factor is the retention interval. It 
is possible that the retention interval concerning the content for linear functions 
and analytic geometry was too great and hence Jane could not recall. This could 
however have been mitigated if Jane could self-explain while studying 
individually. This is however dependent on the self-explanation abilities of Jane.  
Rittle-Johnson (2006) contends that self-explanation is an essential and effective 
way to improve learning and transfer of knowledge. Furthermore she proposes 
that direct instruction on a correct procedure combined with a conceptual 
explanation for the procedure would lead to the greatest gains in learning if 
students were also prompted to self-explain. Self-explanation is defined as the 
ability to generate explanations of correct material by oneself (Rittle-Johnson, 
2006). Self-explanation can also be peer discussions where reasoning has to be 
made visible to peers. Peer-tutoring - which can be also be considered as peers 
explaining to another their understanding - has an effect size of 0.55 which 
translates into an advancement of 25% in the rate of learning (Hattie, 2009). 
In spiral revision one cannot revise all covered content all the time. An 
instructional challenge therefore is to design revision exercises in such a way so 
as to revise the majority of previously covered content appropriately. Furthermore 
it is not easy to design revision in a way that it does not encourage rote learning, 
but so that each revision session results in deeper understanding and an awareness 
of the interconnectedness of concepts. Question 1 of test 3 was based on work 
that was not recently revised in class and hence in preparing for the test it was 
required that Jane self-explain. If Jane therefore did not develop the ability to read 
and interpret mathematical texts to the appropriate level she would have struggled 
to self-explain. 
Hiebert & Lefevre (1986) maintain that if procedures are not connected with 
appropriate conceptual knowledge, the procedures may be forgotten quickly, may 
be remembered incompletely, is not transferable and might even be combined 
with sub procedures in inappropriate ways. Another possible reason for Jane’s 
struggles is that the example space of problems during teaching was limited in 
the sense that the focus of problems during teaching was uni-directional (Watson 
& Mason, 2002). In other words the concepts were utilized to solve ‘traditional’ 
procedural problems and not enough attention was afforded to reversal and 
deepening-thinking-like problems. The assumption was that uni-directionality 
would ‘automatically’ foster transfer to similar problems in the reversed 
direction. 
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Jane has indicated that she ‘went blank’ in test 3 which could possibly be an 
indicator that her mental state was one of anxiety. Research has shown that 
anxiety has a negative effect on the retention of learnt material and hence her non-
retention could possibly be ascribed to stress (Ashcraft & Krause, 2007). It is also 
highly probable that a combination of all the aforementioned factors contributed 
to Jane’s struggles.  
 
QUESTION 1 

PQR is a triangle with vertices 𝑃(−1; 3),   𝑄(1; 1) 𝑎𝑛𝑑  𝑅(6; 6). 

P(-1;3)

Q(1;1)

R(6;6)

y

 
1.1 Determine the gradient of PQ.       (2) 

1.2 Determine the gradient of QR.       (2) 

1.3 Show that triangle PQR is right-angled at Q.    

  (2) 

1.4 Determine the equation of line PQ.      

 (2) 

1.5 Determine the equation of the line parallel to PQ and through the point 

R.  (3) 

1.6 Show that the point (-3;5) lie on the line PQ.    

  (2) 

1.7 Determine the coordinates of the midpoint M of PR.   

  (2) 

1.8 Determine the equation of the perpendicular bisector of PR.  

  (4) 

Figure 6: Question 1 of end-of-module examination 
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Subsequently the teaching strategy was adapted by expanding the example space 
to include more reversal type problems and to make provision for self-explanation 
exercises. Mathematical statements ordinarily have a high concentration of 
information that is highly condensed (Skemp, 1976). Part of our teaching strategy 
therefore consisted of unpacking such statements during instruction with the 
intention to elucidate both the semantics (meaning of symbols) and the syntax 
(rules for manipulating symbols) in given mathematical statements (Resnick, 
1989). In classroom interactions students were prompted by the instructor to 
make visible their self-explanation of presented mathematical texts and problem 
and solution statements in order to correct and enhance their ability to self-
explain. Peer discussions in tutorial class were also utilized to make visible 
reasoning in order to enhance self-explanation abilities.      
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Figure 7: Jane’s response to end-of-module examination question 
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Initially it seemed as if the revised teaching strategy did not have the desired 
effect, since Jane again could not produce a coherent solution to a linear function 
problem in test 4 which was written shortly after the teaching strategy was 
revised.  However near the end of the semester the revised teaching strategy 
started to show positive results in the case of Jane. She demonstrated 
improvement in questions on linear functions in the examinations in the end-of-
module examination. The examination question (see Figure 6) and the response 
of Jane to the question is presented in Figure 7. 

 

CONCLUDING REMARKS 

The assessment component of the initial teaching strategy exposed the fact that 
Jane could not produce the same kind of solution to a task after being able to do 
it at an earlier stage. We identified a lack of retention of knowledge and an 
inability to recognise instances where transfer of applicable knowledge to 
reversal problems was required. We hypothesized that possible reasons for this 
might be an under-developed self-explanation ability and an over-emphasis on 
uni-directional examples respectively. Implementing a spiral revision strategy 
with an over-emphasis on uni-directional examples might negatively influence 
transfer of knowledge to reversal problems.  Expanding the example space to 
include more reversal type problems and including more self-explanation 
exercises seemed to improve the situation. The findings therefore point to the fact 
that one of the features of a mathematics teaching strategy premised on revision 
and practice should be strategies to enhance self-explanation abilities. This 
finding resonates with that of Ning & Sun (2011) in that practice on similar 
problems is not sufficient for the enhancing of transfer of skills. The findings are 
also in agreement with that of Perkins and Salomon (1992) in that if practice 
utilized a narrow example space transfer is negatively affected.    
One can also possibly conclude from the above discussion that the assessment 
component of our spiral revision teaching strategy has revealed the quality and 
type of knowledge and reasoning ability of   Jane after exposure to the teaching 
strategy.  If one produces a correct solution in two tests (on the same topic) it 
does not necessarily imply that task specific expertise and conceptual 
understanding has been achieved as can be seen in the case of Jane. More 
specifically it does not imply that retention of requisite knowledge is permanent 
and that transfer would occur automatically to structurally similar problems. It 
was only when Jane was assessed the third and fourth time on the same topic that 
it became apparent that the student perhaps do not understand the content as well 
as the results of the first two tests implied. It is our contention therefore that the 
assessment component of our version of spiral revision can be utilized to uncover 
the quality and type of knowledge a student would possess after exposure to 
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instruction. By utilizing different kinds of questions with varying levels of 
difficulty in each successive test one can determine if the underlying concepts of 
a topic are connected appropriately, if the necessary procedural skills has been 
developed and if the student are able to identify the relevance of  prior knowledge 
when attempting to provide solutions to given mathematical tasks.  Furthermore 
since we are assessing the same content over and over we can determine how well 
established the knowledge is in the long term memory. 
It has been our experience  that both at school and at tertiary level in South Africa 
that the majority of mathematics textbooks are written in a format where the type 
of practice that is mooted is mass practice and overlearning. In this format nearly 
all of the problems concerning a given topic appear in the exercises immediately 
after the lesson and examples of the topic (Rohrer & Taylor, 2006). Based on the 
textbook format a highly probable inference one can make is that many teachers 
follow this way of doing and hence the type of practice in such classes would 
overwhelmingly be mass practice and overlearning. Furthermore in many cases 
in the South African context revision in mathematics is done mostly as 
preparation for tests or exams, is done in the same way as the original teaching 
was done and normally is done as a once off exercise. It has been our experience 
that this kind of revision does not influence in a major way procedural skill or 
levels of understanding. Distributed practice where practice of the same skills is 
practiced across multiple class sessions is very rare. Research has shown that 
retention of original well learnt mathematical procedures are enhanced by 
distributed practice and are unaffected by overlearning (Rohrer & Taylor, 2006). 
We therefore contend that one possible way of making inroads into the dismal 
mathematical performance of South African students at all levels is to change the 
format of textbooks exercises to include mass practice, overlearning and 
distributed practice. 
We contend that not enough attention is given in South African research to how 
regular revision of previously covered mathematical content influences retention, 
transfer, proficiency and level of understanding. We are not claiming however 
that regular practice of previously covered mathematical content is a panacea for 
all our teaching and learning ills. We do believe however that spiral revision 
together with productive practice and self-explanation exercises hold promise for 
improving student mathematical ability. 
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ANALYSING NATIONAL CERTIFICATE (VOCATIONAL) 

LEVEL 4 LEARNERS’ ERRORS AND MISCONCEPTIONS IN 

CIRCLE GEOMETRY 

Puleng Motseki and Kakoma Luneta 

Faculty of Education, University of Johannesburg 

 

Knowledge of geometry during formal school learning is important because it is 

seen as a mechanism that allows humans to solve various problems in various 

disciplines such as engineering, science, art and architecture. Geometry is 

associated with day to day living as it provides a platform to understand the 

systemic world in which humans live as it offers the development of spatial sense.  

Spatial sense is defined as an intuitive feel for shapes and space, which includes 

concepts of traditional geometry, including the ability to recognise, visualise, 

represent and transform geometric shapes. This suggests that geometry activates 

learners’ minds through mental exercises, nurture problem solving skills which 

enable them to generalise and compare geometric information. In learning 

geometry, learners begin with the encounters of seeing, knowing and explaining 

the physical space surrounding them and advance further to higher levels of 

thinking that are nurtured within the deductive and inductive systems. In this 

research we attempt to understand the knowledge that learners acquire on 

Euclidian geometry at grade 12 and how that is used at NC (V) level 4. We engage 

with errors that permeate from their interactions with circle geometry problems 

and endeavour to identify the underlying misconceptions responsible for the 

errors.  The conclusion is that learners at NC(V) Level 4 have difficulties and 

display misconceptions that are hard to explain considering the fact that the 

content of circle geometry they engage with at this level has already been covered 

at grade 12 level. We provide an array of the prominent errors and make research 

based suggestions as to how the misconceptions and the associated errors can be 
addressed in the classrooms. 

Key words: Euclidean geometry, circle geometry, misconceptions and errors 

PROBLEM STATEMENT 

Euclidean geometry has always been seen as an important part of mathematics 
curriculum and syllabi worldwide. There is evidence (Luneta 2015) that not 
having gone through it during formal school years would have had undesirable 
consequences for learners intending to pursue courses related to mathematics in 
higher education institutions. In 2006 when the NCS (National Curriculum 
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Statement) was introduced, Euclidean geometry was not made compulsory in the 
FET (Further Education and Training) band (Dhlamini, 2012). It was further 
made an optional Mathematics Paper 3, which majority of schools did not teach 
at that time (Van Putten et al., 2010). As a result, learner performance in 
Euclidean geometry declined. Research (Govender, 2015; Walsh, 2015; Bowie, 
2012; Dhlamini, 2012; Pournara, 2004) outlined numerous reasons that led to 
poor performance of learners as: 

1. It was not taught well at schools and was camouflaged by assessments that 
showed rote learning. 

2. Teachers focused on lowest levels of geometric knowledge and on routine 
problems. 

3. Insufficient geometry learning at previous grades was evident and focus 
was central to secondary school geometry learning. 

4. Growing concerns with regard to the qualifications of mathematics 
teachers to put into context the content relevant cognitive levels of learners. 

RESEARCH QUESTIONS 

1. What are the dominant errors displayed by National Certificate 
(Vocational) Level 4 learners in circle geometry? 

2. What could be some of the misconceptions responsible for these errors? 
 

THEORETICAL FRAMEWORK 

Geometry learning in South Africa 

Bassarear (2012) argued that school curricula for different countries focus on the 
four main common learning outcomes in geometry: 

1. Analysing the properties, characteristics, properties and relationships of 
two and three dimensional shapes. 

2. Spatial relationships using coordinate geometry and other representations. 
3. Application of the spatial reasoning and geometric modelling to solve 

problems. 
4. Application of transformations and the use of geometry to analyse 

mathematical situations.   

By the time learners complete their school geometry curricula, depending on the 
quality of the instruction, they should be efficiently skilled in the above stated 
outcomes. Regardless of these skills that play an important role in mathematics, 
research (Alex & Mammen, 2016) revealed that there are obstacles in the teaching 
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and learning of geometry. There exist discontent among mathematics 
educationists with regard to secondary school geometry syllabus and the dismal 
achievement of learners has been a topic of distress over the past forty years 
(Mumcu, Cansiz & Aktaz, 2016; Liu, Wu & Fang, 2015; Wessels, 2001; Mason, 
1997; Fortuny, 1991; Burger & Shaughnessy, 1986). In addition, Atebe and 
Schafer (2009) further discovered that the teaching and learning of geometry is 
one of the discouraging experiences in majority of schools across the country.  
Among the reasons were that learners experience difficulties in understanding 
instructional activities used by the teachers, obsolete instructional practices and 
insufficient content knowledge by teachers (Luneta, 2015). The fact that 
geometry was removed from the curriculum and had to be offered as an optional 
Mathematics Paper 3 at NCS certificate level (Mji & Ndlovu, 2012), and 
geometry syllabus focuses more on secondary school education and little content 
is evident in primary school band (De Villiers, 2010) did not help matters. 
Although tessellations have been recently introduced in primary school level, 
majority of teachers and textbook authors found it difficult to relate them to the 
van Hiele theory (De Villiers, 2010). These suggest that geometry learning in 
South Africa required drastic attention.  In 1997, a South African Non-
Governmental Organisation, MALATI (Mathematics Learning & Teaching 
Initiative) made several suggestions to modify the geometry syllabus. The group 
felt that a mechanism was needed to understand and make sense of the geometric 
thought processes of learners (Bennie, 1998). As a result, the NCS for 
intermediate phase considered levels 1, 2, and 3 in the van Hiele framework (De 
Villiers, 2010). Euclidean geometry was then reintroduced in the revised 
curriculum, the CAPS (Curriculum and Assessment Policy Statement) grades 10 
-12, with grade 10 learners being required to: 

1. Examine and develop conclusions with respect to properties of special 
quadrilaterals and other polygons. 

2. Prove conjectures by applying any logical methods (Euclidean, coordinate 
or transformation). 

3. Examine other definitions of polygons(Isosceles, equilaterals, right angled 
triangles, parallelograms, rectangles) (DBE, 2011) 

VAN HIELE FRAMEWORK FOR GEOMETRY THINKING AND 

DEVELOPMENT 

The National Diagnostic Report (DBE, 2014:130) proposed research discoveries 
and advanced ideas in teaching and learning of geometry. Understanding 
theoretical models would enable the possibility of formulation of strategies that 
have the chance of victory in geometry learning. One such theoretical model is 
the van Hiele framework for geometric thought. The model was created by Pierre 
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and Dina Van Hiele after realising that their students struggled with geometry 
(Dağli & Halat, 2015). To date, the framework is a support for the implementation 
of the curriculum in countries such as the Netherlands, Germany, Russia and the 
United States of America (Halat, 2003). Studies (Luneta, 2015; Alex & Mammen, 
2016) revealed that the van Hiele framework is related to Piaget’s five 
developmental stages in children during the geometry learning. For instance, the 
neo-constructivism model of conceptual change argued that in order to acquire 
new knowledge that is not compatible with the previous knowledge, learners 
undergo cognitive conflict; when the new knowledge is introduced, learners solve 
the cognitive conflict by interpreting the new knowledge with respect to the prior 
knowledge in trying to find balance in Piagetian sense (Kajander & Lovric, 2010). 
According to Piaget (1971) children’s geometric thinking matures with age. 
Clement, Swaminathan, Hannibal and Sarama (1999: 193) also concurred with 
Piaget that children’s representation of space is constructed through progressive 
organisation of the child’s motor and internalised actions. Van Hiele (1986) 
established five levels of geometric thinking. Based on the van Hiele framework, 
geometric thinking is advanced through levels: 

1. Level 1: Visualisation 
Shapes are determined by the way they look, that is, learners identify 
shapes based on their mental pictures as opposed to the mathematical 
characteristics of the shapes.  

2. Level 2: Analysis 
Learners identify shapes based on the properties the shapes have, but 
these properties are seen to be isolated and not related. 

3. Level 3: Ordering 
This level is based on the identification of relationships between shapes 
and understanding of logical deductions. 

4. Level 4: Deduction, and  
Deduction level is characterised by the creation of formal deductions and 
understanding of logical deductions that include axioms, definitions, 
theories and postulates.  

5. Level 5: Rigour 
This level is characterised by the ability of learners to analyse and 
compare different axiomatic systems.  

Van Hieles (1986) concluded that the levels had five distinct properties, namely: 

1. Intrinsic and extrinsic properties. 

At level 1, shapes are identified according to their properties, but an 
individual’s thinking at this level is unaware of such properties. 

2. Hierarchical organisation. 
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The manner in which learners think at level 2 is not possible without 
thinking at level1, and thinking at level 3 is not possible without thinking 
at level 2. This suggests that levels are designed in a way that learners 
cannot operate based on an understanding of one level without having gone 
through other previous levels. 

3. Discontinuity. 

The most distinct property of the level of thinking is the discontinuity (Van 
Hiele, 1986:49). This means that at a certain point during instruction, the 
learning process stops and continues later as it was. The learner who has 
reached a particular level at that time will remain at that level for a while 
as if he/she has reached maturity and that particular point in time and this 
might be due to the fact that the teacher is unsuccessful in explaining 
concepts or the level is beyond the learner’s cognitive ability.  

4. Linguistic properties, and  

Each level has its own set of symbols and language characteristics that are 
relevant at that particular level and can be seen as irrelevant at another 
level. That is, two people who operate at different levels speak different 
languages. This depicts what happens between the teacher and learners; not 
one of them can manage the thinking process of the other and their 
understanding of one another can only begin if the teacher tries to 
understand what learners are thinking. Van Hiele (1986) advised teachers 
who begin to teach geometry that they should not use the language of 
higher levels which learners have not yet acquired.  

5. Advancement  

Shift from one level to the next higher level is not natural but takes place 
through rigorous teaching and learning processes that are important at 
lower levels in order to be able to think and reason at higher levels. 
Transition is not possible without the learning of a new language. Ndlovu 
and Mji (2012) proposed the role played by scaffolding as an indicator of 
advancement from one level to the next.   
 
PARTICIPATORY METHODOLOGY 

The qualitative methodology and design was used for this study. The 
approach entailed detailed narrative explanations of the phenomenon under 
enquiry (Delport & De Vos, 2011: 65; Vosloo, 2014). The researcher 
sought to discover participants’ qualitative perceptions with regard to the 
research questions: What are the dominant errors displayed by NC(v) level 
4 learners in circle geometry? and what could be some of the 
misconceptions responsible for these errors? 
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Participants, sampling and instruments  

 
Purposeful sampling was used to select 80 participants from a population 
of 350 learners. It is a non-random sample that focused on participants who 
were in a better position to answer the research questions (Creswell, 2013).  
Participants for this study were selected on the basis that they had 
completed their grade 12 with geometry as part of their mathematics 
assessment.  
 
An initial geometry performance test was undertaken by a group of 80 
NC(v) level 4 Mathematics learners. The test was based on circle geometry, 
which was adapted from the 2014 grade 12 Mathematics Paper 2. It 
consisted of three items which tested the skills and the abilities to reason 
logically and prove theorems deductively (DBE, 2015). Participants were 
classified into three groups based on their performance in the Geometry 
performance test. High_Achievers was made up of participants who 
achieved between 80% - 100% (𝑁 = 5), Average_Achievers consisted of 
participants who achieved between 40% - 79% (𝑁 = 8 ), and 
Low_Achievers who achieved between 0% - 29% (𝑁 = 67) Responses to 
the geometry performance test helped the researcher to answer the research 
question: what are the dominant errors displayed by NC(v) level 4 learners 
in circle geometry? 
 
The secondary data collection was the focus group interviews. Questions 
for the interviews were generated in line with the geometry performance 
test, which sought further clarity based on the second research question: 
what could be some of the misconceptions responsible for these errors? 
The interview times were determined by the researcher. Anonymity of 
participants was discussed and guaranteed by the researcher.  
 
 Validity and reliability of data collection  

The geometry performance test was adapted from the 2014 national 
examinations Mathematics Paper 2. It met the examination guidelines as 
stated in the mathematics policy documents. All the taxonomy levels were 
covered.  
The focus group interviews were piloted with a group of NC (v) level 4 
mathematics learners to ensure that same results will be received.  
 
Ethical Measures 

Participation in this study was voluntary, anonymity of participants was 
guaranteed and consent was obtained before the study commenced.  
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DATA ANALYSIS 

Data that was collected was organised and analysed using the open coding for 
qualitative analysis (Corbin & Strauss, 1990). The researcher focused on the 
generation of the new theory resulting from the data (Creswell, 2012). Data were 
analysed in relation to the research questions namely, what are the dominant 

errors displayed by Nc(v) level 4 learners in circle geometry? what could be some 

of the misconceptions responsible for these errors? The researchers used the 
content analysis approach (Bengtsson, 2016) to analyse the focus group 
interviews.  
The geometry performance test (Appendix E) was used as a first instrument to 
collect data. It consisted of 3 questions with sub-questions. 80 answer sheets were 
marked by the teacher. The researcher then collected from the answers the type 
of errors made by participants. Errors were coded in terms of themes and the 
levels of Van Hiele framework (Tables 1, 2 and 3). Inductive analysis was used 
to analyse data (Creswell, 2013). Errors were coded using predetermined 
categories. Participants were coded from P_01 to P_80. The P represented 
participant and numbers 01 to 80 represented number of participants who took 
part in the study. Answer sheets were marked and responses categorised as C1 to 
C4 in relation to the developed statements and answers 

 
Table 1: Classification of answers from answer sheets 

Category Definition 

C1 Correct answer followed by a correct 
reason 

C2 Incorrect answer, incorrect reason  
C3 Correct answer, incorrect reason 
C4 Incorrect answer, correct reason 

Table 2: Classification of participant’s errors 
Category Type of error Definition 

Err 1 Slip Minor error committed 
due to being in a hurry.  

Err 2 Conceptual Lack of knowledge of 
concepts and skills. 

Err 3 Procedural Application of 
procedures blindly 
without knowing what 
is happening.  
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Table 3: Van Hiele levels of geometric thinking 

Category No. Description 

Van_Hiele_A Participants can name and identify 
common geometric shapes. 

Van_Hiele_B Participants can recognise geometric 
shapes based on its properties but 
cannot recognise relationships 
between classes of figures. 

Van_Hiele_C Participants identify class inclusion of 
shapes. 

Van_Hiele_D Participants can construct geometric 
proofs. 

Van_Hiele_E Participants understand the relations 
between geometrical concepts.  

 

FINDINGS AND DISCUSSIONS 

Questions in the test were based on the four cognitive levels in terms of 
mathematics policy documents (DBE, 2011; DHET, 2013). (See Appendix E) 

 

Question 1 

 

 
In the diagram, O is given as the centre of the circle and passes through A, B and 
C, angle CAB = 48, COB = x. This question examined learners’ knowledge on 
the theorem which states that the angle at the centre is twice the angle at the 
circumference. Learners were asked to determine with reasons, values of x and y 
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Out of 80, thirteen participants provided a correct answer and the reason ‘angle 
at the centre’ instead of ‘angle at the centre is twice the angle at the 
circumference’. ‘Angle at the centre’ statement is incomplete; as a result it is 
rendered incorrect. The correct statement was supposed to be ‘the angle at the 
centre is twice the angle at the circumference.’ When some of the participants 
were interviewed, their responses still turned out to be incomplete.   The figure 
below represented P_17’s solution to the question. 

 

Participants might have understood the theorem but found it difficult to express 
themselves.  This might have been due to lack of understanding the properties of 
cyclic geometry and therefore lack of the knowledge required to answer questions 
related to that form of geometry. 

 
Question 1.2 was set according to cognitive level 2, which is the routine 
procedure (Table 5.4). The question examined routine procedures and simple 
applications and calculations which may involve many steps. Participants were 
required to determine the value of 𝑦. 

 
Thirty eight percent provided the value of y as 78˚ and a reason as ‘sum of a 
triangle’ to give solution to this question. This is an incomplete statement which 
in this instance was regarded as wrong. Participants could not realise that since 
the value of x = 96° , from 1.1 above, they needed to  remember and apply the 
theorem that states ‘the sum of angles of a triangle is 180˚. From the diagram, B̂2 
and . 2 are equal reason being they are angles opposite sides of a triangle. From 
there, they needed to indicate that y = C2 + B2 = 180˚ - 96˚ = 84˚, therefore y = 
42˚. It was not the case with 31 participants as shown by P_21 below: 
 

 
These learners might have lacked knowledge of concepts, which led to the 
procedures being wrong. When interviewed, most of the participants could not 
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explain the theorem that addressed this question (y = 42˚ [angles opposite sides 

of a cyclic quadrilateral are equal); meaning that their wrong answers reflected 
lack of conceptual knowledge. 

 
Question 2 

1. Question 2.2.1 was set according to cognitive level 2, the routine procedures 
This question examined routine procedures and simple calculations which 
might have involved many steps. The diagram below represented the question. 
In the diagram, O is the centre of the circle that passes through A, B, C and D. 
AOD is the straight line and F is the midpoint of chord CD.  ODF = 30˚. 

Participants were required to determine with reasons, F1 and ABC. 

 

  

.  
Seventeen out of eighty gave the value of F1  as 60˚ and the reason as ‘angles of 
triangle’. These seventeen participants could not even recognise that F̂1 ‘looks’ 
90 degrees. Their reasons might be attributed to poor visualisation. Twenty-four 
participants gave the reason that CF = FD and 19 gave the reason as ‘an angle 
subtended by the diameter’. These responses were incorrect.  They seemed to 
have made unjustified statements, suggesting that they were confused between 
the theorem and the converse and guessed the reason as ‘line from the centre ̂ to 
chord. Learners could not deduce that OF is perpendicular to CD and forms a 
right angled triangle OFD. As a result, F̂1 = 90˚.  As van Hiele level 1 highly 
referes to visualisation, it was common and unfortunate to see that most 
participants were still operating below this level. This is despite the fact that this 
content is covered in secondary schools; participants at TVET college level could 
ill not recall these basic theorem that appeal to visualisation.  The figure below is 
a response by P_12 : 
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For question 2.2.2, thirty one out of eighty participants provided the value of B̂ 
as 30˚ and a reason as ‘opposite angles are equal’. B̂ = 30˚ is incorrect. 
Participants might have an understanding of the theorem that states ‘opposite 
angles of the cyclic quadrilateral are supplementary’ but lacked the procedures to 
arrive at the value of AB̂C = 150˚. Again visualisation is a problem to participants 
because B̂ is an obtuse angle. Below is an example of a response given by P_32: 

 

 
 

 Nineteen participants gave the value of   B̂ as 90˚ and the incorrect reason as 
‘angles in the semi-circle’.  Another incomplete statement and cannot be assumed 
as correct. It might be because these participants did not know what a cyclic 
quadrilateral is, or they were unable to recognise the correct configuration to 
which ‘the angle in semi-circle’ theorem can be applied. Both these suggested 
that participants were experiencing challenges with visualisation. Below is a 
response by P_45: 

 

Thirteen participants did not answer nor provide reason. 

 
Question 3 

Question 3 was made up of five sub questions as indicated below. Two circles in 
the diagram have a common tangent XYR at R. W is any point on the small circle. 
The straight line RWS meets the large circle at S. The chord STQ is a tangent to 



 

348 

 

the small circle, where T is the point of contact. Chord RTP is drawn. Let 𝑅4 =𝑥   
and 𝑅2 =𝑦.  

  
 
This question was developed with respect to cognitive levels 3 (complex 
procedures) and 4(Problem solving).This question required participants to 
perform complex procedures that involved complex calculations and apply higher 
order thinking skills. Sub questions included questions required the skills to break 
the question into its parts (dhet.gov.za). Cognitive levels 3 and 4 focused on the 
understanding category that did not only involve recall or definition of series of 
steps. Learners were expected to develop their own techniques for solving such 
problems. Sub questions in this question were divided into the following sub-
sections: 

3.1 Provide reasons for the following statements: 
Statement   Reason 
T̂3 = 𝑥    _______________     (1) 
P̂1 = 𝑥    _______________     (1) 
WT ‖ SP   _______________     (1) 
Ŝ1 = 𝑦    _______________     (1) 
T̂2 = 𝑦    _______________    

 (1) 

3.2 Prove that RT = 𝑊𝑅.𝑅𝑃

𝑅𝑆
        (2)

        
3.3 Determine with reasons, other two angles that are equal to 𝑦  (4)
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3.4 Prove that angle Ǫ3 = Ẇ2         (3) 

         

3.5  Prove that 𝑊𝑅

𝑅𝑄
=  

𝑅𝑆2

𝑅𝑃2
         (3)

         
Fifty five participants provided irrelevant reasons as answers such as 
‘corresponding angles with T3 like P_57 below: 

 
This is incorrect. Twenty participants did not provide the appropriate answers. 
This might have been as a result of lack of the ability to apply higher thinking 
order and lack of problem solving skills. Participants’ inability to recognise that 
𝑇3 and 𝑃1 are equal corresponding angles might have been as a result of poor 
visualisation because these angles are in a non-stereotypical position. Such 
learners appear not to be operating at van Hiele level1.  
Sixteen participants provided the incorrect reason ‘corresponding angles’ instead 
of ‘corresponding angles are equal’. These participants could not realise that in 
arriving at the correct conclusion, they needed to apply proportionality theorem, 
instead, they wasted time in trying to prove that a pair of triangles is similar. 68 
of participants did not provide an answer. Inability to provide correct reasons 
might be attributed to the opinion that participants failed to devise strategies to 
decompose the complex diagram into the manageable parts before attempting to 
give answers for each sub-question. Lack of conceptual knowledge of the 
properties of a cyclic quadrilateral might also have played a central role in 
participants’ inability to give correct responses. The answers were either 
incomplete or completely wrong altogether. 

In sub question 3.2, twenty of the participants did not provide an answer. 
Participants might have not known the procedure to arrive at the solution.  Thirty-
four of them worked backwards and could not reach the solution as shown below: 
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 These participants might have had the slightest knowledge of the proportionality 
theorem and as a result may have lacked the skills to solve the problem. 

 

Sub question 3.3, thirty-seven participants gave the incorrect solution. They 
might have read the question but could not understand what was required from 
them; like P_09 below: 
 

 
  
Twenty-eight participants did not attempt the question. Participants could not 
realise that T2 = R3; that is, angle R3 lies on one point of contact of tangent XRY 
and is equal to angle T2 reason being T2 lies in alternating segment. Therefore, R3 
= Q1 because they are angles in the same segment. Inability to provide answers 
might have been due to participants’ inadequate prior knowledge of tangent-
chord properties. 

 

From sub question 3.4, participants could not establish relationships between 
angles. Sixty-five out of eighty could not establish relationships between angles, 
with some merely stating that Q̂3 = Ŵ2 because the angle of a cyclic quadrilateral 
is equal to the interior opposite angles. Below is an answer representing 65 of the 
participants who could not arrive at the correct conclusion: 
 

 
 

Fifteeen  participants did not answer  question 3.4. 
 

Sub question 3.5, fifty-two participants did not attempt to answer the question 
and 13 of participants provided a reason as ‘proven above’ and 2 as ‘two triangles 
are congruent’. Ten candidates gave the reason ‘proven above’, as a reason for a 
pair of angles claimed to be equal but these angles were not proven to be equal 
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anywhere. None of these answers were correct. Participants made claims that R̂ 
is common without being aware that the two angles in question actually occur in 
two different triangles and therefore are not common.  This might be as a result 
of lack of knowledge of concepts. 
 
Table 4 (attached appendix A) provided participants responses per question in 
relation to the outlined codes and categories.  Findings in this research study 
provided answers to the research questions. The Table below shows the frequency 
of errors made with respect to slips, conceptual and procedural errors. 
 

Table 5: Number of errors made by participants in relation to slips, conceptual and procedural 
errors  
Category Question Numbers Total 

 1.1 1.2 2.1 2.2 3.1 3.2 3.3 3.4 3.5  

ERR 1 3 4 0 0 0 5 5 3 3 23 

ERR 2 6 6 5 9 39 48 50 67 67 297 

ERR 3 6 12 38 26 45 52 40 64 63 346 

 The study highlighted many errors that the learners made and these differed 
according to the cognitive levels of the questions. These errors are a sign of 
unrevealed misconceptions since according to Luneta (2015) errors hide behind 
misconceptions. Data analysis for this study showed that majority participants 
were not at van Hiele level 1 because they could not visualise concepts that were 
provided in elementary cyclic quadrilateral problems. 
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The following major errors were identified: 

 
1. Inability to use 𝑿𝒀 as a given tangent to prove two angles are equal to 

𝒙  using the tangent-chord theorem. 

Participants seemed to hold a misconception when answering sub question 3.1.1 
and 3.1.2 which tested their knowledge and skills on using the tangent-chord 
theorem to prove that two angles are equal to 𝑥  . The questions required them to 
provide reasons for the statements:  
T̂3 = 𝑥    _______________      
P̂1 = 𝑥    _______________   

A fair number of participants provided responses such as ‘corresponding angles 
with T̂3’. Participants could not provide a definition of a tangent during focus 
group interviews, responses such as ‘A tangent is a line that passes through…. ’ 
and ‘Hides the face with both hands) I forgot the definitions, I don’t wanna lie. I 

am able to point out these terms when given a diagram to work with’. These 
responses might be as a result of lack of conceptual understanding and 
visualisation. This is reflected in participants’ lack of conceptual understanding 
of the theorems that relate to the tangent and the chord such as what was implied 
by a tangent to a circle. Dhlamini (2012) argued that learning to write proof in 
geometry “is one of the most difficult topics” for many of grade 11 learners. This 
is the reason why learners find it difficult to reach van Hiele’s fourth and fifth 
levels.   

2. Learners could not visually identify ABCD as a cyclic quadrilateral 

 

A fair number of participants expressed answers to question 2.2.2 that revealed 
some misconceptions. The question tested whether they could visually identify 
ABCD as a cyclic quadrilateral since it lies on a visible circle, and then use the 
properties to prove or determine the required angle. Participants were required to 
determine with reasons, the size of AB̂C. The question proved to be challenging 
and confusing to them, because they could not identify the cyclic quadrilateral 
and as a result, provided the size of AB̂C as 30˚ and the reason that this was as a 
result of “angles in the semi-circle”. This misconception might have been caused 
by participants’ lack of problem solving skills and inadequate knowledge of 
concepts. In the focus group interviews, participants could not provide a 
definition of a cyclic quadrilateral. This is line with Siyepu’s (2005) findings that 
South African grade 11 learners experience challenges with circle geometry proof 
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and learning definations. Van Hiele (1986) argued that learners needed progress 
in the first three levels before they can be able to prove successfully and that 
learners should be able to construct proofs at level 4. It is therefore critical that 
learners are taught properties of cyclic quadrilaterals using diagrams and correct 
use of geometric terms, for instance, four vertices lying on the circle qualifies for 
a cyclic quadrilateral, if there are angles on the same segment, there is an exterior 
angle which is equal to the opposite angle or if the interior opposite angles are 
supplementary, then the shape is a cyclic quadrilateral.   

 

3. Application of geometry concepts to incorrect situations during 

problem solving. 

A question by question analysis showed that participants lacked knowledge of 
concepts that were relevant to cyclic geometry. They made many errors where 
they provided incorrect statements as reasons. This is termed misapplication of 
concepts (Luneta, 2015). This suggested that participants were unable to apply 
properties of the given geometric shapes in problem solving. This kind of 
reasoning showed characteristics of participants who are operating at van Hiele 
level 1 (Makhubele, 2015).  When faced with a proof problem, participants 
provided reasons unrelated to the question. For instance, for question 2.2.1, 
participants provided different incorrect reasons as ‘angles subtended by the 

diameter’, ‘CF = FD’ and ‘angles of a triangles’. For sub question 3.1, majority 
of participants provided a reason as ‘corresponding angles’ instead of 
‘corresponding angles are equal’. This suggested that participants applied 
concepts carelessly without judgement. This suggested that participants knew 
geometric concepts, but could not apply them correctly. According to Özerem 
(2012), there are several factors that are involved in an understanding of 
geometric concepts during the learning process. Factors such as imagery, words, 
networks and anecdotes, explanations assist in understanding of geometric 
concepts and improve their proof skills (Özerem, 2012).  

 
4. Learners experience challenges with regard to identifying and linking 

different properties of shapes. 

Analysis revealed that participants experienced challenges in linking sub 
questions 3.1, 3.3, and 3.4, as a result, found it difficult to answer the questions.  
According to Makhubele (2014), geometric shapes are class inclusions of shapes 
on their own, identifying a shape would mean to identify the type of a shape and 
its properties; while class inclusion mean that learners are able to sort and classify 
certain shapes as subclasses of other more general shapes . This suggests that in 
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one diagram, learners should be able to identify various shapes and their 
properties. Learners who are unable to identify various shapes in one complex 
diagram experience learning difficulties in solving proof questions. This is one 
area where participants failed to link logically different properties of diagrams. 
These types of misconception and error is in line with the study (Feza & Webb, 
2005) who found out that learners have challenges in identifying class inclusions 
of shapes. For instance, they might think that a square is not a special rectangle. 
This is further supported by De Villiers (1997) and Roux (2003) views that leaner 
performance across South African high schools is dismal when it comes to 
questions that involve the understanding of characteristics and properties of 
shapes, the very basics of concepts of geometric understanding.  

 
5. Participants experienced difficulties with proof questions. 

 

Efforts to answer questions 1.2, 2.1, 2.2.2, 3.1, 3.2, 3.3, 3.4 and 3.5 in the test 
items implied that questions that require deductive reasoning present challenges 
to learners. Responses to these questions suggested that participants are unable to 
reason deductively and provide a logical argument. Participants’ work revealed 
poor achievement in terms of the mentioned questions that involved proof. 
Studies also discovered that majority of learners experienced challenges with 
proof constructions (Healy & Hoyles, 2004; Lin, 2005; Weber, 2004). Moore 
(1994) mentioned several main sources of learners’ difficulties in proof 
construction as: lack of knowledge of proof concepts, lack of intuitive 
understanding of proof definitions, inability to come up with own proof examples, 
inability to apply proof definitions to obtain the overall structure of proofs, 
inability to understand and use mathematical language and notation correctly, and 
not knowing how to begin proof. Additional attempts to answer the interview 
question: ‘how you explain the following terminologies: tangent, cyclic 

quadrilateral, circumference and chord’ suggested that participants lacked basic 
understanding of proof concepts as Moore (1994) had discovered; for instance, 
learners provided responses such as “Cyclic quadrilateral is when opposite 

angles of a cyclic quad are equal to 180˚, supplementary. Chord is a line cutting 

across a circle or is at a position other than the diameter” and Tangent is the line 

drawn from the radii of the circle to another side of the circle. Cyclic 

quadrilateral is when all angles that are in 8 circle touch or its attached to the 

circle. Circumference is when the angle forms the degree of 90˚ or more. Chord 

is the centre of the circle”. Lack of knowledge of definitions is often a reason 
why learners experienced challenges in producing proof and in having difficulties 
in learning the abstract proof concepts (Clement & Batista, 1992). 
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CONCLUSION AND IMPLICATIONS  

Implications to teaching and learning 

Most of the incorrect solutions were errors that implied lack of understanding and 
the interviews with the participant revealed their underlying misconceptions. This 
study is in line with Musser, Burger and Peterson (2011) recommendations that 
teachers should be aware of their learners’ mathematical thinking to be able to 
align their teaching of geometric concepts to work with, and correct learners’ 
ways of thinking to prevent them from making errors. Teachers need to anticipate 
errors and examine alternative thinking ways and misconceptions and be able to 
interpret learners’ inadequate thinking. Research indicated that errors continue to 
persist and cannot be completely prevented; that could have detrimental effects 
(Van Dyck et al., 2005). For these reasons, a change from an exclusive error 
prevention approach towards an error management approach is suggested. 
Learning of geometry should be improved exclusively from foundation and 
intermediate phases by incorporating Van Hiele levels of geometrical thinking so 
that learners are able to engage with more challenging levels (rigour and 
deduction) in high school and higher institutions of learnings. Incorporating more 
informal proofs and the “why” questions during learning at lower levels of 
learning.  

Conclusion 

The study is in line with literature that explored geometric thinking of learners. 
The analysis focused on participants answers on Euclidean geometry (Proof). In 
answering questions, participants were required to operate at levels 1 to 4 of the 
Van Hiele framework for geometric thinking. But, the analysis indicated that 
NC(v) level  4  participants in the TVET college operated at level 2 of the Van 
Hiele levels. It was further revealed that majority of the errors were conceptual 
errors that implied that learners were conceptually weak and could not engage 
with circle geometry concepts expected at their level of academic growth. Some 
of the errors required learners prior knowledge of mathematical proofs learnt at 
grades lower than 12. The lack of basic knowledge in geometry meant that 
properties of circle geometry must be extensively reviewed before learners are 
introduced to geometry at NC (V) level 4. 
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This paper is based on a study that aimed to enhance conceptual teaching and 

learning of fractions using visual strategies in grade 9. The research was 

necessitated by the way learners struggle with fractions and was interested in 

understanding some of the visual teaching strategies suitable for this grade. In 

this paper, we explored visual strategies used by one teacher over two weeks of 

teaching fractions to thirty Grade 9 learners for conceptual understanding. Data 

were collected through classroom observations. Fraction circles, fraction wall, 

paper models and other teaching aids were used for conceptual teaching of 

fractions. The results of this study indicated that use of these manipulatives 

increased interaction and learner participation during teaching. Access to 

successfully understand fraction concepts may be hindered or enhanced by how, 

when and where visual strategies are used. This study concludes that judicious 

use of visual strategies and manipulatives when teaching fractions should be 

continued for as many concepts as possible before learners are allowed to 

abstract  those concepts. This study also encouraged teachers to insist on learners 

drawing sketches, diagrams and any other visual representation when problem 

solving. 

 

INTRODUCTION 
Research on the teaching of fractions is extensive both in and outside South 
Africa yet learners still struggle to understand fraction concepts. Cramer, Wyberg 
and Leavitt (2008), ask why so many middle school learners still find fraction 
addition and subtraction difficult despite that they have studied this topic since 
third grade or fourth grade. Jerome Bruner developed a theory about the use of 
physical models or manipulatives when teaching mathematics and argued that 
learners would learn mathematics better if they first encountered concepts and 
procedures by actively modelling them with manipulatives (Taber, 2009). There 
has been a lot of work and other initiatives that focussed on finding ways in which 
conceptual teaching of fractions can be achieved at school level. With all that has 
been done, the topic still presents lots of challenges to learners during teaching. 
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Siebert and Gaskin (2006) argue that fractions are one of the most difficult topics 
for learners to learn and for teachers to teach in elementary school.  
Incorporation of visualisation strategies and processes of teaching fractions is one 
way this study focussed on to help in enhancing conceptual and procedural 
understanding. A comprehensive definition by Arcavi (2003) presents 
visualisations as   

… the ability, the process and the product of creation, interpretation, use 
of and reflection upon pictures, images, diagrams, in our minds, on paper 
or with technological tools, with the purpose of depicting and 
communicating information, thinking about and developing previously 
unknown ideas and advancing understandings. (p. 217). 

When visual aids, in their various forms, are created and used to communicate 
and foster thinking about fraction ideas in an endeavour to advance understanding 
in this area, then learning is enriched. This study focuses on the use of 
manipulatives, pictures, images and diagrams on paper to develop conceptual and 
procedural understanding when teaching and learning fractions.  
This study was done in a South African township school where a number of 
factors affects mathematics teaching and learning. Some of them includes 
learners’ poor backgrounds, lack of resources, overcrowding, drug abuse, and 
inadequate textbooks. Manipulatives were used for two reasons; to draw learners’ 
attention because generally they lack interest and to enhance conceptual 
understanding. In normal circumstances grade 9 learners should revise common 
fractions and then focus on solving problems in contexts involving common 
fractions, mixed numbers and percentages (Department of Basic Education, DBE, 
2011).  In classrooms such as the one this study was done, one has to frequently 
go back to lower grades when teaching or else sticking to purely grade 9 work 
will not yield results. In this research, we were interested in finding ways to 
enhance learners’ understanding of fractions. Thus using visual manipulatives 
was favoured to improve their conceptual understanding. The study focused on 
the following questions: What visual manipulatives are suitable for teaching 

and learning fractions to Grade 9 learners? How can visual manipulatives 

be used to enhance conceptual teaching and understanding of fractions in 

mathematics?  

 

LITERATURE REVIEW 

Understanding fractions has proved to be a problem to many senior phase learners 
and all the other grades in South Africa and all over the world. According to 
Clarke, Roche and Mitchell (2008), many teachers find fractions difficult to 
teach, and in turn, many learners find them difficult to learn. They also said much 
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of the confusion in teaching and learning fractions appears to arise from the many 
different interpretations (constructs) representations (models), and coding 
conventions presented to them in earlier grades, for example, 5

4
, 1 1

4
, 1.25 and 

125%. There are, thus, many misconceptions in both the teaching and learning of 
fractions. Educators in some cases struggle to find better strategies and 
appropriate visual aids to teach fractions so that learners understand the concepts 
and procedures needed to be able to work with the topic.  
Curriculum documents sometimes give the impression that the ultimate goal of 
teaching fractions is that learners will be able to carry out the four operations with 
fractions. Learners need to be given time to understand what fractions are about 
(rather than moving quickly to computation) and that the ultimate goal should be 
to develop learners who can reason proportionally. Teachers emphasize the 
meaning of numerator and denominator before learners really understand what a 
fraction is (Siebert & Gaskin, 2006). When learners are trying to make sense of 
common fractions, teachers typically define a fraction like  3

4
, as the denominator 

4 tells you how many parts the whole has been divided into equal parts, and the 
numerator 3 tells you how many of these parts to take, count, or shade in. This 
emphasis on procedural understanding of fractions may result in lack of 
conceptual understanding.  
Learners tend to read and take numbers on a fraction as discrete numbers and may 
not understand that these numbers explain how many parts of a whole the fraction 
represent. This explanation may present challenges for improper fractions like  

7

 3
. 

An alternative explanation would be to present the denominator 3 as representing 
the name or size of the parts (thirds) and 7 tells us that we have 7 of those thirds 
(or 21

3
). With improper fractions, the denominator is telling us the size of the parts 

or the name of the fraction whether they are thirds or quarters, for example, and 
the numerator is telling how many of these quarters are present. Way (2011) 
cautions that “… care needs to be taken when “reading” fractions. If the 
numerator and denominator are read as two separate numbers, such as “two out 
of 3” or “two over 3”, this creates a barrier to perceiving the fraction as a number 
itself” (p. 155). If educators fail to read fractions properly, this may lead learners 
not understanding halves, thirds, quarters and so on. The notion of “fraction as 
division” is not a common construct in most people’s minds (Tobias, 2014).  
According to Cramer, Wyberg and Leavitt (2008) visual representations play an 
important role when students are learning about fractions. Fraction circle models 
have been found to be one of the most powerful iconic representations for 
teaching fractions. In some cases, learners get confused when comparing 
fractions and visuals such as fraction circles have proved to be useful. Visual 
representations such fraction circles help to show the learners how the fractions 
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are becoming smaller as the denominator becomes bigger. Pitsolantis and Osana 
(2013) posit that use of visual manipulatives helps learners to see the numerators 
and denominators of each fraction not as separate numbers. Atagi, DeWolf, 
Stigler and Johnson (2016) noted that despite the seeming usefulness of visual 
representations in the teaching of fractions in lower grades, teachers rarely go 
back to these visual representations at later stages of learning, assuming that such 
representations have outlived their usefulness. The assumption in some cases is 
that once learners have been taught the symbolic notation of fractions then the 
visual forms are no longer necessary. As noted by Atagi et al., (2016, p. 296), “It 
is unclear, however, whether the connections between visual representations and 
symbolic notation are no longer helping students after they learn the symbolic 
notation of fractions.” Thus in this study we considered to use visual 
representation during the teaching of fractions in grade 9 so as to maintain 
helpfulness of these visuals in interpreting what fractions are meant to represent. 
This was because research has established that visual representations shapes how 
learners conceptualise fractions, enable learners to make connections between 
their own experiences and mathematical concepts, and permits them to gain 
insight into abstract mathematical idea (Atagi et al., 2016; Pitsolantis & Osana, 
2013; Rau & Matthews, 2017) 
Strategies for teaching fractions 
The continual seeking of ways of teaching fractions for conceptual and procedural 
understanding cannot be overemphasised. As noted by Li (2008), it is not enough 
for learners’ knowledge of the division of fractions to be limited to the invert-
and-multiply algorithm. Learning dominated by theory without actual 
manipulation of objects leading to rules is not encouraged. In fact, many in the 
field have argued that learners’ learning of mathematics needs to go beyond rote 
memorization of procedures. Learning needs to focus more on learners’ 
conceptual understanding than on just the teachers’ instruction. Emphasis should 
be on giving activities that will help learners develop conceptual understanding 
when learning fractions. The use of contextually relevant models helps 
conceptual learning through the development of stronger connections due to 
models that are personally meaningful to learners.  Pitsolantis and Osana’s (2013) 
study showed that teachers should not only include pictures and models while 
teaching fractions, but should also have them side by side throughout the class 
while continually making clear connections between the concepts and the models. 
In some cases educators focus on giving learners procedures only during teaching 
which result in learners not understanding fractions.  
Usiskin (2007) said a fraction provides a convenient way of representing many 
numbers for example 1

16
 the same number as 0.0625 and is easier. Prior 

knowledge of the meaning of one-tenth, one-hundredth is rooted in understanding 
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fractions. Common fractions must be taught first before decimals in the 
curriculum. Fractions, decimals and percentages are prerequisites to other 
mathematical domains such as financial mathematics, algebra (equations and 
expressions), and trigonometry among others. Thus, a thorough understanding of 
fractions is required for successful development of these domains. To enhance 
understanding at whatever level of school learning, research has shown that it is 
crucial to represent mathematical ideas in multiple ways, including real contexts, 
physical models (manipulatives), pictures, verbalisations (Way, 2011) during the 
teaching of fractions. Taber (2009) said learners might explore equivalence in 
fractions by combining pieces of fraction circles. She supported the strategy of 
using fraction circles in representing fractions. She also said,  

When learners use manipulatives in unanticipated ways, we have to think 
more deeply about the mathematical ideas that the learners are 
communicating and make connections between their ideas and the 
concepts we are trying to teach. (p. 255).  

Teachers need to use different strategies that help learners to understand concepts 
like fraction circles, models or games and the learners work in groups or pairs to 
discover concepts. The teacher will then teach and link procedures to the concepts 
that the learners now have. Learners work with pieces of fraction circles in adding 
fractions with unlike denominators, where most learners have a misconception of 
adding the numerators together and denominators together. The teacher needs to 
understand the learners’ ideas when they present in different ways and link with 
them when teaching. 
Danielson (2009) came up with another strategy of adding unit fractions (any 
fraction of the form 

1

𝑛
 ) with different denominators where the numerator is 

divided by  𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟𝑠

𝑠𝑢𝑚 𝑜𝑓 𝑑𝑒𝑛𝑜𝑚𝑖𝑛𝑎𝑡𝑜𝑟𝑠
.  For example, 1

2
+

1

4
=  

1
2×4

2+4

=  
1
8

6

=
3

4 
 which 

will help learners to come up with the solution that they can get using the 
traditional way of finding the lowest common denominator. While this is a more 
complicated way of solving fractions, teachers need to be aware of such strategies 
in case some learners use them during learning. This literature explains how 
learners can come up with ways, which may be easier to them; of solving fraction 
problems, that enhances understanding of the concept at hand. Giving learners 
only the procedures results in them in just drill and practice how to add, subtract, 
multiply and divide fractions without conceptual understanding. Teachers need 
to expose their learners to different methods even those that their fellow 
classmates may come up with, since different methods will cater for different 
learners in the same learning environment. 
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Procedural and conceptual knowledge. 

Teachers need to emphasize conceptual knowledge for students to have adequate 
competence required for solving all types of problems and tasks (Khashan, 2014). 
Conceptual knowledge according to  Hiebert and Lefevre (1986: p. 4) is achieved 
by “the  construction  of  relationships  between  pieces  of information” and/or 
by the “creation of relationships between  existing  knowledge  and  new  
information that  is  just  entering  the  system”. As confirmed by Hiebert and 
Lefevre (1986), procedural knowledge is meaningful only if it is linked to a 
conceptual base. Siegler and Forgues (2015) suggest that conceptual knowledge 
is rich in relationships, connections and understanding relations between 
concepts. Researchers (Khashan, 2014; Siegler & Forgues, 2015) pointed to four 
basic stages to gain procedural knowledge that is based on conceptual knowledge. 
The first stage is pre-procedures stage where a learner has unorganized procedural 
knowledge. The second stage is the procedure stage, where a learner has one 
routine modality to solve problems. The third stage is the process stage, where a 
learner has many, flexible, and diverse modalities to solve one mathematical 
problem. The last is the conceptual procedure stage (percept), where learner’s 
procedural thinking is based on a sound conceptual basis, that is, where the 
learner is capable of coding mathematical thinking, underlying association, 
representation of concepts, generalizations, and mathematical algorithms 
(Khashan, 2014). Teachers need to understand that learners go through different 
stages until they can understand a concept, therefore they need to take learners 
through these stages. 
Tsankova and Pjanic (2010) noted that multiplying two fractions is usually 
introduced with the idea of finding a fraction of a fractional part. When this 
concept is new to students, it can be demonstrated by paper folding model. For 
example, 1

3
 𝑜𝑓 

1

4
, can be illustrated by folding a paper that shows a whole divided 

into four equal pieces, with each piece divided into three equal parts. The act of 
folding presents a visual representation of the process and the concept. Teachers 
at most rarely use models or aids when introducing multiplication of fractions 
(Taber, 2009) and paper folding is one strategy that can help learners to 
understand the concept. 
Thorough preparation prior to teaching fractions is crucial and not to only rely on 
textbooks. Researchers have found out that learners who understand fractions are 
taught fractions using different visual models without the use of only memorising 
procedures with no understanding  (Hallett, Nunes, Bryant & Thorpe, 2012; 
Siegler & Forgues, 2015). If learners are taught different procedures only without 
conceptual understanding, they will soon forget and may have increasing 
misconceptions in their learning of fractions. Use of various models like fraction 
circles and fraction walls help learners to concretise their understanding of 
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fractions. Fractions when properly understood will open ways for further 
understanding and learning of many other mathematical concepts like algebra, 
trigonometry among others. Successful conceptual and procedural teaching of 
fractions thus needs to incorporate visualisation processes. 
 
SIGNIFICANCE OF THE STUDY 

The research was triggered by the way learners were failing to conceptually 
understand fractions. Learners need procedural and conceptual knowledge to be 
able to add, subtract, multiply and divide fractions. This study focussed on 
understanding how the teaching and learning of fractions can be enhanced by use 
of visualisation processes. Research has shown that learners fail to understand 
fractions due to various reasons that include poor introduction (Dhlamini, 2014, 
Hallett et al., 2012), imbalances in procedural and conceptual knowledge of 
fractions. There is emphasis on more procedural knowledge (resulting in teaching 
rules such as ‘invert and multiply’) than conceptual knowledge. These 
discrepancies are strongly attributed to the pedagogical approaches teachers use 
when teaching fractions.  This study encourages the use of concrete objects to 
enhance visual learning of mathematical concepts such as fractions. It is hoped to 
encourage use of visual materials to help develop understanding and assist 
learners retain knowledge of fractions for a long time. Concrete objects were used 
to visually emphasize the meaning of fractions in an effort to enhance 
understanding. Learners need to build visualisation skills needed to solve 
problems. Prior to this study, these skills were lacking in the grade 9 learners we 
worked with in this study.  
The research also was interested in identifying efficient and simpler strategies 
that can be used to teach fractions. The intention of this study was to help improve 
the teaching and learning of fractions through use of somewhat taken for granted 
visual strategies.  
 
THEORETICAL FRAMEWORK 

This study is framed and guided by constructivist theory from both the cognitive 
and sociocultural perspectives. Constructivism is a theory that assumes 
knowledge  is  not  passively  received but  built  up  by  the  cognizing  subject  
(Glasersfeld, 2005). In the realm of constructivism, knowledge is constructed 
through active learning and participation. In a constructivist learning 
environment, teaching is learner-centred and the teacher’s role is to act as a 
facilitator. Constructivism encourages teachers to be flexible in their approaches 
and to use different strategies to allow learners to choose one method they 
understand best (Tobin, 1990). This is because for a constructivist, knowledge 
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is constructed from the meanings one attributes to the  environment in which he 
or she exists (Glasersfeld, 2005). Learning takes place by doing, and,  errors and 
misconceptions are important for learning to take place. Constructivism 
proposes that learning environments should support multiple perspectives or 
interpretations of reality (Tobin, 1990), knowledge construction, context-rich 
and experience-based activities. In the constructivist’s world, knowledge is a 
reflection of a representation, a portrait, or an objective world.  
Constructivism focuses on knowledge construction not knowledge reproduction. 
Teachers who have adopted these theories believe that children construct their 
own mathematical knowledge, rather than receiving it in finished form from the 
teacher or the textbook (Carpenter, 2003). An important component of 
constructivist theory is focusing child’s education on authetic tasks. Learning 
should integrate those tasks that are of the real world relevance and utility across 
the curriculum and provide appropriate levels of difficulty or involvement. 
Vygotsky (1986) posits that there is no knowledge independent of the meaning 
attributed to experience (constructed) by the learner, or community of learners. 
Hoong, Kin and Cheng (2015) suggested that if a child is to deal with 
mathematical properties he will have to deal with symbols or else he will be 
limited to the narrow  and rather trivial range of symbolism that can be given 
directly. Thus visual artfacts and models used in this study were not meant to be 
an end in themselves but mediate and scafold learning so as to use fraction 
symbols and generilisations with understanding. This also helped to avoiding 
limiting learners’ reasoning capability to the taught knowledge but help the 
learner to construct knowledge and deal with many mathematical problems and 
situations. In this study we viewed mathematics as a cognitive activity 
constrained by social and cultural process, and also as a social and cultural 
phenomenon constituted actively cognizing learners (Wood, Cobb & Yackel, 
1995). Constructivist theory was suitable for this particular classroom as it 
allowed teachers not to focus exclusively on dispensing content but also 
allowing teachers to place learners’ efforts to understand fractions at the center 
of the educational enterprise (Windschitl, 2002). 
 
METHODOLOGY 

This study was done in an action research format structured as a case study. The 
case was a grade 9 class of 30 learners at a school in Kuruman, John Taolo 
Gaetsewe District. The class was purposively selected. It was chosen because it 
was the only grade 9 class the first author was teaching during the time when this 
study was conducted. Ten lessons on fractions were prepared and taught for two 
weeks to grade 9 learners. The lessons had the following foci: Addition and 

subtraction of fractions; Multiplication of fractions; Division of fractions; 
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Revision on addition, subtraction, multiplication and division of fractions; 
Solving word problems on fractions; Addition and subtraction of algebraic 
fractions; Multiplication of algebraic fractions; Revision and consolidation of 
addition, subtraction and multiplication of algebraic fractions. Each lesson had at 
least one objective that was to be achieved. In each lesson plan, there were 
assessment tasks that were used to check if the lesson objective(s) were met. 
These were given as classwork or oral questions. 
Pictures of interesting scenarios and notes/memos were taken during teaching. 
These notes/memos and pictures together with learners’ exercise books 
comprised the sources of data for this study. Suitability and appropriateness of 
chosen teaching aids was assessed based on classroom interaction, easy to use for 
the learners and ability to lead into attainment of lessons objectives. Data was 
analysed through emerging themes that were influenced by both cognitive and 
sociocultural constructivists’ ideas. Work that was given and required learners to 
complete in groups (during class activities or after school) was analysed form a 
social constructivist perspective and that done individually (Classwork or 
homework) form a cognitive constructivist perspective. 
 
FINDINGS  

Classroom interaction 

The use of fraction strips and circles helped learners to talk during the lesson. 
They were at times difficult to control due to excitement.  Fraction circles helped 
learners to visually compare fractions and differentiate which fraction was bigger 
than the other (see Figure 1). Learners used fraction circles individually to 
construct their own understanding of mathematical concepts like equivalent 
fractions (see Figure 1). Fraction pieces were also used to add unit fraction, like 
when they put together two quarters to get one half. This helped the learners to 
understand that when adding fractions they only add numerators if the 
denominators are the same.  

 
Figure 1: A learner comparing and adding fractions 
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Fraction pieces were intended create mental pictures of different fractions and 
that would helped them to understand the meaning of a fraction. To consolidate 
and reinforce the concept of equivalent fraction, we also worked with fraction 
walls in this class (see Figure 2). Learners were allowed to work individually in 
their exercise books (see Figure 2) and 80% of the class successfully completed 
the task. Learners were allowed to discuss how different fractions were related 
and manipulated fraction pieces and fraction walls during this process.  

  
Figure 2: Fraction walls for equivalent fractions 

This worked well when fractions with different denominators were introduced. 
Learners managed to add fractions with different denominators using the 
equivalent fraction concept. There were a few who were still adding numerators 
together and denominators together when finding equivalent fractions. These 
were attended separately in their own group after school and were given both 
fraction walls and circle pieces to manipulate. The visual manipulatives shown in 
Figure 3 were given to learners to use to construct and shape their understanding 
of equivalent fractions. They were then required to use that understanding in 
adding and subtracting fractions. There was a lot of excitement during this 
exercise. This we attributed to the colourful visual manipulatives they were using 
during this lesson (see Figure 3 
). 
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Figure 3: Some of the visual manipulatives learners used 

Learners worked in groups and used paper model (Figure 2) and other 
commercially produced  models (Figure 3) in multiplying different fractions per 
group. They multiplied fractions using the models and they recorded all the 
results on the chalkboard, from the results they managed to deduce that when 
multiplying fractions they multiply numerators together and denominators 
together. During the class discussion, learners were actively participating and 
they were engaging each other in productive arguments. They would debate 
exemplifying with the manipulatives they had on their tables. They asked each 
other questions and they explained to each other. 
Access to mathematical concepts 

Learners expressed that the use of fraction circles and strips (Figures 2 & 3) had 
helped them to understand different fraction sizes. From our classroom 
observations, we noted that learners were able to note that if the numerator is the 
same, the more the denominator is increased the smaller the fraction. Drawings 
and fractions pieces were used to introduce fractions to give learners an 
understanding of what a fraction is before introducing the four operations on 
fractions. They used the same concept and it worked.  
During addition and subtraction of proper fractions, improper fractions and mixed 
numbers, learners used fraction pieces in form of strips and circles. There was 
improvement in the learners’ performance on addition of fractions. The two 
figures below (see Figures 4a and 4b) show work of one struggling learner before 
and after using fraction circles. A tenth of this class were still were still struggling 
after they wrote the classwork individually. 

                         
 

 
 
While few like Learner A (Figure 4) showed slight improvement, learners in this 
class were no longer adding numerators together and denominators together. 
Some were even able to use different strategies. Figure 5 shows the work of a 

Figure 4a: Learner A’s work 
prior to use of fraction pieces 

 Figure 4b: Learner A’s work 
after use of fraction pieces 
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learner who was able to do classwork given with lessor difficulties. We attribute 
such improvement to the space give to these learners to construct knowledge of 
fraction addition for themselves through visual manipulatives. 

    
Figure 5: Some learners’ classwork on mixed fractions 

While 30 % of the learners preferred to change the fraction to improper fractions 
and then add or subtract most preferred to add or subtract whole numbers first 
and then work with the fractions (see Figure 5). This was because of the tasks we 
did in class with fraction pieces. The work had mainly proper fractions. Learners 
chose to work with whole numbers first and then fractions later now using ideas 
gained from the use of manipulatives. Those who attempted to change to 
improper fractions had challenges and did not do well (see Figure 6). 

             
Figure 6: Mixed fractions work 

Work on mixed numbers remained a challenge to a number of learners in this 
class. This was because most of the manipulations we did with fraction pieces 
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tended to focus on proper fractions most of the times. Thus, the imbalance in the 
teaching was attributed to learners’ behaviour in the class exercise with mixed 
numbers. The teacher’s choice and use of manipulatives on mixed numbers had 
a noticeable influence on how and whether or not learners grasped the concept. 
Access to successfully understand addition and subtraction of mixed numbers 
was somewhat compromised by the strategies that the teacher used. 
The work was later extended to algebraic fractions. Here 70 % of the learners 
demonstrated improved procedural fluency in simplifying algebraic fractions. 
Their individual work in their exercise books (see Figure 7) showed this 
improvement. This was attributed to their prior understanding of common 
fractions. 

  
Figure 7: Simplifying algebraic fractions 

Access to understanding common fraction concepts was positively enhanced 
during the teaching process through visual techniques. This was inferred as an 
improved access to mathematical concepts as these learners showed conceptual 
and procedural understanding. Learners could follow all the steps necessary when 
adding and subtracting common fractions and algebraic fraction. The only 
challenge was with mixed numbers and we concluded that it was mainly because 
of the chosen strategies by the teacher during this part of the lesson. 
Attainment of lesson objectives 

In each lesson, there were short tasks at each stage of learning to help check if 
learners had grasped the concepts. In the introductory lesson, learners were given 
some tasks to do and some learners struggled with the work (see Figure 4a above). 
After using the fraction pieces, they were given the same work as mental 
mathematics tasks in the following lesson and the performance changed (see 
Figure 4b). To some extent, attainment of lesson outcomes was enhanced by 
using visual material. 
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Figure 8: One group’s work using area model for multiplication 

The area model was used to introduce multiplication of two fractions. Figure 8 
shows work done by one group in constructing and representing their operation 
of multiplication visually. We used this idea and it worked quite well for this 
lesson. Learners were able to link multiplication of fractions to area visually. 
They could multiply most fractions easily using the area method. The only 
problem with this method was noted when multiplication of mixed numbers was 
introduced. They multiplied whole numbers first and then multiplied fraction 
parts on their own. Learners need to be trained to become flexible in moving 
between different fraction representations. This can be achieved by making them 
familiar with different visual representations and manipulatives, as each model 
differs in its ability to reflect each construct or concept under investigation 
(Clarke et al., 2008). This was corrected by using again the area model in its 
variety of forms. One form is that of mixed numbers as seen from one group’s 
work in Figure 8c above. Some of learners used the area model to multiply 
fractions and they all succeeded on the tasks given. Again, the area model 
appeared to mediate learning well for these learners as could be seen from the 
classwork they later did as individual (see Figure 9). 

   
Figure 9: Learner’s work on multiplication and division of fractions 

During consolidation of the first four lessons, most learners demonstrated 
understanding of addition, subtraction and multiplication of common fractions. 
Those who struggled seem not be using the area model for multiplication and 
fraction circles for addition. However, division of fractions posed challenges to 
some of them.  
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The use of manipulatives aided the movement from common fraction to algebraic 
fractions which were discussed in later lessons without use of visual 
manipulatives. Learners were able to apply the concepts learnt in the previous 
lessons on common fractions. Twenty-two of the thirty learners were able to add 
or subtract algebraic fractions. With those learners who struggled, their problems 
were coming from not understanding other topics like exponents and 
simplification of expressions. When multiplication of algebraic fractions was 
done, some learners used the area model successfully. In this class, multiplication 
was found to be an easier operation on fractions compared to the other three 
operations.  Multiplication of fractions with brackets was a challenge. They forgot 
that the multiplier outside the bracket affects everything inside the bracket. 
However, this was emanating from other mathematical aspects that they had not 
mastered fully prior to dealing with fractions. Those learners who were struggling 
had misconceptions coming from other topics like exponents or equations and 
algebraic expressions. These challenges were later used to prepare a remedial 
lesson for this class. A constructivist teacher’s task is to help learners move from 
their inaccurate ideas toward conceptions more in consonance with what has been 
established and validated in the discipline of mathematics (Windschitl, 2002). 
Effect of prior knowledge 

Introductory lessons took longer than planned due to some learners who had 
forgotten previous grades’ work. Because of our constructivist perspective, our 
assumption was that these learners were not empty slates but brought prior 
knowledge and predispositions acquired from earlier grades. Initially, 60 % the 
class were struggling with addition of mixed numbers. On changing mixed 
numbers to improper fractions, they made some mistakes as the numbers they had 
to multiply become bigger. The improper fractions gave them problems when 
they had to change them to the same denominator (equivalence). About 20 % of 
the learners still were confused between addition and multiplication of fractions. 
Learners could now add, subtract and multiply fractions (see Figures 5, 7 & 9).  
Learners were expected to remember fraction concepts from grade 8. Some 
students could recall meanings of key terms like fraction, denominator, 
numerator, equivalent fractions, proper and improper fractions, mixed numbers 
and other terms connected to fractions. Learners could remember what a fraction 
is and were able to give examples of fractions. However, some learners could not 
remember work they did in earlier grades. These learners were adding numerators 
together and denominators together as shown in Figure 4a. This challenge existed 
in this class because learners’ prior understandings which are key in a 
constructivist class were very weak, and invariably become the prism by which 
new knowledge was viewed, interpreted and assimilated (Lerman, 1989). 
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We found out that some learners had a better understanding of fractions with 
different denominators but mixed numbers remained a challenge. Most learners 
knew what a fraction is, and they could shade 3

4
 and other fractions on a fraction 

circle but they did not have enough prior knowledge of how to carry out 
operations on fractions. This is the reason why elementary methods had to be 
used for these grade 9 learners. They could also order, compare and shade parts 
of a whole to show different fractions but they could not link it to addition of 
fractions (see Figures 1 & 2 above). Generally, their prior knowledge was not 
well grounded. They had superficial understanding of what they could remember. 
This then prompted the continued use of concrete visual materials. They could 
not show connections between individual fractions represented on fraction circles 
and operations. Both their prior conceptual and procedural understanding of 
fractions from earlier grades was weak.  
Solving word problems on fractions  

Most learners who managed to solve given word problems used sketches in their 
workings (see Figure 8 above). There are some who achieved without these 
sketches but were fewer. One major problem was reading the questions and 
understanding these word problems before answering. Those who drew sketches 
thus afforded themselves such an opportunity during problem solving. The act of 
drawing sketches helped them to read the questions thereby spending more time 
before they could apply appropriate fraction concepts but this was not the case 
with most learners who did not draw sketches. Care should be taken to make sure 
that correct sketches are drawn during problem solving. Those who did not 
succeed tended rush to answer before they fully understood the details of the 
question.  

 
Figure 10: Kelly’s work 

One such learner Kelly, got all the questions wrong and in some cases would just 
copy the question (see Figure 10).  One technique successful problem solvers use 
is to spend time in understanding the question (Tobias, 2014). Research has also 
found that providing students with situations that require them to think about a 
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given problem and use multiple strategies at once, can be a way to develop their 
procedural fluency (Tobias, 2014).  
Learners needed more time on division of fractions and solving problems with 
fractions. Learners could not follow the procedure of reciprocating and they 
ended up inverting the dividend or both of them. We did not use manipulatives 
as much as we did with multiplication. This was because the teacher assumed that 
the learners’ understanding of multiplication was going to assist them with 
division. As can be seen in Figure 11 below, Learner B struggled with this work.  

      
Figure 11: Learner B’s work on division of fractions be. 

Before dealing with problem solving, the teacher had to spend some time on 
division. The area model was used to show equivalence of fractions and then 
division. This helped the majority of the learners. Use of manipulatives should be 
encouraged (in varied proportions depending on the learners’ understanding) and 
continued for as many concepts as possible before learners can be allowed to 
abstract on those concepts. After division was revised with use of area model, 
there were some improvements (see another learner’s work in Figure 12). 

 
Figure 12: One learner’s work after revisiting division of fractions 

Later with problem solving, the first two lessons linked perfectly and some 
learners managed to remember the necessary procedures that were relevant for a 
given task. Learners were encouraged to read at least three times before 
answering problem solving questions. This helped them to create visual images 
for the problem during the process. The area model reinforced the concept of a 
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fraction being part of a whole. The teacher helped them to link with the previous 
lesson of addition of fractions. 
 
SUMMARY AND CONCLUSION 

This study assisted us to improve our understanding of how and when visual 
methods can enhance teaching and learning of fractions. With misunderstanding 
of fractions significantly common, and probably stems from misapplying whole-
number knowledge to addition with fractions (Pitsolantis & Osana, 2013), this 
study helped to also uncover how visual processes through fraction pieces can be 
used to successfully teach fractions.  
Some learners could recall what they were taught in the previous grades on 
fractions and some could not. Use of visual approaches assisted in helping them 
remember and increase the pacing of lessons during teaching. Visual 
manipulatives when appropriately used can link concepts together providing 
various ways of approaching a given mathematical problem. Teaching 
mathematics visually eliminates both academic and social differences that exists 
among learners in the classroom (Ramani, Siegler & Hitti, 2012) when solving 
mathematics problems. 
Working in groups helped learners to interact amongst themselves and understand 
how to multiply fractions using the area model. From the observation, learners 
were active during lessons and at times difficult to control due to excitement. The 
daily exercises and weekly tests showed that most learners gained understanding 
and participation. At the end of the two weeks, learners wrote a test that covered 
all the two weeks’ work on fractions. The results showed that the learners 
understood all the operations on fractions except division. A few learners were 
still treating fractions as whole numbers and they ended up adding denominators 
together and numerators together.  
While according to CAPS (DBE, 2011), grade 9 learners are expected to deal 
with word problems that involve fractions. This was different in this class as 
students were struggling with basic concepts that should have been well covered 
in the lower grades. Thus, we submit in this paper that use of visual manipulatives 
should continue even at senior phase (grade 9) as long as it helps to enhance 
understanding. Use of models like the area model is best for developing 
conceptual understanding but not as the main method of solving fraction 
problems at grade 9 level. At grade 9, once concepts are grasped, teachers should 
encourage mental arithmetic or procedural fluency of operations with fractions as 
these are necessary for learners’ further study of mathematics. 
Introduction of generalisations without physical manipulation and concretisation 
of concepts should be discouraged during teaching. This was evident when we 
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were dealing with division. Teachers are encouraged to movement from concrete 
to abstract as this crucial in the teaching and learning of mathematical concepts 
(Khashan, 2014). When solving word problems learners must be encouraged to 
take time to understand the question through representing given information 
visually, rather than rushing to respond by whatever strategy comes to mind first. 
Visual teaching of fractions and mathematics in general helps learners at any level 
to formulate ideas and develop understanding (Boaler, Chen, Williams & 
Cordero, 2016). Various visual techniques may also be used to check learners 
prior knowledge linked to a topic on hand.  
The problem we encountered in this study with mixed numbers, encouraged us to 
consider carefully how visual manipulatives should be used. This study concludes 
that teaching of fractions should be judiciously done practically, with 
manipulatives like the fraction pieces, fraction wall and various models, among 
others. This is considered as a way of fostering conceptual and procedural 
understanding of fractions. Manipulatives that help learners make connections 
between different mathematical domains should be sought. This will help learners 
to view mathematics as a complete body of knowledge and not just a collection 
of unrelated topics that must be learnt separately. The use of manipulatives is a 
need for most learners even though they are in grade 9 (where they should show 
abstract reasoning) or higher. This will provide learners with one way to ‘see’, 
understand and on their own extend the learnt mathematical ideas. 
While some studies argue that drawing, visualising or working with models is 
low level or for young children, some of the most interesting and high level 
mathematics is predominantly visual (Boaler et al., 2016). Teachers of higher 
grades are encouraged to continue using manipulatives to help learners reach a 
required level of ability to abstract. For lower grades, teachers are encouraged to 
use at least one problem-solving question in every lesson that is solved using 
visual strategies. Learners need to be trained to deal with problem solving through 
tasks that are carefully selected. Teachers at all school levels are encouraged to 
carefully select and use visual manipulatives to foster conceptual teaching and 
learning of fractions and other mathematics domains. Inadequate use of visual 
strategies and manipulatives will continue to present mathematics as an abstract 
subject of numbers and symbols that has nothing or little to do with improving 
mathematics teaching and transforming learners’ long lasting mathematical 
experiences.  
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TVET LEVEL 3 STUDENTS’ CHALLENGES IN THE 

LEARNING OF THE RECTANGULAR HYPERBOLA IN 

MATHEMATICS 

Nnane Rakhudu & Zingiswa Jojo 
University of South Africa 

 
A rectangular hyperbola is a rare and special type of a hyperbola whose two 

asymptotes intersect at right angles.  Secondary school and level 3 TVET students 

usually experience challenges with the interpretation and definition of the 

rectangular hyperbola in mathematics with special emphasis on its equation, 

plotting and finding the asymptotes of the graph. Spiral dialectic action research 

was used in a qualitative study, where a sample of 90 students divided into three 

groups worked collaboratively with the researchers to improve learning and 

follow the spiral pattern of reflection, in an ongoing analysis of results and re-

teaching using other strategies. A pre-test, semi-structured interviews and open-

ended questionnaires were used for data collection during three interventions 

(IN1 –IN3) done to minimize the students’ challenges. After each intervention a 

post-test was written and satisfactory results were obtained after the third 

intervention process. 

Key words: Rectangular hyperbola, asymptotes, graphs, interventions, action 

research 

 

INTRODUCTION 

The rectangular hyperbola function is one of the most complicated functions in 
which students struggle to find asymptotes when drawing graphs, yet it is one of 
the most basic tools for mathematics. Functions in algebra are some of the topics 
introduced to Level 3 students at TVET Colleges.  Many students join the college 
under prepared for the study of most topics in mathematics, including the 
rectangular hyperbola functions.  NCV Level 3 students are expected to 
understand the rectangular hyperbola with respect to: (i) drawing the graph, (ii) 
identification of vertical and horizontal asymptotes, (ii) graphical representations 
according to quadrants, (iv) symmetrical properties, and (vi) domain and range. 
However, the interpretation and visualization skills in learning hyperbola have 
been observed to be a challenging phenomenon for the underachieving students 
enrolled at all levels in the TVET colleges. This has become a pattern for the past 
three years in which mathematics has remained one of the subjects in the NCV 
examination where more than half of the candidates were unable to achieve a 
minimum 30% required score to pass. This evident from Figure 1 where 
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mathematics performance is shown to be below 30% although all other courses 
done by level 3 TVET college students registered way above the quoted 
percentage. 
 

 
 
 
 
 
 
 
 

Figure 1.1: TVET College Combined Comparative Results (November 2017) 

 
The performance reflected in the graph above is of great concern and needed to 
be addressed as it affected the throughput rate at the college in which the study 
was conducted. As can be seen from the graph, students do well in all the other 
subjects, but not in mathematics. The researchers decided to use only one 
programme for investigation of the problems that students face in mathematics.  
For example, in 2017, the overall pass percentage for all the subjects is more than 
50% whereas in mathematics it reflects 31.01%. The implication is that although 
the students managed to pass the other six subjects, they cannot not qualify for 
certification in Level 3 without the necessary achievement in mathematics (TVET 
Combined Comparative Results, November 2017). 
As a result of the poor performance by students in mathematics, South Africa 
experiences a shortage of professionals such as mathematics lecturers, engineers, 
financial experts, doctors and accounting lecturers, to but mention a few. This 
issue further necessitates that the government supplement the shortage with 
foreign workers, a step which has economic and social implications.  
Constructing and interpreting hyperbola graphs is one of the most important parts 
of the mathematics curriculum and is also a required mathematical skill for all 
college Level 3 students. The concept of a rectangular hyperbola is mostly 
applicable to both biological and physical sciences, while the authors, Marcus, 
Plumeri, Baker and Miller (2013) note that the function is sometimes known as 
an ‘equilateral hyperbola’ or a ‘right hyperbola representing ‘C’- shaped curves’. 
Its shape on the Cartesian plane is illustrated by vertical and horizontal portions 
of the curves which approach the y-axis and x-axis as one moves vertically and 
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horizontally, respectively. According to Marcus et al., (2013) for a rectangular 
hyperbola those portions never touch any of the axes of the Cartesian plane, 
depending on implicated asymptotes. Those authors further argue that the shape 
of a hyperbola is guided by asymptotes. They further assert that as points on a 
hyperbola graph move farther from its centre, those points come closer and closer 
to two lines known as asymptote lines. This latter definition is the one that was 
adopted and emphasized in this study and was recommended in teaching the 
drawing and interpretation of the rectangular hyperbola, both at matric and 
college levels.  
The purpose of this study is to use action research based evidence such as, pre-
tests, semi-structured interviews, and post-tests to address the research question: 
How can the challenges experienced by level 3 TVET college students in learning 
the rectangular hyperbola be identified and dealt with? This paper does not repeat 
the considerable evidence pointing to challenges experienced in learning about 
graphs within South African schools, colleges and higher institutions. Such 
information is available in abundance (Leinhardt, Zaslavsky & Stein, 1990; 
Sharma, 2006; Gilmore & Cragg, 2014). What is lacking in the literature are 
explanations of how spiral dialectic action research can be used to identify the 
challenges experienced by students in the process of gaining understanding of 
rectangular hyperbola. 
In the first part of this paper, we provide the analysis of South African students’ 
performance in TIMMS (2015). Next we present the definition of the function 
concept with special reference to the rectangular hyperbola specifying how 
functions are taught while referring to mentioned challenges found in teaching 
the hyperbola. Lastly, we conclude by highlighting some effective teaching 
strategies that were used in presenting the hyperbola in a way that students could 
understand the concept.  
 
LITERATURE REVIEW 

South Africa’s performance in the Trends in International Maths and Science 
Study (TIMSS, 2015), was used to compare, over a period of four years, the 
mathematics and science knowledge and skills of fourth and eighth grade students 
in forty-eight countries.  In this international comparative assessment, South 
Africa was positioned in 47th place for mathematics and 48th for science in 2015.  
This positioning indicates that South Africa’s science and mathematics 
educational systems are facing serious challenges. The World Economic Forum 
also claimed that the country displays the lowest performance for the quality of 
its mathematics and science education (TIMSS, 2015). This sounds a call to 
mathematics teachers and lecturers in the whole country to respond and design 
effective instruction that promotes meaningful learning of mathematics. In 
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addition, there was a suggestion that the curriculum should be re-designed to 
accommodate the improvement of students’ achievement and performance 
concerning those difficult components that occupy a large percentage of work, 
for example the understanding of the rectangular hyperbola. On reviewing the 
literature, only a limited number of studies that dealt with challenges faced by 
TVET Level 3 NCV students in understanding the rectangular hyperbola function 
in mathematics were found.  
Kieran (2002) asserts that a one-to-many correspondence is not regarded as a 
function, while a many-to-one correspondence could be a function. For students 
to have a proper understanding of the concept function, Daniel & Solomon (2011) 
suggest that students should know that a function; (i) consists of three sub-
concepts: the range, the rule of correspondence and the domain; (ii) can be 
represented in different ways, such as verbal, arrow diagrams, graphical and 
algebraic representations. According to Markovits and Bruckheimer (2010) the 
function is a concept that has undergone a significant amendment and has formed 
part of the mathematics curriculum for many years. For example, 18th and 19th 
century authors describe a function as a variable dependent upon other variables. 
According to Daniel et al., (2011:75), the word ‘hyperbola’ is derived from a 
Greek word, that means ‘over-thrown’ or ‘excessive’. The formula for the 
equation of a rectangular hyperbola is displayed in the form: (i) 

x

c
y   or cxy   

where 0; yx  and c  is a constant, (ii) q
px

c
y 




)(
  . It should be noted that the 

hyperbola has no x or y-intercepts, and in the standard form, 
x

c
y  , the graph is 

asymptotic to the x and y-axis, x ≠0 and y  ≠0. Also, according to Daniel et al., 
(2011), the hyperbola consists of two separate curves and is a discontinuous 
graph. Kieran (2002) defines a hyperbola as consisting of symmetrical open 
curves and is what results when one cuts a pair of vertical linked cones with a 
vertical plane. Thus a hyperbola is a graph with vertical and horizontal asymptotic 
lines. Both the horizontal and vertical asymptotes form a barrier to the graph 
curve.  
Kaufmann and Schwitters (2014) assert that in mathematics, a hyperbola is taught 
to be a smooth curve, found in a plane, defined by its geometric properties or by 
equations for which it is the solution set. The hyperbola is also taught to be the 
curve representing the function 

k
kf

1)(  in the Cartesian plane, as the appearance 

of a circle viewed from within it, as the path followed by the shadow of the tip of 
a sundial, or as the shape of an open orbit. Each part of the hyperbola has two 
arms that become straighter, further out from the centre of the hyperbola. 
Diagonally opposite arms, one from each branch, tend at their limit to a common 
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line, called the asymptote of those two arms. Therefore, there are two asymptotes 
whose intersection is at the centre of symmetry of the hyperbola that can be 
thought of as the mirror point about which each branch reflects to form the other 
branch. In the case of the curve 

k
kf

1)(   the asymptotes, according to Kaufmann 

et al., (2014) become the two coordinate axes. 
In the researchers’ experience one of the challenges faced by lecturers in teaching 
the rectangular hyperbola is the students’ lack of prerequisite knowledge (Kelly, 
2013) since the mathematics curriculum often builds on information learnt in 
previous years. Kelly (2013) asserts that if a student does not have the required 
prerequisite knowledge, then a mathematics lecturer is left with the choice of 
either doing remediation or forging ahead and covering material the student might 
not understand. The prerequisite knowledge necessary for understanding 
rectangular hyperbola includes finding intercepts with the axes; meaning of 
asymptotes and what happens when dividing a given number by zero. The main 
challenge for the students is centred around the identification of the asymptotes, 
the plotting, and interpretation of the graph. 
 
THEORETICAL FRAMEWORK 

This research is underpinned by a conceptual framework that describes how 
information is processed, absorbed, and retained during the learning process 
(Hiebert, et al (2011). According to these authors, prior knowledge as well as 
cognitive, emotional, and environmental influences all play a significant role in 
how understanding, new knowledge and skills are acquired and retained. Wessels 
(2003) describes Piaget's theory of cognitive development through a cognitive 
view, procedural knowledge and conceptual knowledge. Moreover, Woolfolk 
(2006) considers students as active participants in the restructuring of their own 
knowledge. In addition, McMillan et al., (2010) maintain that students’ 
knowledge construction is irreplaceable since they use their available knowledge 
to process and interpret new information. This information according to Hiebert, 
et al (2011) can be classified as either procedural or conceptual. Van de Walle 
(2004) describes conceptual knowledge as logical relationships connected to 
already existing ideas, constructed internally and originating in the students’ 
minds through reflective abstraction, in the form of thoughts about actions and 
ideas.  Mathematical exercises and tasks were utilized to help Level 3 students to 
build on their present knowledge, reorganize and re-structure those ideas towards 
more sophisticated notions. In contrast, Dossey et al., (2006) defines procedural 
knowledge in mathematics as the knowledge about the rules and the procedures 
followed when doing routine exercises as well as the symbols used in 
representing mathematical concepts. However, the use of the most skillful 
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procedure does not necessarily develop conceptual cognition that relates to 
understanding of a mathematical concept. Hence this study is located within the 
interpretive paradigm that afforded the researchers to interpret students’ 
conceptual understanding, procedural skills through the use of various activity-
based interventions.  
 
RESEARCH DESIGN AND METHODOLOGY  

The pragmatic worldview was fundamental to this research where a learning 
environment was utilized with the intention to improve on practice for successful 
learning of the rectangular hyperbola by using ethical and practical means that 
were relevant.  In addition, an action research design was followed in this study. 
Creswell (2014) notes that action research develops through the self-reflective 
spiral cycle of planning, acting, observing, reflecting and then re-planning, 
further implementing, observing and reflecting. In particular, a spiral dialectic 
action research process was followed (Koshy (2005)). Furthermore, Mills (2014) 
suggests that action research process should include identification of the focus 
area; collection of data; analysing and interpretation of data; and development of 
an action plan as illustrated in figure 2. From a population of 240 Level 3 TVET 
College students, the researchers selected a convenience sample of 90 students 
divided into two groups that were accessible.  
 
 
 

                                                         area of focus 

 

 

 

        Develop an                                                                     Collect data 
 
         action plan                                                                           

 

                                                         Analyze and  

                                                       interpret data 

 

                                                           

Figure 2: The dialectical action research spiral source: Adopted from Mills (2011:100) 
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The area of focus is identified as the students’ poor performance when learning 
the rectangular hyperbola. Data was collected through atrial of different teaching 
approaches spiralled together with tests written at different intervals during 
intervention.  
Analysis was done qualitatively after which an action plan was developed and 
evaluated until improved results were obtained. The intervals of interventions and 
actions taken are illustrated in Figure 3. 
 
 
 
 
 

 

 

 

 

 

 
 
 
 
 
Figure 3: Spiral for data collection 

 
Pre-tests, post-tests and semi-structured interviews were the main data collection 
instruments in this study. Nine students chosen on the basis of their responses in 
the written tests were interviewed using face-to-face type of semi-structured 
interviews in three intervals of intervention. Several methods, the table methods, 
asymptote method and integration of both methods were used respectively to 
approach the teaching of the rectangular hyperbola. After each approach done in 
weekly intervals, tests were administered, responses analysed and interventions 
applied. It was only after the third intervention after re-planning and reflections, 
that positive results in the students’ understanding of drawing, interpretation and 
analysis of rectangular hyperbola were seen. 
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FINDINGS AND DISCUSSION 

The researchers performed a qualitative question-by-question analysis that 
included processes of coding, categorising, and interpreting data to provide 
explanations concerning a single phenomenon of interest of the pre-tests and the 
post-tests administered. The responses to the questions in the pre-test provided a 
sense of the students’ difficulties and helped the researchers in planning ways of 
addressing them. The students’ results in both tests (pre- and post-) were 
compared to determine if the students’ understanding had improved or not. The 
researchers drew preliminary conclusions from the displayed data by using tables 
and graphs as the project progressed while the final conclusions were drawn only 
after the analysis was completed. The first question in the pre-test were used to 
determine if students could draw and interpret the graph of hyperbola using the 
table method. The second question assessed students’ interpretation of the effects 
of both negative and positive constant ‘a’ in the graph of  

x

a
y  . The third question 

assessed if the students could identify the horizontal asymptote. Results indicated 
that only 3% of students could draw the correct graph although none of them 
could write the correct coordinates. It was also observed that 88% of students 
drew incorrect graphs, for example, one of the graphs looked like an exponential 
graph while 9% of students left that section of Q1 blank and others gave incorrect 
graph interpretations. Students could not identify the asymptotes together with 
the horizontal and vertical lines of the graph 14


x

y . The pre-test average scores 

are reflected in figure 4. 
 

 
Figure 4: Average scores 

During interviews the students were individually questioned on asymptotic 
interpretation of the graph by the equation 14


x

y .  

 Interviewer: ‘By how many units did your graph shift? ‘Some of the responses were: 

 ST33:‘
2unit’;  
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 ST33: ‘I thought maybe from one on that graph we have to go to two.’ 
 ST72: ‘By -
1units’ 

 
 Interviewer: ‘Which direction is -
1units’  

 

 ST72: ‘I don’t know, these things sometimes they confuse 
me.’ 

 

When the students were asked to identify the horizontal and vertical asymptotes, 
the responses indicated that most students did not have a clue. The above 
responses indicate that the problem appeared to be wider than just identifying 
asymptotes but included lack of an understanding of the basic nomenclature of 
horizontal and vertical lines. During the reflection and re-planning session, it was 
decided that we need to apply intervention 2 (IN2). During this session the 
asymptote method of  
intervention (IN2) aided the students to manage the use and construction of a 
table when drawing a hyperbola. Subsequently students were required to sketch 
the graph of 

3
1



x

y and explain the method used. On the basis of responses 

presented, ST89 was requested to explain how he developed his drawing. ST89 
drew a partly correct graph without indicating the asymptotes. It was partly 
correct because the graph was touching the asymptote line x =-3. The absence of 
the indication of the asymptote line misled ST89 to draw a graph that touches the 
line x = -3. When ST89 was interviewed on how he drew the graph, his response 
was that he simply made the table and plotted the points on the graph paper to 
complete a hyperbola graph. Figure5 indicates how ST44 responded. 
 

 
Figure 5: ST 89’s Response 
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After intervention 2(IN2), there was a remarkable drop in the number of incorrect 
responses. IN2 made a positive difference as compared to the IN1. A noticeable 
increase in percentages of correct responses above 50% was also recorded. The 
improvement though was inadequate since the students became confused 
because there were no points that were giving them the direction of the graph.   
Thus only 11% of the students managed to apply the idea of the asymptotes 
together with the quadrant to plot the correct graphs. ST13’s response is 
illustrated in Figure 6.  
 
 
 
 
 
Figure 3: ST13’s work 

Although ST13 managed to draw the correct graph with the correct quadrants and 
correct asymptotes, the researchers realized that the student used a few points in 
guidance to get the direction of the graph. IN3 was then applied after reflections 
on the students’ responses were made. During IN3 the students were introduced 
to a combination of both the table method together with asymptote methods of 
rectangular hyperbola representation simultaneously. A post-test was 
administered and it was noticed that after IN3, on average, an increase of 78% of 
students displayed correct graphs as compared to the 3% of the pre-test. Also 
after IN3, a noticeable decrease of 6% of students presented incorrect responses 
as compared to the pre-test 88% initially recorded. The change in students’ 
responses can be associated with the confidence and excitement created by the 
interventions from IN1 to IN3 as regards the learning of the graph. The 
excitement could be evaluated from the statement by one of the students about 
drawing the graph during the last interview after the post-test: 
 ST25: ‘I find it to be easy and simple to plot the graph of hyperbola. Since you and 
other  lecturers started teaching us with the method you were using, that is noting what the 
 asymptotes are, understanding the role of ‘a’ in giving the correct quadrants and also 
 indicating important points like intercepts, I find it interesting and practical to learn the 
 hyperbola graph. Also, since I started learning hyperbola after your lessons, I realized 
that a  hyperbola graph is not complete until you indicate asymptotes. If you cannot indicate 
them  in your Cartesian plane, your graph can end up going over the asymptote line without 
 noticing.’ 
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CONCLUSION 

From this study it is evident that for students to make meaning of the hyperbola 
and how it can be constructed, they must practice the drawing with special 
emphasis on the indication of asymptotes and showing the intercepts of the graph 
if the graph has some translations.  It can therefore be concluded that when 
students develop and understand the suitable methods of plotting the hyperbola 
function they become empowered, and perform better in other related sections in 
mathematics. Also, when students have constructed knowledge (McMillan et al., 
2010), it becomes irreplaceable since they use their available knowledge to 
process and interpret new information. Thus lectures have to be persistent to 
ensure that topics are taught in different ways until students grasp the meaning so 
that they are well grounded for other mathematics concepts. In this way 
knowledge can be processed, absorbed, and retained during the learning process 
(Hiebert, et al (2011) of the concept in question together with those that rely on 
it. This was evident from the observed improvement in solving unfamiliar 
hyperbola questions, students’ capacity to identify wanted information, efficacy 
in choosing information required to solve the given question and discernment and 
discarding of irrelevant information in given graphs. Also this study revealed that 
lecturers should work in teams, reflect on their practice to ensure maximum 
understanding of function representations in all levels in TVET colleges. 
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MANIPULATIVES FOR EARLY GRADE WHOLE NUMBER 

AND RELATIONSHIPS: THE POTENTIAL OF THE 

MALAWIAN BOW-ABACUS 

Tionge Weddington Saka and Nicky Roberts 
University of Johannesburg 

 

This paper opens with an overview of the theoretical debates about the use of 

manipulatives in early mathematics learning, outlining some of the distinctions 

between manipulatives, mental imagery and structured and unstructured external 

representations. This theoretical framing sets the scene for a focus on the 

situation in Malawian primary classrooms where the commonly available 

artifacts are reported on. An indigenous Malawian tool – referred to as a bow 

abacus – and commonly found in the classrooms and homes of rural Malawian 

children, is discussed. Its use in classrooms has been noted, but the way in which 

it was used was found to be limited. As a result, drawing on the theoretical 

framing of the value of structured representations, suggestions to improve the 

way in which it can be used are made. 

 
INTRODUCTION 

‘Concrete materials’ or ‘manipulatives’ have long been advocated for as key way 
in which to support young children’s conceptual development of numbers and 
their relationships. According to Moyer (2001: 176), manipulatives are “objects 
designed to represent explicitly and concretely mathematical ideas that are 
abstract”. Teachers use them to assist learners to make sense of mathematical 
concepts with emphasis placed on starting with the concrete to move towards the 
symbolic.  However, the mantra of ‘move from the concrete to the abstract’ is no 
longer as commonly supported by the education literature. What was previously 
an apparent universal truism has been unpacked as a complex process involving 
both mental imagery and external representations. Flexible movement between 
representations, which come from, and can only be infused with meaning by the 
learners themselves, is valued. Such flexible movement between different 
representations has been referred to as ‘meta-representational competence’ 
(Boester & Lehler, 2008).  Not only is a young child able to choose from a range 
of representations, but they are encouraged to think about their choices and 
consider the efficiency of alternatives. Distinctions between structured 
(representations which build on the embodied structure of the human body with 
5 fingers on 2 hands to give a base 10 structure to numbers) and unstructured 
representations is brought into focus. 
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These debates on concrete materials and their effective use in mathematics 
learning, have largely taken place in the Global North. Here in the Global South, 
and in Africa in particular, we seem to still draw on the earlier research. Or 
perhaps we consider our context so distinct, that the research work on concrete 
manipulatives (which is now shifting to digital manipulatives) is not considered 
relevant in the realities of our mathematics classrooms? This is in no small part a 
pragmatic choice constrained by the cost of such concrete manipulatives. When 
considering how best to support our young learners, can we afford to be buying 
brightly coloured Dienes blocks, cuisenaire rods, bead strings, ‘rekenreks’ or 
abaci, which are produced and sold by global manufacturers?  
This paper opens with an overview of the theoretical debates about the use of 
manipulatives in early mathematics learning, outlining some of the distinctions 
between manipulatives, metal imagery and structured and unstructured external 
representations. This theoretical framing sets the scene for a focus on the situation 
in Malawian primary classrooms where the commonly available artifacts are 
reported on. An indigenous Malawian tool – referred to as a bow abacus – and 
commonly found in the classrooms and homes of rural Malawian children, is 
discussed. Its use in classrooms has been noted, but the way in which it was used 
was found to be limited. As a result, drawing on the theoretical framing of the 
value of structured representations, suggestions to improve the way in which the 
bow abacus is used are made.  
 
THEORETICAL FRAMEWORK  

This section provides the theoretical framing for the analysis and discussion of 
the use of manipulatives in five case study Malawian primary schools. First an 
overview of the reasons for using manipulatives and their relationship to other 
representations or models for mathematics is provided. Second the potential of 
using structured manipulatives which make use of a base 5, and base 10 structure 
is expounded. Finally a cognitive development framework for early number 
concept development is described, as this is used to suggest possible 
improvements to how manipulatives are used in mathematics classes. 
Rationale for using manipulatives in early grade mathematics  

Several researchers have identified the importance of representations in 
supporting children’s problem solving processes in mathematics, referring to 
these with various terms: representations  (Barmby, Bolden & Thompson, 2014), 
models, images, and tools (Askew, 2012). For the purpose of this study, we use 
the term manipulative to denote physical objects, or apparatus which children can 
arrange and manipulate.  



 

393 

 

Early mathematics education researchers explored the shifts from concrete, 
enacted experiences of processes to abstracting a general mathematical principle 
which is then symbolised using formal mathematical notation. This gave rise to 
much debate about ‘abstract/symbol first’ or ‘procedure/concrete first’ 
approaches to learning.  
Dienes (1963) explored a procedure/concrete first approach and examined 
children’s engagement with the Dienes blocks (blocks structured to define groups 
of tens, hundreds and thousands) with place value addition and subtraction. 
However through such experimentation with children, the expected progression 
from concrete to symbolic was found to be a complex process, which is closely 
related to abstraction (a shift in attention from the general to the specific and vice 
versa) (Dienes, 1963:68). The criteria for establishing whether a symbolic 
structure had been learnt were found to be problematic, and the variability of 
embodiments enacted by different children was seen to become so ‘noisy’ that 
the envisaged structure could no longer be discerned. 
The work by Dienes documents an early case of using concrete materials to 
support a mathematical process of addition and subtraction, where increasing 
symbolisation is envisaged. From these early stages, starting with concrete 
apparatus was thought to have some value in supporting the learning process. 
Piaget theorised four developmental stages: sensory-motor, to pre-operational, to 
concrete operational and to formal operational stages (Piaget, 1970). These 
developmental stages were linked to developmental age-bands and informed 
curricula development for a generation or two (Gravemeijer, 1997:163). However 
this ‘stage-age’ mentality has been widely criticised and Mason advocates for the 
developmental stages to be viewed as forms of attention, which all humans can 
utilize (Mason, 1989). He recognises that particular learners may have different 
dispositions with a tendency for one form of attention to be dominant, or triggered 
in different contexts. This marks an important shift away from stage-age 
approaches.   
The assumption of ‘start with the concrete’ was not universally accepted, with 
other theorists pointing out that embodiment (how the concrete materials are 
acted on and viewed) depends on the thinking of the child while they act. This 
was a point made by Holt  (1964) and repeated by Gravemeijer (1994). A further 
point which brought into the question the supposed wisdom of ‘start with the 
concrete’ highlighted the difficulties inherent in the concrete-abstract, and 
concrete-symbolic distinctions was made even earlier by Dewey: 

Instruction in number is not concrete merely because splits or beans or dots are 
employed. Whenever the use and bearing of number relations are clearly perceived, 
a number idea is concrete even if figures alone are used. Just what symbol is best to 
use at a given time – whether blocks or lines of figures – is entirely a matter of 
adjustment to a given case (Dewey, 1933:224). 
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Dewey refers to a ‘number idea’ as ‘being concrete’, which brings to mind Sfard’s 
(2008) notion of a ‘thinkable object’. The distinction between concrete and 
symbolic is not simply a matter of material and mind. The concrete can be in the 
mind, and the symbolic can be material (symbolic notation on a page is a 
concrete/materials artifact). The debate of ‘abstract/symbol first’ versus 
‘procedure/concrete first’ has faded, and sense-making in all mathematical 
engagement (whatever the mode of representation) has been foregrounded:  

‘Neither the abstract-first nor procedure-first approach to learning fosters the 
intention to make sense…Often when manipulatives are used in teaching 
mathematics, the teacher demonstrates the way they are to be used and students are 
given very little freedom to bring meaning to the experiences in ways that make sense 
to them…’ (Wheatley, 1992: 533-534) 

Much research (Wheatley, 1992:533-534; Sasman, Linchevski et al. 1999; Tall, 
2004; Sfard, 2008) has been conducted into children’s thinking, and their 
conceptual and procedural development in mathematics. Across this body of 
work there appears to be growing consensus that central to mathematical thinking 
is the ability to move between the multiple representations, however these are 
defined - Bruner’s (1994)  enacted, icon, and symbolic representations, Tall’s 
(2004) three worlds or any other categorisation of representational realms in 
mathematics. Boester and Lehler (2008:212) refer to this as ‘meta-
representational competence’: the ability to ‘represent similarity in multiple 
forms… to develop conceptual relationships among these different 
representational forms’. Abstraction to, and manipulation of, the formal symbolic 
notations are no longer a destination, but rather one possible lens through which 
to view and think about a problem.  
While the above advocates for flexible movement between representations, there 
is simultaneously recognition that making effective use of a particular 
representation takes time, and the purpose of and way of using it evolves over 
time (Askew, 2012). At the point when a ‘model for’ becomes a thinkable object 
which can be brought to mind and used to reason about a new problem situation, 
it is referred to as ‘a tool for thinking’ (Askew, 2012:112).  
Structured manipulatives 

Anghileri (2000:8) explains that manipulatives which can be joined or linked to 
each have ‘the potential to represent numbers in a structured way’. Linking cubes 
are often favoured as a rod of 10 can be compared to single cube units, from 
which the place value system may be inferred. In addition, a beadstring 
comprising 10 or 20 beads in alternating colours of groups of 5 beads, relates 
closely to the counting sequence, while also providing opportunity to infer the 
base-10 place value structure of the number system.  
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FIGURE 1: Bead string (20 beads split into groups of 5) 

Treffers explains that early grade learners ‘should be able to select the numbers 
straight away using a string of 20 coloured beads divided into groups of 5’ 
(Treffers, 2008:43). By using the phrase ‘straight away’, Treffers implies that 
children do not use a counting in ones approach to this task. Rather they make 
use of the 5-5-5-5 structure of the bead string and make use of known fact 
knowledge that 12 can be partitioned into ‘10 and 2’, or ‘5; 5 and 2’ to locate the 
12 beads. These kind of structured apparatus, which make use of manipulatives, 
figure in several cultures, such as the abacus in China, and the rekenrek in the 
Netherlands, or five and ten frames in Australia. 
 

A cognitive development framework for early number concept development 

The model for the development of numerical concepts at the age of 4 to 8 years 
by Fritz, Ehlert and Balzer (2013) will be used to guide the discussion on the use 
of counters on a bow (referred to ‘bow abacus’ in this paper) in developing early 
number concept. According to Fritz et al. (2013), development of number 
concepts occurs hierarchically in six levels; level I, Counting – an understanding 
of number words as counting words: one-to-one correspondence with objects; 
level II, the mental number line or ordinal number, the ability to name the 
predecessor and the successor of a given number on some kind of mental number 
line; level III, cardinality and decomposability, an understanding of the 
connection of number and set in a cardinal number concept; level IV, class 
inclusion and embeddedness or part-part-whole, an understanding of numbers as 
compositions of decompositions of other numbers modeled by the part - part - 
whole schema; level V, relationality, an understanding of congruent intervals 
between the number on the number line and level VI, units in numbers, grouping 
numbers of the same quantity (e.g. 3 x 4).  
Examples of activities for each of the six levels provided by Fritz, Balzer, 
Herholdt, Ragpot & Ehlert (2014) were found to be very helpful during the 
discussion.  
 
METHODOLOGY 

This small empirical study sought to describe the use of manipulatives in 5 
primary schools in Malawi as evident in Standard 1 classrooms (the first year of 
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primary school, where official starting age in this class is 6 years). As such the 
research questions guiding the study were: 

 Which manipulatives, if any, were evident in the Malawian classrooms 
across 28 observed lessons in 5 schools? 

 Based on small focus groups with learners, which manipulatives did 
learners report that they use in their Standard 1 mathematics classrooms? 

 How were the manipulatives used in the Standard 1 mathematics lessons? 
 Drawing on a cognitive development framework for early number concept 

and focusing on the bow abacus, how could its use be improved? 
The larger study on which this paper was drawn describes the culture of early 
grade mathematics classes in five primary schools in Malawi. The data reported 
in this paper was collected through observation of five standard 1  primary school 
teachers as they were teaching mathematics. The teachers and schools were 
purposefully sampled. 
Data collection was done in three phases, to represent the ‘slice of life’ of an 
academic year. A total of 28 lessons were observed and five focus group 
discussions were held with learners. Out of the 28 lessons, 25 lessons were also 
video recorded. The observed resources were based on 19 out of the 28 lessons 
that were observed. It was in these 19 lessons where the use of manipulatives was 
observed. 
During these observations the kinds of manipulatives used in the classes were 
documented. In addition, learners (n = 22) were asked which manipulatives they 
used in mathematics class during learner focus group discussions. This work was 
undertaken following the ethical processes requiring voluntary, informed consent 
for educational research and under the University of Johannesburg’s protocol 
number of 2016-094. 
 
RESULTS 

Learners were asked to mention the manipulatives that they used when learning 
mathematics. Twenty two (22) learners provided the responses. Figure 1 below 
displays the responses they gave out during the focus group discussion. 
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FIGURE 2: Manipulatives learners reported that they used when learning mathematics (Saka, 
in progress)  

An observation of the classes revealed that in fact there were a more extensive 
range of manipulatives used in the Malawian schools under study: 

 Bottle tops 

 FingersStones 
 Maize seeds 

 Small sticksBean seeds 
 Green leavesBow abacus 

 
The manipulatives were seen to be used during the whole class discussion when 
the actual teaching was conducted and in other stages of the lesson. This more 
extensive list, is not surprising as the focus groups (n=22) were smaller than the 
population of learners observed across the 5 classrooms (n=574).  
There was considerable agreement between the observation of the resources used 
in the classroom and what the learners explained as the resources they use when 
learning mathematics as presented above. However, the researcher did not notice 
the use of pencils as manipulatives, although this was reported by the learners in 
the focus groups. Learners were observed using pencils as writing materials. In 
contrast, the researcher noticed that bean seeds, green leaves and bow abaci were 
used (when these were not mentioned by the learners in the discussion group).  
All of the manipulatives provided discrete objects for counting which were 
locally available. The only manipulative which had the potential for any structure, 
was the bow abacus. Some learners (10) were seen having a bow abacus which 
was used when they (learners) were solving additive relations problems. The bow 
abacus is home-made tool to assist learners understand the number concept in 
addition to using it for number operations. No teacher was seen using it in any of 
the classes observed but it was a tool which learners brought into class, used as 
they saw necessary.   
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The manipulatives were observed to be used in the following ways; 
 Showing the ‘numberness’ of a number (learners were shown different 

objects and the number that the objects are represented with for example, 
being shown three objects represented by the number ‘3’). 

 Determining the numerocity of a given set (a collection of objects like 
stones were put together and learners were asked to count). 

 Showing how a numeral looks like (learners shown a number on a number 
card). 

 Performing additive relationships (only the ‘count all’ method was 
observed in use during addition and take away method used during 
subtraction). 

 
DISCUSSION 

In this section we turn to discuss the implications of the above findings, with a 
view to make suggestions for how the use of manipulatives could be improved in 
the Malawian context. 
It was pleasing to note that local resources were used in the schools, as the 
manipulatives were familiar to the learners. It was also clear that the discrete 
objects (beans, seeds, leaves, stones) could be utilized with little or no cost. Of 
particular interest was the bow abacus as this was a commonly available tool 
which learners made themselves and brought to class. With some slight 
modifications, this indigenous apparatus could be refined to provide a structured 
manipulative. 
Description of the bow abacus in the current state 

The bow abacus is made from locally available resources. The following are some 
of the  resources that are needed to make the bow abacus; a flexible stick or a 
bamboo, a string, bottle tops or small pieces of reeds and an object that you can 
use to make holes for example a nail. The length of bow can be determined by 
the one making it. To make the bow abacus, you drill holes at the centre of the 
bottle tops or small pieces of reeds. Use the string to hold all the holed counters. 
Tie one of the flexible stick. Then pull the string to tie the other end of the stick, 
bending the flexible stick to a required shape until it forms a bow shape. Tie the 
string on the other end ensuring that it is firm. You have the bow abacus! An 
illustration of a bow abacus is shown in Figure 3. 
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FIGURE 3: An illustration of the current bow abacus 

A bow abacus seen during the study is found in figure 4 below. 

 
FIGURE 4: An example of a bow abacus used by learners 

The bow abacus in figure 4 has 35 bottle tops and 2 plastic rods. This bow abacus 
was used by a standard 1 learner at one of the schools where the study was carried 
out. Although learners in standard 1 are exposed to numbers up 9, the learner had 
a bow abacus with more than the counters that were needed. 
Description of the modified bow abacus 

The resources and actual making of the modified bow abacus is as explained in 
the current bow abacus. A slight modification to the bow abacus would be to limit 
the number of counters to 10 or 20. In addition, the bow abacus could be 
structured like a rekenrek or bead string by varying the colour or kind of counters 
used.  
To begin with, a bow abacus with 10 counters is proposed (five counters of one 
colour or type should be on the left of the bow abacus and the rest on the other 
side). This is also in line with the current Malawi national mathematics 
curriculum where learners are initially exposed to numbers 1 – 5 where they are 
introduced to the numbers and operations on the numbers (only addition and 
subtraction at this stage). With the proposed abacus, it is possible to support 
learners develop an understanding of numbers from 1 to 5. The modified bow 
abacus may look like as shown in figure 5 below. 
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FIGURE 5: An illustration of the modified bow abacus 

It is worth mentioning that the bow abacus may either be handheld or placed on 
a flat surface. The modified bow abacus, as also is the case with the current bow 
abacus, is not based on place value columns.  
Once children are fluent with using the 10 counter (with a 5- 5 structure, where 
each group of 5 is of the same colour or type), the bow abacus can be extended 
to include 20 counters (with a 5-5-5-5 structure, where each group of 5 counters 
is in the same colour or type of counter).  
Using the modified bow abacus in developing early number concepts 

This section provides a description of how the bow abacus can be used to bring 
about an understanding of the number concept by early grade learners. This 
discussion will centre on how learners can be assisted to develop an 
understanding of the number 7, just as an example, based on the levels described 
by Fritz et al. (2013). The illustration of the modified bow abacus in figure 5 
above will be used in the following discussion. The entry point would be to make 
sure that learners have familiarised themselves with the bow abacus. It may be a 
good idea to make sure that all learners have the tool and the one with the teacher 
should be bigger than that of learners to enable learners to clearly see as the 
teacher would be modeling different situations. 
Using the bow abacus to support counting 

Much as learners will be required to recite the counting list up to 10, what would 
be crucial at this level is to assist learners to match sets of tangible objects in a 
one to one correspondence. Counting at a correct one-to-one correspondence is 
defined as one’s ability to successfully label each object in a counting sequence 
with the correct unique number word (Gelman & Gallistel, 1978). For correct one 
to one correspondence when using the bow abacus, learners should be encouraged 
to hold and slide an object at a time towards the left until they get to the last object 
to be counted. The touching and sliding should be preceded by the mentioning of 
the number name. The key skill is to coordinate saying each number name with 
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the movement of one counter at a time. The announcement of how many were 
counted, then follows.  
Example Task 1: 
Teacher:  Count up to 7 using the bow abacus.  
Learner:  1 (learner touches and moves 1st counter to the left and says: ‘one’);  

2 (learner touches and moves 2nd counter to the left and says: ‘two’); 
Etc… 

7 (learner touches and moves 7th counter to the left and says: ‘seven’);The 
touching and sliding of the counters towards the left will assist learners to separate 
the already counted from the ‘still to be counted’. Using this strategy, 7 would 
necessarily comprise of 5 counters of one colour, and 2 of another. It is this groups 
of 5 structure, which supports rapid recall of number facts (4 is one less than 5, 
where as 7 is 5 and 2 more). The grouping – made explicit by the 5-5 structure is 
made explicit by the change in colours/type of counter. At the same time, when 7 
counters are on the left, the 3 ‘still to be counted’ counters remain visible on the 
right. This helps with the relationship that 7 is also 3 less than 10.   
 
Once learners are counting reliably (coordinating their actions with their naming 
of each counter), they can respond to Wynn’s (1990) ‘give a number’ tasks. 
Example Task 2: 
Teacher:  Show me 7 on the bow abacus. 
Learner:  Some learners may count in ones, to reach 7 

Others may move a group 5 counters with one movement, and count 
on 2 more: 6,7 

 
In addition to this, learners should also be provided with ‘how many are there?’ 
tasks. The idea with this is for the teacher (or a partner) to hide a certain number 
of counters, and for the learner to rapidly identify how many counters remain 
visible. 
Example Task 3: 
Teacher:  (Hiding/holding 4 counters in her fist) How many can you see? 
Learner:  Some learners will count from 1, in ones, to reach 6: 1, 2, 3, 4, 5, 6. 

Other learners may immediately identify a group of 5 (in one 
colour/type), and count on 1 more: 5, 6.  
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Once learners are confident to reliably count in ones to ten, they can be 
encouraged to count backwards (first from 10, and later from any starting 
number). The key skill is coordinating the number names with touching and 
moving each counter.  
Using the bow abacus to support understanding of ordinality  

Ordinality is related to Gelman and Gallistel’s (1978) stable order principle which 
is about knowing that the number-name list (i.e., one, two, three…) must be used 
in a fixed order every time a group of objects is counted across all trials. Some of 
the activities at this level would include; finding the preceding and succeeding 
numbers and addition and subtraction in story problems (Fritz et al., 2013). 
Learners may be asked to show on the bow abacus either a number before a given 
number or after a given number. 
Example Task 4:  
Teacher:  Show me 7 on the bow abacus (as for Task 1 or 2 above) 
Learner:  Shows 7 by counting in ones: 1, 2, 3, 4, 5, 6, 7  
Teacher:  “What number comes next? What number comes after 7?  ‘Show me 

one more than 7’ or ‘add one more to 7’ 
Learner:  (Moves one more counter): 8 
The same could be done for one less than 7 or remove/take away 1.  
Using the bow abacus to support cardinality and decomposability 

According to Gelman and Gallistel (1978) the cardinality principle states that the 
number name used for the last object in a count symbolizes the total number of 
objects in a set.  
Example Task 5: 
Teacher:  Count to 7 or show me 7 on the bow abacus (as for Task 1 or 2 
above) 
Learner:  1, 2, 3, 4, 5, 6, 7 
Teacher:  So how many counters are there? 
Learners:  Some learners may start counting and moving counters from 1 again. 

These learners have not yet learnt that the last number name is the 
number in the set. 
Other learners may say that there are ‘seven counters’. These 
learners realise that the last number named in the counting sequence, 
is the value of the set that they have counted.   
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An understanding of the cardinality principle is considered as the ‘capstone of 
early numerical knowledge, and the necessary building block for all further work 
with number and operations’ (Clements & Samara, 2007:476). A learner has not 
mastered the cardinality concept, if, when asked how many objects there are in 
the set after counting, a learner either provides a wrong number or counts again 
to determine the number of items. 
Some of the activities that may be carried out with learners may include; 
organising elements and identifying them, applying the ‘order irrelevance 
principle’. This principle according to Gelman and Gallistel (1978) states that the 
order in which objects are counted does not matter as long as none of the other 
counting principles are violated. Following the understanding of one to one 
correspondence and ordinality, learners should be asked questions where they 
will be required to touch and slide towards the centre a given number of objects 
on the bow abacus and asking them how many there are after their counting. 
Several opportunities should be provided for this to enable them master the 
cardinality principle.  
Using the bow abacus to support part-part-whole relationship 

Van de Walle, Lovin, Karp and Bay-Williams (2014:122) argue that ‘to 
conceptualise a number as being made up of two or more parts is the most 
important relationship that can be developed about numbers’.  Adequate time 
should be spent on each of the numbers that learners are introduced to. Some of 
the activities learners will have to be assisted to go through could be; determining 
subsets and determining subsets with only one set (Fritz et al., 2013).  
Learners at this level may respond to the ‘show me’ tasks in ways that do not 
require counting in ones: 
Example Task 6:  
Teacher:  Count to 7 or show me 7 on the bow abacus (as for above) 
Learner:  5, 6, 7.  The learner moves 5 beads (in one motion) and then moves 
2 more) 

Or ‘10, 9, 8, 7’ The learner hides 3 counters while counting 
backwards. Or ‘10,… 1,2,3,… 7’. The learner starts at (on the right) 
and counts 1,2,3 counters to hiding, announcing there are 7 
remaining (this is established either as a known fact (10 - 3 = 7), or 
by grouping the remaining counters into a group of 5 and 2 more.  

The learners can also be encouraged to show all the ways to create 7 using the 2 
groups of counters. In this case, the middle of the bow abacus is used to show the 
number.  
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Working on decomposing 5, learners should be assisted to explore on their own, 
the number of combinations they can come up with from the following; 5 black 
objects and none of the red ones, 4 black objects and 1 red, 3 black objects and 2 
red, 2 black objects and 3 red, 1 black object and 4 red, none of the black objects 
(0) and 5 red objects. A skeleton of 3 black objects and 2 red objects would look 
like this; 
 
 
In this case, for example, learners would see that 5 can be thought of as a set of 3 
and a set of 2. Van de Walle et al. (2014:127) recommend that focus should be 
on a single number for the entire activity and learners should begin such activities 
with the number 4 or 5. 
 
CONCLUSION 

The paper has provided a rationale for the use of manipulative in early grade 
mathematics, and distinguished structured apparatus from discrete object 
manipulates. A small empirical study has provided some evidence of the 
prevalence of manipulatives in Malawian Standard 1 classrooms, with most 
manipulatives being free, made of cheaply available discrete objects such as 
stones, leaves or beans. In addition, the empirical work revealed that a bow abacus 
is commonly available and used by children (although not used by teachers in 
their lessons). Drawing on a cognitive development framework, the potential for 
modifying the bow abacus and encouraging its use on each cognitive 
development level are put forward. The bow abacus discussed was having 10 
counters and can be used to introduce learners to numbers up to 10. The simple 
nature of the bow abacus renders itself to the ease of preparation. It is very easy 
to make as it requires simple resources. It is hoped that the appropriate use of the 
bow abacus will greatly assist teachers and learners in the teaching and learning 
of the early number concepts. The bow abacus can be used together with the 
existing manipulatives. Research has to however be carried out to measure how 
effective the bow abacus is in supporting the development of number concepts. 
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LEARNERS' UNDERSTANDING OF THE TOTAL SURFACE 

AREA OF A CYLINDER 

Sibawu Witness Siyepu 
Cape Peninsula University of Technology 

 

This article analyses mathematical ‘concepts and processes’ that should be 

explored to develop mathematical reasoning among Grade 11 learners when 

learning total surface area of a cylinder. The article used the qualitative case 

study research employing interpretive paradigm. Selection of learners was 

purposeful. Data were sourced through document analysis, classroom activities 

and formative assessment task. Mathematical knowledge for teaching was used 

as a theory underpinning the study to analyse data collected.  Findings reveal 

that geometrical concepts such as area, rectangle, circle, diameter, radius, 

circumference, height, annulus and pi should be explored to develop meaningful 

understanding of total surface area of a cylinder among Grade 11 learners. The 

study revealed that learners were not familiar with conjecturing and deduction 

to develop mathematical reasoning in mathematical arguments. The study 

recommends hands-on teaching approaches that will help learners to advance 

their mathematical reasoning through developing interconnections and 

interrelationships of mathematical concepts in the learning of the total surface 

areas of cylinders.  
Key words: Annulus; an area in geometry; area of a circle; area of a cylinder; 
components of a circle; conjecturing; deduction;  mathematical concepts; 
mathematical processes; mathematical reasoning   
 

INTRODUCTION AND BACKGROUND 

The purpose of the study is to analyse learners’ understanding of conjectures 
when deriving formula for finding the total surface area of a cylinder. This 
research explores the kind of knowledge teachers and learners should master to 
gain deep understanding on the development of conjectures to achieve 
understanding of the formula for the total surface area of a cylinder. South African 
Curriculum and Assessment Policy statement recommends that the formula for 
the total surface areas of various solids should be taught in Grade 11 learners 
under solid mensuration. A great deal of attention is currently being given to the 
knowledge that is unique to the profession of teaching (Welder & Simonsen, 
2011). Solid mensuration is a branch of mathematics that deals with the 
measurement of areas of various geometrical solids. Solids recommended to be 
taught by the South African Curriculum and Assessment Policy Statement (DOE, 
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2012) are cubes, cuboids, cylinders, cones and spheres. Researchers such as 
Welder and Simonsen (2011) conducted a study “on the content knowledge 
necessary for teaching the concepts learners need to master prior to entering the 
formal study of algebra” (p.1).  
The current study focuses on the development of conjectures to derive and apply 
the formula for the total surface area of a cylinder in a Grade 11 mathematics 
classroom. Conjecturing, derivation of formula for the total surface area of 
cylinders were selected as key requirements recommended by the South African 
Curriculum and Assessment Policy Statement (CAPS) (SA, DoBE, 2012).  
A conjecture is a mathematical statement that has not yet been rigorously proved. 
Lannin (2011, et al., p.13) state that conjecturing involves reasoning about 
mathematical relationships to develop statements that are tentatively thought to 
be true but are not known to be true. Conjectures arise when one notices a pattern 
that holds true for many cases. However, just because a pattern holds true for 
many cases does not mean that the pattern will hold true for all cases. Conjectures 
must be proved for the mathematical observation to be fully accepted. When a 
conjecture is rigorously proved, it becomes a rule, formula or a theorem. 
The fact that poor performance of learners in geometry persists in South Africa 
triggers the researcher to explore teaching approaches that should be adopted to 
develop sense making in the learning of mathematics. The consideration of the 
current study is to help learners trace how mathematicians achieve conclusion on 
conjectures of finding formula for the total surface area of a cylinder. The South 
African Curriculum and Assessment Policy Statement (CAPS) (2012) 
recommends that in Grade 10, learners should be taught how to solve problems 
involving surface area of solids studied in earlier grades as well as spheres, 
pyramids and cones, and combinations of those objects (SA, DoBE, 2012). CAPS 
also recommends that in Grade 11teachers should revise what had been taught in 
the lower grades.   
Prabha and Shanavas (2014) state that “education is meant to help people 
themselves in becoming self-aware, self-supporting and self-developing and it is 
not just the process of filling mind with information” (p.219). Learners usually 
encounter difficulties in understanding mensuration and solving problems in 
mensuration (Prabha & Shanavas, 2014, p.219). They further explain that “one 
of the reasons is that it is hard to remember concepts of various shapes they have 
learnt before” (ibid, p.219). They added that learners have to study about a 
number of mensuration formulae (ibid. p.219). Furthermore learners have to 
apply these concepts to a large variety of problems pertaining to various 
application areas (ibid, p.219).  
The learning of mathematics has a history of meaningless rules, formulae and 
theorems that are abstract to many learners. This leads learners to rote 
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memorisation of rules, formulae and theorems without making sense to learning. 
As a result, mathematics becomes a difficult subject to many learners as they 
cannot make sense out of it. Differently stated, mathematics does not make sense 
and meaning to a massive number of learners in their learning process.  As a result 
learners choose not to further their studies in mathematics. Consequently, South 
Africa remains having a huge shortage of qualified personnel in careers that 
require mathematics as a prerequisite (Siyepu, 2013).   
The purpose of the current study is to facilitate the process of conjecturing among 
Grade 11 learners to derive formula for finding the total surface area of a cylinder. 
This aims to assist learners to gain understanding of reinventing the formula of 
finding the total surface area of a cylinder. This can be done through exploring 
key concepts that are basic in development of a solid ‘cylinder’. Concepts such 
as area, base, height, conjectures and deduction should be flagged. For learners 
to gain understanding of the formula for the total surface area of a cylinder, 
concepts such as conjecturing, derivation, generalisation and justification should 
be facilitated and unpacked.  
As stated earlier-on faces of solids resemble shapes. This suggests that shapes 
such as circles, triangles, rectangles and their components should be unpacked 
and explored in lessons prior the introduction of the area of a cylinder.  There is 
a need therefore, to find out what kind of knowledge teachers should have in order 
to be efficient in their mathematics classroom, specifically in the teaching of 
mensuration. The current study sought to explore mathematical knowledge for 
teaching among Grade 11 learners and teachers who give grounding in the 
learning of the total surface areas of cylinders.  
The study sought to answer the following main research question: 
What are key mathematical ‘concepts and processes’ should be taught in Grade 
11 learners to facilitate learning of the formula for the total surface area of a 
cylinder? 
Consequently, the main research question was divided into the following sub-
questions: 

(a) How do teachers facilitate learners’ development of mathematical 
reasoning to understand formula for finding the total surface area of 
a cylinder? 

(b) What kind of knowledge should teachers possess to build 
proficiency of learners in conjecturing to generalise rules and 
formulae for the total surface area of a cylinder?  

(c)  
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RELATED LITERATURE  

Several researchers argue that low performance in mathematics may be dealt with 
special instructions and programmes designed to meet the special or additional 
needs of individual for developing mathematics skills (Chiesa & Robertson, 
2010). The current study intends to introduce special kind of geometry that should 
be learned as a prerequisite in order to ease learners’ mathematical reasoning in 
the learning of formula for the total surface area of a cylinder and its application. 
Several researchers argue that among other aspects of mathematics for teaching, 
task design and attention to mathematical content, object and processes are also 
important (Adler, 2010; Ndlovu, Amin & Samuel, 2017). The study examines the 
nature of geometry, the reasons for it being included in the school mathematics 
curriculum, and how it can be best taught and learnt in a South African context 
(Jones, 2002). 
Ndlovu, Amin and Samuel (2017) maintain that “the expertise envisaged for 
subject matter knowledge goes beyond mere ability to solve the problem; the 
expertise also requires the ability to explain the skills and knowledge required to 
solve a mathematical problem” (p.50). They further explain that teachers 
demonstrate inability to integrate concepts and failure to recognise 
interrelationships between concepts (ibid, 2017, p. 53).  The current study 
analyses the key mathematical ‘concepts and processes’ to be explained in the 
teaching of developing mathematical reasoning through conjecturing formula for 
the total surface area of a cylinder.  Ndlovu, Amin and Samuel (2017) explain 
that mastery of concepts is critical for successful teaching, as a result research 
reveal that plenty of learners are capable of carrying out procedures but have 
difficulties in explaining the processes and interrelationships between concepts 
(p. 56). Several researchers confirm that knowledge of procedures does not 
always translate into being able to conceptualise the concepts (Ndlovu, Amin & 
Samuel, 2017).       
Teachers struggle to make sense teaching of geometry, whereas measurements 
are applicable in real-life context. As a result learners fail to understand geometry 
in many of the school phases. Geometry is included in the school curriculum as 
it necessary for learners to have a background in measurements. Geometry assists 
learners to be able to name various objects using mathematics and everyday life 
language. Several shapes have common names and mathematical names. For 
instance a box of matches is a cuboid in a mathematical language and just a box 
of matches in a layperson’s language.  
Boxes of matches as shown in Figure 1 are built-up from a combination of 
congruent rectangles.   
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Figure 1: Boxes of matches that are built-up from a combination of congruent rectangles 

In order for learners to link mathematics taught at school they should be able to 
have an experience of shapes related to real-life context. As one can observe from 
the pictures in Figure 1, boxes of matches are built by combining congruent 
rectangles positioned opposite each other. British mathematician, Sir Christopher 
Zeeman states that “geometry comprises those branches of mathematics that 
exploit visual intuition (the most dominant of our senses) to remember theorems, 
understand proof, inspire conjecture, perceive reality, and give global insight” 
(Royal Society/JMC 2001). Teachers should not expect learners to understand 
abstract theorems if learners cannot be exposed to objects that exist in real-life 
context prior introduction of school geometry. For instance, presumably all 
learners start schooling with already having familiarity   of many cylindrical 
objects such as a straw; can of a drink; gas cylinder and water tanks as shown in 
Figure 2 below:      

Type of solids in real life context  
Straw Can of a drink   Gas cylinder Water tank 

 
 
 

   

Figure 2: Cylindrical objects such as a straw; can of a drink; gas cylinder and water tank  

The current study seeks to facilitate planning approaches to teaching and learning 
geometry, focusing on development of conjectures to derive the formula for the 
total surface area of a cylinder. It is important to ensure that the provision in the 
early years of secondary school encourages learners to develop an enthusiasm for 
the subject by providing opportunities to investigate spatial ideas and solve real 
life problems (Jones, 2002). Jones further elaborates that "there is a need to ensure 
that there is a good understanding of the basic concepts and language of geometry 
in order to provide foundations for future work among learners who are registered 
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for mathematics” (ibid, 2002, p. 133). Learners should be encouraged to use 
descriptions, demonstrations and justifications in order to develop the reasoning 
skills and confidence needed to underpin the development of an ability to follow 
and construct geometrical proofs (Jones, 2002. P. 133).  The current study aims 
to analyse core geometrical concepts that should be explored by teachers to be 
able to facilitate smooth understanding of the formula for the total surface area of 
a cylinder and its application to solve mathematical problems.  
As there are several factors that contribute to the poor performance of learners in 
mathematics, the current study focuses on mathematical processes and 
approaches that should be adopted to teach for understanding rules and formulae 
for the total surface areas of cylinders.  
 
THEORETICAL PERSPECTIVES 

Learners’ understanding of mathematics depend on what mathematics teachers 
know. The current study seeks to develop strategies that should be followed by 
teachers to be efficient in a mathematics classroom. The content focus in this 
study is the teaching of formula for calculating the total surface area of a cylinder.  
Mathematical Knowledge for Teaching underpins the current study. Ball, Hill and 
Bass (2005) claim that “despite the uproar and the wide array of proposed 
solutions, the effects of these advocated changes in teachers’ mathematical 
knowledge on learners’ achievement are unproven or, in many cases, hotly 
contested” (p. 16). Although many studies demonstrate that teachers’ 
mathematical knowledge help support increased learner achievement, the actual 
nature and extent of that knowledge—whether it is simply basic skills at the 
grades they teach, or complex and professionally specific mathematical 
knowledge—is largely unknown (ibid, 2005, p.16). The current study focuses on 
the need for special kind of geometrical concepts that should be unpacked to ease 
Grade 11 learners’ understanding of finding the formula for the total surface area 
of a cylinder. 
Researchers such as Stylianides and Ball (2004) suggest a framework that: 

Brings together the contributions of six approaches to research in studying teachers’ 
mathematical knowledge for teaching: analysing policy documents, teachers’ 
mathematical curricula, teachers’ mathematical knowledge, learners’ mathematical 
curricula, learners’ mathematical knowledge, and school mathematical practices. (p.3)      

The current study explores what the South African Curriculum and Assessment 
Policy Statement recommends to be taught in Grade 11 concerning the formula 
for finding the total surface area of a cylinder.  The approach adopted in the 
current study is that teachers should facilitate the process of developing 
conjectures to enable learners to generalise on how to derive the formula for the 
total surface area of a cylinder.  
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RESEARCH METHODS  

The current study is a qualitative case study research. Case study research is an 
investigation and analysis of a single or collective case, intended to capture the 
complexity of the object of study (Stake, 1995). The current study analyses 
learners' understanding of the total surface area of a cylinder. The research 
participants were a group of thirty students enrolled for mathematics in a Grade 
11 classroom in 2017 in one senior secondary school in the greater area of Cape 
Town in Western Cape. The school was chosen based on proximity. Learners 
were selected based on the needs of the curriculum.  Curriculum and Assessment 
Policy Statement (CAPS) in a South African context recommends that in a Grade 
11 classroom areas of solids such as cylinder should be revised at the end of the 
year.  
 
DATA COLLECTION  

Data were collected through analysing CAPS documents, classroom activities 
and formative assessment tasks as Activity 5 for mathematics in a Grade 11 
classroom. CAPS requires that teachers should facilitate the process of solving 
problems involving total surface areas of solids studied in earlier grades and 
combinations of those objects to form more complex shaped solids (South Africa-
Department of Basic Education, 2012). The following activities were 
administered to the learners:  
Activity 1. 
The activity below requires learners to explore the following concepts as shown 
in Table 1. 
 Table 1: Basic mathematical concepts in the learning of the total surface area of a cylinder.   

Mathematical concepts 
that were explored 

Describe the following 
mathematical concepts 

Illustrate each concept 
by means of a diagram or 
a symbol   

1. An Area     
2. A Circle    
3. Circumference   
4. Pi    
5. Diameter    
6. Radius    
7. Annulus   
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The mathematical concepts explored in Activity 1 above were identified as the 
key concepts to be explored to ease learners’ understanding when required to 
study total surface area of many solids such as a cylinder.  
Activity 2.  

In order for learners to understand the formulae for finding the total surface area 
of any solid, learners need to master shapes used to build a particular solid. For 
instance a cylinder is built up of two congruent circles and a rectangular shape. 
This suggests that learners should be exposed to activities that explore area of a 
rectangle and area of a circle as key shapes used to build a cylinder. Learners 
therefore should explore area of a rectangle. Figure 4 below shows a diagram of 
a rectangle divided into five columns and three rows. In order for learners to 
understand the area of a rectangle as length times breadth, building of a rectangle 
and count the number of square units in each box is necessary.  This shows that 
multiplying number of columns by number of rows always give the number of 
square units in a box.  
Table 2 shows how the formula for the area of a rectangle can be derived.    
 Table 2: This figure demonstrates how mathematicians derive formula for the area of a 
rectangle.   

01 02 03 04 05 
10 09 08 07 06 
11 12 13 14 15 

Area of a rectangle is the amount of space occupied by the rectangle. A rectangle 
has four sides and the opposite sides of the rectangle are equal. The area of the 
rectangle is the product of the length and width of the rectangle. 
Activity 3.  

In order for learners to develop understanding of the total surface area of a 
cylinder, teachers should first facilitate the derivation of finding the total surface 
area of a circle. Figure 3 shows an approach to be adopted to ease learners’ 
understanding of deriving the formula for the total surface area of a circle.   
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Figure 3: A circle divided into sectors that were re-arranged to resemble a rectangle.   
From an understanding that a rectangle is length times breadth, the radius of a 
circle can represent a breadth of a rectangle and the half of the circumference 
which is r2

2
1
 can represent the length of a rectangle. Therefore the formula for 

the area of a circle is 2rArrA   . In order for learners to understand the 
formula for the total surface area of a cylinder, fundamental mathematical 
concepts such as an area, rectangle, circle, radius, circumference and pi should be 
explored in a classroom discussion. The structure and net of each solid should be 
explored in mathematics classroom activities. The current study explored the 
solid and net of a cylinder.   
Activity 4.  

The diagram shown in Figure 4 represents a solid of a cylinder. South African 
Curriculum and Assessment Policy Statement recommends the use of solids and 
their nets to demonstrate for learners how formulae to calculate total surface area 
of solids were derived. The current study focuses on derivation of the formula for 
the total surface area of a cylinder and its application to solve riders.    

 
 Figure 4: A solid of a cylindrical shape 
A cylinder consists of two congruent circular surfaces joined by a curved 
rectangle. This can be seen easily in a net as in Figure 5.  
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Figure 5: A net of a cylindrical shape 

Prior the introduction of development of a conjecture to derive the formula for 
the total surface area of a cylinder, learners should be knowledgeable about the 
formula for the area of a rectangle and that of a circle. Looking at Figure 7 the 
formula of the total surface areas of two circles is 222 2 rrr   . Then the area 
of a rectangle in figure 7 which is length times breadth can be written in terms of 
a radius and circumference as rh2 . Hence the total surface area of a cylinder is 
the sum total of the three surfaces. This implies that the total surface area of a 
cylinder is symbolically represented as:   

rhrArhrrA  222 222  .  
The Activity 5 below was administered to learners as a take home test in the form 
of a formative assessment to find out learners understanding of the formula for 
the total surface area of a cylinder. This was to give learners a feedback to 
improve their understanding and a feed forward to the researcher to identify 
weaknesses and errors displayed by learners in their calculations. Activity 5 
requires learners to apply the formula for finding the total surface area of a 
cylinder and apply their minds to make deductions where necessary.    
 

Activity: 5   

5.1 The diameter of the base of a cylinder is 8mm and the height is 10mm. Find 
the surface area of the solid cylinder. 

 
 

Figure 6: Finding the total surface area of a cylinder 

5.2 In the diagram below cmR 7   and cmr 3 . Then calculate the area of the 
annulus region.  
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Figure 7: Finding the area of the annulus  

5.3 Use the diagram in Figure 8 to derive the formula for finding the total surface 
area of the cylinder with radius r . Then derive the formula for finding the total 
surface area of the cylinder with radius R . Then derive the formula for finding 
the total surface area of the annular region between the two concentric cylinders.  
 
 
  

 

 
 

Figure 8: Derivation of the formula of the annular between two concentric cylinders 

 
5.4 Figure 9  shows a section of a metal pipe. Given the internal radius of the pipe 
is 2 cm, the external radius is 2.4 cm and the length of the pipe is 10 cm. Find the 
total surface area of the pipe.  

 
Figure 9: Application of the formula for the total surface of a cylinder 
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DATA ANALYSIS 

The study extracted South African Curriculum and Assessment Policy statement 
to determine what is recommended to be taught in Grade 11 classroom 
concerning the formula and application of the total surface area of a cylinder.  
In analysis of Activity 1: The study tried to find mathematical concepts that are 
fundamental in the learning of formula for the total surface area of a cylinder. 
Activity 1 was administered to learners to assess their understanding of the 
concepts involved in the development of knowledge on the derivation of finding 
the formula for the total surface area of a cylinder. Learners were expected to 
demonstrate understanding through giving descriptions and illustrate the 
descriptions by means of diagrams or symbols. Appendix 1 attached gives 
memorandum for Activity 1.  
In analysis of Activity 2: The study revealed for learners that faces of solids are 
built up of shapes. For instance a cylinder is built up of the combination of 
congruent circles and a curved rectangle. The researcher also showed learners 
how the concept of an area was developed and how the formula to calculate the 
area of a rectangle should be developed as length times breadth.   
In analysis of Activities 3 and 4: The study demonstrates for learners how the 
formula for the area of a circle and consequently the total surface of a cylinder 
were derived. Activity 5 was used as a formative assessment to assess learners’ 
understanding of formula for the total surface area of a cylinder and its application 
to solve mathematical problems involving total surface area of a cylinder. 
 
RESULTS AND DISCUSSION OF THE STUDY 

This section offers results and discussion of the study. Results were analysed 
according the themes and subheadings as they were given in the data collection 
process.  The current study reports results based on activity 1 and activity 5 as 
activity 2; 3 and 4 were given as form of lessons to be understood prior the 
formative assessment given in activity 5.  
Results of the study with respect to activity 1.  

Learners were given Activity 1 as a take home test. Learners were allowed to 
search information using sources of their choice such as books, journals and 
internet. The results show that some learners could not select appropriate 
descriptions of certain mathematical concepts. Some learners selected long 
descriptions that include examples and further descriptions of mathematical 
concepts. This can be interpreted as that these learners have no understanding of 
economic definitions or descriptions. Almost all learners who participated in this 
study stated that they heard about the concept of annulus for the first time in their 
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learning experience.  As a result some learners could not give the description of 
an annulus. Despite that learners were given an opportunity to search information 
from various sources some could not come up with the correct description of pi. 
This suggests that components of a circle need to be taught in schools fully. That 
means learners should be exposed to all components of a circle such as diameter, 
circumference, radius, pi as , sector, secant, segment, concentric circles and 
annulus. Same applies in the process of determining areas, there were learners 
who could not give an illustration of an area, but they only drew a rectangle and 
showed the length and breadth as well as writing that the area of a rectangle is 
length times breadth.  
South African secondary school curriculum focuses in calculation of areas of 
certain topics in mathematics, as a result students enter university not mastering 
formulae for areas of certain parts of a circle such as area of a sector, segment 
and annulus. This makes derivation of areas of annulus region to be difficult for 
learners at tertiary level. As learners were sourcing information from internet, 
most of them could not understand the difference between the use of US language 
and, UK language which is similar to South African language. As a result they 
spelt a centre as a center. This suggests that teachers should direct learners on 
different kinds of languages used in a South African context or in a South African 
academic writing.  
Results of the study with respect to Activity 5.  

The current study revealed that all participants demonstrated an understanding of 
the calculation of the total surface area of a cylinder as required in 5.1 of 
formative assessment in Activity 5. All participants understood that in order to 
determine a radius when the diameter is given they have to divide the length of a 
diameter by two. This proposes that all participants knew that a radius was half 
of a diameter. There were participants who did not understand that the formula 
for the area of an annulus region could be derived by subtracting the formula of 
the smaller area from the formula of the larger area, despite that they know the 
formula for the area of a circle. In symbolic form this can be written as

22 rRA   . This suggests that those participants were not familiar with 
deductions and conjecturing. These results suggest that teachers should develop 
activities that prompt participants to derivation of formulae and emphasise 
processes on how learners develop mathematical reasoning.     
In Activity 5, question 5.3 some participants understood that to derive the formula 
for the area of the annulus region they have to subtract the area of the inner region 
from the area of the outer region but some learners did it the other way round.  
Some participants did not understand what should be done when instructed to 
‘derive’ the formula.  This suggests that those participants were not engaged with 
activities that guide them to a process of conjecturing in their learning of finding 
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total surface areas of solids. The current study administers a strategy of using 
activities that permits learners to develop formulae of various cylindrical shapes 
to be able to develop mathematical reasoning.  
Most of the participants were unable to find the correct solution for question 5.4 
as shown in Figure 11. Probably the question was vague for participants or it was 
complicated to find the total surface area of a pipe. However the participants knew 
that they should first find the area of the inner part and calculate as well the area 
of the outer part. The participants demonstrated language problem. Language is 
the vehicle that promotes the cognitive understanding and manipulation of 
mathematical concepts as well as the ability to explain and argue mathematically 
(Kabasakalian, 2007). Definition of a pipe states that a pipe is a hollow cylinder 
of metal, wood, or other material, used for the conveyance of water.  Participants 
were expected to find the area of the hollow cylinder only. The area of the hollow 
cylinder denotes that the cylinder is not closed. Therefore calculation of the 
hollow cylinder can be done through subtracting areas of the two circles from the 
area of an inner cylinder. The participants’ performance regarding this question 
reveal that teachers should be guided on how to develop classroom activities to 
facilitate learners’ mathematical thinking. This can be done through exposing 
participants to a variety of activities that reinforces understanding of conjecturing, 
generalisation and justifications in the learning of mathematics in general and 
total surface areas of cylinders in particular.       
 
IMPLICATIONS OF THE STUDY FOR TEACHING  

The study facilitates the process of developing mathematical reasoning among 
Grade 11 learners in a Secondary school in South Africa. The first activity 
explored learners’ understanding of key mathematical concepts that should be 
used to facilitate learners’ thinking to develop conjecturing, generalisation and 
justification in the learning of deriving formula for the total surface area of a 
cylinder. At the beginning learners were exposed to different types of solids that 
can be found in real-life context. These were boxes of matches, straws, and cans 
of a drink, gas cylinders and water tanks. Learners were also exposed to 
derivation of finding the area of a rectangle, a circle, solid cylinder and a net of a 
cylinder. The process of using a net of a cylinder was done to demonstrate how 
mathematicians derived that formula for finding the total surface area of a 
cylinder is rhrA  22 2  . The task given in Activity 5 was used as a formative 
assessment to find out what learners understand about application of formula for 
finding the total surface area of a cylinder. The formative assessment tasks in the 
Activity 5 were also administered to determine ability of learners in mathematical 
reasoning to make mathematical deductions.  
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The results of the current study suggest that learners should be familiarise with  
activities that can reinforce their understanding in development of conjecturing, 
generalisation and justification to be able to have mathematical reasoning in their 
learning of mathematics. The results of the current study reveal that key 
mathematical concepts such as area, circle and its components, notably, radius, 
circumference, pi ( ), diameter, rectangle, length, breadth and height should be 
thoroughly explored and unpacked to learners in order to gain meaningful 
understanding of formula for the total surface area of solids , particularly, 
cylinder.    
Teachers should be knowledgeable regarding strategies and approaches to be 
employed to facilitate the learning of finding formulae for the total surface areas 
of solids. Teachers should have knowledge of relating mathematical concepts 
with real-life context. Solids that are taught in mathematics should be related to 
solids in everyday life situations. Teachers should master both content knowledge 
and pedagogical knowledge of mathematics specifically, mensuration. The 
current study provides significance of facilitating the development of 
mathematical reasoning among learners through exposing them to conjecturing, 
generalisation, deduction and justification in the learning of mathematics.   
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Appendix 1 

The expected solutions of activity 1 are discussed as follows:   

Mathematical 
concepts that are 
explored 

Describe the following 
mathematical concepts 

Illustrate each concept by means 
of a diagram or a symbol   

1. An Area   The amount of space 
inside the boundary of 
a flat (2-dimensional) 
object such as a 
triangle or circle. 

                             

 

2. A Circle  A set of all points 
equidistant from a 
fixed point.  

                   

3. Circumference The distance around a 
circle.  

                    

4. Pi  It is the ratio of the 
circumference of any 
circle divided by its 
diameter. 

Pi (π) Definition: Pi is a number 
-         approximately 3.142.  

 

http://www.k-12preo.math.ttu.edu/
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5. Diameter  A line segment that 
joins the circumference 
of a circle passing 
through the centre of a 
circle.      

6. Radius  A line drawn from the 
centre of a circle to the 
circumference.  

                      

7. Annulus  Annulus is the region 
between two 
concentric circles.  

                    

Figure 4: Solutions of mathematical concepts explored in figure 1 
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GRADE 10 LEARNERS’ UNDERSTANDING OF 

MATHEMATICS WORD PROBLEMS 

Sibongile Zulu & Anthony A Essien 
University of the Witwatersrand, Johannesburg 

 
This study was inspired by the glaring poor performance of Grade 10 learners in 

mathematics word problems. The study was conducted to investigate the 

understanding of mathematics word problems in Grade 10, using the conception 

of relational and instrumental understanding by Skemp (1972) as an analytical 

framework. This was done through investigating two components of mathematics 

word problems, which are, the context and the language used in the problem. 

Data collection was done in a high school with Grade 10 bilingual learners, and 

was then analyzed qualitatively. Findings from the results indicated that learners 

understood mathematics word problems instrumentally rather than relationally 

as they did not make use of context in coming up with the solutions. Learners also 

had problems in understanding the language and the mathematical terms used in 

the questions, which also led to them generating incorrect procedures leading to 

incorrect answers.  

 
INTRODUCTION  

Durkin and Shire (1991) argue that it is difficult to separate the process of 
mathematical understanding from the language in which mathematical concepts 
are imbedded. This is especially true when dealing with word problems in 
mathematics. Mathematics word problems are a way of representing relevant 
information in the form of a short narrative rather than a mathematics notation 
(Daroczy, Wolska, Meurers & Nuerk, 2015). 
Having experienced teaching mathematics to Grade 10 learners in a multilingual 
school, the first author has learnt that learners understand mathematics word 
problems in different ways. Some learners tend to focus only on the types of 
questions and procedures used in classroom examples, which reduces their ability 
to work with new questions that are set differently. Other learners do understand 
that these are real life mathematics questions that may differ from the questions 
they are exposed to in the classroom.  
Barwell (2009) argues that teachers in multilingual classrooms are faced with the 
triple challenge of striking a balance among attention to mathematics, attention 
to the Language of Learning and Teaching, and attention to the mathematics 
language itself. From the first author’s experience, some learners may understand 
English and some of the mathematics terms used in mathematics word problems, 
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but they could still lack the skill of expressing their answers mathematically. 
These learners usually write their answers in sentences which shows a lack of 
understanding of mathematics as a language. For example, a question like:  
You are given 55 marbles out of a container full of marbles. You are then told 

that you have 50 percent of the marbles that were in the container. How many 

marbles were in the container before you had your 50 percent?  

Knowing that 50% is one half of a number, most learners would work backwards 
and simply multiply 55 by 2 instead of showing the mathematics representation 
which shows the translation from words into algebra as it is shown below:  

  
This representation shows that a learner understands that this is a multiplication 
problem, they clearly understand the meaning of a percentage, and they also 
understand the question itself (what they are supposed to solve for). By doing this 
a learner would be showcasing their understanding of mathematics as a language.  
Pimm (1987), cited in Schleppegrell (2007), points out that mathematics on its 
own is a language as it is also a system for making meaning. This implies that the 
understanding of mathematics as a language has an impact on the learners’ ability 
to work with mathematics problems.  
Understanding of mathematics as a subject is affected by many factors other than 
the Language of learning and teaching. These factors include a thorough 
understanding of each and every section (topic) covered in the syllabus as set per 
Grade and a good foundation to strengthen prior knowledge.  
The purpose of this study was to investigate the source of the errors learners make 
when solving mathematics word problems, and the influence of contextualising a 
mathematics word problem on learners’ understanding. The aim was to also 
determine how learners understand mathematics word problems, and how the 
errors they make are linked to language. Therefore, this study was guided by the 
following questions:  

 What influence does contextualising and de-contextualising questions have in Grade 10 
learners’ understanding of word problems?  

 How are the errors learners make when solving mathematics word problems linked to the 
language used in the questions, and the way in which they understand the question?  

South Africa’s Curriculum and Assessment Policy Statement Grades 7-9 
Mathematics (CAPS) document (Department of Basic education, 2011) states 
that in Grade 8 and 9, learners learn the algebraic language to recognise and 
interpret rules and relationships represented in symbolic form, and to recognise 
and identify conventions for writing algebraic expressions. Thus, Grade 10 
learners, who are the subject of this study would have already covered word 
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problems in mathematics in Grade 8 and 9. The learners come from a school 
which is located in an informal settlement. Most of the learners are from this 
informal settlement and have mainly the South African indigenous languages as 
home languages. 
 

CONCEPTUAL FRAMEWORK  

This study is grounded on Skemp’s notion of understanding in mathematics. 
Skemp (1972) suggests that there are two types of understanding in mathematics 
- instrumental understanding and relational understanding.  
Skemp (1972) defines, on the one hand, instrumental understanding as a multiple 
of rules that one easily follows to solve a mathematics problem, rather than 
principles of general application.  On the other hand, relational understanding is 
the understanding of mathematics concepts which is shown by the learners’ 
ability to connect simple ideas to solve a mathematics problem. Instrumental 
understanding is quite easy for learners to understand and yields good exam 
results expected by teachers, and the results are of more immediate quality and 
apparent (Skemp, 1972). Relational understanding is more adaptive to new tasks, 
and once mastered, is easier to remember, and could be applied to other subjects.  
 Skemp argues that the disadvantage of instrumental understanding is that it does 
not accommodate a variety of mathematics problems that learners may encounter 
in an examination. The disadvantage of relational understanding is that it takes 
too long to master, but is needed for some other questions in exams. This shows 
that the two forms of understanding are interrelated.  
According to Skemp (1972), one may claim to understand mathematics if they 
retain both forms of understanding. He suggests that the two are interdependent. 
Therefore, having both forms of understanding is necessary for both teachers and 
learners. This way, one avoids difficult situations described by Skemp (1972) 
where a teacher in a mathematics classroom teaches more for relational 
understanding while learners simply want the procedures. It also helps to avoid a 
situation where the teacher prefers giving out rules to solve certain mathematics 
problems to learners who are desperate to know what to do. 
    
MATHEMATICS WORD PROBLEMS 

According to Daroczy et al. (2015), mathematics word problems are a way of 
representing relevant information in the form of a short narrative rather than a 
mathematics notation. Mathematics word problems are a way of expressing 
everyday mathematics in the form of school mathematics (Swets & Zeitlinger, 
2000). When solving word problems, learners have to connect different concepts 
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and procedures which may apply when working towards the desired solution 
(Allan & Bernardo, 1999). In mathematics word problems, everyday mathematics 
problems are solved through a connection of different basic mathematics 
concepts which are then assembled to make a mathematics representation of the 
solution to the problem.  
Gerofsky (1996) claims that mathematics word problems follow a three – 
component compositional structure: (1) A set up component (2) An information 
component (3) A question  
These are components of each and every mathematics word problem. Although 
the set up component is not so important to the solution of the problem, but it 
gives the problem a context (usually a story based on a real life solution). The 
information component provides information relevant to solving the problem. 
This is the component that may be a source of the errors learners make when 
attempting to solve the problems. Lastly, the question component is reliant on the 
information component as it may be clearly understood, but incorrectly addressed 
if the learner has misunderstood the information given. (Gerofsky, 1996)  
According to Burton (1991), word problems have long been an accustomed 
feature of mathematics education, but many learners are faced with serious 
problems of transforming word problems into arithmetic or algebra. Allan and 
Bernardo (1999) argue that mathematics word problems are the most challenging 
problems learners have to solve in mathematics.   
 
UNDERSTANDING MATHEMATICS WORD PROBLEMS  

As it has been already stated in the preceding section that mathematics word 
problems are one of the difficult sections in mathematics, Daroczy et al. (2015) 
argues that the difficulty of mathematics word problems is due to both linguistic 
and numeric complexity. In support, Burton (1991) argues that many studies 
tracing back from the mid-seventies have been conducted investigating the 
linguistic factors that make mathematics word problems easier or harder to 
understand. These studies mainly used the linguistic factor to analyse word 
problems as they found it more important in the mathematics teaching and testing, 
and it was also believed to be one factor that may influence proficiency in 
mathematics word problems. (Burton, 1991)  
Bernardo (1999) claims that learners have more difficulty in understanding 
certain types of text (ambiguous and abstract) language used in mathematics word 
problems. These texts lead to learners committing more solution errors. In support 
of this argument, Cummins, Kintsch, Reusser, and Weimer (1988) add that the 
process of understanding language determines whether the learner will be able to 
correctly understand the different fragments of information provided in the 
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problem, and how they relate to each other. They claim that the learners’ 
understanding of the different elements in the information given, determines their 
choice of the solution procedure. (Cummins et al., 1988)  
 
RESEARCH DESIGN   

To investigate how learners in Grade 10 understand mathematics word problems, 
this study employed the qualitative research methodology. Learners’ tests and 
interview responses on mathematics word problems were interpreted. According 
to Aust (2001), qualitative research focuses on interpretation. A qualitative study 
makes use of suitable techniques to discover underlying motivations, feelings, 
values, attitudes and perceptions (Salkind, 2012).   
Sample  

This study makes use of the purposive sampling method which is a deliberate 
choice of the participants due to the qualities they possess (Bernard, 2002). The 
focus is on grade 10 learners, who will be able to answer the test and interview 
questions because they are doing mathematics, and mathematics word problems 
have already been covered as a topic in class. 
Data collection   

Data collection was in a form of a test and interview. A pilot study was also 
carried out before the administration of the test which was followed by an 
interview.    
Test  

This test was strictly a word problem test set up to the learners’ standard with the 
use of the mathematics Curriculum and Assessment Policy Statement Grade 10 – 
12 document (Department of Basic Education, 2011) to ensure content coverage. 
It was administered after they had done word problems in class and revised all 
the related mathematical terms and concepts used in them.  
Interviews   

According to King, Thomas, and Bell (2003), an interview is the most common 
method of data collection used in qualitative research. In this study, interviews 
were carried out face to face, with only 15 learners out of the 50 learners who 
wrote the test. The 15 learners were selected using the test scripts and 
performance. 5 learners who performed completely poorly, 5 moderate 
performances, and 5 who did exceptionally well. 
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DATA ANALYSIS  

 
 
Figure 1: Analytical Framework of study 
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Data was analyzed through the use of Skemp’s (1972) idea of instrumental and 
relational understanding. Where the learners’ responses for each category of 
questions (contextualized and decontextualized) set on the test were analyzed to 
see whether the responses indicated instrumental or relational understanding, or 
whether the learners understood the questions at all.  Indicators used to check for 
understanding and the type of understanding were developed by the authors (Zulu 
and Essien) and are depicted in Figure 1.  
Ethical Considerations   

Prior to carrying out the research project at the school, permission from the 
Gauteng Department of Education, the Ethics Committee of the University of the 
Witwatersrand as well as the school administration was sought. Permission was 
granted by all above mentioned members.  
 
FINDINGS FROM THE TESTS  

The graph in Figure 2 gives an overall performance of the 50 learners who wrote 
the test which was set out of 25 marks. Following the graph is table 1 which 
provides a breakdown on learners’ performance in each question set in the test. 
The table provides information on the differences in performance on the 
contextualised and decontextualized questions by indicating the number of 
learners who managed or did not manage to work through the question.  
Figure 2: Graph indicating learner performance in the test 
   
Table 1: Learner performance analysis. 
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Test questions   Number of learners with correct, 
incorrect, or no answer.  

Contextualized   Correct   Incorrect   No answer   

1.Thandeka is 21 years older than her 

daughter Thandi. The sum of their age is 37. 

How old is Thandi  

1  45  4  

2. A fruit shake costs R2.00 more than a 

chocolate milkshake. If three fruit shakes 

and five chocolate milkshakes cost R78.00, 

determine the individual prices.  

2  48  0  

3. Tumi bought 20 shirts at a total cost of 

R98.00. If the large shirts cost R50.00 and 

the small shirts cost R40.00. How many of 

each size did he buy?   

2  48  0  

Decontextualized   correct  incorrect  No answer  

4. The sum of 27 and 12 is equal to 73 more 

than an unknown number. Find the number. 
10  40  0  

5. If 4 times a number is increased by 6, the 

result is 15 less than the square of the 

number. Find the number.  

1  43  6  

6. The sum of two consecutive odd numbers 

is 20, and the difference is 2. Find the two 

numbers  

24  26  0  

    
The influence of context in mathematics word problems 

According to Wiest (1997), context is one of the aspects of mathematics word 
problems that affect learners’ performance. Boaler (1993a) argues that context in 
a mathematics word problem has influence in the problem solving stages of 
understanding a problem and planning for its solution.  
The impact of context in the solution plan 
In some of the test questions, learners did not show any form of understanding of 
the mathematics content in the problem. Instead, learners rushed into working 
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with the numbers provided in the problem without making use of the information 
they come with.   
For instance, in question 4: Thandeka is 21 years older than her daughter Thandi. 

The sum of their age is 37. How old is Thandi.  
Most learners’ answers suggest that Thandi is 16.   

  
This answer indicates little use of the problem context. The learners disregarded 
some of the information in the problem, like in the statement:  
Thandeka is 21 years older than her daughter Thandi.  
In this question, learners did not make much use of the context to come up with 
the plan to solve the problem. If they had, they would have realised that their 
answers had been unrealistic because Thandeka being 21 and Thandi being 16 (as 
according to their answers) suggests that Thandeka gave birth to Thandi at the 
age of 5 years. This shows evidence of instrumental understanding which does 
not require much reasoning in solving a problem, as the learners do not seem to 
make use of the fact that Thandeka is Thandi’s mother. The learners are also not 
aware of the relationship between the problem statement and their solution 
(Skemp, 1972). 
The impact of context in problem solving.  

To investigate how context influences problem solving, learners were given an 
additional question (a) to solve during the interview. The learners were simply 
requested to explain how they would solve the problem.  
a) It will be – 12ºC tonight. The weatherman predicts it will be 25ºC warmer by 
noon tomorrow. What will the temperature be by noon tomorrow?  
Common answer:  
12 + 25 = 37  
When these learners were asked; 
Interviewer: why did you not consider the negative 12, and only working with 
12? 
Learner response: Realistically ma’am, we have never seen the temperature at -
12. So I actually thought that was a dash and not a negative sign.  
Clarkson (1991) claims that most errors learners make in mathematics word 
problems are related to language, that is, learners make reading and 
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comprehension errors. This is shown in the learner’s response. Perhaps if the 
question had been read to the learners, they might have been able to solve the 
problem.  
The impact of decontextualizing mathematical word problems in 

understanding.  

De Corte and Verschaffel (1987) argue that the use of less context, or rewording 
contextualized word problems so that they focus more on unfolding the problem 
has a significant effect in problem solving accuracy for learners.  
 The impact of decontextualizing questions on the understanding of the 

questions.  

The absence of context in the test questions, has influenced the manner in which 
learners present their answers. For example, in question 3: The sum of two 

consecutive odd numbers is 20, and the difference is 2. Find the two numbers. 

Learners’ responses were as follows: 

 
These learners do not seem to know what they were asked to do. They did not 
relate to the problem, which shows no understanding of the mathematical 
content in the problem. The term ‘consecutive odd numbers’ is key to solving 
this problem. Over 50% of learners failed this question because they did not 
understand this key term. To understand how learners reasoned while solving 
this problem, during the interview, the interviewer asked: 
Interviewer: What were you thinking when answering this question?  
Learner: I thought ‘odd consecutive numbers’ meant numbers that are far from 
each other because I don’t know of any odd numbers that are next to each other. 
The language of mathematics is a problem to many learners. Different studies 
also confirm that learners have difficulties with the language of mathematics. It 
is also stressed that when a learner does not understand a word in a mathematics 
question, it is difficult for the learner to integrate the problem and find the best 
way to solve it. The learner’s error in the excerpt above was due to the lack of 
understanding of both the mathematics language and the mathematics as a 
subject. This lack of understanding was the source of the comprehension error by 
the learner. 
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THE OVERALL FINDINGS.  

When analysing the learners’ scripts and their interview responses, it became 
clear that contextualising and decontextualizing questions in mathematics word 
problems has a big impact on how they understand and answer the questions. In 
Table 1, it is clear that learners perform better in decontextualized than in 
contextualised word problems. The reason for this is that the contextualised 
questions required more use of relational than instrumental understanding.  
In this study, on both types of questions, the learners’ responses indicate that 
context was not the only source of their errors. The language in the questions had 
an impact too. In the case of the example on consecutive odd numbers, the learner 
wrongly understands the word “consecutive” in respect of numbers as meaning 
one number (say x) following immediately after the other (x+1) and there being 
no two odd numbers that follow one immediately after the other. 
Davis-Dorsey, Ross, and Morrison (1991) add that the linguistic form of a 
problem text in mathematics word problems affect the learners’ ability to solve 
them. Clarkson (1992) argues that language is one of the main factors that affect 
the efficacy of solving mathematics word problems for bilingual learners who are 
not proficient in the language used in the problem statements. Moreover, learners 
make comprehension errors that disrupt the problem structure, and as a result, 
they make more solution errors, when the problem is written in a language 
learners are not proficient in. The example quoted in the paragraph above about 
consecutive numbers confirms Clark’s assertion  
 
CONCLUSION AND RECOMMENDATIONS  

Wiest (2001) suggests that context in mathematics word problems has an effect 
on the manner in which learners solve the problem, and certainly triggers their 
interest in the problem solving. In the case of the Grade 10 learners in this study, 
context may have triggered interest, but it did not necessarily help in their 
problem solving strategies.  
The Grade 10 learners’ test scripts show that learners answered the questions with 
little reasoning. Novotná et al. (2001) argues that learners solve mathematics 
word problems by simply applying mathematics operations with no realistic 
considerations, and no use of common sense and context. This is an indication 
that learners understand mathematics word problems instrumentally rather than 
relationally (Skemp, 1972). In some cases, learners use mathematics rules out of 
context, leading to wrong answers.Recommendations for future research  
Going forward, policy makers, school officials and academic researchers could 
work together in developing solutions for the different problems learners have in 
working with mathematics word problems. Teachers, for example, could focus 
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on conscientising and training learners on instrumentality and relationality in 
mathematics word problems so that learners are always conscious of their 
tendency to be over-instrumental in approach.  
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EXPLORING  PRESERVICE TEACHERS’ PEDAGOGICAL 

CONTENT KNOWLEDGE IN TRIGONOMETRY THROUGH 

CLASSROOM TEACHING EXPERIENCES 

Benjamin Tatira 
University of Limpopo 

 
The study sought to explore final year preservice teachers’ pedagogical content 

knowledge in trigonometry at a rural university in South Africa. The social 

constructivism theory was the basis for this study whereby PSTs’ mastery of 

pedagogical content knowledge is context-based and built upon what society 

values. The case study design under the qualitative research methodology was 

used to explore PSTs’ knowledge of trigonometry teaching at depth. Analysis of 

lesson plans and video-recordings of lesson presentation by a sample of six PSTs 

constituted data for the study. Data were collected when the preservice teachers 

were out on school practice teaching. Deductive analysis was used to examine 

extent of conformity of data to predetermined dimensions of pedagogical content 

knowledge. The results of the study highlighted that PSTs’ level of pedagogical 

content knowledge was inadequate, and insufficient content knowledge was the 

major cause of such. This study contributes by giving a plethora of perspectives 

and issues related to challenges preservice teachers face while learning to teach 

mathematics.  

 

INTRODUCTION AND BACKGROUND 

In South Africa, there is a general tendency for teacher education programmes to 
comply to government policy requirements at face value (Department of Higher 
Education and Training (DHET), 2010). According to the DHET’s (2011) 
Minimum Requirements for Teacher Education Qualifications (MRTEQ) policy, 
it is important for newly qualified teachers to have sound subject knowledge, to 
know how to teach their subject and to select, sequence and pace content 
depending on the needs of the subject and the learners. The fundamental task in 
teacher education is to prepare PSTs for school mathematics teaching (Gierdien, 
2012). According to literature, teachers’ content knowledge is a key factor to 
learners’ academic success in today’s classrooms (Darling-Hammond, 2000). 
Moreover, to develop into effective mathematics teachers, PSTs ought to know 
the content they will teach in depth (Ball, Thames, & Phelps, 2008). There is a 
clear expectation from parents, the department of education, the council of 
educators and teacher unions that PSTs be knowledgeable to best practices in 
mathematics teaching and learning upon qualifying (Frid, Goos & Sparrow, 
2009). Given the prevalent lack of teaching skills by mathematics PSTs as they 



 

438 

 

complete their studies (Kilic, 2011; DHET, 2011), this study sought to explore 
final year PSTs’ pedagogical content knowledge (PCK) in trigonometry at the 
point of exit from teacher education. This research study aimed at answering the 
research question, “What is the level of PSTs' PCK with regard to the teaching of 
trigonometry?” 
 
THEORETICAL FRAMING  

In this study, theory was used as a frame to shape data collection and analysis, 
based on Shulman’s (1986) model of teacher knowledge. The social 
constructivism theory, which originates from the work of Vygotsky (1986), 
informed this study. Social constructivism emphasises that knowledge is 
mutually built and constructed and PSTs already have rudimentary experience of 
teaching mathematics based on their cultural and social experiences. By 
interacting with others, PSTs share their views and automatically construct a 
common understanding connected. The notion of social constructivism is an 
appropriate perspective for this study because this study was structured in such a 
way that teacher social participation and experience evoked PSTs’ mastery of 
PCK in teaching trigonometry (Chirinda & Barmby, 2017).  
 
METHODOLOGICAL APPROACH 

The qualitative research method was used in this study, which focuses on 
exploring and understanding the “meaning individuals or groups ascribe to a 
social or human problem” (Creswell, 2009: 4). This is an intrinsic case study in 
which mathematics PSTs’ PCK is explored in detail as they are engaged in school 
practice teaching and how their experiences shaped their teaching. The 
participants for this study were PSTs who were nearing the completion of a four-
year mathematics teaching qualification at a rural-based university in South 
Africa. Purposive sampling was used to select the six participating PSTs out of 
150 final-year PSTs registered for a Bachelor of Education degree. These PSTs 
had completed some practical school experiences in schools from the time they 
were in the first year of their studies. Thus, they had developed some rudiments 
of PCK through classroom experience and had experienced the instruction (Fi, 
2003).  
The analyses of lesson plans and the video-recordings of the lesson 
implementation constituted data for this study. The preparation and analysis of 
lesson plans have been used to investigate PCK since the days of Shulman (1986). 
Six PSTs were tasked with developing 30-minute lesson plans on any concept on 
trigonometry, to be taught to high school learners during the time for teaching 
practice.  The teaching was carried out in actual school classes as an 
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implementation of the lesson plans the participants had developed earlier. On a 
particular day, researcher visited the schools for teaching practice assessments. 
The copies of participants’ lesson plans and video-recorded teaching episodes 
were collected and taken for analysis. Data were analysed deductively, which was 
based on by predetermined themes of the components of PCK following 
Shulman’s (1986) model of teacher knowledge (Makonye, 2017). For this study, 
only five PCK components were identified based on literature on PCK (Lee & 
Luft, 2008), which were knowledge of content material, teaching strategies, 
learners’ challenges, assessment, and explanation and questioning. When the 
PSTs were recruited, an informed consent letter was provided to the participating 
volunteers, which included consent to observe and video record the PSTs’ 
lessons. The transcriptions from the video recordings did not contain any 
information identifying the PST, the learners or the school to protect their 
identity.  
SUMMARY OF FINDINGS AND CONCLUSION 

In response to the research question of the study, we found out that PSTs' PCK 
was inadequate. In South Africa, it is undoubtedly true that most prospective 
teachers suffer from weak mathematics content background (Biyela, 2012) and 
Bolte (1993) also found that trigonometric functions were the least understood by 
the participants in his study of PSTs. According to Shulman (1986) content 
knowledge is a significant aspect of teaching since it affects lesson planning, 
resource planning, questioning techniques, explaining, assessment and giving 
feedback, and choice of teaching strategies (Cogill, 2008). PSTs' mastery of 
trigonometry in both the lesson plan and video analysis was insufficient. The 
limitations were that most of the PSTs involved in the study were from 
disadvantaged ethnic backgrounds, thus the sample was not entirely 
representative of the South African population. As for the recommendations of 
this study, studies that will investigate PCK in other content domains of 
mathematics would also be beneficial for understanding the nature of PSTs’ 
knowledge about mathematics.  
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