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INVESTIGATING THE EFFECT OF CHANGING THE VALUES OF
PARAMETERS ON THE GRAPHS OF FUNCTIONS USING
GEOGEBRA

Barrie Barnard

The African Institute for Mathematical Sciences Schools Enrichment Centre

The presenter will demonstrate, by using GeoGebra software, how to create sliders for
parameters of functions. The effect of changing the values of parameters will be easily
noticed on the transformed graphs of functions. The session will concentrate on
trigonometric functions. The same actions could be applied to algebraic functions.

INTRODUCTION

GeoGebra 1s dynamic mathematics open source (free) software for learning and
teaching mathematics in schools. It was developed by Markus Hohenwarter and an
international team of programmers. GeoGebra combines geometry, algebra, statistics
and calculus. One can download it for free from http://www.geogebra.org. In this talk I
will attempt to show how to use GeoGebra to demonstrate certain concepts required in
the CAPS document.

Even though transformations as a section on its own was removed from Grade 10 — 12
CAPS (2011, p 12), it 1s still important under the section 3.1.1. Overview of topics, 1.
Functions states that:

Work with relationships between variables in terms of numerical, graphical, verbal and
symbolic representations of functions and convert flexibly between these representations
(tables, graphs, words and formulae). Include linear and some quadratic polynomial functions,
exponential functions, some rational functions and trigonometric functions.

Generate as many graphs as necessary, initially by means of point-by-point plotting, supported
by available technology, to make and test conjectures and hence generalise the effect of the
parameter which result in a vertical shift and/or reflection about the x axis (Grade 10) and which
results in a horizontal shift and/or reflection about the y axis (Grade 11).

Why is the effect of changing the values of parameters important?

- to help learners to sketch graphs using the properties of the functions rather than
using a table;

- to show that the same change has the same effect on many functions.

I am planning to do the following during the talk: By creating sliders for the parameters
one can easily see the effect of changing the values of parameters on the transformed
graphs of functions. I will concentrate on trigonometric functions. The same actions
could be applied to algebraic functions.

Barnard, B. (2013). Investigating the effect of changing the values of parameters on the graphs of functions using
GeoGebra. In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th Annual Congress of the Association for Mathematics
Education of South Africa, Vol. 2. (pp. 80 — 82). Cape Town: AMESA.
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CONTENT

The diagram below was taken from a website by Gerrit Stols: http://school-
maths.com/interactive_maths/geogebra_files/transformation_trig/transformation sin.htm
1.

By dragging the points a, k, p and g on the sliders one can see the effect on the graphs.
These are very dynamic demonstrations of the influence of each of the parameters a, k, p
and q on the graph with equation y = a = sin(k(x + p)°) + q . It can be seen separately or
combined. One can do the same for y = a * cos(k(x + p)°) + q Or y = a * tan(k(x + p)°) + q.

Transformation: sin-function

Drag points a, k, pand q

& ‘ y=1lsin 1{x+0)+q

0° 15° 30° 45° B0° 75° 90° 105° 120° 135° 150° 165° 18DR_195° 210° 225° 240° 255° 270° 285° 300° 315° 330° 3.

The following questions could be attempted during the session:

QUESTION 1

Determine the equations of the following sin graphs: 3x2=06)

030 60 S0 120 150 180 210 240 270 300 330 39

4
/34

1.1 1.2 1.3
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QUESTION 2

Draw sketch graphs of the following functions for the intervals given on separate
systems of axes. Indicate the intercepts with the axes and the turning points: (2 x 3 = 6)

2.1 y = —cosx — 2 for 0° < x < 360° 22 y= %cos (x +60°) for —60° < x < 300°
QUESTION 3

Describe in your own words the effect of each of the parameters q, &, p and g on the
equation y = acos(k(x — p)°) + ¢q (4x2=38)
Effect of £ Effect of p

Effect of a Effect of ¢

CONCLUSION

Teachers who participated in the training indicated that the software is easy to use once
it was demonstrated to them and proved to be effective in the classroom with the support
of a training manual by Barrie Barnard and Gerrit Stols (2012).

It does not matter if you do not have access to a computer laboratory as you can
demonstrate the activities by making use of an off-line version of GeoGebra and
demonstrating it with a data projector and screen. If you have access to the internet you
could show all the interactive mathematics from the website: http://school-maths.com/
and other sites in your class.

REFERENCES

Barnard, B. and Stols, G. (2012). Investigating the effect of changing the values of parameters on the graphs of
functions using GeoGebra, a training manual, AIMSSEC.

Department of Basic Education. (2011). Curriculum and Assessment Policy Statements (CAPS) Grade 10 — 12
Mathematics.

http://school-maths.com/interactive_maths/geogebra_files/transformation_trig/transformation_sin.html
accessed on 23 February 2013.
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FACTORISING 3%° DEGREE POLYNOMIALS: AN ALTERNATIVE
APPROACH TO FINDING THE QUADRATIC QUOTIENT

Benard Chigonga

Khatisa high school, Thohoyandou, Malamulele

INTRODUCTION

Cubic functions, which are polynomials of degree three of the form
f(x) = ax®+ bx* + cx + d where @, b, ¢ and d are real constants with @ # 0, form an
integral part of the South African School Mathematics curriculum in terms of curve
sketching, graph interpretation and contextualized maxima and minima problems. The
ability to solve cubic equations efficiently is therefore an essential skill in many
applications in school mathematics. There are a number of different methods which can
be used to factorize cubic expressions and/or solve cubic equations. The most commonly
used method found in contemporary textbooks and classrooms is the use of factor
theorem to find the linear factor and the division algorithm and/or synthetic division to
find the quadratic quotient.

The use of division algorithm and/or synthetic division methods to find the quadratic
quotient given the linear factor of the cubic expression often confuse a lot of students, as
illustrated in the example below.

FINDING THE QUADRATIC QUOTIENT
Example 1: Given that f(x) = 12x* + 16x% — 5x — 3 and that 2x — 1 is a factor of
f(x), factorize f(x) completely.
Solution:
Method 1: The division algorithm
6x* +11x+ 3

2x — 1|12x% + 16x*—5x— 3

(—) 12x° — 6x°
22x*—5x—3
(—) 22x% —11x
6x— 3
(-)6x=3
0
The division algorithm provides a lot of detail that appear cumbersome to handle. So a

short cut to the division algorithm is the synthetic division which is used to find the
coefficients of the terms and constant of the quadratic quotient when the divisor is a

Chigonga, B. (2013). Factorising 3rd degree polynomials: an alternative approach to finding the quadratic quotient. In Z.
Davis & S. Jaffer (Eds.), Proceedings of the 19th Annual Congress of the Association for Mathematics Education of South
Africa, Vol. 2. (pp. 83 — 86). Cape Town: AMESA.
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linear polynomial with a leading coefficient of one. With this method of synthetic
division, students normally present difficulties when the leading coefficient (of the linear
factor of the cubic expression) is different from one. Like in Example 1, the linear factor

2x —1 has 2as the leading coefficient. Therefore, we write 2x — 1 = 2 (x —%) So
now we can carry out the process of synthetic division.
Method 2: Synthetic division

1222 6 0
12 16 -5 -3

—2

Process of synthetic division in this case is as follows:

12|2=626+16=22 » 22+2=11» 11-5=6» 6+2-3=0

The coefficient of the quadratic term of the quotient coincides with that of the cubic
term of the cubic expression.

We note that the coefficients of the terms and constant of the quadratic quotient in the
result are double those found using the division algorithm, which students usually fail to
notice. Hence students would factorise the resultant quadratic quotient in the synthetic
division and wrongly conclude that

12x* +16x? —5x—3 = (2x— 1)(4x+ 6)(3x + 1), where as
(2x—1)(4x+6)3Bx+ 1) =24x3+32x* — 10X — 6.0, (3)

The correct factorization of f(x) based on the result of the synthetic division should
be:

(x — %) (12x%2 +22x +6) =2 (x _ E) (6x% + 11x + 3)

= (2x — 1)(6x* + 11x + 3)
=R2x—1)2x+3)3x+1)
=12 +16x% —5x—3......., (4)

We also note that the coefficients of the cubic expression (3) are double those of cubic
expression (4), although if the cubic expressions (3) and (4) are converted into cubic
equations, the solution set would be the same. Therefore, the purpose of this article is to
present an alternative approach to finding the quadratic quotient of the cubic polynomial
with a known linear factor regardless of whether the leading coefficient of the linear
factor is one or different from one.
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FORMULA FOR FINDING QUADRATIC QUOTIENT OF A 3% DEGREE
POLYNOMIAL

For any cubic expression of the form ax®+ bx* +cx+d, with a linear
polynomial factor mx + n, where a, b, ¢, d, m and »n are real constants and a, m
and n are different from zero, the quadratic quotient can be expressed in the

form:

cn—dm d a bm—-an

=x +( )x-+-— or —xz-l—(—) +—
n’ n m m*=

m

PROOF OF THE FORMULA FOR FINDING QUADRATIC QUOTIENT

Suppose that we have the cubic expression of the form: ax® + bx* +cx+d ... (1)
where @, b, ¢ and d are real constants with @ # 0, that we wish to factorise into the form
(mx+n)(px*+qx +71)....(2)

where P, q and 7 are real constants to be determined and mx + n is a factor of (1) with

m and n different from zero. Multiplying out the factorised form (2) gives:

pmx? + (mq + np)x? + (mr + ng)x + nr, which, on comparison with term by term
of (1), gives:
a=pm, b=mq+np, c=mr+nq,andd =nr.

From these relationships we solve for P, q,and 7:

p _a r d bm—-an cn—dm
— ) _—— — p—
m 4

n m?2 n2

From these results we substitute P, q, and ¥ into (2) to give:

bm—an

ax?® + bx? +Cx+d—(mx+n)[ x“ +( —

(cn ;im) x4 _]
n n

Now, in example 1 above, we find the quadratic quotient of f (x) using the formula:

) .+%] = (mx+n) [ix2 +

Step 1: Identify the coefficients and constants of the cubic polynomial and linear factor:
a=12, c=-5,d=-3 m=2n=-1

: : —dm d D
Step 2: Substitute the values into ix 2+ (Cn = ) X+ and simplify:

n2

(-5)(=1)-(-3)(2) -3)
12x2+ ST > _ 6x% +11x + 3.

2 (- 1_12 - -1
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CONCLUDING REMARKS

The formula for finding quadratic quotient of a cubic expression can be used provided
the linear polynomial factor of the cubic expression exists. I have used this formula in
question with the students and they appreciated it. Students said working with a formula
in mathematics is simple because one needs to identify the values of the variables in the
formula, substitute and simplify, citing the use of quadratic formula to solve any type of
quadratic equation as an example. I believe that the use of the formula provides an
interesting alternative to the existing methods of finding quadratic quotient when the
linear polynomial factor is found through the use of the factor theorem.

REFERENCES

Laridon, P., Essack, R., Kitto, A., Pike, M., Sasman, M., Sigabi, M., & Tebeila, S. (2006). Classroom
Mathematics Grade 12 Learners’ Book. Sandton: Heimann Publishers.
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OPERATIONS WITH INTEGERS
Michael Peter Curry and Carla Van Niekerk

Fairmount Secondary School and St. Augustine’s Primary School

This paper looks at replacing the trusted pedagogy about how to operate with integers
found in textbooks approved by the Education department with a pedagogy that
foregrounds the properties of number as resources to perform the different operations
on integers. This pedagogy has been successfully employed in Grade 7 and Grade 8. The
learners’ ability to do different computations was measured by worksheets and test
without the use of a calculator. This approach did not reveal any disadvantages to
learner and the analysis of the test revealed and average mark of above 70%.

INTRODUCTION

Many GET mathematics teachers derive their pedagogy from mathematics textbooks
approved by the Education Department. These texts generally use the number line,
various manipulatives (e.g. red and black counters) and other everyday tasks (e.g.
ascending and descending a ladder), to ‘explain’ how integers are added, subtracted,
multiplied and divided. This pedagogy, whilst having some flaws, is usually applied
with such trust. This talk is about performing the operations with integers, in a way that
foregrounds the properties of number as resources to perform the different operations.

Having encountered the ideas of using the properties of number as resources for
performing the operations on integers, in a GET Mathematics ACE lecture, we
successfully employed this pedagogy in Grade 7 (at St. Augustine’s Primary School)
and Grade 8 (Fairmount Secondary School) mathematics classes. The success was
measured by learners’ ability to do different computations, using the properties of
number as resources. More importantly, the lecture revealed a way in which learners did
not have to use procedures or operations instructions like “-x—-=+ " and “when adding
a negative number and a positive number, subtract the smaller number from the bigger
number, and take the sign of the bigger number”.

In the talk, we will present the resources, and then show how these were used to perform
the different operations, focusing on integer subtraction (due to time constraints).

CONTENT

The following will be displayed, as examples of conversations that usually accompany
the dedicated trust in the above textbook pedagogy approved by the Education
Department:
e both numbers are positive, so the sum is positive or both numbers are negative, so
the sum is negative
e numbers have opposite signs, so the sum is the difference between the numbers,
with a sign similar to the number with the ‘greater size’

Curry, M. & Van Niekerk, C. (2013). Operations with integers. In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th
Annual Congress of the Association for Mathematics Education of South Africa, Vol. 2. (pp. 87 — 90). Cape Town:
AMESA.
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e both numbers are negative, so the difference is the same as adding its additive
inverse (opposite)

e Dboth numbers are positive, so the product or quotient is positive

e both numbers are negative, so the product or quotient is negative

The above exist only because of a trust we have in what we have been taught. We are
interested in the ‘why’ the operations results in an answer that is correct. Somehow the
pedagogy is trusted to justify the correct answer. This talk will show how the resources
of the number system will justify the correct answer.

We will then indicate that the application of the above pedagogy involves a shift to a
different set of numbers to perform the integer operations, and the learners’ activity is
consequently based on applying intricate procedures rather than on sound mathematical
principles and ideas. To elaborate, the following examples of integer subtraction (see
Figure 1) will be discussed, with the discussion drawing on the following properties of
number:

e The sum of an integer and its additive inverse is 0: inverse

e The difference between the same two integers is 0: every element of Z has its own
additive inverse

o Ifab,ceZthen (a+b)+c=a+(b+c): associativity

o IfabeZ,thena+b=b+a: commutativity

Example 1: Subtracting a positive | Example 2: Subtracting a
number from a positive number: positive number from a negative
8_3—:5 number:
-5-3=7
No problem! —-8+3—3
=-8+3 -3
=-8+0
= -8
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Example 3: Subtracting a negative | Example 4: Subtracting a

number from a positive number: negative number from a negative
number:
8— (-3
2 7 (5)
=11-3-(-3)

= (-5) + (2) = (:5)

=11+ (-3) — (-3)
= (-5) = (-5) +(-2)

=11+40 04 (2)

=11 .

Figure 1: Examples of integer subtraction

The following sample worksheet (adapted for this presentation) was designed to prompt
learners to use the properties of numbers as resources in integer subtraction, rather than
performing an operation based on an observation. The intended outcome is to instill and
develop a way of thinking that does not rely on the above observations. These sample
worksheets focuses the participants attention on integers as numbers in their own right
and not shifting the mathematics to constitute a repertoire of procedures where little
attention is paid to different sets of numbers and their properties. Intuitive notions of
numbers are circulating among teachers and learners so it is not unusual for both parties
to rely on those notions in order to perform operations with integers. The integers are
then transformed to fit the intuitive notions of whole numbers. Learners and educators
most probably perform operations on integers like they would with whole numbers. For
them the integer is used as an object consisting of two symbols, a digit and an operator
and not as one object. In Questions 5 and 6 (refer to Figure 2), it is anticipated that the
learners will freely and successfully change the forms of the expressions to facilitate the
use of the acquired resources.

SUBTRACTION OF INTEGERS

1. 2.
(+4)-(+8) -4)-(+12)
=[- )+ -9 = )+ )-G12)
=(- )+ )-(3)] =(- )+l )-G12)]
=(- )-(0) =(- )-(00)
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3 ’ 2
-9)—(-4
(+4)-(-8) —10 Vel N=(
12 () L
=(#12)+[- )-(-8)] —( )+( )
:(+12) (O) R
5. Show that: (— 7)— (— 15) =8.
6. Calculate the value of each of the following expressions.
@ (-12)-7 ®  (9)-(-13) ©  (5)-@21)
@ (-8)-(-5) ©  (3)-(10-6) ®  ([15-(7)-¢6)

Figure 2: Sample Worksheet
CONCLUSION

The purpose of this talk, while not discounting the value of resources like the number
line and counters to introduce learners to the integer operations, indicated that the
operations could be performed by foregrounding the properties of number as primary
mathematical resources instead of expecting learners to conduct their mathematical
activity based on a large number of observations.

At St. Augustine’s Primary school, a Grade 7 of 2012 class struggled to complete integer
computations by using the observations presented by the teacher. However, after re-
teaching integer operations, using the properties of number as resources, the learners
exhibited greater competence and more successfully completed assigned tasks.
Calculators were not used.

At Fairmount Secondary School, the series of integer operation lessons were taught
during the first term of 2013. The ‘integer operation worksheet’ activities were followed
by a mixed operations worksheet and a test. The activities served to consolidate
computation skills and to assess the success of this approach. The worksheet and test
were done without the use of a calculator and the learners were encouraged to use fewer
intermediate steps. This approach has not revealed any disadvantages and the analysis of
the test revealed an average mark above 70%. Other Grade 8 teachers at the school also
used this approach and reported a marked improvement in learner competence.

ACKNOWLEDGEMENT

Thanks to Roger MacKay, course co-ordinator on the Advanced Certificate in Education
(GET): Number at UCT.
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HOW TO DESIGN A SYMBOL FOR A NEW MATHEMATICS
OLYMPICS: A MATHEMATICS PROJECT FOR GRADE 11

Nyameka Kangela' & Xoliswa Mbelani’
'Rhodes University, “Kutliso Daniels High School

The aim of this presentation is to report on how we introduced and conducted a mathematics project
with our Grade 11 learners. The context of the project was the Olympic Games which were held in
London in 2012. The learners were required to design an original logo for a fictitious mathematics
Olympics by using graphs to define the shapes of the logo. In this project, learners were required to
apply their knowledge of shapes, symmetry, graphs and functions to design a symbol for a new
mathematics Olympics. We will also share our experiences of using this activity in a Grade 11 class.
Learners’ designs will also be demonstrated during our presentation.

WHY WE CHOSE TO TALK ABOUT THIS?

According to Curriculum and Assessment Policy Statement (CAPS) FET Band, learners
should be exposed to mathematical experiences that give them many opportunities to
develop mathematical reasoning and creative skills in preparation for more abstract
mathematics in higher/tertiary education institutions. We wish to share with you the
mathematical opportunities that the Olympics project offered to our Grade 11 learners.

CONTENT

The specification of content according to CAPS FET Band is that Grade 11 learners
should:

generate as many graphs as necessary, initially by means of point to point plotting, supported by
available technology, to make and test conjectures and hence generalise the effects of the parameter
which results in a horizontal shift and that which results in a horizontal stretch and/or reflection
about the y axis.

The project required learners to integrate GET mathematics such as shapes, symmetry
and orientation and FET mathematics such as graphs, functions and algebra. The project
encouraged learners to investigate and explore mathematical concepts in their effort to
integrate various topics in the curriculum.

The worksheet that we used and given below was designed by Dr Duncan Samson and
was workshopped with participating teachers of the FRF Mathematics Education Chair
based at Rhodes University.

OLYMPIC SYMBOL

The symbol of the Olympic Games is composed of five interlocking rings, coloured
blue, yellow, black, green, and red on a white field. The symbol was originally designed
in 1912 by Baron Pierre de Coubertin, the founder of the modern Olympic Games.

Kangela, N. & Mbelani, X. (2013). How to design a symbol for a new mathematics olympics— a mathematics project for
Grade 11. In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th Annual Congress of the Association for Mathematics
Education of South Africa, Vol. 2. (pp. 91 — 93). Cape Town: AMESA.
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N7 A\

TASK 1

You have been tasked with designing a symbol for a new Mathematics Olympics. Y our
design must adhere to the following criteria:

Your Mathematics Olympics logo must include at least 3 different shapes (e.g. circle,
triangle, square, parallelogram, rhombus, kite, pentagon, hexagon, etc.)

The logo must contain elements of reflectional symmetry (i.e. it must have lines of
symmetry — vertical and/or horizontal and/or oblique).

The logo must contain segments of at least three different graphs (e.g. straight lines,
parabolas, hyperbolas, exponential functions, circles, etc.)

Adhering to the above criteria, draw a rough sketch of your design.
TASK 2

Now draw your rough sketch neatly on a Cartesian grid. You can decide where on the
grid you would like to position your logo. Once you have drawn the logo, clearly
indicate the co-ordinates of all important points (i.e. vertices of polygons, intercepts with
the axes, turning points of graphs, etc.).

TASK 3

Label each graph segment in your design (including all straight line segments of any
polygons) and provide the equation for each graph segment along with its domain (e.g.
Graph 1 y = 2x + 1 where x € [—1; 3)).

TASK 4

Write a detailed set of instructions that clearly explain how to draw your logo. Provide
as much information as you think is necessary so that an independent party would be
able to draw your logo from the written instructions.

DISCUSSION

Most of the learners enjoyed doing the project and managed to design a mathematics
Olympics logo according to the given criteria. However the majority of the learners
struggled to do Task 4. This could be attributed to challenges with English and

92





How I Teach Papers

mathematical language. The majority of the learners did not understand fully what was
required of them 1n this question. One could hardly draw the logo according to their set
of instructions. Learners also found it interesting to draw a rough sketch of the logo,
however, many struggled to transfer the rough sketch accurately onto a Catersian grid
indicating the coordinates of all important points. This challenge presented a good
opportunity for learners to learn how to use the Cartesian coordinate system to derive
and apply equations such as straight lines, parabolas and other graphs. Educators found
the designing of an appropriate assessment rubric that was compatible with the
requirements of the project challenging and enriching.
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USING WOODEN CUBES TO HELP LEARNERS INVESTIGATE
NUMBER PATTERNS AND TO UNDERSTAND SUM OF
TERMS OF AN ARITHMETIC SERIES

'Nyameka Kangela and *May Moya
'Rhodes University T E M, *Mrwetyana High School

The number patterns, sequences and series topic is one of the ten main content areas of
the FET mathematics curriculum. According to the requirements of Curriculum and
Assessment Policy Statement (CAPS) FET Band, Grade 12 learners are expected to
identify and solve problems involving number patterns that lead to arithmetic and
geometric sequences and series, including infinite geometric series. In this presentation
we will demonstrate how Grade 12 learners used wooden cubes to investigate patterns.
This also supported them to understand the sum of terms of an arithmetic series.

WHY WE CHOSE TO TALK ABOUT THIS?

One of the specific aims of the curriculum is to provide a meaningful opportunity to
develop in learners the ability to be methodical, to generalize, make conjectures and try
to justify and prove them. We chose this activity because we found that it not only
helped our learners with finding the sum of terms of an arithmetic series, but it also
helped them to understand why the method works. With this activity learners do not
simply ‘plug in’ numbers in a formula without understanding, but are engaged in
meaningful application of the sum concept. Through this activity, we are hoping to
expose learners to methods of finding the sum of terms of an arithmetic series, other
than the one prescribed in most mathematics textbooks. According to the diagnostic
report of the 2011 National Senior Certificate Examination most learners struggled with
questions involving both arithmetic and geometric series. Suggestion for improvement
according to this report is that learners undertake investigations to enhance their
understanding of number patterns, sequence and series. Research (Moyer, 2001;
Chiphambo, 2011) shows that the use of physical manipulatives support knowledge
construction when used appropriately. We hoped that the use of wooden cubes will
support learner’s understanding of patterns, sequences and series.

The worksheet we used and given below was designed by Dr Duncan Samson and was
workshopped with participating teachers of the FRF Mathematics Education Chair based
at Rhodes University.

Kangela, N. & Moya, M. (2013). Using wooden cubes to help learners investigate number patterns and to understand sum
of terms of an arithmetic series In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th Annual Congress of the Association
Jfor Mathematics Education of South Africa, Vol. 2. (pp. 94 — 97). Cape Town: AMESA.
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INVESTIGATION 1

Gauss’s method is a fast and efficient way of determining the sum of an arithmetic
series. Let’s illustrate the method using the sum of the first 100 natural numbers, i.e. the
series 1 +2+3+4+ ... +98+99 + 100. Gauss’s method involves writing down the
sequence to be summed twice, once forwards and once backwards, carefully aligning the
terms as follows:

1 + 2 + 3 + . + 98 + 99 + 100
100 + 99 + 98 + .. + 3 + 2 + 1
The two terms in each column are then added, giving a sum of 101 for each of the 100

columns. This gives a total tally of 10100. However, this is double the required answer,
so the sum of the original sequence is 5050.

1 + 2 + 3 + .. + 98 + 99 + 100
100 + 99 + 98 + . + 3 + 2 + 1
101 + 101 + 101 + ... + 101 + 101 + 101
101x100
Sum of first 100 natural numbers = T
= 5050

Use the wooden cubes to investigate Gauss’s method in order to develop a visual
appreciation for why the method works. Begin with the series 1+2+3+4+5 as shown
below, and then investigate on your own.

INVESTIGATION 2
(a) Complete the following table:
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Column A Column B

1’ +2° = 1+2=
P+2+3%= 1+2+3=
P+2°+3+4 = 1+2+3+4=

(b) Describe in words any observed patterns.

(c) Use the wooden cubes to investigate the patterns you have observed. An example
is shown below to get you started.

(d)Determine 1 +2 +3 +4 + ... + 98 + 99 + 100 using the S,, formula for an
arithmetic series: S,, = E[Za + (n — 1)d].

Hence determine V13 + 23 + 33 + 43 + ... 4983 4+ 993 + 1003.
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" 4 3 2 n ¥ o
e)Giventhat Y2 ="+ 1" prove that i P
(©) Z{ PR 20| =2

i=1
CONCLUSION

At the time of submitting this abstract, lessons in class were still going on. We will
provide a detailed account of how the lessons were conducted, and how the Grade 12
learners experienced this activity in due course.

REFERENCES
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HOW I TEACH USING THE “BEETLE” DICE GAME FOR
DEVELOPING ADDITION AND MULTIPLICATION IN GRADE 3
AND 4 LEARNERS

Yaleka Mase and Nombulelu Koliti
Samuel Ntsiko Primary School, Grahamstown
INTRODUCTION

In this talk we describe how we use the Beetle game activity in our after school Maths
Club for developing fluency in number. In 2012, we saw an article in the ‘Ukufunda /
Fun with Maths’ supplement of our local newspaper. The article was put together by a
numeracy project at Rhodes University. We contacted the project and they provided us
with support for starting an after school club in the latter part of 2012 and provided us
with a number of critical resources. We are continuing to run these clubs in 2013 with
Grade 2 and 3 learners.

Short games, particularly those played with dice, are very accessible to younger learners
and can aid in the development of core number skills, mental agility and fluency in
number. Mathematical games are 'activities' which involve a mathematical challenge,
are governed by a set of rules and have a clear underlying structure, normally have a
distinct finishing point and have specific mathematical cognitive objectives (Way,
2013).

The Foundation Phase CAPS (Department of Basic Education, 2011, p12) document
states that “mental mathematics plays a very important role in the curriculum”, so dice
games are ideal for incorporating into mental sessions as they are easy to set up,
implement and tidy away. Other benefits include motivation, developing positive
attitudes towards maths and allowing children to operate at different levels of thinking.

CONTENT OF THE TALK

We will briefly describe the game and the mathematics that can be developed by playing
it. If time allows, we will play at least one game.

Overview of the game

Beetle is a British party game in which one draws a beetle in parts. The game is played
with pencil, paper and a dice (Wikipedia, 2013). This game was one of the key resources
provided by the numeracy project. They have adapted the game as described below so
that it can work in a classroom or small group context. The adapted version can be
beneficial for:

e Developing collaboration and turn taking in learners

e Developing mathematical fluency in a non-rote way. For example it can help
develop fluency in simple addition, use of efficient addition strategies,
multiplication (repeated addition), doubling or having. It can also be used for
developing estimation strategies.

Mase, Y. & Koliti, N (2013). How I teach using the “beetle” dice game for developing addition and multiplication in Grade
3 and 4 learners. In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th Annual Congress of the Association for
Mathematics Education of South Africa, Vol. 2. (pp. 98 — 102). Cape Town: AMESA.
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Learning to follow game rules

Basic Play

Allocate about half an hour for the game and then about 15 minutes for the
estimation and concluding part at the end.

Work in pairs with 1 dice per pair. They need a scorecard (see Appendix) between
them and scrap paper for drawing their beetles

One learner will draw the beetle and the other will throw the dice

The learners must throw a 6 for the body in order to start drawing. Once they have
thrown a 6 to start, they do not have to throw the dice in any particular order -
except that they must throw a 5 to draw the head before they can draw feelers and
eyes.

Throw the dice repeatedly in order to draw the beetle.

When a pair has drawn a complete beetle, they shout “Beetle” and everyone must
stop playing.

Each pair counts the number of body parts they have drawn with the maximum
being 14. Write this on a scorecard. The pair who shouted “Beetle” will of course
have a score of 14.

Learners swap roles and play another game

Play between 4 and 6 games, depending on how much time you have

Drawing the Beetle

There are 14 body parts to draw: a body, a head, 2 wings, 6 legs, 2 feelers, 2 eyes
you must throw a 6 to start - and you can then draw the BODY 23 é
when you throw a 5 - draw the HEAD — must be drawn before 1,_/5 50 ;
eyes & feelers AN\ [°
when you throw a 4 - draw the WING (you will need 2 of these) [/ /)
when you throw a 3 - draw a LEG (you will need 6 of these) 4 | g’;‘;,';f: e l ¢ '
when you throw a 2 - draw a FEELER (you will need 2 of these). | /""" |
You must have the head first ;/'?Jf,‘i\ /f\\
when you throw a 1 - draw an EYE (you will need 2 of these). ¥ 2

Y ou must have the head first

THE MATHEMATICS OF BEETLE

After the entire game is finished (i.e after 4 to 6 games), it is time to see which pair is
the overall winner.

Before each pair adds up the scores for all individual games, the whole group can
estimate which pair of learners they think has the highest score and lowest score.
Discuss strategies for how they know this. Record their ideas on a black or white
board.

Then each pair adds up their score. Pairs can add up their scores using any
strategies they wish.

99





How I Teach Papers

e They then swap their score card with another pair who check and agree/disagree
with the final score.

e Finally, check actual scores against estimates given at the beginning of the
process

Other Game Variations for different mathematical skills

e Practice doubling or halving: Score as above but at the end of the entire game,
double or halve the final game scores. Discussion might result about how to halve
odd numbers.

e Practice working in multiples (or repeated addition): Rather than scoring 1 point
per body part, use the actual values of each body part as the score. This will get
the learners thinking and working on strategies. The maximum score for each
game will then be 43. e.g.

e Body Head Eyes Feelers Legs Wings
6 5 2x1  2x2 6x3 4x2

1. Draw crazy creatures: Throw the dice a certain number of times (for example 12)
and draw the creature that you get. Add up the values of the body parts drawn.
See Figure 1 where I threw the dice 12 times and drew my ‘creature’ as [ went
along: three bodies (6s), four legs (3s), one head (5), two feelers (2s) and two eyes
(1s), to get a score of 41(South African Numeracy Chair Project, 2012, pp18-19).

2 2

¥
3
OO0
\
S 3
3
Draw Crazy Creatures

Figure 1. Crazy figure for 12 dice throws

One way of working this out could be like this:

A. Head Body Legs Eyes Feelers
5 + 3x6 + 3x4 + 2x1 + 2x2
5 + 18 + 12 + 2 + 4

41

100





How I Teach Papers

CONCLUDING REMARKS AND FURTHER SUGGESTIONS

We play this game in the first or second session of a new club as it is an ideal way to
model how the club ethos works. Once played, we have found that the learners love this
game and constantly ask to re-play it.

We have printed a number of scorecards and have laminated them, so they can be re-
used with dryboard markers.

We have also encouraged learners to play the game at home with their family as a way
of encouraging learners to use maths outside of school and getting other family members
involved.

The game has been used extensively around the world as fund-raising mechanism. In
South African specifically it is used by the Boy Scouts and Girl Guides as a way of
raising funds. It could be used in your school for the same purpose. When used as a
fund-rasiser there is less focus on the mathematics and the game 1s much faster. For
information on how it is used differently as a fund-raiser, see the links below'.
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APPENDIX

Scorecard by Ruth Hennall

(must have
body before
anything else)|

SANC Maths Clubs Beetle Game

The round ends when the first pair in the room
draws a complete beetle and shouts “BEETLE”

The pair adds up their score. 1 point for each part
of the beetle drawn. Total of 14 body parts.

For Variations, see SANC Games Booklet

SCORE

SCORE SCORE

SCORE

SCORE SCORE

Scorceard by Ruth Hennel)

(must have
body before
lanything else)

SANC Maths Clubs Beetle Game

The round ends when the first pair in the room
draws a complete beetle and shouts “BEETLE”

The pair adds up their score. 1 point for each part
of the beetle drawn. Total of 14 body parts.

For Variations, see SANC Games Booklet

SCORE

SCORE SCORE

SCORE

SCORE SCORE

Name

Total Score

Name

Total Score
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HOW WE TEACH NUMBER PATTERNS IN A LESS RESOURCED
GRADE 10 CLASS

Michael Kainose Mhlolo' and Barbra Kapa®
' Rhodes University — FRF Mathematics Education Chair

>Nomzamo Senior Secondary School — Port Alfred

INTRODUCTION

In our presentation we are going to show how we taught linear number patterns in a way
that connects number patterns with graphs, functions and tabular representations. Our
view is that through the study of patterns of change, they can get a more meaningful
understanding for such characteristics as slopes, intercepts, equation of a line, etc.

WHY NUMBER PATTERNS?

Within the new CAPS documents patterns are at the core of what constitutes
mathematics. Mathematics itself is defined as “a human activity that involves observing,
representing and investigating patterns and qualitative relationships in physical and
social phenomena and between mathematical objects themselves”.

With specific reference to number patterns, the new CAPS document expects learners
to:

e Investigate number patterns leading to those where there is constant difference
between consecutive terms, and the general term is therefore linear.

WHAT DID WE DO DIFFERENTLY?

In the traditional approach to number patterns, learners are usually presented with what
we may describe as a ‘contrived situation’ in which to study number patterns. For
example learners might be given a number sequence such as 3,7, 11, 15 ... and asked to
complete the sequence, find the difference between the consecutive terms, etc and get
‘told’ that if there is a constant difference between the consecutive numbers in the
sequence then the pattern is linear. In our view, such kind of teaching does not empower
the learners in terms of making connections and improving their problem solving skills.
The result is that learners usually learn by rote the characteristic features of these
different number patterns yet there are so many real-world contexts or simulations where
learners can investigate, observe and generate their own number sequences. This in our
view would enable learners to make more sense of these number patterns.

In this lesson, students work with number pattern situations involving tasks from a real-
world context. Our activities link several aspects of algebra in that a real-world
simulation is presented, the relationships between variables are explored in depth and
learners are called upon to combine and apply different aspects of their algebra
knowledge and skills. Consistent with one of the general aims of the CAPS document, in
this lesson we intend to enable learners to collect data from a given scenario on plant

Mhlolo, M. K. & Kapa, B. (2013). How we teach number patterns in a less resourced grade 10 class. In Z. Davis & S. Jaffer
(Eds.), Proceedings of the 19th Annual Congress of the Association for Mathematics Education of South Africa, Vol. 2. (pp.
103 — 106). Cape Town: AMESA.
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growth, organise it into tables, analyse it to see if there are any patterns that emerge,
critically evaluate the information in order to generate formulae that can help them to
plot the information on a graph and make predictions about further growth of the plant.

In this way learners can study the concept of constant difference in context, they can see
the connections between the numerical, algebraic, graphical, and tabular representations
of such information. We therefore hope to enable learners to deduce for themselves that
when there is constant difference between consecutive terms in a number pattern, then
the terms can be represented graphically with a straight line, hence conclude that such a
relationship is linear. Here is an example that will be used in developing these
mathematical concepts and skills.

A TASK FROM THE EVERYDAY LIFE

The following data shows the measured heights of 4 different sunflowers on a particular
day and the amount they grew in centimetres each day afterwards.

Table 1: Sunflower Growth

Sunflower A B C D
Start height in cm 3 6 6 8
Growth per day in cm 2 2 3 2

Investigate how the height of each sunflower changes over time. Is there a pattern to the
growth? If you find a pattern can you use it to predict how tall the sunflowers will be in
say 30 days, or in any number of days? What different representations could you use to

help your investigation?

Represent this information in a table similar to the one below, showing the height of the
sunflowers over a six day period for each sunflower A, B, C and D.

GROWTH HISTORY FOR SUNFLOWER A
Time in days | Height in cm Change

0
1

2
3
4
5

1. Where is the start height for each plant seen in the tables?
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2. Where is the length by which the plant grows seen in each of the tables?

3. What do you notice about the change between the successive outputs for each of
the tables?

4. In each table identify 2 values that stay the same and 2 values that change.

5. We call the values which vary ‘variables’ and values which stay the same
‘constants’.

6. We have identified 2 variables. Which variable depends on the other?

7. We call one variable the dependent variable and other variable the independent
variable.

8. We call one variable the dependent variable and we call the other variable the
independent variable.

9. Which is the independent variable and which is the dependent variable in each
case above?

We also hope to enable the learners to see the connections between (a) the starting point
in the numerical number pattern and the ¢ value or y-intercept in the graphical
representation, (b) the constant change or difference in the numerical representation of
the pattern and the gradient of the straight line and (c) the verbal, numerical, algebraic,
tabular and graphical representation of this plant growth information.

WHAT KNOWLEDGE DID WE ASSUME OUR LEARNERS TO HAVE?

We assumed our learners to be able to work with relationships between variables using
tables, graphs, words and formulae. Convert flexibly between these representations. At
this level it is sufficient to investigate the way output values depend on how input values
vary. The terms independent (input) and dependent (output) variables might be useful.

WHAT CONCEPTS DID WE WANT TO TEACH IN THIS LESSON?
In this activity, learners:

1. Identify patterns and describe different situations using tables and graphs, words
and formulae

2. Identify independent and dependent variables and constants
3. Identify ‘start amount’ in the table and formula and as the y-intercept of the graph

4. ldentify the rate of change of the dependent variable in the table, graph (as the
slope)

5. Identify linear relationships as having a constant change between successive y
values (outputs)

6. Realise that tables, graphs and algebraic formulae are just different ways to
represent a situation.
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CONCLUSION

At the time of submitting this abstract, the lessons are still going on. So in the
presentation we will then give a more detailed account of how the lessons went taking
note of where learners experienced some challenges and what we did about such
challenges.
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HOW WE TEACH FUNCTIONS IN A
LESS RESOURCED GRADE 10 CLASS

'Michael Kainose Mhlolo and *Fikiswa Mani
' Rhodes University — FRF Mathematics Education Chair
? Kuyasa Combined School , Port Alfred

INTRODUCTION

With specific reference to functions at Grade 10 level, the new CAPS document expects
learners to work with variables in terms of numerical, graphical, verbal and symbolic
representations of functions and convert flexibly between these representations (tables,
graphs, words and formulae). While the learners are not restricted to working with linear
functions, the expectation is that they will make sense of functions starting with linear
relationships.

WHY FUNCTIONS?

Linear functions have been and will continue to be a fundamental part of the study of
algebra as mathematics education develops to meet the needs of the ever-changing
technological world of today. These functions help us to better understand the world
around us, and to answer problems and explain phenomena from many diverse fields,
including physics, biology, and economics. One of the major goals of mathematics
education is developing good problem solving skills. Students need a solid
understanding of multiple representations of various functions, including linear
functions, in order to be considered mathematically literate. Teaching from this
perspective, and making multiple opportunities available to help students make
connections and develop these skills is very important in today's mathematics classroom.

SO WHAT ARE WE GOING TO DO DIFFERENTLY?

In the traditional approach to algebra, students generally learn how to solve linear
equations before they study linear models. Traditionally, solving equations was devoid
of any real-world context until after the symbol manipulations were mastered. However,
some of the newer materials emphasize understanding the mathematical model as it is
related to a real-world application and then building on that conceptual understanding in
order to help students solve equations.

In this lesson, students work with linear situations involving tasks from a real-world
context. Consistent with the CAPS document expectation, which states that
“Mathematical problem solving enables us to understand the world around....”, our view
is that modelling functions from the real world contexts helps students understand the
basic patterns involved in linear models and gives them a firm foundation for solving
problems involving linear situations - in their symbolic form, graphic form, and table
form. It also gives students more ways to solve these types of problems. They are not

Mhlolo, M. & Mani, F. (2013). How we teach functions in a less resourced Grade 10 class. In Z. Davis & S. Jaffer (Eds.),
Proceedings of the 19th Annual Congress of the Association for Mathematics Education of South Africa, Vol. 2. (pp. 107 —
109). Cape Town: AMESA.
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limited to using symbol manipulation. They can solve an equation using a graph or a
table of values in addition to using symbol manipulation.

So in our presentation we are going to show how we taught linear functions in Grade 10
class from a previously disadvantaged community using tasks from the real world-
context.

LESSON OBJECTIVES
By the end of this lesson, students will be able to:

1. Translate a verbal statement into a function/equation and then use the equation to
explore the given problem

2. Identify the type of relationships between the quantities in the problems (linear)

3. Identify the independent and dependent variables, and then write linear equations
of the form:

4. Solve the problems algebraically

5. Take the algebraic representations and express these as tables and then draw
graphs to show the different ways of arriving at the solutions.

6. Compare these different ways of representing the same information and discuss
the advantages and disadvantages of using each one of them for solving similar
problems. The aim is for the learners to see the connections they can make
between the different representations.

WHAT KNOWLEDGE DID WE ASSUME OUR LEARNERS TO HAVE?

We assumed our learners to be able to work with relationships between variables using
tables, graphs, words and formulae. Convert flexibly between these representations. At
this level it is sufficient to investigate the way output values depend on how input values
vary. The terms independent (input) and dependent (output) variables might be useful.

WHAT CONCEPTS DID WE WANT TO TEACH IN THIS LESSON?
1. Learners will identify the defining characteristics of a linear function.

2. Learners make connections between graphical and symbolic representations by
examining and manipulating the three symbolic forms of a linear function in order
to use such models for problem solving

3. Learners will gain deeper understanding of linear functions as they become more
aware and motivated to observe and reflect on its application in a real-world
environment

CONCLUSION

At the time of submitting this abstract, the lessons are still going on. So in the
presentation we will then give a more detailed account of how the lessons went taking
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note of where learners experienced some challenges and what we did about such
challenges.
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HOW I TEACH NUMERACY USING 3-D CUBIC BUILDING
BLOCKS

Elvira Milborrow

Alexandria High School and the NICLE project

INTRODUCTION

In this session I will share the way in which I use cubic stacking blocks to teach a range
of numeracy topics including 3 dimensional objects.

Some of the activities that I will discuss and share in the session are included below:
ACTIVITY 1

a) Can you make these shapes yourself?

(Source: www.nrich.org)

b) The bottoms of the objects have paint on them and are put on paper. What picture
do the shapes make on the paper? Draw the pictures.
c) Build objects of your own.

Milborrow E. (2013). How I teach numeracy using 3-D cubic building blocks. In Z. Davis & S. Jaffer (Eds.), Proceedings

of the 19th Annual Congress of the Association for Mathematics Education of South Africa, Vol. 2. (pp. 110 — 111). Cape
Town: AMESA.
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ACTIVITY 2

Build these rectangular prisms:
1. Length = 3 blocks; width = 2 blocks; height = 2 blocks
2. Length = 2 blocks; width = 2 blocks; height = 2 blocks
3. Length = 5 blocks; width = 3 blocks; height = 4 blocks
4. Length = 4 blocks; width = 4 blocks; height = 4 blocks
Now answer these questions for questions 1, 2; 3 and 4 above:

a) How many blocks were used in each structure? Can you explain how you worked each one out?
b) Draw a picture of the floor plan (floor stamp) each rectangular prism makes.
¢) Which rectangular prisms are cubes? Why?

OTHER IDEAS FOR USING CUBIC BLOCKS FOR TEACHING NUMERACY

e Use them to show making up and breaking up of numbers. (e.g. 10=5+5=6+4 =7+ 3 etc.
e Use them to show concrete representation of tables —e.g. 3; 6; 9; 12.... (Grouping and sharing)
e Use them to show 3D shapes, volume that is L X B X H, area thatis L X W
a) 1 X1X1
b) 2X3X4etc
¢) Squares, rectangles, cubes and prisms
e Use them to practice measurement
e Use them for fun creative building!
e Use them to build/show Fibonacci pattern (1; 1; 2; 3; 5; 8; 13...) and to make other patterns e.g.
1;3;5;7;...or1;2;4; 8
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HOW I TEACH SHAPE USING GEOMETRIC SOLIDS
Melissa Tweedie
Port Alfred High School

My talk is about how I teach shape using Geometric solids. I have chosen to talk about
this concept because I have found it to be a successful way of introducing three
dimensional shapes such as cubes, cones, spheres and cylinders to the children in my
class. Geometric solids prepare a child for geometry by allowing the child to compare
the different three dimensional objects. It improves the child’s concentration, co-
ordination and independence. Using three dimensional shapes for sorting activities
helps strengthen the child’s problem-solving skills. I will show you how Geometric
solids help develop language and how children learn to recognise and name the shapes.
During the lesson you will notice how solids can also be used to develop the language of
position and movement.

RESOURCES

e A basket/container with a set of 10 geometric solids (cube, cylinder, sphere, cone,
ovoid, ellipsoid, triangular pyramid, square pyramid, triangular prism and
rectangular prism)

e Geometric solid cards (pictures of solids)
e Pictures of everyday objects (dice, boxes, ball, marble etc)
e (Matching cards have coloured dots on back as a control of error)
e Mat
e Scrap materials (toilet rolls, boxes etc) to use for construction
e Wood glue
PROCEDURE

I sit on the floor, facing the child with the mat between us. I introduce the concept of
two dimensional (flat shapes) and three dimensional (fat shapes) and we discuss shapes
in our environment. | present the basket of geometric solids and take the sphere out of
the basket. I ask the child to feel the shape of the sphere. I name the geometric solid
‘sphere’ and ask the child to repeat it. I ask the child to place the sphere in the left corner
of the mat. I repeat this process with three other geometric solids requesting the solid be
placed next to, in front of etc the previous solid.

Activity 1
Child works individually with the solids, feeling the shape and packing it out on the mat.

Tweedie, M. (2013). How I teach: shape using geometric solids. In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th
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Activity 2

Give the child a handkerchief to cover the basket. Child puts hand under the
handkerchief and feels the solid. Child must then guess and name the solid before
revealing the solid. This allows the names of the geometric solids to be reinforced.
Activity 3

Child matches geometric solid cards, picture cards to geometric solids. Control of error
using the coloured dots at the back of the cards allows the child to check whether
matching correctly.

Activity 4

Give the child a worksheet that gives instructions to build a model using the
shapes/solids identified on the sheet. Child builds a model and describes and names the
solids that were used.

Activity §

Child uses scrap material (recycle) for a free choice construction and glues construction
together.

CONCLUSION

I think that using these activities help refine the three dimensional sense and make the
child aware of the solid shapes in our environment. The lesson was enjoyable and really
got the child looking at the detail of the solids. The cards help create a visual impact
when matched with the solids. I think an advantage of this type of lesson is that the
activities are not teacher directed and the child is active in the learning process. A
disadvantage might be if the class has many learners — time and space factor? I am
fortunate to have a small class so there is the freedom of individual teaching.
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