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INTRODUCTION 

Two problem types relating to an animal being tied up with a length of rope have been around for centuries.   
One problem uses a specific length of rope, either numerically or in relation to the perimeter or 
circumference of a fenced shape, and asks about the area that the animal is able to graze. The other asks 
about the length of rope required for the animal to graze a specific fraction of a fenced shape of land. The 
former are typically exterior problems while the latter are the more difficult so-called interior problems.      

    
FIGURE 1:  Exterior problem.    FIGURE 2:  Interior problem. 

This article considers a classic interior problem which can be posed as follows: 

 

 

 

Note that the original question was posed in terms of 1 acre, and that 1 acre = 4046,8564224 m2.  

A recent article in Quanta Magazine5 describes the goat-in-a-circle problem as follows: 

“It sounds like high school geometry, but mathematicians and math enthusiasts 
have been pondering this problem in various forms for more than 270 years. And 
while they’ve successfully solved some versions, the goat-in-a-circle puzzle has 
refused to yield anything but fuzzy, incomplete answers.” 

The article goes on to remark that earlier in 2020 a German mathematician named Ingo Ullisch found what 
is considered to be the first explicit expression for the length of the rope. He arrived at the expression by 
making use of complex analysis, so the solution, while nonetheless exact, is still a complex formulation that 
is far from user-friendly. 

The purpose of this article is to explore the goat-in-a-circle problem and to arrive at an approximate solution 
using only high school mathematics. 

                                                 
5 https://www.quantamagazine.org/mathematician-solves-centuries-old-grazing-goat-problem-exactly-20201209/ 

A goat is tied by a length of rope to the inside of a circular fence enclosing one acre of grass. 
How long must the rope be in order for the goat to be able to graze exactly half an acre? 

mailto:alanchristison04@gmail.com
https://www.quantamagazine.org/mathematician-solves-centuries-old-grazing-goat-problem-exactly-20201209/
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THE INITIAL CONFIGURATION 

From Figure 2 it should be clear that in order to cover half the area of the circle, the length of rope (𝑑𝑑) must 
be greater than the radius of the circle (𝑟𝑟). The solution that follows is facilitated by initially considering a 
scenario where the length of the rope is the exact length of the radius (𝑑𝑑 = 𝑟𝑟) as illustrated in Figure 3. 

 
FIGURE 3:  Considering the scenario when 𝑑𝑑 = 𝑟𝑟. 

Since triangles 𝐴𝐴𝑂𝑂𝐴𝐴  and  𝐴𝐴𝑂𝑂𝐷𝐷  are equilateral, the area of segment  𝑂𝑂𝐴𝐴  is given by: 

Area of segment 𝑂𝑂𝐴𝐴 =
60°

360°
𝜋𝜋𝑟𝑟2 −

1
2
𝑟𝑟2 sin 60°  =  �

2𝜋𝜋 − 3√3
12

� 𝑟𝑟2 

The total grazing area is thus the area of the two equilateral triangles plus the area of the four identical 
segments: 

Total grazing area =  
2√3

4
𝑟𝑟2 + 4�

2𝜋𝜋 − 3√3
12

� 𝑟𝑟2  =   �
4𝜋𝜋 − 3√3

6
� 𝑟𝑟2 

Under this initial configuration the total grazing area is approximately 39% of the area of the circle.  

THE FINAL CONFIGURATION 

From this initial scenario where the length of rope is the same as the radius of the circle, we now increase 
the rope length by  𝑚𝑚. The rope now has length  𝑑𝑑 = 𝑟𝑟 + 𝑚𝑚. 

In Figure 4, arc  𝐸𝐸𝐷𝐷𝐸𝐸  is drawn with radius  𝑑𝑑 = 𝑟𝑟 + 𝑚𝑚. Arc  𝐷𝐷𝐸𝐸 is extended to meet  𝐴𝐴𝐴𝐴  produced at  𝐻𝐻, 
while arc 𝐷𝐷𝐸𝐸 is extended to meet 𝐴𝐴𝐷𝐷 produced at 𝐽𝐽.  𝐴𝐴𝐸𝐸 and 𝐴𝐴𝐸𝐸 are drawn, cutting arc 𝐴𝐴𝑂𝑂𝐷𝐷 at 𝐾𝐾 and 𝐿𝐿 
respectively.  𝑂𝑂𝐸𝐸 and 𝑂𝑂𝐴𝐴 are drawn. 

Let 𝐻𝐻�̂�𝐴𝐸𝐸 = 𝜃𝜃, then 𝐸𝐸𝑂𝑂�𝐴𝐴 = 2𝜃𝜃 since the angle at the centre is twice the angle at the circumference. It 
follows that the area between the two curves is: 

  Area 𝐻𝐻𝐷𝐷𝐽𝐽𝐷𝐷𝑂𝑂𝐴𝐴 =
120°
360°

𝜋𝜋(𝑟𝑟 + 𝑚𝑚)2 −
120°
360°

𝜋𝜋𝑟𝑟2   

  =
𝜋𝜋
3
𝑚𝑚2 +

2𝜋𝜋
3
𝑟𝑟𝑚𝑚 

This area includes the two identical external hatched areas  𝐻𝐻𝐴𝐴𝐸𝐸  and  𝐽𝐽𝐷𝐷𝐸𝐸. Since these areas need to be 
excluded from the final calculated area we first need to determine their area in terms of 𝑟𝑟, 𝑚𝑚, and 𝜃𝜃.       
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         FIGURE 4:  Rope length  𝑑𝑑 = 𝑟𝑟 + 𝑚𝑚.                FIGURE 5:  Quadrilateral  𝐴𝐴𝐻𝐻𝐸𝐸𝐾𝐾. 

 

 
FIGURE 6:  Close-up of hatched area  𝐻𝐻𝐸𝐸𝐴𝐴. 

The area of the hatched region  𝐻𝐻𝐸𝐸𝐴𝐴  is the area of triangle  𝐻𝐻𝐸𝐸𝐴𝐴  plus the area of segment  𝐻𝐻𝐸𝐸  minus the 
area of segment  𝐴𝐴𝐸𝐸. 

Using the cosine rule in  ∆𝐻𝐻𝐸𝐸𝐴𝐴: 

𝐻𝐻𝐸𝐸2 = (𝑟𝑟 + 𝑚𝑚)2 + (𝑟𝑟 + 𝑚𝑚)2 − 2(𝑟𝑟 + 𝑚𝑚)(𝑟𝑟 + 𝑚𝑚) cos 𝜃𝜃 → 𝐻𝐻𝐸𝐸 = √2 (𝑟𝑟 + 𝑚𝑚) √1 − cos 𝜃𝜃 

Using the sine area rule: 

Area ∆𝐻𝐻𝐸𝐸𝐴𝐴 = 1
2

 𝐻𝐻𝐸𝐸.𝐻𝐻𝐴𝐴. sin𝐴𝐴𝐻𝐻�𝐸𝐸  where  𝐴𝐴𝐻𝐻�𝐸𝐸 = 90° − 𝜃𝜃
2

 , from which: 

Area ∆𝐻𝐻𝐸𝐸𝐴𝐴 = √2
2

 (𝑟𝑟𝑚𝑚 + 𝑚𝑚2) sin �90° − 𝜃𝜃
2
�  √1 − cos 𝜃𝜃  … (1) 
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Let us now determine the areas of the two segments: 

  Area segment 𝐸𝐸𝐻𝐻 =
𝜃𝜃

360°
 𝜋𝜋(𝑟𝑟 + 𝑚𝑚)2 −

1
2

 (𝑟𝑟 + 𝑚𝑚)(𝑟𝑟 + 𝑚𝑚) sin𝜃𝜃 

                                                              = (𝑟𝑟 + 𝑚𝑚)2 � 𝜃𝜃𝜃𝜃
360°

− sin𝜃𝜃
2
� … (2) 

  Area segment 𝐴𝐴𝐸𝐸 =
2𝜃𝜃

360°
 𝜋𝜋𝑟𝑟2 −

1
2

 𝑟𝑟2 sin 2𝜃𝜃 

                                                                                = � 𝜃𝜃𝜃𝜃
180°

− sin2𝜃𝜃
2
� 𝑟𝑟2 … (3) 

The hatched area  𝐻𝐻𝐸𝐸𝐴𝐴  is thus (1) + (2) – (3). The total grazing area is thus the area calculated in the 
initial configuration plus the area between the two curves, i.e. 𝐻𝐻𝐷𝐷𝐽𝐽𝐷𝐷𝑂𝑂𝐴𝐴, minus the two hatched areas: 

 𝑇𝑇𝑐𝑐𝑡𝑡𝑎𝑎𝑙𝑙 𝑔𝑔𝑟𝑟𝑎𝑎𝑔𝑔𝑡𝑡𝑛𝑛𝑔𝑔 𝑎𝑎𝑟𝑟𝑡𝑡𝑎𝑎 =  �
4𝜋𝜋 − 3√3

6
� 𝑟𝑟2 + �

𝜋𝜋
3
𝑚𝑚2 +

2𝜋𝜋
3
𝑟𝑟𝑚𝑚� 

  −2 �
√2
2

(𝑟𝑟𝑚𝑚 + 𝑚𝑚2) sin �90° −
𝜃𝜃
2
�  √1 − cos 𝜃𝜃 + (𝑟𝑟 + 𝑚𝑚)2 �

𝜃𝜃𝜋𝜋
360°

−
sin 𝜃𝜃

2
� − �

𝜃𝜃𝜋𝜋
180°

−
sin 2𝜃𝜃

2
� 𝑟𝑟2�   

Setting this result, which represents the exact grazing area with  𝑑𝑑 = 𝑟𝑟 + 𝑚𝑚, equal to half the area of the 

circle, i.e.  1
2
𝜋𝜋𝑟𝑟2, and then rearranging, yields the following: 

�
15𝜋𝜋 − 45√3 + 𝜃𝜃𝜋𝜋 − 90°. sin 2𝜃𝜃

90°
� 𝑟𝑟2 +

𝑚𝑚𝜋𝜋
3

(2𝑟𝑟 + 𝑚𝑚) − (𝑟𝑟 + 𝑚𝑚)2 �
𝜃𝜃𝜋𝜋

180°
− sin𝜃𝜃�

− √2(𝑟𝑟𝑚𝑚 + 𝑚𝑚2) sin �90° −
𝜃𝜃
2
�  √1 − cos 𝜃𝜃 = 0  .  .  . (4) 

All that remains is to determine  𝑚𝑚  in terms of  𝑟𝑟  and  𝜃𝜃. With reference to Figures 4 and 5 we have: 

𝐴𝐴𝐴𝐴�𝐾𝐾 = 𝐴𝐴𝐾𝐾�𝐴𝐴 = 90° − 𝜃𝜃
2
 , therefore 𝐸𝐸𝐾𝐾�𝐴𝐴 = 180° − �90° − 𝜃𝜃

2
� = 90° + 𝜃𝜃

2
 

𝐾𝐾𝐴𝐴2 = 𝑟𝑟2 + 𝑟𝑟2 − 2𝑟𝑟2 cos 𝜃𝜃 = 2𝑟𝑟2(1− cos 𝜃𝜃)   →   𝐾𝐾𝐴𝐴 = √2𝑟𝑟√1 − cos𝜃𝜃 

𝐸𝐸𝐴𝐴2 = 𝑟𝑟2 + 𝑟𝑟2 − 2𝑟𝑟2 cos 2𝜃𝜃 = 2𝑟𝑟2(1 − cos 2𝜃𝜃) 

But  𝐸𝐸𝐴𝐴2 = 𝑚𝑚2 + 𝐾𝐾𝐴𝐴2 − 2.𝑚𝑚.𝐾𝐾𝐴𝐴. 𝑐𝑐𝑐𝑐𝑡𝑡 �90° + 𝜃𝜃
2
� . Substituting 𝐸𝐸𝐴𝐴2, 𝐾𝐾𝐴𝐴 and 𝐾𝐾𝐴𝐴2 from above yields: 

  2𝑟𝑟2(1 − cos 2𝜃𝜃) = 𝑚𝑚2 + 2𝑟𝑟2(1 − cos 𝜃𝜃) − 2𝑚𝑚√2𝑟𝑟√1 − cos 𝜃𝜃 cos �90° +
𝜃𝜃
2
�   

which can be rearranged to: 

  𝑚𝑚2 − 2√2𝑟𝑟√1 − cos 𝜃𝜃 . cos �90° +
𝜃𝜃
2
�𝑚𝑚 + 2𝑟𝑟2(cos 2𝜃𝜃 − cos 𝜃𝜃) = 0   

which has solution: 

𝑚𝑚 = �√1 − cos 𝜃𝜃 . cos �90° +
𝜃𝜃
2
� + �(1 − cos𝜃𝜃) cos2 �90° +

𝜃𝜃
2
� + cos𝜃𝜃 − cos 2𝜃𝜃 � √2𝑟𝑟  .  .  . (5) 
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Using any given value for  𝑟𝑟, values for  𝜃𝜃  and  𝑚𝑚  may be calculated by simultaneously solving equations 
(4) and (5) using an iterative process. Using an approximate value for  𝑚𝑚, an initial value of  𝜃𝜃  is calculated.    
Values for  𝜃𝜃  and  𝑚𝑚  are then substituted into equation (4), testing the left-hand side against zero. The value 
of  𝜃𝜃  is then suitably adjusted and an improved value of  𝑚𝑚  calculated from equation (5). Substitution is 
then made back into equation (4), and the process is continued until the required accuracy is obtained.      

In order to get an initial approximation for  𝑚𝑚  we ignore the areas defined by (1), (2) and (3) arrived at 
previously, and solve the following equation: 

�
4𝜋𝜋 − 3√3

6
� 𝑟𝑟2 +

𝜋𝜋
3
𝑚𝑚2 +

2𝜋𝜋
3
𝑟𝑟𝑚𝑚 =

1
2
𝜋𝜋𝑟𝑟2 

For a circular fenced area of 1 acre, the radius is  66�10
𝜃𝜃

  feet. Rearranging the above equation and solving 

for  𝑚𝑚  yields an initial approximation of  𝑚𝑚 ≈ 18 feet. 

Let arc  𝐴𝐴𝐾𝐾 = 𝑎𝑎, then arc  𝐴𝐴𝐸𝐸 = 2𝑎𝑎. For small values of  𝜃𝜃  we can approximate  ∆𝐴𝐴𝐸𝐸𝐾𝐾  as right-angled 
and the arcs as straight lines. We thus have  𝑚𝑚2 ≈ (2𝑎𝑎)2 − 𝑎𝑎2, or  𝑎𝑎 ≈ 𝑚𝑚

√3
 . Substituting  𝑚𝑚 ≈ 18  we have 

𝑎𝑎 ≈ 6√3. Therefore  𝜃𝜃𝜃𝜃
180°

𝑟𝑟 ≈ 6√3  →  𝜃𝜃 ≈ 5, 1°. 

In Table 1 we commence iterations with  𝜃𝜃 = 5, 1°, and set  𝑟𝑟 = 1 unit to retain accuracies. 

 𝐼𝐼𝑡𝑡𝑡𝑡𝑟𝑟𝑎𝑎𝑡𝑡𝑡𝑡𝑐𝑐𝑛𝑛    𝜃𝜃°     𝑚𝑚 (𝑐𝑐𝑛𝑛𝑡𝑡𝑡𝑡)  𝐿𝐿𝐻𝐻𝑆𝑆 𝑐𝑐𝑑𝑑 𝐸𝐸𝐸𝐸𝑐𝑐𝑎𝑎𝑡𝑡𝑡𝑡𝑐𝑐𝑛𝑛 (4) 
          1                   5,1               0,15           −0,019 
          2                   5,4            0,15856        −0,000367 
          3                   5,41          0,15884686           0,000261 
          4                 5,406         0,158733058         0,000010125 
          5                5,4058         0,158727368      −0,000002439 
          6              5,40584         0,158728506         0,000000073 
          7            5,4058388         0,158728472      −0,000000002 
          8           5,405838838         0,158728473      4,9643 × 10−11 
          9       5,40583883722         0,158728473         6,13 × 10−13 

TABLE 1:  Iterations of  𝜃𝜃. 

A hand calculator gives the best approximation of  𝑚𝑚  as  0,158728473. Thus, for a fenced circular grazing 
area of radius 1 unit, in order that half the fenced area can be grazed, the length of rope must be 
approximately 1,158728473 units. We now return to the original problem with a fenced circular area of 1 

acre or 43560 square feet. The radius of the circle is  66�10
𝜃𝜃

  feet, and the required length of rope for the 

goat to be able to graze exactly half of the 1 acre area is approximately 66�10
𝜃𝜃

(1 + 𝑚𝑚) =

136,4428172416 feet. Equivalently, for an area of   4046,8564224  square metres, with approximate 
radius  35,891  metres, the length of rope will be approximately 41,588 metres. 
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