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Introduction 
In this short paper I will explai n how I 
attempted to teach the mid-point theorem, 
and its converse, to an above average grade 
10 class of boys at a well-resourced 
independent boys' school. The approach I 
took is based on my belief in a social
constructivIst theory of learning: very 
simply, this means that learners actively 
construct their own knowledge, and their 
ability to do so is enhanced when they work 
together and communicate their 
understandings. 

In terms of the new curriculum for 
mathematics, my outcomes for the lesson 
were determined by learning outcome 3 
(Space, Shape and Measurement) for grade 
] 0: "Through investigations, the learner is 
able to produce conjectures and 
generalisations related to triangles ... , and 
attempt to validate, justify, explain or prove 
them, using any logical method" 
(Department of Education, 2003). The 
approach started with pencil and paper 
constructions leading to conjectures. The 
learners then verified their conjectures using 
The Geometer's Sketchpad software, but this 
aspect was not essential for this approach to 
be etlective. Lastly, they attempted to prove 
their conjectures deductively. 

What is mathematical reasoning and 
proof? 

Mathematical reasoning is about provmg 
results but it is also much wider: 

It involves, firstly, the pursuit of what is true, 
usually leading to the formulation of a 
conjecture. This would require extensive 
empirical testing of the conjecture to verify 
that it is true, and would probably also 
involve a search for counter-examples. The 

next stage would involve verifying, with an 
argument, that the conjecture is true. This 
process is known as proof and is what is 
required to convince ourselves, and others, 
of the truth of the conjecture (Open 
University, 1998). (To prove a statement 
false is a much simpler process, because all 
one needs is a single counter-example). 
Lastly, mathematical reasoning involves a 
search for why the conjecture is true. 

The mathematical community places a high 
value on deductive proof which is one of the 
reasons mathematics "claims to be a unique 
and important human endeavour, ditferent 
from other human activities" (Chazan, ] 993: 
385). And yet, many teachers do not 
understand the importance of deductive 
proof and many learners do not understand 
the ditlerences between empirical 
justification and deductive arguments 
(Chazan, 1993). The reason for this could be 
that traditionally the purpose of proof has 
been seen, by high school teachers, as a 
means of verifying the correctness of 
mathematical statements. De Villiers (1990) 
says that this approach is too narrow and he 
suggests the following roles for proof: 

proof as verification, 
proof as explanation, 
proof as a means of systematisation, 
proof as a means of discovery, and 
proof as a means of communication. 

In my approach to teaching the mid-point 
theorem to my grade 10 class, I was 
particularly interested in emphasising proof 
as explanation i.e. where a result is 
supported by convincing empirical evidence, 
the purpose of proof is not to verify, but 
rather to explain why the conjecture is tlue. 
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But are our learners capable of producing 
correct proofs? Volmink (1990: 8) states 
that "standards of rigour in proof have varied 
over time" and there are no universally 
acceptable criteria for acceptance of validity 
of proof. Thus there is no reason to insist 
that a proof is "formal and rigorous in order 
to lead to a valid mathematical conclusion" 
(Volmink, 1990: 10). So how does one 
begin to teach proof as a means of 
explanation? Well, before I embarked on 
this task I considered some of the 
misunderstandings that learners have of the 
nature of proof. 

Misconceptions about proof 
In researching high school geometry 
students' views of empirical evidence and 
deductive proof, Chazan (1993) found that 
many students were not aware of the 
distinctions between the two. Empirical 
evidence refers to the testing of a conjecture 
using numbers. This is the stage where you 
accumulate evidence and begin to convince 
yourself of the truth (or otherwise) of the 
conjecture. For example, you could measure 
the internal angles of one hundred triangles. 
At the end of this process you would be 
fairly certain that their sum is always 180 
degrees, but how would you be certain that 
there is not some triangle, lurking 
somewhere, with angles that do not add up to 
180 degrees. So you would try to prove, 
with an argument, that the result is always 
true. This reasoning process takes place in 
logical steps and could take the form of a 
deductive proof.: "Proofs that involve logical 
chains of reasoning, starting with what is 
known and going step by step to a 
conclusion, are known as deductive proofs" 
(Open university, 1998: 7). 

Chazan (1993) found symptoms of the 
following two misconceptions regarding 
proof: 

Evidence is proal A few measurements 
allow one to generalise to an infinite set. A 
blurring of the boundaries between empirical 
and deductive arguments may have been 
caused by teachers usmg empirical 

justification of geometric properties or 
algebraic formulae. The learners are often 
convinced by the empirical evidence and see 
no need for a deductive proof. In my 
experience, some learners see proof only as 
adding complexity to work that is already 
difficult. 

Deductive proof is simply evidence: The 
misconception here is that a deductive proof 
applies to the single case shown; the pupil 
does not appreciate that the situation shown 
is the general case. 

So, with my outcomes for these lessons as 
well as these misconceptions in mind, I 
embarked on the following approach: 

Format of lessons 
Part 1: Revision of important concepts 

I handed out the revision sheet attached, 
"Grade 10 Quick Geometry Revision", so 
that the learners were able to remind 
themselves of some important concepts that 
might be useful later. Once they had 
completed this I led a whole-class discussion 
where we spoke about problem areas, and 
generally pooled and reinforced our ideas. 

Part 2: Establishing and verifying a 
conjecture 
After dividing learners into groups (mostly 
pairs) I handed out the worksheet titled 
"Grade 10 Geometry Investigation" and 
learners were expected to follow the 
instructions carefully. Instructions 1 to 3 
required learners to draw a triangle and to 
join the midpoints of 2 of the sides. They 
were then to come up with two conjectures. 
All of them observed the two parallel lines 
but not all noticed the relationship between 
the lengths of two of the lines. 

Instruction 4 required learners to verify their 
conjectures using The Geometer's Sketchpad 
software. They went to various computers 
around the school and when they returned I 
facilitated a report-back session where we 
discussed the fact that they were now all 
totally convinced that their conjectures were 
always true. But was this good enough? 



I then led a whole-class discussion where we 
considered the fact that evidence is a good 
start when establishing a conjecture, but that 
it is not proof. I explained that 
mathematicians often worked in exactly this 
way and that their next challenge would be 
to set up a deductive proof to explain why 
their conjectures are true. 

Part 3: Writing a proof of their conjecture 
I let the class struggle for a while but it 
became clear that, without assistance relating 
to the construction required, they could take 
a long time to produce what I was looking 
for. After some time I suggested a 
construction that might be useful. (I 
regarded this as providing "scaffolding": just 
enough help to maintain forward progress 
but not too much so that it takes away from 
the challenge and purpose of the task). The 
learners seemed to appreciate this input and 
most of them produced proofs usmg 
congruency rather than properties of 
parallelograms. As they completed their 
proofs, I asked them to review each other's 
work, but in different groups from their 
initial discussion groups. I needed them to 
state whether the proof that they were 
reading convinced them that the conjectures 
were always true, or how it could be 
improved. This involved plenty of 
discussion and sometimes arbitration on my 
part. The pupils then wrote up their proofs 
neatly for individual submission. 
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The process was repeated for the second 
investigation on the converse of the midpoint 
theorem. 

Reflections and conclusions 
I was very impressed with the quality of 
work that these learners submitted, as almost 
all of them produced convincing arguments 
for the truth of their conjectures. As a result, 
I believe that I was successful in achieving 
the outcomes for this section of work. The 
class had also gone through a short social 
process where they had worked in a way that 
mathematicians sometimes worked: 

investigation leading to a conjecture, 
extensi ve testing of their conjecture 
empirically, and 
producing an argument that will prove 
that the result is true. 

In their subsequent work on midpoint 
theorem, the learners were very interested 
and responsive when required to prove 
results that required the midpoint theorem. 
They were also clear on the difference 
between the theorem and its converse. 

On a personal leveL I enjoyed teaching this 
section enormously because of the extra 
value that I believe I was able to add to a 
section of work that it is not seen by the 
learners as being very relevant to their lives. 
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