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INTRODUCTION 

The following question, a pattern generalisation task, was included as the final question in the first round of 
the 2012 SA Mathematics Challenge1 for Grade 7.   

 
The intention behind such pattern questions is to encourage pupils to engage with the pictorial terms and 
attempt to find regularity in their structure. Lengthy calculations are discouraged in favour of visual and 
numerical insight. It is left to the reader to confirm that  𝑃   would contain 4901 tiles. 

ALGEBRAIC GENERALISATION 

Rather than asking for the number of tiles needed for a particular pattern number, e.g.  𝑃   as above, for 
more senior pupils one could instead ask for an algebraic generalisation – i.e. an algebraic expression for the 
number of tiles in the  𝑛th pattern. One could of course simply do this by extending the sequence, counting 
the number of tiles in the first five or so terms, ascertaining that the second difference is constant and that 
the sequence is thus quadratic, and then generalising the numerical sequence using any number of standard 
approaches (see for example Samson, 2008). Using the method of differences one could proceed as follows: 

 

For the general term  𝑇 = 𝑎𝑛 + 𝑏𝑛 + 𝑐, using the method of differences illustrated above, we have: 

  2𝑎 = 4     ;      3𝑎 + 𝑏 = 4     ;      𝑎 + 𝑏 + 𝑐 = 1 

Thus  𝑎 = 2,  𝑏 = −2,  𝑐 = 1  and hence  𝑇 = 2𝑛 − 2𝑛 + 1. 

 

                                                
1 http://www.amesa.org.za/Challenge/Index.htm 
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FOCUSING ON THE VISUAL 

While there is nothing wrong with this type of numeric approach, we are of course making something of an 
assumption that the pattern is indeed quadratic, since we haven’t explicitly been told that it is. While the 
second difference seems to be constant, one needs to proceed with due caution when working from a finite 
numeric sequence (see for example Samson, 2006). The problem with working from the numbers alone is 
that they are divorced from the original pictorial context. This is a great pity since it is in the pictures 
themselves that the structural regularity lies. In this article I show how visual contexts such as the one 
illustrated can be used to foster an authentic classroom experience of mathematical exploration by providing 
pupils with an opportunity to investigate and articulate expressions of generality through engagement with 
a pictorial context2. As Lannin (2005) reminds us, statements of generality, along with the discovery and 
investigation of generality, “are at the very core of mathematical activity” (p. 233).   

DESCRIPTION OF THE ACTIVITY 

Consider the sequence of shapes shown below: 

 

Take a reasonably large shape in the sequence (e.g. shape 5) and subdivide it into imagined ‘component 
parts’. Attempt to do this in a variety of different ways.  For each of these subdivisions explore the number 
of tiles contained in each component part in relation to the shape number (e.g. 5 for the 5th shape in the 
sequence). Extrapolate this visual decomposition to a generalised  𝑛th term and determine generalised 
expressions (in terms of  𝑛) for the number of tiles in each of the component parts. Finally, show that the 
sum of the number of tiles in the various component parts simplifies to  2𝑛 − 2𝑛 + 1  for each of the 
different subdivisions. 

EXAMPLE 1 

One way to subdivide the shape is in terms of horizontal rows (or, equivalently, vertical columns). Using 
shape 5 as representative of the sequence we have 1 + 3 + 5 + 7 + 9 + 7 + 5 + 3 + 1 tiles. This palindromic 
structure is a sequence of increasing and decreasing odd numbers, starting and ending with 1. The sequence 
increases up to the 5th odd number before decreasing. In general, for the  𝑛th term the central number 
(representing the number of tiles in the longest row/column) would be the  𝑛th odd number. We can split 
the palindromic structure into two sequences of odd numbers by working top down and bottom up, giving 
(1 + 3 + 5 + 7 + 9) + (1 + 3 + 5 + 7) tiles for the 5th shape. The total number of tiles in the  𝑛th shape is 
thus the sum of the first  𝑛  odd numbers plus the sum of the first  (𝑛 − 1)  odd numbers. The  𝑛th odd 
number can in general be represented by  𝑇 = 2𝑛 − 1. Also, it is well known that the sum of the first  𝑛  odd 
numbers is  𝑛 . We thus have: 

  𝑠𝑢𝑚 = (2𝑘 − 1)

  

+ (2𝑘 − 1)

  

 =  𝑛 + (𝑛 − 1) = 2𝑛 − 2𝑛 + 1 

                                                
2 Based on an idea published by the author in The Australian Mathematics Teacher (Samson, 2014). 
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EXAMPLE 2 

Another way of subdividing the shape is in terms of two overlapping square arrays (each rotated through 
45°) as illustrated below: 

 

The 5th shape, illustrated above, can be seen as a  5 × 5  square array of tiles overlapping with a  4 × 4  square 
array of tiles. In general, the  𝑛th shape can be seen as an  𝑛 × 𝑛  square array of tiles (containing  𝑛   tiles) 
overlapping with an  (𝑛 − 1) × (𝑛 − 1)  square array of tiles (containing  (𝑛 − 1)   tiles). We thus have: 

  𝑠𝑢𝑚 =  𝑛 + (𝑛 − 1) = 2𝑛 − 2𝑛 + 1 

EXAMPLE 3 

An alternative way of visualising the shape is in terms of a central cross and four identical ‘step-like’ 
structures:  

 

For the 5th shape the central cross contains two overlapping rectangles each containing 9 tiles. Each of the 
four corner sections contains 1 + 2 + 3 tiles. Extrapolating to the  𝑛th shape in the sequence, the cross 
would contain two overlapping rectangles each containing  (2𝑛 − 1)  tiles, while each of the ‘step-like’ 
structures would contain   1 + 2 + 3 + ⋯ + (𝑛 − 2)  tiles. Adding these various component parts, correcting 
for the overlap in the central cross, and recalling that the sum of the first  𝑛  natural numbers is given 

by  
( )

 , gives: 

  𝑠𝑢𝑚 = 2(2𝑛 − 1) − 1 + 4 𝑘

  

 =  4𝑛 − 3 +
4(𝑛 − 2)(𝑛 − 1)

2
 =  2𝑛 − 2𝑛 + 1 
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EXAMPLE 4 

Instead of focussing on the central cross, one could instead focus on a central rectangular block of tiles as 
illustrated below: 

 

Careful comparison of shapes 4, 5 and 6 should hopefully reveal an underlying general structure based on 
this particular subdivision. For the  𝑛th shape in the sequence, the central rectangular block has a constant 
width of 3 units and a length of  (2𝑛 − 1) − 2  units. Above and below the central rectangular block is a 
‘step-like’ structure comprising the sum of the first  𝑛 − 2  odd numbers, and thus containing  (𝑛 − 2)   tiles 
each. Finally, on the far left and far right of the central block is a constant single tile. Adding these various 
component parts we have: 

  𝑠𝑢𝑚 = 3 (2𝑛 − 1) − 2 + 2(𝑛 − 2) + 2 = 3(2𝑛 − 3) + 2(𝑛 − 4𝑛 + 4) + 2 =  2𝑛 − 2𝑛 + 1 

EXAMPLE 5 

An alternative approach is to view each shape in the sequence as the inner part of a larger square array: 

 

Careful exploration of a few shapes in the sequence reveals that for the  𝑛th shape the larger square array 
has side length  2𝑛 − 1. There are four groups of corner tiles that need to be removed. For the  𝑛th shape 
each of these corner ‘step-like’ structures contains the sum of the first  (𝑛 − 1)  natural numbers (e.g. 1 + 2 
+ 3 + 4 for shape 5 illustrated above) . We thus have: 

  𝑠𝑢𝑚 = (2𝑛 − 1)  −  4 𝑘

  

 =  4𝑛 − 4𝑛 + 1 −   
4(𝑛 − 1)(𝑛)

2
 =  2𝑛 − 2𝑛 + 1 
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EXAMPLE 6 

Another way to visualise the shapes is as a combination of examples 3 and 5, seeing each shape in the 
sequence as the inner part of a larger square array which is split into four sections by a central cross: 

 

As in example 3, for the  𝑛th shape in the sequence the cross would contain two overlapping rectangles each 
containing  (2𝑛 − 1)  tiles (one tile of which would need to be subtracted due to the overlap). Each of the 
four corners is a square array with side length  (𝑛 − 1). Since the white tiles do not form part of the structure 
they need to be subtracted from the final tally, the number of white tiles in each case being the sum of the 
first  (𝑛 − 1)  natural numbers. Putting all this together we get:  

  𝑠𝑢𝑚 = 2(2𝑛 − 1) − 1 + 4(𝑛 − 1)  −  4 𝑘

  

  

            = 4𝑛 − 3 + 4(𝑛 − 2𝑛 + 1)  −   
4(𝑛 − 1)(𝑛)

2
  

                    =  2𝑛 − 2𝑛 + 1 

REVERSE ENGINEERING 

An alternative approach to engaging with the sequence of shapes is to start with an algebraic expression and 
attempt to find a visual analogue for the expression that holds true in general. One can think of this process 
as one of ‘reverse engineering’. The important thing is for the different component parts of the algebraic 
expression to clearly match up with their corresponding visual counterparts, and for this matching to hold 
true in general. By way of example, we have established that the number of tiles in the  𝑛th shape is given 
by the algebraic expression  2𝑛 − 2𝑛 + 1. We can alter the structure of this expression very slightly by taking 
a common factor out of the first two terms to give  2𝑛(𝑛 − 1) + 1. In order to find a visual analogue for the 
algebraic expression in this form we need to be able to subdivide the  𝑛th shape into  2𝑛  multiples 
of  (𝑛 − 1) tiles (or alternatively  (𝑛 − 1)  multiples of  2𝑛  tiles) with a constant single remaining tile. We can 
do this as illustrated in the following diagram which shows the subdivisions for shapes 3, 4 and 5. For shape 
3 there are 6 (i.e. 2𝑛) multiples of 2 (i.e. 𝑛 − 1) tiles, for shape 4 there are 8 multiples of 3 tiles, and for shape 
5 there are 10 multiples of 4 tiles, each with a constant additional tile on the far right, giving the required 
tally of  2𝑛(𝑛 − 1) + 1  tiles.  
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CONCLUDING COMMENTS 

It was the purpose of this article to show how appropriate pictorial contexts could be used to foster an 
authentic classroom experience of mathematical exploration through the investigation and articulation of 
expressions of generality. A number of examples are shown to illustrate possible subdivisions of the given 
pictorial terms into different component parts, but there are no doubt other potential deconstructions.  

There are three crucial aspects that one needs to keep in mind when pupils engage in generalisation activities 
such as these. The first relates to each pupil’s ability to notice different structural ‘features’ in the pictorial 
terms. The second relates to developing an awareness of the generality of these structural features, while the 
third involves the symbolic articulation of this generality. Each of these three aspects will have different 
challenges for different pupils, and various levels of support may be necessary. Note that working from 
larger shapes in the sequence often provides one with more flexibility in terms of noticing structural 
regularity. 

This type of activity also results in the generation of multiple algebraic expressions whose equivalence can 
be assessed through expansion and simplification. This creates a wonderful opportunity to discuss the 
concept of algebraic equivalence, and for pupils to take ownership of the different expressions of generality 
that they produce. Although some standard summation formulae have been used in this article (e.g. the sum 
of the first  𝑛  odd numbers and the sum of the first  𝑛  natural numbers) these could alternatively be derived 
from the standard formula for the sum of an arithmetic sequence. 

Finally, given that pupils have different ways of learning, different ways of engaging with mathematics, and 
different ways of ‘seeing’ the world, there’s something inherently satisfying about classroom activities that 
actively encourage a multi-representational view of mathematics.  
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