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The Geometry course forms part of the first year 
mathematics offering for education students at 
Wits School of Education.  The course is 
compulsory for all first years who want to major 
in mathematics education at FET level. Most of 
these students obtained about 60% on standard 
grade for mathematics at Grade 12 level and 
many confessed not to have done geometry 
beyond Grade 9 level. A few students who 
specialize in Foundation Phase as well as 
Intermediate and Senior Phase also attended. This 
class consisted of 85 students of whom close to 
70 attended regularly. All eleven official languages 
were represented in the class. There was also a 
deaf student and a Chinese student who 
immigrated in 2005 – imagine the need to have 
shared objects to refer to when we discussed the 
mathematics! There was always a tutor, a fellow 
colleague, in addition to the lecturer. The episode 
I want to share happened in 2006. 
 
The course is based on geometric constructions 
and the students were very comfortable with the 
basic compass constructions by the time this 
episode happened. In addition, the students had 
been introduced to The Geometer’s Sketchpad 

early in the course and they used the programme 
to investigate their conjectures in an informal way 
outside class time. The course has a distinctly 
problem-centred approach. Students did not get 
demonstrations of the constructions or guidelines 
that show “How to construct a line perpendicular 
to another line.” Instead, we discussed what it 
means to ask “spatial” questions, and decided 
together that spatial questions involve questions 
about shape, structure, size and position.  The 
course is dedicated to asking and seeking answers 
to spatial questions. We started by investigating 
relative positions of points and lines in a plane. 
We did constructions to answer questions like: 
“Where are all points that are equidistant from a 
given point A? Where are all points that are 
equidistant from two given points A and B?” and 
so on. After about four weeks we had built up to 
the classification of triangles, describing positions 
of special points, like the centre of the 
circumscribed circle, as a triangle changes from 
acute to right to scalene.  Sketchpad 
demonstrations were important in developing 
students’ imagination of continuously changing 
figures.  
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Then we moved on to shapes formed by four line 
segments. We had been working on the properties 
of quadrilaterals for four periods. First we made 
regular quadrilaterals by transformations of 
triangles. For example, take a scalene triangle as the 
parent and reflect it in the longest side to make a 
convex kite. (Figure 1)  
 
 Figure 1  
 
 
 
I was seriously pushing the students to make connections between their knowledge of triangles and 
quadrilaterals. On this Wednesday morning, with two hour-long periods ahead of us, I introduced a 
problem: “If all triangles are associated with unique circumscribed circles, and quadrilaterals are made up of 
triangles, can we accept that all quadrilaterals will have circumscribed circles? If not, why not?” (Figure 2 is 
provided for the reader’s reference: the students didn’t get the diagram). 
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Figure 2 

 
 
 
 
 
 
 
 
 
 
 
 
Some said "yes", without any recollection of, or recognition that the question was also about the properties 
of cyclic quadrilaterals. Others made the link to cyclic quadrilaterals and said "no", invoking the theorem 
that "opposite angles of a cyclic quadrilateral are supplementary". But they couldn’t explain why that 
condition made logical sense in terms of their knowledge of circumscribed circles of triangles. 
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A

Figure 3 

It was time to work. They knew the route by now. 
Use your compasses to construct the circumscribed 
circle of a quadrilateral, if it has one! We started 
with a kite. They constructed a kite by reflection of 
an obtuse scalene triangle and proceeded to 
construct the centres and the circumscribed circles 
of the two constituent triangles. The visual picture 
now compelled them to want to shift the two 
centres A and B and therefore the two circles 
toward each other in order to make them coincide 
(Figure 3).  
 
 
 
Some students requested tracing paper in order to make the triangles with their circumscribed circles 
movable. In the class was one laptop with Geometer’s Sketchpad, connected to a data projector. A group of 
three students came up to construct the kite on Sketchpad and tried to drag the centres together. Of course 
they couldn’t, since the centre and circle is unique in relation to a given triangle. So, the triangles had to 
change in order to get the centres to be concurrent. They dragged a vertex of the kite, changing the shape, 
until the circles coincided and the kite had a circumscribed circle (Figure 4).  
 

Figure 4 
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We do not use measurement in this course, we only compare relative sizes: same, smaller or larger, and 
establish relationships to right and straight angles where necessary. The fact that a right angle measures 90 
degrees is of no importance. So, I refrained from letting them measure angles. All I wanted them to realize 
was that not all kites have circumscribed circles, but some do. I wanted them to understand why a pair of 
opposite and supplementary angles makes a quadrilateral cyclic – independent of knowing a whole series of 
circle theorems. The period was over. Homework: Establish by construction which of the standard 
quadrilaterals have circumscribed circles. Draw a circle and fit in the quadrilaterals so that all vertices are on 
the circumference of the circle.  
 
Some excitement was evident the next day. Not all did their homework, of course, but most did. Those who 
did were scattered randomly across the class of 80.  They were buzzing and arguing - even before they took 
out their books - mainly about whether one can construct an isosceles trapezium so that all four vertices are 
on the circumference of a circle. I started the class with a request for feedback, organizing the responses to 
start with a square, a rhombus, a rectangle, etc. As can be expected, those who managed, showed off their 
constructions. Suddenly the discussion was closed and the energy gone. The evidence was clear: squares and 
rectangles, some kites and isosceles trapezia have circumscribed circles. Rhombi and parallelograms don’t.  
 
I asked the obvious question: Why? The class willingly offered: if the diagonals of a quadrilateral are the 
same length, and they bisect each other they will have circumscribed circles. That was clear enough from a 
comparison of the properties of the relevant quadrilaterals (Figure 5).  
 
 

If the diagonals of a quadrilateral are equal and bisect each other, the quadrilateral has a circumscribed circle. 
Radius = ½ diagonal, centre at intersection of diagonals 

 
 
 
 
 
 
 
 
 
 

Figure 5  
 
 
 
Someone objected: “It is not true for a kite. Some 
kites have circumscribed circles, yet their diagonals 
are not equal, neither do they bisect each other.”  
Silence. They were searching for similarities and 
differences on their homework constructions.  
Someone offered: “If the diagonals intersect at 
right angles, the quadrilateral will have a 
circumscribed circle.”  “Not true,” said someone 
else, “look at the rhombus (Figure 6).”  
 
 
 
 
 

Figure 6  
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We left them alone. They were working hard (and loudly) in smaller groups to organize what they knew up 
to that point. Some started summarizing in an organized way: 
Quadrilaterals with circumscribed circles:  

Square   diagonals equal, bisect at right angles 
Rectangle   diagonals equal, bisect at right angles 
Kite                  diagonals not equal, bisect at right angles 
Isosceles trapezium  diagonals equal, do not bisect at right angles 

 
No light emerged from here. I suggested they look at the properties of quadrilaterals without circumscribed 
circles. It was just a hunch, I was learning as much as they were. I had an outcome in mind – that the 
students get to the property of opposite supplementary angles, but I wanted them to get there by their own 
reasoning based on their current knowledge. This discussion was not going there, and I decided to follow 
the students. They were using the properties of the quadrilaterals they knew and were at this stage trying to 
find if diagonal properties in some way “cause” a quadrilateral to be cyclic.   
 

Rhombus    diagonals not equal, bisect at right angles 
Parm   diagonals equal, do not bisect at right angles.  
Kite  diagonals not equal, bisect at right angles 

 
Still no light. What is it about the kite? Why does it belong to both categories? At this stage, someone was at 
the computer, constructing a kite by reflecting a right scalene triangle. He proceeded to construct the centres 
of the circumscribed circles of the constituent triangles, when another called from the class: “It is the 
midpoint of the hypotenuse!”  “Of course”, the constructor mumbled. I marveled at how quickly they 
managed to master the software when they really needed it. 
 

CentreCentre

The student constructing the kite announced his 
conclusion to the class: “Only right-angled kites 
have circumscribed circles. And the centre of the 
circumscribed circle is the midpoint of the 
hypotenuse of the parent triangle, so the midpoint 
of the long diagonal of the kite (Figure 7).”   
 
 Figure 7 
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They knew this from our work on triangles: for obtuse triangles, the centre of the circumscribed circle is 
outside the triangle, opposite to the obtuse angle. As the angle in focus becomes smaller, the centre 
approaches the triangle, when the angle is right, the centre is exactly on the midpoint of the hypotenuse 
(Figure 8).  
 
 
 Figure 8 
 
 
 
 
 
 
 
 
 
 
 
 

If the triangle changes from obtuse to right to acute, the centre of the circumscribed circle moves toward and inside the triangle. 
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There were a few moments of silence. They checked their homework constructions again to verify that their 
cyclic kites were indeed all right angled.  
 
I repeated the conclusion and prompted: “How can we use this property to sort out why only certain 
quadrilaterals have circumscribed circles?”  They had been able to confirm that rectangles and squares have 
right angles and they have circumscribed circles, but the energy levels dropped. They didn’t understand or 
take up my challenge:  “…sort out why only certain quadrilaterals have circumscribed circles”.  I tried another 
prompt: “Do all the quadrilaterals in your homework constructions have right angles?”  
 
A remark came from the class: “The centre of the circumscribed circle is always on the diagonal - that is the 
line of symmetry. Like, the line of symmetry is also a diameter of the circle.”  Everybody checked their 
homework constructions.  Suddenly they were moving again. “That’s why”, said one, “that’s why a quad 
must have two right angles …because angles in a semi-circle are all right angles.” 
 
“Careful”, I thought. I needed a counterexample to 
whip them out of the restricted conclusion. Not all 
cyclic quadrilaterals are symmetric, neither do all 
cyclic quadrilaterals have right angles! Although 
some students had constructed isosceles trapezia 
that were cyclic without having any right angles, 
they were not offering them as examples. In 
addition, I reasoned, just giving a figure as 
counterexample might not help them to reason 
toward the property I want them to understand, 
namely that one pair of opposite angles must be 
supplementary. I constructed a circle on Sketchpad 
and drew a general cyclic quadrilateral. I also drew 
one diagonal to divide the cyclic quadrilateral into 
two triangles (Figure 9).  
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Clearly, there are no right angles or symmetry in 
sight, and yet the quadrilateral is cyclic. I took 
charge of the conversation. We focused on the two 
triangles. “Where is the centre of the circumscribed 
circle of triangle ABC?” I asked. “Outside the 
triangle, opposite angle B” they readily answered. 
“Why?”  “Because angle B is obtuse.”  (Figure 10). 

Figure 10 

 
 
“Eish! I get it now!” it comes from the class. This is 
the moment I love and teach for.  
 
“The centre (of the circumscribed circle) is outside 
the triangle. So the other triangle that completes the 
cyclic quadrilateral must be acute, so that this 
centre is inside the acute triangle” explains the 
student.  Figure 11 

 
The class is silent.  
 
I drew “the other triangle” on Sketchpad (Figure 
11) and pushed a little more. 
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Figure 12 

 
 
“So, one of the triangles is acute and the other one 
is obtuse. The acute angle is opposite the obtuse 
angle. If I drag point C on the circumference of the 
circle the sizes of the angles change. Angle B 
becomes acute and angle D becomes obtuse…” 
(Figure 12). 
 
 
 
 
 
 
 
 
 
“And when B and D are right angles, the diagonal is the diameter of the circle…” one student mused. 
“Yes”, said the student “who got it” – “they (angles B and D) must change together. See, If Angle B and 
Angle D were each a right angle, we know the quad has a circumscribed circle. So if it changes, one angle 
steals from the right angle to become bigger. If one angle gets smaller the other (opposite angle) must get 
bigger. Together they must always make two right angles!”  
 
I could not have explained it better. Outcome reached.  
 
 
Reflection:  
I told this story for the following reasons: 
I wanted to show that first year students with limited mathematics and geometry background can reason 
geometrically – even if they are in a class of 80. I wanted to show how the conversation went its own way, 
guided only by the problem at hand, the current knowledge of the students and the tools they had available. 
The content was senior phase geometric figures, but the reasoning demanded was on the level of 
relationships between properties of figures. I also wanted to share how I as lecturer had to make decisions 
about when to follow the students and when to take control and direct the conversation. In this lesson I 
could have chosen to stick to determining which of the standard quadrilaterals have circumscribed circles or 
proceed to the generalization – I chose the richer option in order to establish relationships between 
circumscribed circles of triangles and quadrilaterals as a big idea. These decisions were not premeditated, but 
definitely based on the outcome in mind and my understanding of “where the students were” at the time. I 
experienced that teaching by conversation demanded of me to manage “moments of convergence” by 
focusing the attention of the class to gain closure.  
 
My goal with this course was to create opportunities for the students to weave a web of relationships 
between the properties of geometric figures and to learn to imagine how changes to one property of a figure 
impact on the other properties. The students showed that they were able to achieve this and that they were 
starting to realize the beauty of their own minds. 

 
 
 
 




