














THE OLD MUTUAL FOUNDATION PRESENTS
WORKING WITH FUNCTIONS: UNDERSTANDING LENGTH RELATIONALI.Y
INSTRUMENTAL AND RELATIONAL UNDERSTANDING

Jacques du Plessis | University of the Witwatersrand, Johannesburg

Richard Skemp (1977) distinguishes between instrumental and relational understanding as two very
different ways of understanding mathematics. Very briefly: instrumental understanding is knowing
what to do without understanding why, while relational understanding is knowing both what to do
and why. Relational understanding forms a meaningful network of concepts and procedures, and
there is little doubt that teachers should always aim to develop relational understanding in every
context.

This article emphasises the importance of developing relational understanding when working with
functions, with particular reference to diagrams and the important links diagrams create between
concept and relation to other mathematical tools. We focus on the conceptual use of lengths and
distances between functions in diagrams to demonstrate relational understanding of algebraic
concepts in the domain of functions.

Horizontal and vertical lines

Working with functions relies on the understanding of the Cartesian axes as an orthogonal projection
system is essential, as it establishes grounding relationships between the axes, and the reference
positions of points on the plane in relation to the axes. Learning about points as vertical projections on
the Cartesian plane can be a powerful tool in understanding the relationships between gradients,
lengths of line segments (both specific and general) and also equations of line graphs. Describing the
distance formula that is used to find the lengths of oblique lines on a plane given two distinct
coordinates, is directly related to understanding both vertical and horizontal lengths on the Cartesian
plane.

Figure 1, Figure 2 and Figure 3 show three related cases of the length of a line segment. What is key
here is to understand the importance of vertically- and horizontally orientated lines and the indicators
that inform us of the orientation of the line. Figure 1 and Figure 2 show how lines are related with
respect to the axes, by indicating that the line is orientated vertically or horizontally in relation to one
of the axes. This is indicated by the right angle positioned where the extended segment meets the
axis. Another, and alternative, indicator lies in the coordinates of the vertices of the line segments.
Here either both the x values or both the y values are equal.
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Only one of the two indicators needs to be present to suggest that the lines are either vertical or
horizontal. The ideas related to different gradients emerge quite clearly from these two figures.

Figure 1 illustrates the distance between the two vertically related points ‘
as an ordinate change (a change in y values) , but also needs emphasis of l
|

82 _6

the segment. Here the gradient is m == which is undefined. The

the fact that there is no change in the abscissas (x values) of the vertices of f
~0 (.X'

reason for this undefined gradient is now both visually and algebraically
clear: for vertical lines the gradient is undefined because Ax =0. The

. . . . . 1;2
length of a vertical line segment is calculated by the vertical distance h( )
between the ordinates of the segment vertices: Ay =8—2=6. Another 0 x
important characteristic that follows is the fact that coordinate pairs on
Figure 4

vertical lines share their x-values so that vertical lines will always be
expressed as an equation of the form x=c, where c is a constant. This can easily be confirmed by

using the principle of colinearity. Choosing a variable point (x;y)that lies on the segment (Figure 4),

we can use the gradient to find the equation of the line.

Now m =

8-y 8-2 . : o .
:ﬁ . The gradient is thus undefined which is an indicator that Ax = 0. Using

1—x
this we getthatx—1=0, s

(=2 Ne)

o

the equation of the lineisx =1.

Figure 2 shows a line segment that is oriented horizontally, and here
the gradient is m =%=%=0. The length of a horizontal line
segment is calculated by the horizontal distance between the (1;3) (x;y) (7;3)
abscissas of the segment vertices. Ax =7 —1= 6. This also becomes -
an indicator for horizontal lines: If the gradient m =0since Ay =0, w

then the line is horizontal. Horizontal lines all share the same

ordinates in each coordinate pair and will thus always be expressed as Figure 5

an equation of the form y =c, where c is a constant. This again can

easily be confirmed by using the concept of colinearity applied to the vertices and some variable

3— _
Y 3-3 o) 3=y ziz 0 and thus the gradient of
l-x 1-7" 1-x -6

the line is zero which is indicated by Ay = 0. Finally we get that y—3 =0, so the equation of the line

point(x;y) on the line (see Figure 5). Here

isy=3.

Oblique lines

Up to now we have developed ideas around horizontal and vertical lines and used these ideas to build
relationships between the orientations, the coordinate pairs forming the lines, the gradients and
components of the gradients of the lines, the equations of such lines and, most importantly, the
underlying orthogonal projections that determine particular relationships. When considering oblique
lines, the orientation of lines has now been established as key in finding the lengths of segments. It
will thus be more natural to create vertical and horizontal distances that can be used to find the length
of any oblique segment.
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Figure 3 shows how these vertical and horizontal lines are drawn to create a

right-angled triangle with a vertex (9;3). Using Pythagoras one can

y
conclude the length of the line segment easily without imposing the
distance formula: [ =v9% +6* =34/13

way as before. We have that

The equation of this oblique line segment (Figure 6) is found in the same

12—y 12-3 9

—x 9-3 3

(9:12)

(x:7)

0
=3 which simplifies
to12—y =27-3x, so the equation of the line is y =3x—15. The concept

Figure 6
of colinearity of points on a line replaces the instrumental understanding of the so-called two-point
formula with a relational understanding focusing on a third variable point that generalises the
equation of lines through two points.

Objectifying length with functions

f(x)=5

2

line segment AB?

To answer the question, we must realise that here we do not

have numerical vertices, but we have to work with algebraic

X —3x—%which are shown in Figure 7. Let’s ask the question: What is the length of the

relationships between the abscissa and the ordinate of each of
the points on the graph. The distance AB is a vertical distance,

and is thus calculated by using the difference between the
ordinates of point A and point B. A further

T oy e 2 3 405 f.-l
III". I - B ."II
relational {7 /

understanding of coordinates is now necessary. Each coordinate ,}” /

pair that lies on a particular function is described by the pathway f’”/:'/

mapped out by the function. So all points on the function

g(x)z%x—%will have the relationship in the coordinate pair
that is described by (x;g(x))z(x; %x—%). The ordinate is

5 IIII' .'".II
B !
. /
7 I /';
8 —

dependent on the abscissa, which is the independent variable in

Figure 7
the pair. So if x =a, then clearly (a;g(a)) = (a; %a—%) . Point B on the other hand is located on

A
2
difference

in  the
e =8(a)=f(a)=1

the parabola. It is clearly indicated that the relationship between the two points is orthogonal, which
) . So to now find the length of the line segment AB,
ordinates
=2

indicates that the abscissa is shared, or otherwise that Ax =0. So for x = a, point B will be described
by the relationship (a;f(a)) = (a; %az —-3a-

we need the

LAB

of points A

and B.
7 1,2 7 _—_ 1,27 .
a—5—5da +3a+5——5a +5a where 06[0,7].

Thus
Two things about this length are important. First, the length expression takes on the nature of a

quadratic function and as a result behaves like a quadratic function. Length has now become an object
that is expressed by an algebraic expression, which introduces variability. Second, we can therefore

use this variability to explore the increasing and decreasing nature of this length algebraically for
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Moving to a more algebraic situation, let’s look at the two functions g(x)z%x—% and

completing the square to find the abscissa: x =——

VAwisa

different values of a in the given interval. An important misinterpretation that the diagram brings

about, is that learners mistakenly take the value of x=4% to calculate the length of AB. It must be

emphasised that the position of the line is merely to indicate the orthogonal relationship of the line
with the horizontal axis — in fact that the line is vertical and thus that Ax =0.

Questions that follow can explore specific lengths (problems A and B) of relational lengths (Problem C)
and Problem D will investigate the relational understanding within the components of the problem.
Problem A: What is the length of AB at the point where x = 3?

calculated:

AB |

o =—33) +3(3)

Solution: Since the expression for length is known, the abscissa is fixed as 3, and the length is
L =6

Problem B: For which value(s) of x is the length of segment AB equal to 3 units?

Solution: Here the length is fixed as 3. The result is a quadratic equation where the abscissa is the
AB | x=a = 3

unknown, giving two possibilities near the extreme points of the given interval:
L
e _1,2,7,,

So—3a +3a =3

nat=T7a+6=0

- (a=6)(a=1)=0

La=6ora=1

Problems A and B are merely presenting two possible cases based on either the length (ordinate

value) given and the abscissa is unknown, or the abscissa is given and the ordinate length is unknown.

A further extension that can build on the relational aspect of the length of AB is to search for values of
x for which the length of the line is bigger or smaller than 3.

Problem C uses the relational aspect of the length of line segment AB.

_1,2

;
5a +5a

Problem C: For which value of x in the interval [0;7] is the line segment AB of maximum length?

The maximum will occur at the turning point, since the leading term is negative and the nature of the
length expression is quadratic. This leaves the choice of either using the formula x=-—

7
—__ 2

%OI’
7
2a 2(-Y) 27

In problem D we illustrate the relational aspect within the components of the problem.

sixty three

AT NSNS TS AT NSNS NG NGNS R



VAuiesa

Problem D: For which values of x is (i) f(x)-g(x) >0 (ii) ﬂ >07?
g'(x)

Solution (i):

First, we note that we have a product of two unknown quantities —

that results in a positive number. So the search is for ordinate '

product of two positives or two negatives. Second, this would
extend graphically to mean the two functions are simultaneously
both above, or both below the x-axis. Third, since we are searching
for two ordinate values, we need a vertical line in our search for
particular abscissa values that generate this arithmetic relationship.
Fourth, we have a strictly positive indicator, and therefore we need
to exclude the values where this product could be zero. Graphically,
this implies that ordinate values of zero are excluded — points Figure 8
where the graphs cut the x-axis. The graph (see Figure 8) clearly
shows that to the right of x =-1, the graphs are simultaneously below the x-axis and to the right of
x =7 simultaneously above the x-axis. Thus the solutionis x >—1; x# 7.

: a
values for which the relationship will be determined to be the @' v s 5@

Solution (ii):

J@

g'(x)

For\/f(x) tohave meaning, f(x)>0,ie. 1x*-3x-220.

This happens where x < —1 or x> 7. Furthermore g'(x) = % > 0 for all values of x.

So @ZO forx<-lorx>7.

g'(x)
This problem is based on two very important mathematical tools and the relationship between them
as they are combined in this question. First, there is the dual nature of,/f(x) ; it has a positive value
since the root has a positive coefficient, and furthermore the root can only have meaning in the real
domain if f(x) > 0. So this part of the solution only exists where graphically the parabola lies above

the x-axis. Second, there is a derivative, which implies the use of the gradient concept on function g.
Graphically, the gradient of the function g is positive throughout. Lastly, we consider the relationship
between the two functions f and g based on their values as the x-values are considered. This

relationship is based on Jf(x) > 0 (positive) which requires that g'(x) >0 for —J(x) >0 to hold.

g'(x)
Jr ()

An extension for problem D(ii) could be to work with TZ 0 as it will bring the complication of
glx
the roots of g.

To understand relationally needs deeply conceptual exploration under the expert guidance of the
teacher. It is possible for learners to work with complicated mathematical tools and objects, provided
that they are afforded the experience in class.

Reference
Skemp, R.R. (1977). Relational understanding and instrumental understanding. Mathematics Teaching, 77, 20-6.

AT INT AT ATRNT AT AT T NG NGNS A

sixty four

MATHEMATICS RELAYS

here are various ways in which children could develop their mathematical ability. One of these is participation in a
mathematics relay. A mathematics relay is a mathematics competition involving up to four learners in a team which
could be from the same grade or from different grades.

Example: A question comprising four parts (from easy to difficult) is given to a team. The first member answers part
1; this is passed on to the second team member who answers part 2, and so on. They may then combine as a team
to answer a group question.

Mathematics relays serves the following purposes:

It stimulates learners to think beyond what they are presented to in class.
It helps develop learners’ problem solving skills.

They enjoy solving problems, on their own and with others.

They learn about team or group dynamics.

They become confident mathematics learners.

So mathematics relays are for learners and it is a fun way of learning mathematics. We were fortunate that during National
Mathematics Week activities from 2010 to 2012, mathematics relays were part of the programmes in the Western Cape, Eastern
Cape and Gauteng. Mathematics relays are for both primary and high school learners.

I am pleased to announce the existence of an Inter-schools Mathematics Relay League in Port Elizabeth, Eastern Cape. On two
Fridays each term, twelve high schools get together at Alexander Road High to take part in this league which has been run by Dr
Linda Emery for the past 4 years. There are between 250 and 320 pupils at each event, which occurs on Friday afternoons. This
is something that schools all over the country should be involved in. Should you require further information, please contact me at
news@amesa.or.za

Learners working on the group question
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National
It is with very sad news that we report on the untimely passing of two of our members of the past few months. Alwyn Olivier President 2012 | 083 292 4077 |president@amesa.org.za
VG (Nico) Govender Vice-President 2012 | 082 341 6060 |vicepresident@amesa.org.za
Sushie Naidoo Isa'iah Shabangu Secretary 2012 |072 743 3000 |secretary@amesa.org.za
Sushie was a very active member of AMESA in KwaZulu-Natal. She attended many congresses and Rajendran Govender Treasurer 2013 | 082 451 3648 | treasurer@amesa.org.za
conferences over the years. Eastern Cape
Mzwakhe Sokutu Chair & Regional representative 2013 |073 158 3609 |easterncape@amesa.org.za
She also was one of the facilitators in our ESP project and is a past editor of AMESA News. Ashley Ah Goo Vice-Chair 2013 | 082 377 1274 | ashleyahgoo@gmail.com
Zanele Mofu Secretary 2013 |082 263 9543 |zanemofu@gmail.com
Lise Westaway Treasurer 2013 |073 337 1484 |l.westaway@ru.ac.za
Free State
Vuyani Pop Chair & Regional representative 2013 |082 767 6653 |freestate@amesa.org.za
Mpho Kolobe Vice-Chair 2013 |072 861 7113 | mphogigt@yahoo.com
Tshepiso Moremi Secretary 2013 | 073 634 1733 | tmoremi@hotmail.co.za
Pulane Machedi Treasurer 2013 | 083 879 6900 |pulane1967@gmail.com
.
Merriam RamatSObane Ngoana Khangelani Mdakane Chair & Regional representative 2012 |082 6179196 |gauteng@amesa.org.za
Merriam was a very active member of AMESA in Limpopo and was a treasurer in that region. She also participated in the ESP REnch el Vice-Chair 2012 | 082 660 0839 | Rencia.Lourens@wits.ac.za
project. She wrote an article about her experiences in the ESP project for AMESA News. Betty Mrwebi Secretary 2012 | 082972 1558 | mrwebi@absamail.co.za
Lerato Mathenjwa Treasurer 2012 | 072592 0714 |leratod@yahoo.com

KwaZulu-Natal

Lucia J. van Rensburg . . Vimolan Mudaly Chair 2013 |082 9770577 | mudalyv@ukzn.ac.za
Lucia was the Free State coordinator for the STATS SA project maths4stats, and a long-time AMESA member and presenter at AMESA

congresses. She tragically died in the week after attending and presenting a workshop at the AMESA 2013 national congress in Cape Stemb1so. Khanyile Vice-Chair 2013 1083 329 9318 sthekhany1le6@gr.nall.com

Town (picture below). Thembelihle Madondo Secretary 2013 |083 437 1442 | madondotb@gmail.com
Daniel Krupanandan Treasurer 2013 |083 560 3126 |danrow@mweb.co.za
Busisiwe Goba Regional representative 2011 | 073 848 3377 |kzn@amesa.org.za
Steven Muthige Chair & Regional representative 2013 | 072 102 7796 |limpopo@amesa.org.za
Phillemon Phoshoko Vice-Chair 2013 | 082 705 6470 | mametaphosh@vodamail.co.za
Julia Maake Secretary 2013 | 072 176 8464 | ramokonemaake@gmail.com
Kgadi Khumalo Treasurer 2013 | 084 252 3084 |Kgadi.khumalo@yahoo.com
Phillip Mokoena Chair & Regional representative 2013 | 083 346 6021 mpumalanga@amesa.org.za
Mboniseni Mabushe Vice-Chair 2013 | 076 236 5123 | mabushem@webmail.com
Diapo Makhubele Secretary 2013 | 076 947 5572 | diapo.wiliam@gmail.com
Nonhlanhla Myeni Treasurer 2013 | 082 806 8408 | nonhlanhlamyeni@yahoo.com
Peter Manzana Chair 2013 |073 399 8542 | manzana.peter@gmail.com
Peace Mojaki Vice-Chair & Regional representative 2012 |073 653 2452 | northerncape@amesa.org.za
Nina Scheepers Secretary 2012 |083 5339732 |dawienina@gmail.com
Rebecca Maduo Treasurer 2012 | 076 793 4658 |ganyadiwe@gmail.com
Makhalanyane Moeti Chair & Regional representative 2013 |076 052 6113 | northwest@amesa.org.za
Tshepo Setlhare Vice-Chair 2013 | 082 7858034 | TSetlhare@nwpg.gov.za
Oniccah Thibodi Secretary 2013 |083 3340174 |othibodi@yahoo.com
Patricia Walaza Treasurer 2013 | 072 446 1417 | PWalaza@nwpg.gov.za

We offer our deepest condolences to the families of these and other members who passed away. We will miss their dedicated D.es1ree Tlmmet Chaw - 2013 1082 803 9354 Pes1reeT@statssa.gov.za

service to AMESA. It will be appreciated if members could send me information about other members of AMESA who have passed Sibawu Siyepu Vice-Chair 2013 1073 2852609 |siyepus@cput.ac.za

away recently. A brief description of their AMESA involvement and a recent photograph will be appreciated. Send the information Memory Dizha Secretary 2013 083 571 4030 | memory.dizha@gmail.com

to news@amesa.org.za. Kaashief Hassan Treasurer 2013 | 084 866 5233 | kaashief.hassan®@uct.ac.za
Gary Powell Regional representative 2013 |083 254 5682 |westerncape@amesa.org.za
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