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USING THE ‘KNOWLEDGE QUARTET’ TO ANALYZE 
PRIMARY MATHEMATICS TEACHING IN SOUTH AFRICA: 


THE CASE OF SIBONGILE 
Lawan Abdulhamid and Hamsa Venkat 


Wits School of Education, University of the Witwatersrand 
 


This paper presents results of the analysis of video data of a mathematics lesson 
taught by a Grade 5 teacher. The teacher is a participant in the Wits Maths Connect-
Primary (WMC-P) professional development course. The Knowledge Quartet  
framework was used as a tool in providing a language of description to discuss on 
ways in which the teacher’s content knowledge and pedagogical content knowledge 
come into play in the classroom. The analysis showed that the teacher used a number 
line as promoted by the WMC-P course and she believed that it is a useful tool in 
helping her learners to move to more efficient strategies for addition. There was 
evidence of strong connections between the actions on object, word, symbol and 
diagram representations within her explanation. However, her selection of number 
range within her examples were too low for Grade 5, which might have led to most 
learners being able to give answers to the questions mentally, which resulted in a 
situation where the need for the use of number line was not really motivated. We 
conclude this paper by identifying certain issues for later discussion with the teacher 
in order to expand our understanding of some of her pedagogical decisions. 
INTRODUCTION 
Widespread agreement exists that teaching and learning of primary mathematics in 
South Africa need improvement (Ensor et al. 2009; Fleisch 2008; Schollar 2008). 
This need is evident from the poor performance of primary school learners in the 
country as pointed out in the Annual National Assessment (ANA) report which 
indicated that the mean annual results of grades 3 and 6 stood at 41% and 27% 
respectively (Department for Basic Education 2012). Testing within the WMC-P 
project in 2011 with Grade 2 learners indicated that 75% of learner samples drawn 
from across the attainment range across the ten project schools were using ‘count 
all’-based strategies for addition sums in the 1-20 number range (Venkat 2011). 
The study reported in this paper is located within the Wits Maths Connect-Primary 
(WMC-P) project, a 5-year longitudinal research and development project targeting 
primary mathematics teachers from ten schools in Johannesburg, South Africa. The 
project is aimed at improving the quality of teaching and learning of primary school 
mathematics. To achieve this aim, the WMC-P project, among other activities, is 
piloting a 20-day professional development course focusing on developing and 
deepening primary school teachers’ content knowledge from a pedagogical 
perspective. Research evidence indicates that teachers’ mathematical knowledge is 
strongly related to the quality of their mathematics instruction (Hill et al. 2008) and 
learners’ achievement gains (Hill, Rowan & Ball 2005; Jacobs, Megan, Carpenter, 
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Linda & Dan 2007; Rowan, Chiang, & Miller 1997). These studies considered 
teachers’ mathematical knowledge as both knowledge needed to do mathematics and 
the knowledge associated with teaching mathematics. 
There is substantial evidence that primary mathematics is an under-researched area in 
South Africa (Venkat, Adler, Rollnick, Setati & Vhurumuku 2009). However, 
broader findings of gaps in teachers’ Content Knowledge (CK) (Taylor 2008) and 
Pedagogical Content Knowledge (PCK) (Carnoy, Chisholm & Chilisa 2012) linked 
with small scale research has pointed to some problems in pedagogic practice. 
Amongst the problems that have been highlighted are low levels of teachers’ content 
knowledge, and lack of consistency and coherence in the teachers’ coordination of 
tasks and mediation means, which resulted in mathematical objects not emerging for 
many learners (Askew, Venkat & Mathews 2012). Hence, there is a need to explore 
primary school teachers’ knowledge in teaching, as they participate in a professional 
development model that emphasises coherent connections within and across tasks and 
progression in teaching mathematical ideas, so as to improve teaching quality. 
This research is part of a more extensive study on exploring ways in which teachers’ 
content knowledge and pedagogical content knowledge come into play in the 
classroom using knowledge quartet framework. We begin the paper by describing 
and conceptualizing the framework, devised within the trajectory of work in primary 
mathematics teacher development by Tim Rowland and his team (Rowland, 
Huckstep & Thwaites 2003, 2005; Rowland, Turner, Thwaites & Huckstep 2009). 
We then use the framework to help us reflect on the teacher’s mathematical 
knowledge using the four knowledge dimensions namely: foundation, transformation, 
connection and contingency knowledge. 
CONCEPTUALIZING THE KNOWLEDGE QUARTET 
The knowledge quartet framework was developed by the Subject Knowledge in 
Mathematics (SKIMA) research group at the University of Cambridge. They 
committed several years to the development of this framework, which has 
subsequently been revised many times (see Rowland et al. 2003, 2005; Rowland et al. 
2009).  A significant aspect of their framework is that it is not only aimed at defining 
what knowledge is needed for mathematics teaching and how such knowledge may 
be identified, but also provides a way of understanding how such knowledge is 
developed in teachers. Through categorizing situations from classrooms where 
mathematical knowledge surfaces in teaching from the detailed analysis of 24 lessons 
they observed (2 lessons each taught by 12 trainee teachers), this framework 
emerged. The framework consists of four categories of knowledge, namely, 
foundation, transformation, connection and contingency. 
The first category, foundation, consists of the theoretical background related to 
mathematics knowledge, beliefs and understanding that teachers possess or acquire 
during training, in preparation for their roles in the classroom. It is about knowledge 
possessed regardless of whether it is being put to purposive use. The key components 
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of this theoretical background are: knowledge and understanding of mathematics per 
se (i.e. content knowledge) and knowledge of mathematics specific pedagogy (i.e. 
pedagogical content knowledge), together with beliefs concerning the nature of 
mathematical knowledge, the purposes of mathematics education, and the situations 
that provide conducive environments for mathematical learning (Rowland et al., 
2003). The remaining three categories, unlike foundation knowledge, refer to “ways 
and contexts in which knowledge is brought to bear on the preparation and conduct of 
teaching” (Turner & Rowland 2011: 200). 
The second category, transformation, lies at the heart of the knowledge quartet. It is 
concerned with mathematical knowledge-in-action as demonstrated both in planning 
to teach mathematics and in the act of teaching itself. In their discussion of this 
category, Turner and Rowland (2011) cited Shulman‘s notion that this category refers 
to the “capacity of a teacher to transform the content knowledge he or she possesses 
into form[s] that are pedagogically powerful” (Shulman 1987: 15). The teacher’s 
choice and use of examples, representations, use of instructional materials and 
demonstrations in teaching mathematics and explanations of mathematical ideas are 
the critical components of this category. 
Connection, the third category, is concerned with the coherence of the planning or 
teaching mathematics displayed across an episode, lesson or series of lessons. 
Coherence refers to the sequencing of materials for instruction, and an awareness of 
the relative cognitive demands of different mathematics topics and tasks (Rowland et 
al. 2003). The key features of this category include: decisions about sequencing, 
making connections between procedures and concepts. Of particular importance in 
the conceptualization of the knowledge quartet in this study, is the need noted in the 
literature for building coherent connections between actions on mathematical objects, 
word, diagram and symbolic representations within the teachers’ explanation and also 
connections between episodes (Askew, Brown, Rhodes, William, & Johnson, 1997; 
Haylock & Cockburn 2008). This follows the identification of disconnection and lack 
of teaching for progression as prevalent in the South African primary school teaching 
landscape (Askew et al. 2012; Ensor et al. 2009; Venkat, Abdulhamid & Morrison 
2012; Venkat & Naidoo 2012) 
Contingency, the last category, focuses on the teacher’s responses to classroom 
events that were not anticipated in the planning of how practice would unfold in the 
mathematics classroom (Turner & Rowland 2011). The features of this category are 
evident when the teacher deviates from the agenda set out in the prepared 
mathematics lesson plan, and responds to learners’ mathematical ideas and provides 
insights during instruction. Rowland et al. (2003) argue that teachers with limited 
mathematical knowledge find it more difficult to cope within this category. 
Contingency refers to knowledge that is demanded during classroom interaction. This 
is prompted when the teacher encounters surprise from a learner’s misconception or 
demonstration of a concept in ways that are unfamiliar to the teacher. In the 
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following paragraph, we highlighted the usefulness of knowledge quartet in relation 
to South African primary mathematics teaching. 
The empirical problems identified in South African primary school mathematics 
teaching suggest that the knowledge quartet framework may be useful. The teachers’ 
mathematical knowledge and understanding in relation to connections and 
progression fit into the foundation category as part of the teacher’s theoretical 
background knowledge. When put into planning and in the act of teaching, teacher’s 
knowledge of “analogies, illustrations, examples, explanations, and demonstrations 
that are presented in a way that the content knowledge is transformed to be 
comprehensible to others” (as described by Shulman (1986)) fit into the 
transformation category of the knowledge quartet. The coherence of the connections 
between mathematical ideas and progression as conceived in terms of use of 
representations and strategies in the enactment of a lesson and across sequences of 
lessons fit into the connection category. The ways in which a teacher mediates 
empirical problems as they arise in classrooms fit into the contingency category. This 
is the teacher’s knowledge of interaction in the use of pupils’ descriptions of their 
methods/strategies and their reasoning. According to the literature, these help to 
establish and emphasise connections of mathematical ideas and establish 
misconceptions, in ways that are not always possible for the teacher to anticipate in 
his/her lesson planning. 
In this paper, we present an initial analysis of a single lesson taught by one of the 
teachers participating in the WMC-P professional development course focused on 
addition of whole numbers. Within the course sessions on addition and subtraction, 
tutors emphasized the use of closed and empty number lines (Beishuizen 1993) as 
useful models for addition and subtraction problems, and also discussed the use of 
part-part-whole models (Carpenter, Fennema, Franke & Levi 1999). The lesson was 
video recorded, and we created a verbatim transcript that captured all the teacher talk, 
teacher-learner interactions, and descriptions of the tasks and representations that 
were produced and used by the teacher during the course of the lesson. In the 
following section, we first present the summary of the lesson organised into episodes. 
Each episode consists of a specific focus and activity. We decide on the focus based 
on the activity and/or lesson format (teacher work, learner group or individual work) 
that took place within the lesson, not necessarily what the teacher says. Hence, the 
activity and/or lesson format drives the focus. As the focus of the lesson shifted, this 
marked the beginning of the new episode. 
SIBONGILE’S LESSON 
Sibongile’s1 focus was on teaching grade 5 lesson on addition. There were 40 
learners in the class with average age of 11 years. The main focus of this lesson was 


                                         
1 All names used in this paper, except the authors are pseudonyms intended to preserve the 
anonymity of the participants  
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teaching addition using empty number line—a topic and representation that was 
emphasised in the course. Table 1 presents the summary of the lesson. 
Table 1: Lesson summary 


Episode Content Outline 


E1 Focus: Mental addition 
Activity: Teacher started the lesson with questions challenging her learners’ 
mental addition abilities, by saying “who can give me the answer for eight plus 
nine, three plus four, ten plus seven, nine plus nine, seven plus seven, five plus 
two, nine plus eight, twelve plus nine, thirty-two plus eight, forty-two plus two, 
nineteen plus seven and twenty-six plus seven?” Most learners appeared able to 
answer these questions immediately and correctly. Some learners were seen 
counting-on using their fingers. Teacher demonstrated the use of tally counting 
with example of eight plus nine and discouraged using it to solve problems by 
saying “let us say you have twenty sums and you are required to do it in fifteen 
minutes. Can you be able to finish?” Learners responded in chorus, “No!” 


E2 Focus: Use of closed/structured number line 
Activity: As an alternative to tally counting, the teacher introduced the use of a 
closed number line with unit intervals across the (1-10) range and started with an 
example of the sum 4+4. One learner said “start at four and make four jumps on 
the number line to get to eight.” Teacher then pointed out that even the use of 
closed number line would not provide efficient way of working out the sum, 
especially when dealing with large numbers, e.g. 33+9. 


E3 Focus: Use of empty number line 
Activity: Teacher explained the use of the empty number line as a better 
alternative; a quicker and more efficient way of adding numbers. She illustrated 
with the sum 5+2 using a count on strategy. The next example was 19+8. The 
teacher pointed out that it was quite different from the previous example, and then 
introduced the notion of friendly number. She defined a friendly number as “a 
number that is a multiple of ten”, and then she asked “which number is a multiple 
of ten and nearer to nineteen?” Learners’ responded saying ‘”twenty”. She then 
explained adding one to nineteen on the empty number line by making a unit 
jump from 19 to land on a friendly number 20 and then, adding the remaining 7 as 
one jump to get to 27. Using the same procedure, teacher worked out another 
example with the sum 23+19. 


E4 Focus: Learners work out sum on the board 
Activity: Teacher asked three learners to come and work out the sums 8+6, 19+8 
and 19+21, respectively, on the board using the empty number line. Two learners 
did the sums correctly as expected by the teacher, but the other one made an error 
for the sum 19+21. He drew an empty number line and started with 21 and he 
made a jump to 30 as to land on a friendly number, but he wrote “+8” on top of 
the jump (instead of +9 because 21+9 gives 30). The learner’s error appeared to 
have taken the teacher by surprise. She said to the class, “I don’t think what you 
are doing is right.” And asked, “Who can help him?” 
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RESULTS AND DISCUSSION 
By selecting episodes from Sibongile’s lesson, we attempt to unpack aspects of 
mathematical knowledge in teaching relevant to the four dimensions of the 
knowledge quartet. 
Foundation 
There are basically two types of number line; structured (or closed) and empty 
number line. These two types of number line are particularly relevant to Sibongile’s 
lesson. Freudenthal (1973) suggested that a structured number line with marks for 
every number was a more natural model of children's informal counting strategies 
than arithmetic blocks. The structured number line was constituted in measurement 
situations and so was associated with rigid fixed distances. Gravemeijer (1994) 
argued that the use of the structured number line caused counting to be a passive 
reading of the answer on the number line, which did not raise the level of the 
strategies the learners used to solve a problem. This criticism of structured number 
line led to the origin of the empty number line in the Dutch Realistic Mathematics 
Education movement (RME). The empty number line allows learners to draw marks 
for themselves instead of the fixed marks in structured number lines. Following a 
comprehensive review of literature on the importance of empty number line, Anton, 
Beishuizen & Treffers (1998) articulate four reasons for using the empty number line 
in teaching: 


• It is well-situated to link up with informal solution procedures because of the 
linear character of the number line. 


• It provides opportunities to raise the level of the learners’ activity. 
• It stimulates a mental representation of numbers and operations (addition and 


subtraction in particular). 
• It eventually helped learners to develop an internalised model, where learners 


keep track of what they are doing without dependence on visualization, leading 
to a reduction of the memory load while solving a problem. 


These theoretical considerations are part of the foundation knowledge relevant to 
Sibongile’s lesson. This is not to suggest that Sibongile would know or articulate 
them as presented. However, it is clear from her lesson as pointed out in episode 2, 
that she is aware of the two types of the number line, and that empty number line 
provides more efficient level of strategy of addition than the structured number line. 


Sibongile:  Using such a number line that has got numbers on it like this [showing a 
structured 1 – 10 number line on the board]. Let us assume that you are given a 
sum like this [33+9 written on the board]. Will you be able to draw a number line 
that is too long up to there [pointing to the end of the board]? You can still do it, 
but you will waste lot of time. Do you want us to try it? 


Learners:  [in chorus] No 
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Sibongile:  I don’t think so, either. If you draw a number line that is too long, you will be 
going to take time to put the numbers up to thirty-three and then jump forward 
nine times before you get the answer. 


The fact that Sibongile states the use of empty number line as a tool for building 
more efficient strategies, suggest the nature of her belief in the usefulness of the 
model. The knowledge that underpins Sibongile’s recognition that the empty number 
line model provides a more efficient way of addition is conceptualized within the 
domain of foundation knowledge. In her explanation of the solution of the sum 19+8 
in episode 3 using empty number line, Sibongile introduced the notion of friendly 
number. 


Sibongile:  To make it easier for us, we look for a number that we are going to call a friendly 
number. Someone who is friendly is the one who you can easily work with… 
numbers that are multiple of ten are easier to work with, so they are called 
friendly numbers. For our sum [referring to 19+8 written on the board], If I look 
for nineteen and I am supposed to add eight, which number is a multiple of ten 
that is nearer to nineteen? Sipho. 


Sipho:  Twenty. 
Sibongile:  It is twenty, so we say that the friendly number is twenty, so we can add one to 


nineteen and get twenty [teacher made a unit jump from 19 to 20 on the board]. 
So what number remains to add? Thandi. 


Thandi:  Seven. 
Sibongile:  So, we can make a big jump of seven from twenty, which is easier to add on a 


multiple of ten [teacher made a big jump from 20 and wrote 7 on top]. So what is 
our answer? 


Learners:  [in chorus] Twenty-seven. 


It is evident from the above, that Sibongile demonstrated her knowledge of the 
usefulness of bridging through a multiple of 10, which she called ‘friendly number’. 
Adding on multiple of 10 or 100 is a core skill in fluency with addition and/or 
subtraction. 
Transformation 
As described in episodes 3, Sibongile demonstrated the idea of using number line 
representation in a well-organized manner. There is evidence of transformation of the 
idea of using number line with the introduction of the notion of ‘friendly number’. It 
was explicit from her explanation on how and why the friendly number is used. Even 
though, in her example of the sum 19+8, there was no explicit statement of the fact 
that 8 is split into 1 and 7, but it was clear to the learners that 1 is taken from 8 to 
make 19 a friendly number and what remains to add is 7. 


Sibongile:  … so we can add one to nineteen and get twenty [teacher made a unit jump from 
19 to 20 on the board]. So what number remains to add? Thandi. 


Thandi:  Seven. 







Long Papers 


 54 


Sibongile’s commencement of her lesson with questions checking her learners’ 
addition abilities merits some consideration and comments. Her first set of questions 
(referring to the sums 8+9, then 3+4, 10+7, 9+9, 7+7, 5+2, 9+8, 12+9, 32+8, 42+2, 
19+7 and 26+7) seem to indicate a deliberate level of progression in the kinds of 
questions she asked. It is clear that she started sums with two single digit numbers 
except (10+7) and moved to double and single digits numbers. The selection of this 
sequence seems to be deliberate, as indicated by Sibongile. 


Sibongile:  So people know how to add numbers and can quickly add a single digit and a 
single digit number. Let us look at the number like twelve plus nine … 


However, we suggest that the sequence of the question is not well-chosen to some 
extent for the following reason. As core skill for addition, learners often easily add 
numbers to make 10. The first and third questions (8+9 and 10+7) are similar 
expression for the number 17. It will be well-chosen if the sequence start with 10+7 
then 8+9, because the latter requires more cognitive demand than the former. 
However, in the last two questions (19+7 and 26+7), the sequence appeared to be 
well-chosen. Another important structure that was visible in the sequence is the idea 
of doubling being a key strategy for mental addition. Her choice of practice examples 
and exercise also calls for some comments. The sequence of practice examples are 
4+4, 5+2, 19+8, 23+19 and then she asked two learners to come to the board and do 
8+6 and 19+8. There was some sense of progression in the sequence of the examples 
from doubling to counting on. This also appeared to be well-chosen, but the example 
selection does not reflect the range of concept structure for addition. For example, 
there were no examples that require learners to use commutative property of addition. 
Rowland (2008) emphasises the need for the range of examples selection to reflect 
the range of concept structures related to an idea. For instance, in the example of 
addition situation above, a variation of order of addend is not opened. By not opening 
this variation, a feature of the concept of addition, that the sum is independent of 
order of the addends is not discerned (Marton, Runesson & Tsui 2004). 
The number range used in her selection of examples was much lower than the range 
specified in the Grade 5 curriculum. Learners seemed able to produce answers to 
initial mental questions quite quickly, some using counting on and many as recalled 
fact. It may not be useful to promote an alternative strategy using examples that 
learners know the answers to mentally. 


Connection 
In terms of connection, it seems that Sibongile offers two important connections in 
her lesson. The first connection relates to the sequence of the lesson between the 
different ways of adding numbers; starting with mental addition to the use of empty 
number line. But there are some contradictions in the link between the mental 
addition and the use of number line. Most learners seemed able to give answers to the 
first set of questions mentally; resulting in a situation where the need for the number 
line was not really motivated. Literature suggests the need for new representations or 
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tools to be motivated by problems for which existing tools are insufficient or 
inefficient (Anton et al. 1998). It can be noted here that example and representations 
are coherent; but the point is that they seem not to connect or progress well from 
where learners are. 
The second connection is that between the actions on object described with jumps on 
the number line, the word representation, the symbolic form of the sum and the 
number line within her explanation. As described in the previous section in the 
solution for the sum 19+8, Sibongile established the connections between her talk 
about the use of friendly number linked to the action on the object described with the 
jumps and the diagram representation (i.e. the number line), in which the symbolic 
form follows. The second connection therefore appeared to be coherent. 
Contingency 
Sibongile does not seem ready to deviate from the agenda set out for her lesson. 
When learners give incorrect answers, she keeps on asking until she gets the correct 
answer. She does not probe or allow learners’ to explain their answers and use that to 
establish learners’ misconceptions. For example, in Episode 4, Themba’s error in 
adding the sum 19+21 on the board appears to have taken Sibongile by surprise. 


Themba:  I will look for a friendly number, which is thirty [he made a jump from 21 to 30 
on an empty number line and landed on a friendly number 30. He then wrote +8 
on top]. 


Sibongile:   That’s mean you people are not looking at what Themba is doing? I don’t think 
what you are doing is right. Who can help him? Thandi. 


Thandi:  He is supposed to write plus nine. 


This would seem to be a case where Themba might be encouraged to reconsider what 
he has written by asking him some well-chosen questions. One such question might 
ask Themba what is the answer to 21+8? But Sibongile said, “I don’t think what you 
are doing is right.” She then asks the class, “Who can help him?” Thandi gave the 
right answer, but there was no diagnosis of why Themba might have written “+8”. 
CONCLUDING REMARK 
In this paper, we have used the knowledge quartet framework as a tool to provide 
initial analysis of Sibongile’s lesson while reflecting on the foundation, 
transformation, connection and contingency dimensions of the quartet. The analysis 
showed that Sibongile enacted the idea of using an empty number line as promoted 
by the WMC-PD course and she believed that it is a useful tool in helping her 
learners to move to more efficient strategy for addition. There was evidence of strong 
connections between the actions on object described with jumps on the number line, 
the word representation, the symbolic form of the sum and the number line within her 
explanation. However, her selection of number range within her examples were too 
low for Grade 5, which might have led to most learners seemed able to give answers 
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to the questions mentally; hence resulting in a situation where the need for the use of 
number line was not really motivated. 
We intend to expand further on this understanding by identifying, for later discussion 
with Sibongile, matters such as: 


• Does Sibongile understand that for the kind of sums in the number range used, 
most learners could do them quicker mentally than with the use of the empty 
number line? What was her intention in the choice of these particular examples 
and exercise? Was she aware that the number range here was much lower than 
the range specified in the Grade 5 curriculum? If so, what was the rationale for 
this selection? Where might she have extended to after this work? 


• Does Sibongile understand that her selection of examples does not recognize 
the need to establish the commutative property of addition? 


• Does Sibongile notice the connections she made between the action on object, 
word, symbol, and diagram representations as important in facilitating learners 
understanding? 


• Does Sibongile consider learners’ incorrect answers as useful for teaching? 
Does she consider deviating from the agenda set for her lesson as important for 
facilitating learners’ understanding? 
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THE DEVELOPMENT OF ENGINEERING STUDENTS’ 
ALGEBRA SKILLS: FINDINGS FROM AN ALGEBRA 


SKILLS TEST REFINED BY RASCH ANALYSIS 
Tracy Craig and Anita Campbell 


University of Cape Town 
 
Most approaches to teaching calculus rely on proficiency in high school algebra. 
Given this strong dependence, one would expect correlation between high school 
algebra skills and performance in first year mathematics. However, three years of 
data from first year engineering students in an academic support programme found 
no such correlation. Were students gaining the necessary algebra skills while they 
studied calculus? Was the algebra test well designed? To learn more, the algebra test 
was refined using Rasch analysis. Students were given the refined algebra test at the 
beginning of their second year in 2013. A pre-test and post-test comparison 
suggested that weakness with algebra was not the main factor preventing students 
from progressing to second year mathematics. 
INTRODUCTION 
The Academic Support Programme for Engineering in Cape Town (ASPECT) offers 
mathematics, physics and communication courses to students who would otherwise 
not have been offered a place in an engineering degree based on their Grade 12 
results and National Benchmark Test (NBT) results. The class averages for first year 
mathematics and physics are comparable with mainstream results yet only 50% of 
ASPECT students eventually graduate with an engineering degree. (ASPECT 
Review, 2009). Concern over these statistics generally and, more specifically, the 
need to understand the impact of multiple factors including algebraic proficiency on 
success rates were motivating factors for this study. 
An externally developed algebra skills test had been written by the first-year 
ASPECT cohorts at the beginning of the academic year from 2009 to 2012 and had 
been found to have little diagnostic value, with respect to ultimate success in the 
course. Yet it is generally acknowledged (Trillan 1980; Kaput 1997) that algebra 
skills are important throughout mathematics, particularly in topics such as calculus 
(Wilson & MacGillivray 2007) which forms the majority of the first-year engineering 
syllabus. Research has shown that new university students do find algebra difficult 
(Kajander & Lovric 2005; Jennings 2009). Wilson and MacGillivray (2007) carried 
out a Rasch analysis on a tertiary-entry questionnaire assessing a variety of pre-
tertiary (or indeed pre-secondary) mathematical skills. Their observations include that 
the symbolic algebra questions were among the hardest questions, with multiple 
steps, surds and inequalities adding to the difficulty. 
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We were curious as to why the algebra test had almost no diagnostic power. It seems 
natural that students with weak algebra skills would struggle with the symbolic 
requirements of calculus and hence would achieve a poor result for the course. Of 
course, the situation is never that simple. Success in first-year mathematics requires a 
lot more of the student than simply algebraic fluency; simply doing the calculus 
course work may provide sufficient practice in algebra to improve weak algebra 
skills, as determined by the algebra test. Alternatively, perhaps the algebra test was 
poorly designed. This article examines some of those concerns through three research 
questions: 


1. Was the instrument well designed to measure algebra skills? 


2. What is the relationship between students’ algebra proficiency and their 
success in first year mathematics? 


3. Was there improvement in algebra skills over the first year of study? 


RASCH MEASUREMENT 
The Rasch measurement model is centred on the requirement that measurement in 
fields such as education should retain the specificity and rigour of measurements in 
fields such as physics. A measure of temperature, for instance, can be determined in 
meaningful units as determined by a tool such as a thermometer. An assessment 
instrument in education should similarly produce measures which are not just ordinal 
(Student 1’s result is larger than Student 2’s result) but which can be summed and 
compared in ways traditional assessment results usually cannot be. Rasch 
measurement theory is discussed in detail in a number of publications (Andrich 1988; 
Rasch 1960/80; Wilson, 2005; Wright & Stone 1979, 1999; Dunne, Long, Craig & 
Venter 2012). It is beyond the scope of this article to delve into the depth of 
mathematical and statistical underpinnings of the model. The reader should look 
elsewhere for the theoretical and statistical foundations of Rasch measurement 
theory; in this article we simply discuss its use as a tool for determining the validity 
of a test. 
We used the RUMM2030 software (Andrich, Sheridan & Luo 2011) to conduct 
detailed analyses using the Rasch model on the algebra skills test. Results which are 
possible to glean from such an analysis include, but are not limited to, detailed 
quantitative statistics, a ranking of items in order of difficulty together with what 
accuracy level that has been determined, a similar ranking of students in order of 
proficiency, a relative positioning of the difficulty of the instrument in the context of 
the population, an indication of items whose solutions have been guessed, an 
indication of items which are too closely aligned and are therefore redundant, a 
measure of unidimensionality or multidimensionality (how many constructs the test is 
measuring), graphical depiction of how the proficiency quintiles chose multiple 
choice distractors and summary charts such as the person-item common axis. 
For the purposes of this article we rely on the Rasch measurement model to 







Long Papers 


 61 


• determine whether our instrument is unidimensional  (i.e. whether the items 
comprising the instrument are “pulling in the same direction”) 


• determine whether any items are anomalous items and why 
• develop a ranking of items in order of difficulty in the context of the 


population being tested 
• measure the algebra proficiency of students within the tested population. 


THE ASSESSMENT INSTRUMENT 
The algebra skills test used from 2009-2012 in ASPECT was designed by colleagues 
in the Department of Statistical Sciences. The items all aimed to assess algebraic skill 
in the contexts of words and symbols, symbols alone, and graphs. In early 2013 we 
applied the Rasch measurement model through the use of RUMM2030 software to 
analyse the instrument for unidimensionality and for suitability with the population 
within which we were using it. 
At its simplest, unidimensionality refers to the instrument measuring one particular 
attribute, or construct of interest, where all items add something to that measure. In 
this case the attribute was understood to be algebraic proficiency. We ran the Rasch 
analysis on the entire database (four years’ worth of data) and were immediately 
aware of the unsuitability of Item 24, discussed further below. We removed the item 
and reran the analysis, resulting in the statistics shown in Tables 1 and 2. 
Table 1: Fit statistics 


Measure Statistic Standard deviation 
Item mean 0 1.326 
Person mean 0.795 0.895 
Item fit residual −0.125 0.958 
Person fit residual −0.181 0.92 
Chi Square 136.8, df = 112, p = 0.056  
Cronbach’s Alpha 0.682  


As shown in Table 1, the item mean is calibrated at zero while the person mean is 
estimated to be at 0.795. 
Table 2: Unidimensionality t-tests 


Number of 
significant tests Out of 


Percentage of 
significant tests 


Lower bound 95% 
confidence interval 


11 195 5.64% 2.60% 
That means the test is slightly too easy for the population, but not by much. A perfect 
test (impossible to achieve realistically) would have the person mean at zero as well. 
The standard deviations in the item and fit residuals are comfortably less than 1.4 
implying a good fit. The Chi Square p value is 0.056, which is rather low, but still 
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higher than the required 0.05, implying that there is not a significant difference 
between the expected outcome according to the model and the observed outcome. 
Table 2 shows the statistics related to unidimensionality. The lower bound of the 95% 
confidence interval of the t-tests is less than 5% which informs us of acceptable 
unidimensionality. In simpler language: the test does satisfactorily measure a single 
construct of interest, in this case algebraic proficiency. We discuss below how Item 
24 was removed from the analysis prior to the generation of the statistics in Tables 1 
and 2. Removal of Item 15 (discussed below) improves all of the measures of fit 
residual, Chi square and unidimensionality, but we kept the problem in as a potential 
indicator of students with high proficiency. 
The analysis drew attention to the presence of one “bad item,” Item 24, shown in 
Figure 1. The problem requires effective use of linear functions, inequalities, 
grouping of constraints and, possibly, re-ordering of variables within an inequality. 


The shaded region below shows the solutions to which of the following systems of 
inequalities? 


(a) 
⎭
⎬
⎫


⎩
⎨
⎧


≥−
≥
1
1
yx
y  


(b) 
⎭
⎬
⎫


⎩
⎨
⎧


≤−
≤
1
1
yx
y  


(c) 
⎭
⎬
⎫


⎩
⎨
⎧


≥−
≤
1
1
yx
y  


(d) 
⎭
⎬
⎫


⎩
⎨
⎧


≤−
≥
1
1
yx
y  


(e) I do not remember 


Figure 1: Item 24 


 
Figure 2: Item Characteristic Curve for Item 24 
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Figure 2 shows the Item Characteristic Curve for Item 24. As the proficiency quintile 
increases on the horizontal axis, so the probability of answering correctly (as shown 
by the dots) should approximately follow the given logistic curve. This pattern is not 
apparent for Item 24. In fact the lowest quintile attains the highest mean. This item 
therefore does not fit the expectation of the model, that learners of greater proficiency 
are more likely to get an item correct than learners of lower proficiency (Rasch 
1960/80: 117). 
The Multiple Choice Distractor curves in Figure 3 reveal that almost random 
guessing is occurring between distractors 1 and 4. We have a number of ideas of how 
the item could be made easier or split into multiple items. There is potential for 
deeper investigation here into students’ facility with inequalities, but for the purposes 
of current analysis the item was withdrawn from the skills test as it did not add to the 
measure of algebraic proficiency for the population being tested. 


 
Figure 3 – Multiple Choice Distractor curves for Item 24 


Other than that single problem, the test is well suited to the population. Figure 4 
shows the item map generated by the software. A single common axis serves to 
represent the algebra proficiency of the students and the difficulty level of the items. 
The higher an item appears on the axis, the more difficult it is and the higher a 
student (represented in pairs by the × symbol) appears, the greater his or her 
proficiency. A student at the same level as an item has a 50% chance of successfully 
answering the question, a student higher than the item has a greater than 50% chance 
of answering the item successfully and a student lower on the axis than an item has a 
less than 50% probability of answering the item correctly. 
In Figure 4 it is clear that the bulk of the students is shifted slightly higher up the axis 
than the bulk of the questions. This visual effect conveys the same information as the 
person mean in Table 1 being higher than the item mean. To decrease this shift of 
means, we plan in future designs of this test to include a few problems of slightly 
higher than current average difficulty. 
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Figure 4: Person-item map 


The decisions we made as a result of this analysis were to 
• remove item 24 from the test (removed before Figure 4 was generated); 
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• retain a slightly problematic item, item 15. This item was answered poorly by 
the majority of the students, however, unlike item 24, it did add to the 
measure of algebraic proficiency and hence was retained; 


• reorder the items in increasing order of difficulty. 


The resulting algebra test is 28 items long and is available from the authors on 
request. Three sample questions are included in Appendix A. 
APPLYING THE ALGEBRA TEST 
First year ASPECT students were given the algebra test without prior warning in the 
first week of lectures from 2009 to 2012. In 2013, students in the new second year 
ASPECT vector calculus course were given the refined algebra test in the first week. 
Of the 85 students in the second year course, 30 had not taken the algebra test in their 
first year, mainly because those students began or completed their first mathematics 
course outside of the ASPECT programme. Students shaded their answers on 
multiple choice answer sheets which were scanned by a data capture service. 
Question papers were collected after each test to minimise the skewing of results 
from future students who might gain access to the test before writing it. 
It should be pointed out that algebra skills are not taught as an early section of the 
first year course but rather embedded within other topics. Students are given 
summaries of algebraic formulae (such as logarithm laws) and required to achieve an 
average of 80% for ‘skills tests’, retaking similar tests if necessary. The skills tests 
topics include factorisation, trigonometry, logarithms and basic graphs. 
RESULTS FROM PRE- AND POST-TESTS 
Comparisons between the scores for the algebra test written by second year students 
in 2013 and the same test written in 2011 or 2012 showed some interesting trends. Of 
the 85 students who wrote the post-test in 2013, 39 improved on their previous score 
while 16 students obtained a lower score. The remaining 30 students who wrote the 
post-test did not write the pre-test. The difference in scores for improving students 
ranged from 2 to 27 percentage points with an average improvement of 12 percentage 
points. The students whose scores decreased had an average decline of 7 percentage 
points, ranging from a drop of less than 1 percentage point to a drop of 15 percentage 
points. Figure 5 shows the averages and ranges of pre- and post-test results for 
students who wrote both tests. The lowest, highest and average marks for the 
improving, declining, ‘new’ and non-continuing students are given in Table 3. 
Categorising students’ academic proficiency as improving or declining in such a 
binary manner as we have done here contrasts with the detailed continuum results of 
Rasch analysis. Certainly there is scope for further analysis and investigation, for 
instance, to take note of the key items for which there might be global improvement. 
For the purposes of this article, we consider it notable that significant numbers of 
students appear to have divergent progress in algebraic skill development. 
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Figure 5: Pre- and post-test averages and ranges for improving/declining students 
The overall class average in the post-test (74%) was higher than the pre-test average 
of 68%. None of the students scored less than 50% in the post-test, whereas 2 
students scored less than 50% in the pre-test. Interestingly, these 2 students both 
increased their scores by 27 percentage points to post-test scores of 68% and 75%. 
Table 3: Comparison of pre-test and post-test marks 


 Pre-test results Post-test results 
 Average 


(%) 
Lowest  


mark (%) 
Highest 


mark (%) 
Average 


(%) 
Lowest   


mark (%) 
Highest 


mark (%) 
Improving 
students 
(N = 39) 


65 41 83 77 57 96 


Declining 
students 
(N = 16) 


76 62 90 69 50 89 


New 
students 
(N = 30) 


- - - 73 50 86 


Non-
continuing 
students 
(N = 16) 


69 52 86 - - - 


Overall  68 41 90 74 50 96 
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DISCUSSION AND CONCLUSIONS 
 For the 55 students that wrote the pre-test and post-test, only 12 students (22%) had 
scores below 60% in the pre-test and all of these improved in the post-test. For these 
students, starting with weaker algebra skills (as determined by the skills test) did not 
stop their progress into second year mathematics and their algebra skills did improve 
over the first year course. Students who did not progress into second year 
mathematics had pre-test scores ranging from 52% to 86%, with 4 students out of 16 
(25%) scoring below 60%. As these results are comparable with the results of the 
students who progressed, we can infer that weakness with algebra was not a major 
factor preventing them from progressing to second year mathematics. 
The 16 students who showed a decline in algebra test scores are a cause for concern, 
particularly the 3 students whose marks fell to below 60%. It would be interesting to 
track the performance of these students in their second year course to see if their 
basic algebra skills cause them significant difficulties in tests and exams. 
The algebra tests were given to students at the start of the year, as early as possible. 
Should we, as suggested by Jennings (2010), perhaps give the algebra test after the 
students have had 2-3 weeks of study to refresh themselves after the 3 month 
vacation? The benefit of giving the algebra test unannounced is that it potentially 
gives a better indication of students’ long term recall of algebra concepts, which 
might be an indication of concepts which have been well understood and are in the 
long term memory of the students. On the other hand, algebra fluency improves with 
practice and perhaps after 2-3 weeks of increasing fluency with both new and 
familiar algebra-rich mathematics, the algebra test performance of some students 
would be substantially improved compared to taking the test ‘cold’ without 
preparation time to revise algebra topics. 
A limitation of the test being slightly too easy for the population, as measured by the 
person-mean estimate of 0.795, is that optimum information may not be gleaned in 
applying this test. As well as considering running the test slightly later in the term, 
further investigations include redesigning the test by adding slightly harder problems, 
as discussed earlier. In addition, in 2013 we aim to test the first-year students’ algebra 
with the current instrument before and after their first semester as well as to assess 
their performance in algebra-heavy tests during the first semester to see if more 
interventions are needed for students whose algebra skills are not robust. 
In ASPECT we seek to support students academically as well as helping with 
challenges which are environmental and affective. We are aware that a suite of 
parameters influences any one student's chances of success in a course and through a 
degree. We must emphasise that we are not intending to falsely simplify a complex 
situation. As lecturers of mathematics however, we are most interested in specifically 
mathematical characteristics which support or hinder success in mathematics courses. 
First-year engineering mathematics is heavily algebraic, which prompted our scrutiny 
of the role algebraic proficiency plays in students' success. Our conclusions from the 
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analysis discussed in this article lead us to draw the conclusions that the algebra 
assessment instrument is measuring the attribute for which it was intended, that 
students' algebra proficiency does not play a major role in course success, and that 
algebra skills, in general, do improve over the first year of the degree. 
REFERENCES 
Andrich, D. (1988). Rasch models for measurement. Beverly Hills, CA: Sage Publications. 


Andrich, D., Sheridan, B. & Luo, G. (2011). RUMM 2030 software and manuals. Perth: University of 
Western Australia 


ASPECT Review (2009). Cape Town: University of Cape Town. 


Dunne, T., Long, C., Craig, T. S. & Venter, E. J. (2012). Meeting the requirements of both classroom-based 
and systemic assessment: The potential of Rasch measurement theory. Pythagoras, 33(3), Art.#19, 16 
pages. http://dx.doi.org/10.4102/pythagorasv33i3.19. 


Jennings, M. (2009). Issues in bridging between senior secondary and first year university mathematics. 
In R. Hunter, B. Bicknell, & T. Burgess (Eds.), Crossing divides: Proceedings of the 32nd Annual 
Conference of the Mathematics Education Research Group of Australasia. MERGA32 (pp. 273-280). 


Jennings, M. (2010). A changing cohort—what do high school students remember and what does it mean for 
university lecturers? CULMS Newsletter, 2, 3-10. http://www.math.auckland.ac.nz/CULMS/wp-
content/uploads/2010/08/CULMS-No2-Complete-v2.pdf. 


Kajander, A. & Lovric, M. (2005). Transition from secondary to tertiary mathematics: McMaster University 
experience. International Journal of Mathematical Education in Science and Technology, 36(2-3), 149-
160. 


Kaput, J. J. (1997). Teaching and learning a new algebra with understanding. Unpublished manuscript. 
http://www.educ.fc.ul.pt/docentes/jponte/DA/da-textos/kaput_99algund.pdf. 


Rasch, G. (1960/1980). Probabilistic models for some intelligence and attainment tests (Expanded edition 
with foreword and afterword by B.D. Wright). Chicago, WC: Chicago University of Chicago Press. 


Trillan, A. S. (Ed.). (1980). Teaching basic skills in college: A guide to objectives, skills assessment, course 
content, teaching methods, support services, and administration. San Francisco: Jossey-Bass Publishers. 


Wilson, M. (2005). Constructing measures: An item response modeling approach. London: Lawrence 
Erlbaum. 


Wilson, T. M. & MacGillivray, H. L. (2007). Counting on the basics: mathematical skills among tertiary 
entrants. International Journal of Mathematics Education in Science and Technology, 38(1), 19-41. 


Wright, B. D. & Stone, M. H. (1979). The measurement model. In B.D. Wright, & M.H. Stone (Eds.), Best 
test design. Chicago (pp. 1-17). WC: MESA Press. 


Wright, B. D. & Stone, M. H. (1999). Measurement essentials. Wilmington, DE: Wide Range, Inc. 


 


APPENDIX A: SELECTED ITEMS FROM THE ALGEBRA SKILLS TEST 
Item 2 


=−
2
2 x  


(a) x−1  (b) x−   (c) 
2


2 x−  (d) 
2


1 x−  (e) None of the above 
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Item 14 


=
5


3


p
p  


(a) 53p  (b) 35p  (c) 152p  (d) 158p  (e) 1−p  


 
Item 28 
The number of solutions to the equation xx =3 is 


(a) 3  (b) 2  (c) 1  (d) 0  (e) I do not know how to do this 
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AN ANALYSIS OF ERRORS AND MISCONCEPTIONS IN THE 
2010 GRADE 12 MATHEMATICS EXAMINATION: A FOCUS 


ON QUADRATIC EQUATIONS AND INEQUALITIES 
Hebrew Godden, Monde Mbekwa and Cyril Julie 


University of the Western Cape 
 
This paper reports on an analysis of 1959 examination scripts to identify errors and 
misconceptions of learners who wrote the 2010 National Senior Certificate 
Mathematics examination. It focuses on quadratic equations, quadratic inequalities 
and linear-quadratic systems of equations. Documentary analysis of the actual 
scripts of examinees rendered that learners committed careless, procedural, 
calculation and application errors as described in the literature. The least number of 
errors was of the careless category and the most errors were found in the procedural 
category. It is concluded that persistence of errors is not easy to avoid in 
individualised, time-restricted high-stakes examinations such as the National 
Certificate Mathematics examination. 
INTRODUCTION 
There is a general concern by educators, educationists and the general South African 
public   about the poor performance of grade 12 mathematics learners in the final 
national examinations. This is a perennial unsatisfactory state of affairs in a country 
which views mathematics as a key subject for the preparation of students for careers 
in science and technology and for scientific and economic development (Ogunniyi 
2005; Rogan & Grayson 2003). Interventions by the Department of Basic Education 
as well as by provincial education departments do not seem to be achieving much 
success in arresting, let alone reversing, the decline in the mathematical performance 
of learners. 
From 2008 to 2010, the number of learners who wrote mathematics in the grade 12 
examination decreased by 40 000 candidates nationally. The 2010 mathematics 
results showed that at the 30% pass mark, only 47% of learners who wrote 
mathematics passed. Also, only 24 % of those who passed obtained a university 
entrance pass (Department of Basic Education 2011). 
This paper stems from a study which sought to identify and analyse the errors which 
candidates commit in the final mathematics examination paper with a view to use 
these errors and misconceptions as a tool by teachers for more effective teaching. 
AIM OF STUDY 
As already indicated above, this paper reports on a study which sought identify the 
errors committed by examinees in the first question of Paper 1 in the final Grade 12 
mathematics examinations of 2010.  The focus is on the questions dealing with 
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quadratic theory—equations and inequalities and linear-quadratic systems of 
equations. In the final grade 12 examinations for mathematics this is normally 
covered in the first question. It constitutes nearly 20% of Paper 1. 
The question which is the subject of this paper is the following: 


Question 1 
1.1 Solve for x, correct to TWO decimal places, where  necessary: 


 1.1.1  (3− x)(5 − x) = 3   


 1.1.2  3x2 = 2(x + 2)   


 1.1.3  4 + 5x > 6x2   
1.2 Solve for x and y simultaneously: 
 3y = 2x   


 x2 + y2 + 2x − y = 1      (Mathematics: DBE/November 2010) 


Errors and misconceptions 
By mathematical errors is meant the mistakes which learners commit during 
calculation or during the solution of mathematical problems. The Oxford Student’s 
Dictionary (2002: 346) defines an error as “the amount of inaccuracy in a calculation 
or a measuring devise.”   Luneta & Makonye (2010: 2) refer to it as “… a mistake, 
slip, blunder or inaccuracy …”. Errors, visible in learners’ written work, result in 
learners not obtaining a perfect score in routine assessments or in examinations. 
Some of these errors occur spontaneously due to carelessness but others are structural 
and deeply ingrained in the sense of being caused by underlying mental structures 
which are referred to as misconceptions. While it is relatively easy to correct an error, 
it is very difficult to eradicate a misconception because it usually becomes embedded 
in the learners’ conceptual map or schema. 
Literature Review 
A number of studies have been conducted on the nature and causes of mathematical 
errors committed by learners (Muzangwa & Chifamba 2012; Luneta & Makonye 
2010; Seng 2010; Erlbrink 2008; Mason,2000a; Hodes 1998; Olivier 1989; Davis 
1984; Orton 1983; Matz 1980). What all these writers agree on is that learners 
commit errors which are a result of existing conceptual gaps or misconceptions which 
are entrenched in the learners’ conceptual schemes. All these writers categorise errors 
broadly into unsystematic and systematic errors. Unsystematic errors are unstable 
“…unintended, non-recurring wrong answers which learners can readily correct by 
themselves. Systematic errors though are recurrent wrong responses methodically 
constructed and produced across space and time.” (Riccomini (2005) cited in Luneta 
& Makonye (2010: 2)). Systematic errors, generally referred to as misconceptions, 
are more resistant to change and hence difficult to eliminate. 
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It is the usual practice in the study of errors to use a conceptual framework to 
categorise them.  After perusing the literature and from an initial reading of learners’ 
scripts, an analytical framework comprising four categories of errors, viz., careless 
errors, procedural errors, calculation errors and application errors was devised. We 
discuss these in turn. 
Careless errors 
This refers to “unnecessary” errors committed by learners which do not arise from a 
cognitive or conceptual challenge. These errors, which at times are regarded as “slips 
or silly mistakes” (Davis 1984),  occur when learners incorrectly transcribe questions 
from the source document such as a question paper or when a learner wrongly 
transcribes some words or mathematical symbols from his/her own script. The 
following example illustrates this in a learner’s work. 


 
Figure 1: Incorrect transcription. 


One can observe that the above is an incorrect transcription of the question directly 
from the question paper which gives the equation as 3x2 = 2(x + 2). This is a typical 
example of a careless error.  This results in the examinees rendering an incorrect 
answer although they might obtain the correct answer for the incorrectly transcribed 
problem. 
Procedural errors 
This refers to errors in which procedures are applied incorrectly. Figure 2 illustrates 
this error.  


 
Figure 2.  Example of procedural error. 


To solve 3x
2 − 2x − 4 = 0  the quadratic formula had to be applied. The candidate 


does not use the quadratic formula in this instance but factorises the quadratic 
equation this to yield the incorrect factors (3x – 4) and (x + 1). The candidate fails to 
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realise that these factors are incorrect because the products of the two inner terms and 
the two outer terms do not add up to the middle term, -2x in the quadratic trinomial. 
Calculation errors 
Elbrink (2008) defines calculation errors as errors which occur in the application of 
the four basic operations namely, addition, subtraction, multiplication and division. In 
this article we have restricted ourselves to the four basic operations. We are not, for 
instance, concerned with calculations like finding the factors of a trinomial as in the 
case above. Figure 3 exemplifies such an error. 


 


Figure 3: Example of a calculation error by a learner. 


To solve the equation it had to be written in the standard form, ax2 + bx + c = 0 . This 
entails therefore the multiplication of the two binomials to yield the product 
15 − 3x − 5x + x2 = 3  which simplifies to x2 − 8x +15 = 3. From this, one has to solve 
the equation. What is observed is that 3 and 5 have been added instead of being 
multiplied. Also for the term in x2  the multiplication rendered the incorrect sign. 
Application errors 
This type of error was identified in instances when candidates factorised correctly but 
used incorrect signs in the factors of the quadratic trinomial. This type of error is 
identified by Hodes (1998) as occurring when a learner knows what procedure to 
apply but applies it incorrectly. This is in contrast to procedural errors where learners 
apply the incorrect procedure. Figure 4 illustrates one such instance of an application 
error. 


 
Figure 4: Application error. 


The candidate is aware that s/he must factorise and obtains the correct factors for the 
constant term in the sense of absolute numbers. However, the incorrect application 
resides in the selection of incorrect signs for the absolute numbers. This again would 
be corrected by checking the products of the two inner and two outer terms which 
would not add up to the middle term of -8x in the quadratic trinomial. 
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RESEARCH APPROACH 
This study adopted a qualitative research approach with the preferred method of data 
analysis being documentary analysis. Document analysis is a systematic procedure 
for reviewing or evaluating documents mostly used to complement other research 
methods but for this specific study documentary analysis was used only as the 
method of analysis. Like other methods in qualitative research, document analysis 
requires that data be examined and interpreted, in order to elicit meaning, gain 
understanding and develop knowledge (Strauss & Corbin 1990). Document analysis 
is also systematic, controlled, directed, organized, explicit and objective 
(Quade1970). For this study, the documents which were analysed were the final 
examination scripts of grade 12 Mathematics learners of 2010 in the Western Cape 
Province. 
  Table 1: Number of schools and scripts in sample. 


District  
Number 


of schools C
ED


 


D
ET


 


H
O


D
 


H
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R
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W
C


ED
 


To
ta


l 


Cape Winelands 11 126 13 0 69 0 0 208 


Metropole Central 24 149 72 0 236 143 0 600 


Metropole East 11 27 189 0 7 12 82 317 


Metropole North 14 151 9 0 81 14 56 311 


Eden and Central Karoo 8 57 11 0 31 0 0 99 


Metropole South 32 55 38 20 96 11 46 266 


Westcoast 5 35 0 0 41 0 0 76 


Overberg 4 19 0 0 19 0 44 82 


 
 619 332 20 580 180 228 1959 


Stratified sampling was used and the strata were mutually exclusive. There were 
17 544 candidates who wrote the 2010 grade 12 final mathematics examination in the 
Western Cape Province. To acquire a 2% tolerance error with a 99% confidence 
level, 12% of the total number of candidates was chosen as a sample. This rendered 
1959 scripts. Stratification was according to districts and former departments of 
education per district. Furthermore examination centres were selected due to 
examination scripts being stored in batches by the Western Cape Education 
Department (WCED) and requesting learners would have made the process 
cumbersome. Table 1 presents outcomes of the selection process. 
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DATA ANALYSIS AND RESULTS 
Template analysis was used to analyse the grade 12 examination scripts using the 
framework constructed above as the template. The total number of errors identified in 
question one of the sample of 1959 scripts analysed in the first paper of this 
examination was 2878. The number of errors identified for each of the error 
categories is presented in Table 2 below. 


Table 2: Percentage of errors identified. 


Error Category Total (N = 2878; percentages in brackets)  


Careless 232 (8 %) 


Calculation 756 (26,3 %) 


Application  498 (17,3 %) 


Procedural 1392 (48,4 %) 
An overarching issue which was displayed is non-completion of solutions. This 
generally would be of the nature where an attempt is made at a solution but is not 
carried through to its conclusion. There were 1285 non-completions that are not part 
of the above errors. 
DISCUSSION 
The lowest percentage (8%) of errors across the sample was of the careless error 
category. This percentage is in line with the findings of Yang & Wan (1991) and 
Elbrink (2008), who concluded that the numbers of careless errors committed by 
learners generally are small. A further breakdown of the careless category rendered 
0.4% as incorrect transcriptions—a symbol or number from the question paper being 
replaced by one not in the paper; 3.3% incorrect transfers— a wrong result from a 
previously-obtained result written down and 4.3% were of an arbitrary nature—a 
number or symbol is replaced by an completely arbitrary one. According to Elbrink 
(2008) these careless errors are normally the result of short attention span and 
examination anxiety is also seen to be a possible contributing factor. 
Careless errors normally do not result in learners forfeiting a substantial number of 
marks in high-stakes examinations. This is due to the positive marking regime 
adopted. Markers of these examination are, for example, advised as follows: “If 
candidate lets the volume of the first tank be a specific value (instead of a variable) 
and his/her argument follows correctly, award 4/4 marks” (DBE 2012: 11). With such 
positive marking attention is also paid to a principle of examinations also serving the 
purpose of what examinees know rather than what they do not know. However, it is 
not so that all careless errors get treated in an non-penalised fashion. A cursory 
glance at memoranda of marking and our experiences of marking and moderating the 
NSC Mathematics indicate that fairly considered decisions are taken with respect to 
how marks will be awarded if careless errors are committed. For example, if a 
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candidate’s careless error results in the level of cognitive demand of the question 
being reduced, then it is unlikely that he/she will be awarded more than 50% of the 
marks awarded for the examination item. 
Although the consequences for making careless errors are not very severe, it still 
needs to be borne in mind that such errors can be very costly in real-life. One can, for 
example, just think about the incorrect placement of the decimal point in 
computerised international financial transactions. It is, therefore, still incumbent upon 
us as teachers to make certain that learners are aware of checking for incorrect 
transcriptions and transfers and the arbitrary errors that can creep into their work 
during examinations. 
Seventeen percent of the errors fell in the application error category.  These errors 
occur where learners ostensibly exhibited knowledge of the mathematical procedure 
at play but used incorrect signs. These errors were basically incorrect factorisations 
or incorrect substitutions particularly with the substitution required for the linear-
quadratic systems of equations. Although errors of the applications nature are not 
extraordinarily high, it should be a cause for concern. Substitution is a section of 
school mathematics that is dealt with nearly throughout the curriculum in the Further 
Education and Training band. Much of it has to do with substitution of numbers in 
expressions. It seems that learners are not having enough experience with situations 
where they have to substitute non-numerical entities in another expression. The 
situation with incorrect factorisation is also of concern. The factorisation at play is 
mostly that of quadratic expressions. This kind of factorisation is normally dealt with 
in grade 10. In subsequent grades it is used a tool for other kinds of problems. It 
appears that remoteness between dealing with factorisation of quadratic expressions 
as a specific mathematical technique and the use of the technique for a specific 
objective interferes with the fluency of the use of the technique. 
Calculation errors account for 26% of the total number of errors identified across the 
sample. Of these two thirds were basic calculation errors—mistakes related to 
multiplication, division, subtraction and addition and a third were calculator errors— 
incorrect use of a calculator. It is difficult to find plausible reasons for the occurrence 
of calculation errors. One might be the pressure of time in the high-stakes 
examination and candidates just moving ahead when they obtained an answer and not 
checking their calculation. It is a truism that even experts make these kinds of slips 
but they have the advantage of having time at hand to check and through experience 
particular mechanisms, which Davis (1984) calls critics, to alert them to the 
unreasonableness of answers. 
The majority of the errors were of the procedural kind. These accounted for 48, 4% 
of the errors identified for the sample. There were 291 instances where learners 
resorted to factoring 1.1.2. Since the roots for the quadratic equation, 3x2 = 2(x + 2)    
were not rational, they probably did not have the tools at hand to ascertain whether 
the factorisation route would be a productive one to pursue. The non-determination of 
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factorisation as a feasible route is bolstered by sequencing of the solution processes 
for quadratic equations. The general route followed for solving quadratic equations is 
by factorisation, completion of the square and use of the formula. However, the 
formula, particularly using the discriminant gives an indication on whether the 
factorisation is indeed a feasible procedure to solve through factorisation. 
Furthermore, learners are not made aware nor do they engage in consolidation 
exercises in which, particularly, the formula can be used to find the routes for any 
quadratic equation. Teachers are also not alerted to this in the resources, such as 
textbooks and other curriculum resources distributed for use. For example, the first 
question in 2012 NSC Mathematics was “Solve for x in each of the following: 1.1.1 
(2x −1)(x − 4) = 0 .” The expectation was, we assume, that learners would directly 
write down the roots based on their understanding of the roots of an equation. In the 
memorandum of marking (DBE 2012) no indication is given that the route of 
expanding the left-hand side of the equation and use the formula to “solve for x”, 
understood as “finding the roots” is also an acceptable one. 
Another way of working that came through in the procedural error category was what 
we call the avoidance of fractions simplification. This way of working was resorted 
to in the question which required the solution of the linear quadratic system: 3y = 2x, 
x2 + y2 + 2x – y = 1. The solution of this system would require one to first make either 
x or y the subject of the formula in the linear equation 3y = 2x.  In this case xy


3
2= , if 


the candidate prefers to make y the subject of the formula or x =
3
2
y   if the 


preference for the subject is x. This solution would then be substituted in the 
quadratic solution for either of the subjects as the case may be. What we observed is 
that many candidates rewrote the linear equation to obtain one which avoided 
working with fraction coefficients. Hence they wrote the equation 3y = 2x  as 
y = 2x − 3 or x = 3y − 2 . We attribute this kind of error to the fact that in the previous 
examination papers over at least three years before 2010, all the linear equations of 
the systems were of the form where the coefficients were of a non-fractional nature. 
We contend that the candidates who committed this, internalised this kind of question 
during revision and then simplified 3y = 2x  to a familiar one where fractions are 
avoided. There were 426 or about 15% of such errors in this sub-category. 
The well-known non-change of the inequality sign when solving inequalities was 
found in 13% of the total number of errors. For the quadratic inequality 4 + 5x > 6x2    
candidates correctly transposed 6x2  to the left side of the inequality which then 
transformed into −6x2 + 5x + 4 > 0 . When multiplying both the left and right side of 
the equation by – 1, these candidates did not change the inequality sign from > to <. 
It is conjectured that this is a kind of overgeneralisation from the solution of 
equations where the equality sign is left unchanged due to the “syntactical resources 
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for transforming mathematical expressions, like the rule, ‘change sides, change 
signs’” (Davis 2011) without focussing on the relation. 
The 1285 non-completions of solutions can be accounted for from various 
perspectives. We suspect that advice, such as “do not waste time when you get stuck 
but move on to the next question”,  that learners get for writing examinations is a 
major contributory factor. This should not be construed as “bad” advice since the 
NSC mathematics examination is a time-restricted one in which learners attempt to 
attain the maximum possible marks they can muster. 
CONCLUDING REMARKS 
We have presented one way to identify and classify errors forthcoming from 
students’ work in a time-restricted and high-stakes examination. The lens was a 
particular set of literature related to the topic. Other lenses such those used by Davis 
and his collaborators  are available (see Davis (2011) for reference to part of this 
collection of work). They essentially use a pure mathematics lens and provide 
valuable insights, particularly for teachers and teacher educators, on how to view the 
productions of examinees from an advanced mathematical point of view. Brodie & 
Berger (2010: 172), basing their work on Sfard’s (2007, 2008) theory of mathematics 
as discourse, use a discursive framework to analyse learner errors and view learners 
as “participating in a difference discourse from the teacher …”. 
As yet there is no golden wand to deal with errors and misconceptions to ensure 
faultless performance. Current attempts are of the “using common errors” (Mason 
2000b: 10) kind of activities. These activities are of the kind where students are 
presented with exercises containing ‘wrong’ ways of working which they have to 
resolve. As far as we could ascertain there are no studies that report on the 
effectiveness of this strategy and points in the direction that still much work related to 
examinees’ idiosyncratic ways of working in high-stakes and time-restricted 
examinations needs to be done. 
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Extended abstract 
This paper reports on a small-scale research project, Implementing structured 
problem-solving mathematics lessons through Lesson Study, carried out in three 
schools in Melbourne, Australia in 2012, with the aim of investigating the potential 
of Japanese Lesson Study for mathematics professional learning in the Australian 
context. 
Japanese Lesson Study first came to world-wide attention as a vehicle for 
professional learning through Yoshida’s (1999) doctoral dissertation and Stigler & 
Hiebert’s (1999) accounts of Japanese structured problem-solving lessons based on 
the Third International Mathematics and Science Study (TIMSS) video study. Since 
then, there has been phenomenal growth of lesson study as a vehicle for professional 
learning. By 2004, adaptations of lesson study were taking place in over 335 schools 
across 32 states in USA (Lewis, Perry & Murata 2006), with more recent large-scale 
adoption in the UK (e.g. Department for Children, Schools and Families 2008), as 
well as implementation in South-East Asia (e.g. Indonesia, Malaysia), South 
America, many African countries (APEC-HRD Lesson Study Project n.d.), and 
Australia (e.g. Hollingsworth & Oliver 2005). 
In Japan, the research lesson in mathematics, which underpins lesson study, is based 
on “structured problem solving”, a major instructional approach designed to create 
interest in mathematics and stimulate creative mathematical activity (Takahashi 
2006). Major characteristics of these structured problem-solving lessons include: a 
single, thought-provoking problem that students engage with; teachers’ purposeful 
scanning while students work individually or in groups, which allows teachers not 
only to monitor students’ strategies but also to orchestrate their reports on their 
solutions; students sharing of solutions to compare, polish and refine these through 
the teacher’s orchestration and probing of student solutions, with this phase usually 
forming the major part of the lesson; and the teacher’s summing up and careful 
review of students’ discussion in order to guide them to higher levels of mathematical 
sophistication (Shimizu 1999). 
However, as Stigler & Hiebert (1999) point out, efforts at improving teaching often 
ignore the fact that teaching is a cultural activity, which implies gradual change and 
the need to take into account the cultural assumptions underpinning teaching and 
learning. Moreover, prior research suggests that teachers often focus only on 
superficial aspects of lesson study (e.g. Robinson 2007; Perry & Lewis 2008; Inoue 
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2011). Thus questions about the extent to which lesson study can be replicated 
elsewhere remain (Perry & Lewis 2008; Lewis, Perry & Hurd 2009), as do questions 
about the extent to which teachers can adopt structured problem-solving as the basis 
for research lessons. 
The Implementing structured problem-solving mathematics lessons through Lesson 
Study project worked with two Years 3 and 4 teachers from each of three schools 
from a Melbourne school network to explore ways in which key elements of Japanese 
Lesson Study could be embedded into Australian mathematics teaching and 
professional learning. Teachers were supported not only by members of the research 
team, but also by a key leading teacher at each school (e.g. a curriculum specialist or 
numeracy coach) as well as the network numeracy coach, Kathryn Palmer, who 
played an important role in the project – a total of ten participants. 
Participating teachers took part in an initial whole-day professional learning session 
on Lesson Study in July, and participated in one Lesson Study cycle during each of 
Terms 3 and 4 of 2012. Each Lesson Study cycle involved two cross-school teams of 
teachers planning a research lesson on the same topic, one member of each team 
teaching the lesson in front of observers, and both teams participating in the post-
lesson discussions. 


 
Figure 1. The Matchstick Problem as presented in the Year 4 research lesson 


The first research lesson focussed on the Matchstick problem (see Figure 1). This 
problem was chosen for a number of reasons, including: the wide range of possible 
solutions; the fact that it could be tackled by both Year 3 and 4 students, with the 
problem lending itself to what in Japan would be called a “jump-in lesson”, 
indicating that it could take place at many different points in the curriculum 
sequence; the focus on algebraic thinking – an area of mathematics that has not been 
emphasised in primary school mathematics prior to the recent introduction of the 
Australian Curriculum in Mathematics; and the opportunities for provoking students 
to justify their thinking and connect the patterns they found to the original situation. 
Public observation and debriefing of research lessons is a feature of Japanese Lesson 
Study, so key staff at each school, together with all interested teachers who could be 
released from their classes at the time of the research lessons, were invited to observe 
the lesson and take part in the post-lesson discussions. The school and the research 


Here is a picture made up of some matchsticks.
How many matchsticks are there altogether?
How can you show your thinking using the diagram?
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team also invited other professionals such as teachers and mathematics educators to 
observe the research lessons and take part in the post-lesson discussions. 
The planning sessions, research lessons and subsequent post-lesson discussions were 
all video recorded. Three audio-recorded interviews were also carried out with each 
of the participating classroom and leading teachers, as well as the network numeracy 
coach, who also took part in all of the activities. 
This paper reports on the affordances that contributed to teachers’ professional 
learning as a result of their participation in this project, as well as the constraints 
encountered and the implications of these for the sustainability of lesson study in the 
Australian context. While the focus of the project was on the implementation of 
Japanese Lesson Study in the Australian context, the findings have implications for 
its implementation in other countries, such as South Africa. 
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Extended abstract 
This study focuses on the use of learners’ experiences when constructing and 
designing artefacts in the technology classroom, to effect change in the way in which 
we understand and teach geometry in formal mathematics classes. The study was 
conducted with Grade 9 learners at a secondary school in Margate in the KwaZulu-
Natal Province of South Africa. The main focus of this paper is to explore how the 
experiences gained by learners in a technology education class studying the design 
and construction of multi-storied houses could inform the teaching of geometry in a 
formal mathematics classroom. The study is underpinned by ethnomathematics which 
acknowledges the unique identities and traits of each student taking into 
consideration the intersection of their cultures, historical traditions, socio-economic 
roots, and connects the learners’ culture and mathematics. 
Hiebert & Carpenter (1992) present a theory for understanding based on the interplay 
of external and internal representations. Key ideas in this theory are: 


(i) In order to think about and communicate mathematical ideas we need to 
represent them in some way. 


(ii) Communication requires that the representations be external. External 
representations could take the form of spoken or written language, written 
symbols (algebraic symbolism), pictures (diagrams, graphs, tables) or 
physical objects. 


(iii) In order to think about mathematical ideas there is a need to represent them 
internally (internal representations) in a way that allows the mind to operate 
on them 


(iv) As relationships are constructed between internal representations of ideas, 
they produce networks which could be structured like vertical hierarchies or 
webs. 


The theory is based on assumptions that (a) some relationship exists between external 
and internal representations, (b) communication in different forms (verbal, symbolic 
and visual) play a key role in the teaching and learning of mathematics, (c) internal 
representations can be related or connected to one another in useful ways, and (d) the 
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construction of structured mind maps or schemata that can be expanded into networks 
aids the understanding of new ideas in mathematics. 
The project was assigned to 48 grade nine learners. Twelve subjects were then 
conveniently selected on the basis of the designs made and interviewed using open-
ended questions to extract the procedures used in the drawings. They then had to 
construct models of artefacts representing the designs in their drawings. It was 
important to find out how the teaching of geometry would allow the learners to both 
reflect and utilize the geometry they know and used in technology education as a 
starting point for further study of geometry in mathematics classrooms. The learners’ 
revealed the use of the some geometric concepts during the design of the artefacts. 
These included discussions on parallelism, shape, angles, congruency, similarity and 
comparisons. 
This mathematical idea was further communicated by the construction of artefacts 
correctly measured and projected using available material and resources. Their 
internal representations were revealed when they gave explanations of why they 
projected the structures in the geometric artefacts. The descriptions of the figures 
drawn in the technology class were done in a geometric language without prior 
formal teaching of the geometric concepts. Findings revealed that the free 
environment allowing the learners to talk, explain and represent, provided in 
technology, showed that learners knew more geometry than anticipated. 
Recommendations 
The low and poor performance in geometry has to be overcome by both learners and 
mathematics teachers. The following suggestions may help to accomplish 
foundational and good performance in geometry: 


• Learners could be given a chance to represent various objects and artefacts in 
the form of design and drawing. 


• Syllabus and assessment standards per grade should not stop the learners from 
describing and representing their experiences with shape and space. 


•  Geometry must be presented by teachers in an interesting and joyful manner 
based on learners’ experiences before dealing with proofs. 








 


Julie, C. (2013). Towards a model for intentional teaching for improving achievement in high-stakes mathematics 
examinations. In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th Annual Congress of the Association for 
Mathematics Education of South Africa, Vol. 1. (pp. 86 – 96). Cape Town: AMESA. 


TOWARDS A MODEL FOR INTENTIONAL TEACHING 
FOR IMPROVING ACHIEVEMENT IN HIGH-STAKES 


MATHEMATICS EXAMINATIONS 
Cyril Julie 


University of the Western Cape 
 
‘Teaching and learning’ has become the catchphrase to capture the crucial aspect of 
teaching of teachers’ classroom work. This developed in a direction of reducing 
teaching to a subsidiary position. However, there were, and still are, voices against 
this untenable stance. As part of the quest to re-insert discussions and deliberations 
about teaching into the cauldron of proposals linked to the enhancement of teaching, 
I present a model for teaching based on intentionality, assessment for learning and 
insights gained from working with teachers to develop their teaching. The evolution 
of the model is described and the extent to which teachers’ current teaching attunes 
with the model is presented. 
INTRODUCTION 
A cursory perusal of descriptions, considerations and prescriptions for improving the 
state of school mathematics renders that much attention is accorded to learning. This 
is understandable given advances in research on learning, how people come to know, 
the processes of how mathematical knowledge is constructed by experts and the 
socio-economic conditions conducive for effective learning. To a certain extent 
deliberations on teaching have been backgrounded with the most popular notion 
being advanced that teaching should be some kind of facilitation. Davis (1997) draws 
attention to this invisible-making of teachers [and by implication teaching] in his 
analysis of a textbook series for school mathematics. He found that 


From this point [early in the textbook] on the teacher is banished from the text and the teaching 
of mathematics is left to the student [and that] the text does not merely signify that all students 
are competent autodidacts but, crucially, selects them along gender lines from the pool of 
readers. (Davis 1997: 6, 14). 


Ten years later Morrow (2007: 1) captures the invisibility of teaching as 
… in our policies and plans we think very little about teaching … we think that it is better to talk 
about ‘facilitation’ or ‘instruction’ … perhaps we think that teaching is no longer needed 
because of ‘learner-centred education’ … Perhaps this silence [about teaching] is due to the fact 
that in South Africa we no longer have any teachers, but, instead, now have ‘classroom 
educators’. 


These two instances point in the direction that teaching should be more foregrounded 
in deliberations about the classroom work of teachers. Recently some attention has 
been paid to teaching as is evident by the titles of books such as Retrieving teaching: 
Critical issues in curriculum, pedagogy and learning (Shalem & Pendlebury 2010) 
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which is a festschrift in honour of Morrow and the authors engage with the ideas on 
teaching, amongst others, proffered by him. 
In this paper I propose a model for the teaching of school mathematics. The evolution 
of the proposed model and the mechanisms that triggered it are discussed. It is 
concluded that the implementation of such explicitly-articulated models might be 
helpful for engaging teachers to develop their teaching. 
A NOTE ON METHODS AND THEORY 
The format of this article is more in the form of a story in the sense of a story 
documenting “a given milieu in an attempt to communicate the general spirit of 
things. [A]nd is the first cut at understanding enough to see if a case study is worth 
doing.”  (Denny 1978: 2). In trying to craft some sort of a story, Freudenthal’s (1991: 
161) dictum of reporting our research  “…so candidly that it justifies itself, and that 
[the] experience can be transmitted to others to become like their own experience.” is 
adhered to. The story being told is about the realisation of a product called a model of 
teaching for school mathematics. The context of its emergence and development is a 
continuous professional development project, the Local Evidence-Driven 
Improvement of Mathematics Teaching And Learning Initiative (LEDIMTALI). The 
core quest of this project is the development of teaching mathematics. 
The data drawn on are the observation notes of teaching, recorded interactions in 
workshops and teacher institutes and other primary documents such as newsprint 
sheets and print-recorded work generated during project activities. The data were 
collected during the 2012 academic year. In line with the story flavour, data are 
primarily used to support the flow of the story and not in the strict sense of some 
research approaches in an analysed form. 
One of the key constructs in this paper is around a model for teaching and not a 
method of teaching. The word ‘model’ carries its own baggage. Wartofsky (1979) 
views models as tools and clarifies them as 


The cognitive artifacts we create [as] representations to ourselves of what we do, what we want, 
and of what we hope for. The model is not, therefore, simply a reflection or a copy of some state 
of affairs, but beyond this, a putative mode of action, representation of prospective practice, or of 
acquired mode of action. (op.cit.: xv). 


I use model in this sense with a deep realisation that tools continually evolve, are 
used differently in different circumstances of need (an axe is sometimes used as a 
hammer) and users do adaptations to tools to suit the pursuits they are engaged in. 
One of the vexing issues in doing and reporting research currently is that the 
theoretical framework which underpins the work must be stated upfront. An 
extensive discussion regarding this issue is not delved into. A meaning accorded to 
this prescription is that the constructs generated by some guruistic figure, such as for 
example, Vygotsky, must be referred to and employed to render support that the work 
qualifies as theoretically sound. There is nothing wrong with this and is needed at 
times. There, however, are instances when a bricoleur (Cobb 2007) stance is taken 
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with regard to the underlying theoretical constructs of import for research. This 
stance is, in my contention, appropriate to relay the evolutionary construction of 
models which by its very nature draws on different theoretical orientations and is 
adopted in this paper. 
WHY FOCUS ON A MODEL FOR TEACHING? 
The relegation of teaching to a subordinate position in boundary objects such as 
policies, curricula and textbooks in the school mathematics teaching enterprise has 
been alluded to above. Whereas before teachers had available specific descriptions of 
models of teaching this has virtually disappeared from the radar. Models that teachers 
had access to and knew about were, for example, cognitively-guided instruction, the 
problem-centred approach to teaching, diagnostic, discovery and expository teaching. 
A variety of reasons can be found for the virtual disappearance of the explicit 
awareness-making of models of teaching. Two of these come to mind. The first is the 
erroneous view that fundamental pedagogics was an apartheid socio-technology to 
devise and justify a racially-based educational dispensation. Models of teaching 
enacted through didactics and subject didactics as sub-disciplines of education were 
viewed as belonging to this discourse. Secondly, the notion of constructivist teaching 
was offered and taken as the mantra for teaching. Within this notion learning was 
foregrounded. This led to, as Davis (1997) convincingly demonstrates, learners in 
essence being put in the position of autodidacts. As an aside, it should be noted that 
this was targeted primarily at learners from poor and marginalised backgrounds and 
teachers from or teaching in schools in schools in similar socio-cultural and socio-
economic milieus. Although the policy interpretation of diverting teaching to learners 
was for all schools, Harley & Wedekind (2004: 202) found that in schools inhabited 
by learners from middle and upper socio-economic class backgrounds “… the OBE 
programme has a time allocation of only three periods per week, and the 
responsibility rests with the school librarian. For over 90 percent of the available 
time, learners are engaged in traditional subject lessons.” One may daresay that this 
engagement was primarily through traditional teacher-guided instruction.	
  
Morrow (2007: 3) defines teaching “as an activity guided by the intention to promote 
learning” which he later changed to “the organising of systematic learning” due to 
“the weight carried by the word ‘intention’”.  In his exemplification of the 
implementation of this notion of teaching, he takes readers into a course he offered at 
honours level to a large class of post-graduate students in Education. What comes 
through in his exemplified description of “the organising of systematic learning” and 
discussions I had with many of the students who enrolled for the course are at least 
two things. First, the course had as a principle that “the conceptual and practical 
organisation of the course should be strong, unambiguous and explicit…” (Morrow 
2007: 22). Secondly, the during the contact component of the course a dialogical 
form of teaching was adopted. The discussions were on material that was pre-read by 
the course participants and these were supplemented by tutorials. The point I am 
demonstrating is that whether we want to admit it or not some model of teaching 
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always underlies teaching and the content should be systematically organised to 
provide students epistemological access to knowledge. In what follows I offer a 
model for the systematic organisation of school mathematics as a particular genre of 
mathematics (Julie 2002). Before moving to the model per se, the issues that 
provided inspiration for it is described.	
  
INSPIRATIONS 
Normally things that are constructed do not unexpectedly fall from the air. They are 
triggered by real and imaginary encounters one has in particular contexts. The 
contextual triggering of ideas is not a strange phenomenon in Mathematics. Stories 
abound of mathematicians getting ideas for solutions of problems in strange ways and 
places. Of course, the contexts in these cases are the problems that the 
mathematicians have been grappling with for some time. 
The inspiration for considering the development of some model for teaching school 
mathematics emerged from my involvement in LEDIMTALI.  I observed some 40 
lessons in grades 10 to 12 in 10 different schools in 2012. From these observations a 
baseline teaching model for the teaching of procedures was derived. This model was 
depicted as follows (Julie 2012): 


The style of teaching when procedures are introduced is a demonstrative exposition of the steps 
of the procedures with its unfolding written on the chalkboard as the demonstration proceeds. 
This is interspersed with questions directed at learners which are either answered by the teacher 
him/herself or learners. Upon completion of the demonstration of a few key examples by the 
teacher, the learners are presented with similar or near-similar problems to work through. During 
this phase the teacher monitors learners’ progress and understanding and provides assistance to 
learners who are struggling or request further assistance. Near the end of the period the learners 
are given similar problems for homework. At the start of the subsequent session, the given 
homework is checked and selected learners are requested to work through the solutions of the 
homework problems on the chalkboard. During this process, the teacher checks the work of the 
learners at the chalkboard whilst also checking whether learners did complete the assigned 
homework. 


Some the questions that arose from this observation were: How can this established 
way of teaching school mathematics be exploited to move teaching in a direction of 
more work being done by learners? How can it be somewhat ensured that a resulting 
model will in some way conform to the principle of immediacy of applicability in 
classrooms which systematic reviews of continuous development initiatives found 
was a crucial factor for teacher buy-in of the goods distributed by such initiatives 
(Cordingley, Bell, Rundell & Evans 2003)?  What should be included to bring and 
keep the disciplinary objects of school mathematics in the foreground? Must the 
model have some connectivity with those which teachers have encountered in their 
own initial and in-service teacher education programmes? 
Since teachers were encouraged to share ideas and insights at workshops (±1½ hours 
after-school professional development activities at the university) and teacher 
institutes (1½ to 2½ days with overnight stays by all project participants), one teacher 
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requested to share the insights from a course on Assessment for Learning (AfL) 
organised by the South African Democratic Teachers’ Union. It was agreed that she 
would be offered a slot on the programme for the next institute. During her 
presentation my thinking was drawn to intentional teaching of which I was reading 
on and off for the design of a degree programme for foundation phase teacher 
education. I thought that there are areas of overlap between AfL and intentional 
teaching but the idea was parked since it was near closure of schools and institutions 
for the 2012 academic year. 
The revisiting of the consideration of a possible teaching model linked to intentional 
teaching and AfL was again ignited during the first workshop in 2013. Part of the 
2012 activities of the LEDIMTALI project was the design of a common end-of-year 
examination for grade 10 of the participating schools. Eight of the schools wrote the 
examination in 2012 and the first workshop focused on the analysis of the 
achievement results. The item difficulties for the first paper as obtained via Rasch 
analysis for one school were presented. The item difficulties were divided into four 
bands of difficulty. These were presented to teachers as a task given in Figure 1. 


TASK 
Consider the classification of learners’ performance in paper 1 of the common 
examination we have set for 2012. 
Select a topic/area in the “difficult” or “most difficult” band you will be 
teaching during this quarter and develop some strategies and actions you will 
embark on and use in your teaching of this topic/area to improve learners’ 
performance on these questions. 
Keep in mind the following: 


• The ideas *** shared with us about purposeful teaching with assessment 
of student learning 


• The value of regular/spiral revision of completed work 


Difficulty Items of 2012 Paper 1 examination Number of items 


Least difficult 1.1.1; 1.1.2; 1.1.3; 1.2.1; 1.2.2; 1.3.1; 
1.3.2;  1.4.2; 4.3.1; 4.3.3;  4.3.4; 5.1 12 


Slightly difficult 8.1.1; 2.2.1;  6.1.2; 1.1.4; 4.3.2;  5.2; 
2.1; 3.1 8 


Difficult 
1.4.1;  3.2.2;  3.4;  4.1.1;  4.1.2;  4.2;  
5.3;  6.1.1;  6.2.1;  6.2.2;   6.2.3;  7.1.2;  
7.2;  7.5;  8.1.2;  8.2;  8.3.1;  8.3.2 


18 


Most difficult 2.2.2;  2.3;  3.2.1;  3.3;  7.1.1;  7.3;  7.4;  
8.1.3;  8.3.3 9 


Figure 1: Task based on item difficulties presented to teachers. 
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What was observable from the designs of the teachers was that the strategies they 
came up with were basically descriptions of the solutions procedures as is evident 
from Figure 2. 


	
  
Figure 2: Except of a response to task. 


This gave the final impetus to design some model of teaching based on intentional 
teaching and some of the principles of AfL. 
TOWARDS A MODEL 
Slavin (2000: 7) asserts that although “there is no formula for good teaching, the one 
attribute that seems to be characteristic of outstanding teachers is intentionality, doing 
things on purpose”.  Epstein (2007) sheds further light on intentional teaching and 
contends that “Intentional teaching does not happen by chance; it is planned, 
thoughtful, and purposeful” (op.cit.: 1). The purposeful aspect of intentional teaching 
is linked to learners’ acquiring knowledge and skills. Thus, despite Morrow’s 
trepidation about the weight of the word intention, intentional teaching does contain 
the elements of his “organising of systematic learning”. For the model that is being 
proposed intentional teaching is seen as the purposes and goals of teaching being 
clear to all participants. It forms the base of the model. An aspect of this clarity of 
goals is that both teachers and learners must be aware of which of the objects 
mathematical knowledge is the focus of teaching. A general classification of the 
objects of mathematical knowledge taught in school mathematics is: 


Conventions, representations and notations: The way things are written, the symbols that are 
used. Examples:  “+” is used to indicate “addition”; “√” is used as the “square root” sign. 


Concepts and definitions: A mathematical “thing” with the property that there are certain 
elements which cannot be changed so that it remains the “thing” that it is. Examples: Solution; 
equation; midpoint; area and real number. 
Procedures and techniques: Step-by-step actions to obtain a desired result. Example: 
Factorisation of quadratic trinomials; constructing the altitudes of a triangle and simplifying 
algebraic fractions. 
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Relationships between concepts: Links between different concepts and combinations, mostly 
operationally (addition, subtraction, multiplication, division, etc.) linked, of concepts. Theorems 
are the most commonly known relationships. 


A further feature related to the objects of knowledge is the particular mathematical 
knowledge that should be foregrounded. It seems obvious that the mathematical 
knowledge de- and prescribed in the curriculum should be the foregrounded 
knowledge. However, the various mutations an intended curriculum goes through 
renders that it manifests itself differently in its implemented and examined 
morphings. Based on the finding that examinations dictate what desired and valued 
knowledge is (Kvale: 1993), I contend that for a model for intentional teaching, the 
knowledge assessed in high-stakes examinations should be the privileged knowledge. 
High-stakes examinations are examinations where the major beneficiaries of the 
outcomes of levels of success are the examinees. These levels of success provide 
them with various forms of access to certificates of worth with which they can trade. 
The National Senior Certificate examination is one such high-stakes examination. It 
has tremendous consequences for learners in terms the passages of rites that are 
accorded to them. It is on par with examinations such as those accounting graduates 
must write to become chartered accountants. This is about it being entirely set, 
moderated and marked externally. 
As alluded to above AfL is an inspirational constituent of the model being proposed. 
According to Black et al. (2004: 10) 


Assessment for learning is any assessment for which the first priority in its design and practice is 
to serve the purpose of promoting students’ learning. It thus differs from assessment designed 
primarily to serve the purposes of accountability, or of ranking, or of certifying competence… it 
provides information that teachers and their students can use as feedback in assessing themselves 
and one another and in modifying the teaching and learning activities in which they are engaged. 


In AfL four issues must be attended to and addressed. Firstly, the learning intentions 
(LIs) for the unit of work must be clearly specified and everyone involved in the 
teaching and learning endeavour should know and be able to articulate them. Here it 
is crucial that learners should also be able to articulate the LIs.  From the Northern 
Ireland Curriculum (n.d.) support documents, an LI answers the question “What are 
we learning to do?”  for which WALT (We Are Learning To) is the hooking 
acronym. The second component of AfL is the clear specification of the success 
criteria (SCs) to ascertain whether the LIs have been achieved. It is called WILF 
(What I’m Looking For) and is concerned the recognition of success and mastery of 
the learning intentions. (Northern Ireland Curriculum n.d.). 
Once the WALTs and WILFs are specified, the teachers and learners engage in 
activities related to the knowledge objects of import for the lesson. 
The final component of AfL is concerned with assessment and feedback. The SCs are 
used for assessment and feedback is provided based on both the LIs and SCs. The 
assessment can be self-, peer- or teacher assessment. 
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Early in the continuous professional initiative, the notions of spiral revision and 
productive practice (Selter 1996) were developed. This was based on concerns about 
learners not doing homework. Spiral revision was the strategy devised to address the 
aspect of practising of skills and processes in class. Spiral revision is the repeated 
practising of work previously covered. It is underpinned by the notion that through 
repeated practice learners will develop familiarity with solution strategies of 
mathematical problem types that they will come across in high-stakes examinations. 
Productive practising has to do with allowing learners to develop general ways of 
working in school mathematics through “deepening thinking”-like problems whilst 
practicing previously covered work. An example of such a problems is: “Factorise
ak − (k + a)+ a2  in more than one way.” 


 


Figure 3: A model for intentional teaching of school mathematics. 
The procedure suggested for implementing and sustaining spiral revision and 
productive practising is that at the start of a period 2 or 3 three problems on work 
previously done are presented to learners. This should preferably not take more than 
10 minutes of the time allocated for the lesson period. Some teachers in the project 
reported that they preferred to set aside a period a week for spiral revision and 
productive practice. Given the somewhat home-grown nature of this strategy to 
address a specific need expressed by teachers, it is included in the model. 
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Lastly, an overarching component of the model is the notion of questioning to foster 
mathematical thinking. The major resource teachers have for this is Questions and 
prompts for mathematical thinking (Watson & Mason: 1998) and the focus is on 
questioning and prompting related to concepts and procedures. 
Overall the model that is proposed and in varying degrees being implemented is 
presented in Figure 3.	
  
CONCLUSION 
I conclude by giving a sense how the elements of the proposed model manifested 
itself in the observed lessons referred to above. A crude organisational scheme is 
used to do this. This scheme was not used for the observation of lessons during 
classroom. It emerged during this deliberation and construction of the above model 
and is merely an organisational mechanism for bringing order to the large number of 
lessons observed in 2012. The links with the model can be clearly discerned. 
Table 1: Describing teaching in terms of the model. 


Element of model Present 
Slightly 
Present 


Not 
Present 


Purposes and goals of lesson are made clear to learners 
 


X 
 


Mathematical objects that were the focus of the lesson 
are made clear   


X 


Learning intentions are made clear and there is 
evidence that learners understood them  


X 
 


Success criteria are made clear and there is evidence 
that learners understood them   


X 


Assessment and feedback used 
 


X 
 


Spiral revision and productive practising activities are 
used  


X 
 


Fostering mathematical thinking through appropriate 
questioning strategies.  


X 
 


The scheme gives some picture of where the teachers participating in the 
LEDIMTALI project are with respect to the development of their teaching in relation 
to the proposed model. This does not mean and should not be construed that the 
current ways of teaching that are being employed do not have positives.  Indeed, as 
Julie (2012) reports, there are many identifiable positive aspects in the LEDIMTALI 
teachers’ current teaching practices. Through constructive engagement with teachers, 
the challenge is to ascertain how and in which manners teachers further appropriate 
and adapt this model for the development of their teaching. Black et al. (2004) draws 
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attention to one of the obstacles teachers will encounter when they implement a 
model of this nature. They assert that, “Many teachers who have tried to develop their 
students’ self-assessment [as part of the AfL component] have found that the first and 
most difficult task is to get their students to think of their work in terms of a set of 
goals.” (Black et al. 2004: 14). Thus, as most of us who have taught and are teaching 
in schools in socio-economically deprived environments are aware, the development 
of our teaching is hard but the first fruits of experiencing learner success in terms of 
achievement in high-stakes examinations are sweet. 
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Extended abstract 
The definition of the statistical mean is based on its add-and-divide algorithm, 
without logical recourse to the ontology of the mean. I argue that the mean is in need 
of a statistical object definition to complement the well-known process definition. To 
this end mean and average must be differentiated in colloquial discourse, so that the 
statistical mean can be defined as the origin or zero for the measurement of variation 
of data in a set. 
MEAN AND AVERAGE 
In her early work, Sfard (1991) argued that a mathematical concept has dual faces – a 
concept is a process as well as an object. In her later work, Sfard (2008) defines 
concepts as words (or other symbols) and their uses within different discourses. From 
a discursive perspective statistics is delineated as a discourse different from 
mathematics by its words and symbols, and its narratives and routines. Yet, when 
statistical objects like the mean are defined, they are defined as mathematical 
processes, where-after attention is drawn to some mathematical properties of the 
calculated numbers and some statistical uses. For example, Collins Dictionary of 
Statistics (Porkess, 2004) defines mean and average as follows: 


Mean. 1. A measure of an average value. There are several types of mean, used in appropriate 
circumstances, but unless stated otherwise the term “mean” is usually taken to be the arithmetic 
mean” (Porkess, 2004, p. 50) (The dictionary then proceeds to give the mean algorithm in 
algebraic notation). 


Average. 1. In technical use, average usually has the same meaning as mean or arithmetic mean. 
3. In everyday use the word average is often used loosely to mean typical or representative, as in 
a statement like “William is average at football”. … According to context, it may be any (or 
none) of mean, mode, median and midrange. (Porkess, 2004, p. 14) 


As a statistical definition Porkess’ definition of the mean as a “measure of an average 
value” fails to explain why the calculation of the arithmetic mean is a measure of an 
average value. Colloquial reference to objects like “an average car” bears witness to 
average as a subjective, context based judgment rather than an objective statistical 
measurement. The conflation of average and mean is problematic for teaching since it 
leaves the ontology of the mean as well as the average unexplained. In addition, the 
lack of a formal object definition of the mean leaves the process definition open to 
varied interpretations. 
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PROBLEMATISING THE SHIFT FROM MATHEMATICAL TO 
STATISTICAL DISCOURSE ON THE MEAN 
The first historical moment where the relationship of the mean to differences between 
measurements, rather than to the measurements themselves was foregrounded may 
provide opportunity for statistically meaningful disobjectification or re-enactment of 
the syntax of the mean algorithm. Bakker (2003, p. 9) describes the use of the term 
“averij” in ancient maritime law (around 700BC), where the purpose of calculating 
the “averij” was to share losses at sea fairly between customers. 
The use of mean in discourse on variation, hence statistical discourse, developed late 
in history. The term l’homme moyen, the average man, was invented by the Belgian 
statistician Quetelet (1796-1874). Quetelet’s use of the mean as a representative value 
rather than a ‘real’ value was an important step in the development of variation 
discourse on the mean. Alternative semantics for the mean that focuses on its 
statistical use and properties can be found, such as mean as a measure of central 
tendency or mean as a balance point of a distribution. These phrases are mostly 
encountered in statistics education texts and endeavour to provide cues for conceptual 
understanding of the statistical object, rather than the colloquial object average. It is 
rare to obtain such descriptions of the statistical mean from participants in statistics 
learning and teaching contexts (Watson & Moritz, 2000). The divide between 
colloquial and literate statistical discourse on the mean remain un-bridged. 
DEVIATION DISCOURSE ABOUT AVERAGE AS A BRIDGE TO THE 
STATISTICAL MEAN 
Colloquial understanding of the mean as the centre of an interval of average values 
indicates that deviation of actual values from the mean is intuitively understood as an 
important attribute of the mean. (Lampen, 2012) An educational goal is to develop 
intuitions of average as it refers to objects as well as data sets, to yield the necessary 
deviation discourse in which the statistical mean may develop object-meaning in 
addition to process-meaning.  I propose the following didactical definition for the 
mean that will make its statistical use explicit and from which the calculation 
algorithm can be deduced: 
The mean is a numerical value that indicates a hypothetical standard of zero 
variation among varying measures over all the cases in a data set. As such the mean 
is the origin for measuring variation in a data set. 
Just as any measurement tool has a zero value from which deviations are quantified, 
so the mean is the zero point for measuring variation in a dataset. 
CONCLUSION 
I have argued the need for an origin or zero of such measurement of variation that can 
be utilized to derive the mean algorithm for statistical, rather than mathematical use. 
The implication of this approach to define the statistical mean as an object in addition 
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to a process is that educators have to develop discourse about variation and its 
measurement, which is the essence of statistical discourse. 
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Extended abstract 
Mathematical Literacy is a relatively new school subject that is examined in the final 
grade in South African schools. An investigation of the 2009 preliminary 
examination written by matric pupils in KwaZulu-Natal (KZN) was conducted by 
Debba (2012). In this subsequent study we supplement the qualitative investigation 
with an application of Rasch measurement theory (RMT) in order to investigate the 
validity and reliability of current mathematical literacy testing practices as 
exemplified in this test. The test data from the subgroup of 73 learners from one 
school were analysed. This very small sample is used to illustrate the principles of 
measurement. 
An assumption underlying RMT is that underpinning any assessment procedure, and 
any coherent testing region, there exists a somewhat unidimensional construct (in this 
case competence in mathematical literacy) that may be gauged along a continuum 
indicating more or less proficiency in the construct (in the case of learners) and more 
or less difficulty in the construct (in the case of items).  The items are understood 
here to be operationalisations of the construct. In the ideal test each of the items 
contributes some unique component to the measurement-like properties of the test, 
collectively establishing a plausible continuum of proficiency avoidance of undue 
repetition of one or other aspect of the construct. 
In an application of the Rasch model, checks are made on the test as a whole, the 
items, and the learner responses, to ensure fairness of the instrument within the 
particular reference group, in this case a group of mathematical literacy students in a 
KZN high school. 
In this paper we consider the implications for improving the construction of rubrics 
so that they work coherently in the interests of attaining valid measurement-like 
properties and consequently provide reliable information for teachers and a fair 
assessment for learners. In so doing we hope to add some methods for providing 
insight into the domain of ML, and some observations about the assessment of ML. 
We focus on the scoring of polytomous items, which may be allocated scores of more 
than 1, for example 0, 1, 2 … m. For some items it was found that the scoring 
allocation unduly advantaged some learners and disadvantaged others, for example a 
score of 4 may be allocated where the empirical responses are either correct or 
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incorrect. This allocation means that a learner is substantially disadvantaged by 
“losing” 4 marks, as opposed to the usual loss of 1 mark, for responding to the item 
(a single component) incorrectly. Through the qualitative investigation of the item 
and the associated scoring logic, and the results of the Rasch analysis, rescoring was 
investigated. We report here on the overall result prior to rescoring, the analysis and 
rescoring of the items, and the post rescore analysis. The purpose of the paper is 
firstly to illustrate the importance of appropriate scoring in the interests of validity 
(fitness for purpose) and fairness (relative performance extremes), and secondly to 
show how an application of the Rasch model enables one to check validity of 
assessments and to verify adjustments where required. 
In essence we answer the question, “How may detailed attention to the scoring of the 
items in a mathematics literacy test through theoretical investigation and the 
application of the Rasch model contribute to a more informative and fair outcome?” 
The process described in this paper, involved identifying items which did not fit the 
model, and therefore do not exhibit measurement-like principles. We describe the 
items and the original scoring rubric. The Rasch output is provided and the anomalies 
and inconsistencies, indicative of inadequate data, that emerged in the analysis are 
discussed. 
Before initiating any changes in the scoring we looked for theoretical verification that 
the rescoring made sense. The process that was conducted involved systematically 
rescoring each of the assessment items. This process required input from the 
mathematics literacy specialist, in this case the mathematically proficient and 
experienced teacher. Thus the Rasch analysis and rescoring processes were guided at 
all times by the qualitative analysis that was performed by the ML specialist teacher. 
The process has revealed the important role of scoring rubrics when designing valid 
assessments. Examiners need to ensure that each mark that is allocated can be 
justified educationally as an indication of some future ability. Marks should not be 
allocated on the basis of time that is required to be spent during the examination. This 
post-hoc analysis of the questions and the scoring rubrics highlights the importance 
of ensuring that the items are carefully constructed and verified by specialist teachers 
with due attention to the appropriate allocation of scores. 
Without the assurance of measurement-like properties, then the total score is not 
statistically robust. If the total score is to be indicative of a position on a 
unidimensional scale, then the differences between the score must reflect differences 
between proficiency levels of learners, and the total score must be a valid 
representation of relative performance. 
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Extended abstract 
Educational assessment which serves accountability or monitoring purposes generally 
makes explicit the content domains included in the test and in most cases attempts to 
cover a range of cognitive processes.  The Trends in International Mathematics and 
Science Study (TIMSS) from its inception has made explicit the content domain and 
the cognitive domain. (The TIMSS acronym originally stood for Third International 
Mathematics and Science Study (1995), then TIMSS – Repeat (1999) and from 2003, 
Trends in International Mathematics and Science Study.) Both the content domain 
specifications and the cognitive domain descriptions have remained comparable, 
however there have been subtle changes, in 2003, and then again in 2007. The 
individual items are classified according to both a content domain and a cognitive 
domain, and reporting complies with these classification categories. 
Informing TIMSS and other such systemic testing has been Bloom’s Taxonomy of 
Educational Objectives (Bloom, 1956). This framework was initially conceptualised 
as an assessment tool which could aid in the classification of items for item banking 
purposes. The Taxonomy has also provided the language for the associated constructs 
which enabled curriculum designers and course planners to set a wider range of 
objectives focussing on learning goals. It was also a means for “determining the 
congruence of educational objectives, activities and assessments” (Krathwohl, 2002). 
The TIMSS framework and the Bloom’s Taxonomy (both original and revised) have 
influenced curricula planning in many participating countries, including South Africa 
over recent decades. The current Curriculum and Assessment Policy Statement 
(CAPS) names four categories that align somewhat with TIMSS categories. At the 
matric exit level it is generally conceded that classifying mathematics items post hoc, 
and even constructing items to fit into these cognitive domains is open to 
contestation. 
The congruence of educational objectives, teaching and learning activities and 
assessment envisaged by Bloom (see Krathwohl, 2002) is difficult to achieve. 
However, given the importance of aligning assessment practices with classroom 
practices, it is necessary to have a framework that is explicit and in some respects 
common to both settings. 
A current project in which the authors are engaged includes a monitoring component 
and assessment component: there is also the expectation of feedback to teachers in 
the interest of improving teaching and learning. The model for this project is based 
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on the work of Bennett & Gitomer (2009) which includes a monitoring component, a 
formative assessment component, and a professional development component. For 
this model to work optimally, some congruence of expectations is required across all 
three sites. 
The broad question arising from the project needs is: 
“Can the essential elements of three components, a monitoring component, a 
formative assessment component and a professional development component be 
logically and coherently aligned for the purpose of informing teaching and learning?” 
The sub-question is “How may we best design assessment frameworks (the design 
tool informing the purposes, structure, content of an assessment instrument) in such a 
way that there is coherence from the mathematical knowledge to be taught and 
learned, through the set of assessment instruments to providing diagnostic and 
practical feedback to teachers?” 
In this project we explore an alternative to the current practice drawing on Bloom’s 
taxonomy and variations thereof, namely dimensions of understanding which draws 
on the recent work of Usiskin (2012). We compare and contrast the two frameworks 
that of Usiskin (2012) and the revised Bloom’s taxonomy (Krathwohl, 2002), as 
explicated in the TIMSS framework in order to inform our practice. An interesting 
divergence to be explored is that while Bloom’s original and Bloom’s revised 
taxonomy claim a hierarchy of cognitive processes, the TIMSS framework claims 
only minimal hierarchy of domains with a range of difficulty within each cognitive 
domain. Aligned somewhat with the TIMSS study Usiskin asserts that a range of 
difficulty is inevitable within each dimension of understanding. The juxtaposition of 
the two approaches appears to harness a synergy of their strengths. 
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This study explores the use of alternative methods of solution to enhance low 
performing learners’ achievement in finding the general term of quadratic sequence. 
A convenience sample of twenty-five low-performing grade twelve learners from a 
secondary school in Capricorn District in Limpopo Province took part in the study 
which adopted repeated measures research design. The learners were exposed to 
four methods of finding the general term of quadratics sequence. Data was collected 
using an achievement test and the data was analysed using one-way repeated 
measures analysis of variance. Findings indicate significant differences in the 
learners’ average scores due to the methods used. The study therefore concludes that 
the achievement of low performing learners in finding the general term of quadratic 
sequence can be enhanced by offering them opportunities to explore a wide range of 
alternative methods of solving mathematics problems. 
INTRODUCTION 
A quadratic sequence is a number pattern in which the second difference is a 
constant. For example, the sequence: 3; 8; 15; 24; . . . is a quadratic sequence, its 
second difference is 2 (a constant). 
 
 


 
 


 
Finding the general term of a quadratic sequence is a common question in the South 
African Matric mathematics paper one examination. However, our experiences show 
that many learners find it difficult to determine the general term of a quadratic 
sequence. The learners’ difficulties could be attributed to the method the educators 
use to teach the topic. This study therefore explores the use of alternative methods of 
solution to enhance low performing learners’ achievement on the general term of 
quadratic sequence. 
THEORETICAL FOUNDATION 
The study is founded on cognitive constructivists’ theory of learning which sees 
learning as an active process in which learners construct meaning from their 
experiences in connection with their prior understandings (Driver, Asoko, Leach, 
Mortimer & Scott, 1994). To the cognitive constructivist, learning requires a change 


Sequence 3  8  15  24 


1st difference  5  7  9  


2nd difference   2  2   
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in the learner which can be achieved through the activities the learner engages in, 
including the consequences of those activities, and through reflection (Board, 2013). 
From this perspective, we believe that all learners (including low-performing 
learners) are capable of learning mathematics. This is possible provided the learners 
are offered opportunities to explore different methods of solving mathematics 
problems because as learners solve mathematical problems using different methods 
they will likely construct their own understanding which they can easily employ to 
solve such problems in future. 
RESEARCH DESIGN 
In this study, the repeated measures research design (Shuttleworth 2009) was 
employed. This research design (also known as within-subjects design) uses the same 
participants for each treatment condition and involves each participant being tested 
under all levels of the independent variable (Shuttleworth 2009). The researchers 
adopted the research design because it requires fewer participants and resources. The 
design allows statistical inference to be made with fewer participants. It also enables 
researchers to monitor the effect of each treatment upon participants easily. 
According to Minke (1997), the primary strengths of the repeated measures design 
are that it makes an experiment more efficient, maintains low variability and keeps 
the validity of the results higher while allowing for a smaller than usual sample to be 
used. 
Participants 
A convenient sample of 25 low performing learners (learners that persistently scored 
below pass mark in mathematics examinations over three years prior to this study) 
from a secondary school in the Capricorn District in Limpopo Province was used in 
this study. A convenient sample was chosen because of the willingness of the school 
to be used for the study. According to Tabachnick & Fidell (2006), the minimum 
sample size for detecting treatment effect(s) in a repeated measures design is 10 + the 
number of dependent variables. The recommended minimum sample size was 
therefore satisfied. 
Data Collection Instruments 
An achievement test was used to collect data to measure learners’ understanding of 
the general term of a quadratic sequence. The test items were generated based on the 
topic, concept and depth of knowledge specified in the National Curriculum 
Statement, Mathematics Grades 10-12 (Department of Education [DoE], 2008). The 
test questions were essay questions in order to allow the learners showcase their 
understanding of the various methods of solution of quadratic sequence. The 
appropriateness of the test items was evaluated by six mathematics educators who 
had at least five years of mathematics teaching experience. After the evaluation 
process, the test was pilot tested on a sample of 10 learners in order to detect and 
correct any errors and ambiguities in the instruments before the actual fieldwork. The 
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final instrument was a 10 item test to assess individual learners’ ability to use each of 
the four methods of determining the general term of a quadratic sequence.  
Reliability and validity of the instrument 
The reliability of the achievement test was established by calculating Kuder-
Richardson (KR 20) reliability estimate, using data from a pilot study involving 10 
grade twelve learners. The Kuder-Richardson method was chosen because it is less 
time consuming (Christmann & Badget 2008), it requires only the administration of a 
single test and overcomes any bias that might arise when a test is split into any 
number of ways as in the split-half method (Lenke, Wellens & Oswald 1977). From 
the Kuder-Richardson 20 calculations, a reliability value of 0.87 was obtained. 
According to Gay, Mill and Airasian (2011) a test is acceptable for use if its 
reliability coefficient exceeds 0.60. Hence, the KR20 value indicates that the test was 
reliable. 
To check content validity of the test, it was validated by experts in the field of 
mathematics education. This panel comprised one subject advisor for Mathematics, 
one Head of Department (Mathematics) and four mathematics educators who were 
teaching grade twelve at the time the data was collected. The panelists were asked to 
independently judge if the test items reflected the content domain of the study. 
According to Gronlund (1998), this is just a matter of determining whether the tasks 
represent the larger domain of tasks it is supposed to represent. The content validity 
ratio of each item was calculated using the following formula: 
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CVRi  is the content validity ratio for the 𝑖!! term; 𝑛! is the number of judges rating 
the item as ‘essential’ to the domain and N is the total number of judges (Lawshe 
1975). The mean of the test items’ CVRi was computed in order to find the content 
validity index (CVI) of the test. A CVI value of  +1.00  was obtained, which indicates 
that there was complete agreement among the judges that the test items reflected the 
content domain of the study (Wynd, Schmidt & Schaefer 2003). 
DATA COLLECTION PROCEDURES 
After the learners were exposed to different methods of determining the general term 
of the quadratic sequence in the normal class teaching over one week period, the test 
was administered to assess individual learners’ ability to use each of the four 
methods. Learners wrote the test four times, using a different method of solution each 
time, in their own order of preference. By the end of the session, each learner had 
used all the four methods, resulting in four different scores being recorded for each 
participant. The duration of the test was 1 hour and it was marked out of 50 marks. 
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The four methods the learners were exposed to are: 
Method 1 (Treatment 1) 
(Retrieved June 27, 2011from http://www.skoool.co.za/studynotes/maths/id635.htm) 
This method uses the following formula: 


21 )2)(1(
2
1)1( dnndnaTn −−+−+=  


Wherea =1st term of the sequence, =1d 1st term of the 1st differences and 2d =2nd 
difference (which is constant). Applying this to the sequence 3; 8; 15; 25; … gives 
the following result: a = 3; d1 = 5; d2 = 2. 


∴Tn = 3+ (n −1)5 +
1
2
(n −1)(n − 2)2 = 3+ 5n − 5 + n2 − 3n + 2 = 2n + n2 . 


Method 2 (Treatment 2)  
(Retrieved June 27, 2011from http://www.mathshelper.co.uk) 
If the second difference is constant, then we know that we are dealing with a 
quadratic sequence which takes the form: Tn = an


2 + bn + c . The procedure for 
determining the general term of the sequence is as follows: 
Step 1: Halve the second difference to get the value of  𝑎. Using the example above, 
  𝑎 = !


!
= 1. Therefore the first term of the required general formula would be 2.1 n  


Step 2: Now substitute n = 1,2,3,4  into 1.n2  to get the terms that must be subtracted 
from the original terms in order to get the residue. In this case, we obtain 1; 4; 9; 16. 
Step 3:  We write out the original sequence and the terms obtained in Step 2 and then 
subtract to obtain the following results: 


Sequence: 3 8 15 24 
n2 : 1 4 9 16 


residue: 2 4 6 8 
Step 4: Clearly, we see that the residues form a linear sequence. The formula of this 
linear sequence is: Tn = a + (n −1)d = 2 + (n −1)2 = 2 + 2n − 2 = 2n . 


The residue is always either a constant (c) or a linear sequence bn + c( ) . If the residue 


is a constant number, then the answer will be of the form an2 + c . 
Step 5: Finally, you add the results of step 1 and step 4 to get the general term of the 
quadratic sequence, Tn = n


2 + 2n , which is the same as what we obtained previously. 
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Method 3 (Treatment 3) 
(Retrieved June 27, 2011 from http://www.mathforum.org/library/drmath/view/ 
56440.html) 
Suppose we have an arbitrary quadratic sequence, Tn = an


2 + bn + c , then the 
differences will look like this, 
 


n = 1   
 


n = 2   n = 3 
a + b + c  4a + 2b + c  9a + 3b + c  


 
 


3a + b   5a + b   


  2a    


 
Now considering the sequence 3; 8; 15; 24; … we obtain the following results: 


a + b + c = 3  
3a + b = 5  
2a = 2  


 
Working from the bottom to the top, we have, a = 1 , b = 2 , c = 0 . Therefore the 
required formula (general term) is Tn = n


2 + 2n  as before. 
 
Method 4 (Treatment 4) 
 (Retrieved June 27, 2011from http://www.cbv.ns.ca/mathhelp/quadratic1.htm) 
The general form of a quadratic sequence is cbnanTn ++= 2 . Then we have to figure 
out the value of 𝑎, 𝑏, and  𝑐 and put them into this equation. The value of a  is 
obtained by using the formula: d2 = 2a  where d2  is the 2nd difference. Applying this 
to our example gives: 2a = 2⇒ a = 1∴Tn = n


2 + bn + c* 


Since 𝑇! is 3 and 𝑇! is 8, we can make two ordered pairs of the form (n;Tn ) . That is, 
(1;3), (2;8), … . 
Substituting these points into equation * gives the following two results: 


3= (1)2 + b + c2 ⇒ 2 = b + c   …… (1) 


8 = (2)2 + b(2)+ c4 ⇒ 4 = 2b + c  …… (2) 
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Solving equation (1) and equation (2) simultaneously gives: b = 2  and c = 0 . 
Therefore the formula for the general term of the sequence is Tn = n


2 + 2n  as 
required. 
It is important to note that Method 4 is the method that is common in most grade 
twelve school mathematics textbooks. 
FINDINGS 
Table 1 shows the achievement test scores of the learners using each of the four 
methods (i.e. M1; M2; M3 & M4). 


Table 1: Learners’ percentage scores per method. 


Learners 
Scores 


𝑀!   𝑀! 𝑀! 𝑀! 
𝐿! 94 98 96 78 
𝐿! 90 90 92 94 
𝐿! 98 96 100 78 
𝐿! 50 70 88 20 
𝐿! 88 92 100 86 
𝐿! 100 34 86 100 
𝐿! 78 96 100 64 
𝐿! 82 68 90 90 
𝐿! 58 54 68 48 
𝐿!" 100 72 92 52 
𝐿!! 54 80 68 40 
𝐿!" 60 14 32 12 
𝐿!" 94 68 82 44 
𝐿!" 60 76 98 86 
𝐿!" 90 100 92 44 
𝐿!" 72 92 88 56 
𝐿!" 52 40 80 2 
𝐿!" 94 100 100 80 
𝐿!" 92 100 88 84 
𝐿!" 80 74 90 68 
𝐿!" 76 64 70 54 
𝐿!! 92 90 100 88 
𝐿!" 70 60 76 6 
𝐿!" 76 50 84 6 
𝐿!" 78 64 100 34 







Long Papers 


 110 


A one-way repeated measures analysis of variance (RM ANOVA) in SPSS was 
performed on the data to evaluate the following hypotheses: 
H0 :µ1 = µ2 = µ3 = µ4  


At least on treatment or observation mean (µ ) is different from the others. 


Results of repeated measures ANOVA 
Descriptive statistics 
Table 2 shows the initial output from the repeated measures ANOVA analysis. 


Table 2: Descriptive statistics. 


 Mean Std. Deviation N 
M 1 79.1200 15.93821 25 
M 2 73.6800 22.90327 25 
M 3 86.4000 15.19868 25 
M 4 56.5600 30.37828 25 


Table 2: Descriptive statistics. 
The Descriptive Statistics contains the number of cases available for analysis per 
each level of the independent variable. 
Sphericity 
Sphericity is the condition where the variances of the differences between all 
combinations of the repeated measures levels are equal. Violation of this assumption 
causes the Repeated Measures ANOVA test to increase Type I error rate (Laerd 
2012). The SPSS computed significance value for the ANOVA test would be too low 
and thus we risk rejecting the null hypothesis when actually we should not. 
Table 3: Testing for sphericity. 


Mauchly's test of sphericity 
Measure:   MEASURE_1   


Within 
Subjects 
Effect 


Mauchly's 
W 


Approx. 
Chi-Square df Sig. 


Epsilon 
Greenhouse-


Geisser 
Huynh-


Feldt 
Lower-
bound 


Method .563 13.064 5 .023 .761 .845 .333 
The Mauchly’s test of sphericity tests the null hypothesis that the variances of the 
differences between levels of the repeated measures factor are equal. The above test 
indicated that the assumption of sphericity had been violated because the significance 
value (χ2(5) = 13.1, p = .023) is less than the criterion value of .05. To account for the 
violation of sphericity, the degrees of freedom of the F-test were corrected using 
Huynh-Feldt epsilon value (ε = 0.845). The Huynh-Feldt correction was used because 
ε was greater than .75 (see Field 2008). 


HA :
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ANOVA F-test 
Table 4 shows the repeated measures ANOVA. The Huynh-Feldt corrected results 
indicate that there was a statistically significant main effect of the independent 
variable (method) on the dependent variable (learners mathematics scores) (F (2.54, 
60.8) = 16.74, p = .000). Therefore, the null hypothesis that the averages for the four 
methods are the same is rejected and we conclude that at least one of the treatment 
means (µ) is different. 
Table 4: ANOVA F-test 


Tests of Within-Subjects Effects 
Measure:   MEASURE_1   


Source Type III Sum of 
Squares df 


Mean 
Square F Sig. 


Method 


Sphericity 
Assumed 12105.400 3 4035.133 16.744 .000 


Greenhouse-
Geisser 12105.400 2.282 5304.767 16.744 .000 


Huynh-Feldt 12105.400 2.535 4775.786 16.744 .000 
Lower-bound 12105.400 1.000 12105.400 16.744 .000 


Error(Method) 


Sphericity 
Assumed 17351.600 72 240.994   


Greenhouse-
Geisser 17351.600 54.768 316.822   


Huynh-Feldt 17351.600 60.834 285.229   
Lower-bound 17351.600 24.000 722.983   


Since a statistically significant result was found the Bonferroni Post Hoc test was 
conducted to compare each method with all other methods in order to determine 
where exactly the significant differences exist. 
Bonferroni Pairwise Comparisons 
From the significance values of each pairwise comparison, we obtain the following: 
The difference between the mean scores of the learners on Method 1 and Method 2 
had a probability (p = 1.000) far greater than alpha (.05). This implies that the 
difference is not significant. Therefore, the null hypothesis that the means scores 
were equal was accepted. 
The difference between the mean scores of the learners on Method 1 and Method 3 
had a probability (p = .155) greater than alpha (.05). This implies that the difference 
is also not significant. Hence, the null hypothesis that the two means scores were 
equal was also accepted. 
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The difference between the mean scores of the learners on Method 1 and Method 4 is 
statistically significant. The difference had a probability (p) = .001 which is less than 
alpha (.05). Therefore, the null hypothesis that the two means were equal was 
rejected. 
The difference between the mean scores of the learners on Method 2 and Method 3 
was statistically significant (p = .004). Therefore, the null hypothesis was rejected. 
The difference between the mean scores of the learners on Method 2 and Method 4 
had a probability (p) = .022. This being less than alpha (.05) implies that the 
difference between the mean scores of the learners on the two methods is statistically 
significant. Therefore, the null hypothesis that the two mean scores were equal was 
rejected. 
The difference between the mean scores of the learners on Method 3 and Method 4 
was statistically significant (p = .000). Hence, the null hypothesis was rejected. 
Table 5: Bonferroni pairwise comparisons 


These results suggest that the low performing learners achieved better on the test 
using methods 1 and 3 than using methods 2 and 4. It is important to note here that 


Pairwise Comparisons 
Measure:   MEASURE_1 


(I) 
Method 


(J) 
Method 


Mean Difference 
(I-J) 


Std. 
Error Sig.b 


95% Confidence Interval for 
Difference 


Lower Bound Upper Bound 


1 
2 5.440 4.281 1.000 -6.868 17.748 
3 -7.280 3.064 .155 -16.088 1.528 
4 22.560* 4.813 .001 8.722 36.398 


2 
1 -5.440 4.281 1.000 -17.748 6.868 
3 -12.720* 3.225 .004 -21.991 -3.449 
4 17.120* 5.315 .022 1.837 32.403 


3 
1 7.280 3.064 .155 -1.528 16.088 
2 12.720* 3.225 .004 3.449 21.991 
4 29.840* 5.113 .000 15.139 44.541 


4 
1 -22.560* 4.813 .001 -36.398 -8.722 
2 -17.120* 5.315 .022 -32.403 -1.837 
3 -29.840* 5.113 .000 -44.541 -15.139 


* The mean difference is significant at the .05 level. 
b. Adjustment for multiple comparisons: Bonferroni 
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method 4 which had the lowest average percentage score for the learners is the most 
common method in current grade twelve mathematics textbooks. 
RECOMMENDATIONS 
Based on the findings of this study, we recommend that in order to enhance the 
learning and achievement of low performing learners in finding the general term of 
quadratic sequence in particular and in mathematics in general, educators should 
expose the learners to a wide range of methods of solving mathematics problems 
rather than confine them to only the methods in their textbooks. This implies that the 
educators need to have a wide repertoire of methods of solving problems beyond 
what is available in one textbooks to enable them create an environment that will 
enable learners explore alternative methods of solving mathematics problems. The 
experience of a wide range of methods of solving mathematical problems will offer 
learners opportunities to explore various techniques of dealing with mathematical 
problems and help them to build their own knowledge and meanings. In so doing, 
learners will find methods of solutions they understand better and that will enhance 
their mathematics achievements. 
We also recommend that mathematics textbooks be reviewed regularly to incorporate 
wider range of methods of solving mathematics problems in order to cater for the 
needs of all students including low performing learners. 
In conclusion, we argue that unless learners are exposed to a variety of methods of 
solving mathematics problems, they may not be able to discover the solution methods 
that will make learning mathematics easier for them and the high failure rate in 
mathematics will not likely be a thing of the past. 
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INVESTIGATING POSSIBLE CAUSES OF SOME OF THE 
PROBLEMS EXPERIENCED IN THE TEACHING AND 


LEARNING OF GRADE 11 STATISTICS 
Eva G. Makwakwa and David Mogari 


Institute for Science and Technology Education, University of South Africa 
 
This study investigated the possible causes of some of the problems experienced by 
teachers and learners when teaching and learning statistics. A convenient sample of 
100 grade 11 mathematics teachers and 269 grade 11 mathematics learners in the 
Gauteng province schools of South Africa participated in the study. A descriptive 
survey design was used. Data were collected from the teachers using a teacher 
questionnaire, classroom observation schedule and teacher interview, and from 
learners through the use of a classroom observation schedule, diagnostic test and 
learner interview. Results showed that possible causes of the teachers’ and learners 
difficulties to be (1) teachers’ lack of statistics content knowledge; (2) inadequate 
textbooks; (3) in-service programmes which did not cover statistical topics, or which 
did not pay adequate attention to probability (4) learners’ lack of conceptual 
knowledge of certain aspects of statistics; and (5) inadequate teaching of statistics 
topics in previous grades. 
INTRODUCTION 
Prior to the advent of democratic South Africa, data handling and probability were 
only taught as part of statistics in universities, and was not even taught in teacher 
training institutions. Thus, there is a significant number of teachers who encountered 
data handling and probability for the first time when it became part of school 
mathematics in the FET band in 2006 (Atagana, Mogari, Kriek, Ochonogor, 
Ogbonnaya & Makwakwa 2009; Makwakwa & Mogari, 2012). These teachers were 
given until 2010 to gain the necessary knowledge to teach the subject effectively and 
with confidence (DoE, 2008). The Ministry of Education, non-governmental 
organisations such as the South African Statistical Association (SASA) and the 
Association for Mathematics Education of South Africa (AMESA) and the University 
of South Africa’s (UNISA) Institute for Science and Technology Education (ISTE) 
organised numerous in-service training programmes to develop teachers’ content and 
pedagogical knowledge in statistics (Atagana, Mogari, Kriek, Ochonogor, 
Ogbonnaya, Dhlamini & Makwakwa 2010, 2011; Atagana et al. 2009; DoE, 2008; 
North and Zewotir, 2006). Nevertheless, these interventions has had little effect 
because teachers still have difficulties with the interpretation and calculation of 
measures of dispersion; representation and interpretation of data on graphs or plots; 
determining the five number summary; constructing and interpreting probability 
diagrams and tables; and interpreting probability terminology (Atagana et al. 2010, 
2011; Atagana et al. 2009; Makwakwa & Mogari, 2011, 2012; Wessels & Nieuwoudt 







Long Papers 


 116 


2011), and learners still have difficulties when interpreting, plotting and determining 
given statistical questions (Cassim 2012). 
In this study, it is assumed that teacher knowledge influences the depth of teaching 
and, in turn, the quality of learning. The authors’ point of view is that the knowledge 
of teachers can be upgraded through in-service education and training programmes, 
the use of quality textbooks and by elevating teacher background (qualifications, 
subject major, teaching experience).   By understanding the possible causes of the 
problems in the teaching and learning of statistics, and addressing the possible causes 
of the problems would hopefully improve the statistics teachers’ content knowlege 
and pedagogical knowledge, and statistics learners’ content knowledge. Therefore, 
this paper seeks to answer the question: what are the possible cause (s) of the 
problems encountered in the teaching and learning of statistics in grade 11. The 
rationale for focusing on grade 11 was that:  (1) there was no new content on data 
handling covered in grade 12 mathematics and probability topics were optional to all 
grade 12 mathematics learners during data collection of this study and this might 
have limited the size of the sample in the study because some of these learners might 
have dropped probability as a topic in grade 12; (2) grade 11 would have learnt many 
topics in data handling (grade 10 and grade 11 data handling & probability topics)  
than grade 10 learner. It was on this basis that the study focused on grade 11. In this 
study, the term statistics is used as a collective term for data handling and probability 
and the word “problem” is defined as any obstacle that may hinder teachers’ in 
creating an environment conducive to the learning and teaching of statistics. These 
obstacles include teachers’ and learners’ statistics content knowledge (i.e. learners’ 
and teachers’ difficulties in grasping concepts in statistics, learners’ and teachers’ 
difficulties to reason about the data, learners’ and teachers’ difficulties in using 
statistical formulae in calculations, learners’ and teachers’ difficulties to choose the 
correct formulae and learners’ and teachers’ difficulties in interpreting statistical 
results) and teachers’ method of teaching statistics. Content knowledge involves the 
mastery of specific content being taught); pedagogical knowledge involves 
understanding the theories and principles of teaching and learning, understanding the 
learner, and the knowledge and principle of classroom behaviour and management); 
and pedagogical content knowledge involves the ability to blend technique and 
content, including understanding how the given topics are related to one another and 
how they are most effectively organized and presented in the classroom. 
LITERATURE REVIEW 
Research studies show that textbooks and curriculum documents prepared for 
primary and secondary teachers do not offer them enough support in teaching 
statistics (data handling and probability) (Batanero & Diaz 2010; Garegae 2008; Lue, 
1998; Ortiz, Cañizares, Batanero & Serran 2002; Serradó, Cardeñoso & Azcárate 
2005). 
Garegae (2008) studied challenges facing mathematics teachers when they teach 
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statistics. Her study used an open-ended questionnaire completed by 23 senior 
teachers and 30 ordinary teachers to solicit teachers’ experiences about the teaching 
of statistics in high schools in Botswana. The data were analysed using Bogdan 
Tesch’s (1990) and Biklen’s (1992) techniques for analysing qualitative data. The 
results of her study indicated that there was a shortage of appropriate teaching 
materials. The participants indicated that prescribed textbooks were not only rare but 
also irrelevant. 
Lue (1998) evaluated a descriptive statistics curriculum unit in the high school 
mathematics curriculum in Taiwan. There were 56 teachers and 301 learners who 
responded to the questionnaires, 268 learners who took a test and 32 college experts 
in the Taipei area who responded to general questions about the importance, 
necessity and appropriateness of a descriptive statistics unit integrated in the 
mathematics curriculum at high school level. Two of the objectives of the study were 
to explore the learners’ problems and difficulties in learning descriptive statistics, and 
the major factors which might affect students’ learning of descriptive statistics. The 
results of the study revealed that the major factors affecting the learning of 
descriptive statistics were lack of transparency of some statistical concepts in some 
sections in the textbook and the boring nature of the content. The study mentioned 
three factors that might affect the learning of descriptive statistics (data handling) by 
high school learners: (a) Failure to use a calculator makes the calculations 
complicated and difficult; (b) Learners find teaching materials boring; and (c) Some 
content is presented in inadequate detail (i.e. teacher’s manual is supposed to contain 
enough statistical activities and examples for teachers to use in the classroom). 
Lue mention a further four factors that might affect the teaching of descriptive 
statistics (data handling): (a) Technical difficulties, such as items needing 
complicated computations, mean that some statistical questions are left out of tests; 
(b) The teaching materials are not adequate; and (c) Learners’ interest is limited. 
Serradó, Cardeñoso & Azcárate (2005) carried out a content analysis of lessons 
dealing with chance and probability in a sample of textbooks aimed at pupils in 
Spanish Compulsory Secondary Education (12 to 16-year-old learners). Their sample 
included the full set of textbooks (for all educational levels) in four Spanish series 
used widely (20 books in total). For each textbook, they analysed the definitions, 
explanations, examples and activities included under two main topics: a) chance and 
randomness and b) probability. The analysis and comparison of these textbooks 
revealed that: (1) Chance is modelled as basically synonymous with luck and 
randomness, and is related to the uncertainty of the event only;  (2) Textbooks do not 
clarify the meaning of terms such as unforeseeable, set, certain, impossible, 
convergence, etc., with the result that learners might assign inappropriate meanings 
and thus hinder the construction of probabilistic notions which are described by these 
terms, such as: random experiment, event and process, sample space, random 
sequence, stability of relative frequencies; and (3) These textbooks included neither 
examples nor activities that would help learners to identify their misconceptions 
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about the occurrence of chance in random series, which appear in the form of 
heuristics (the gambler’s fallacy, representativeness of the sample misconception, 
“outcome approach”, etc.). It is hoped that the current study will shed some light on 
the causes of these types of problems. 
Further, there have also been instances where in-service education and training (inset) 
programmes are criticized for not first identifying the needs of teachers before 
organising them (Owusu-mensah 2008). These are inset programmes that do not 
adequately address the developmental needs of teachers. Such inset programmes tend 
to focus on lesson preparation (Moeini 2008; Owusu-mensah 2008) and learner 
discipline (Liston & Zeichner 1990) without improving and updating the teachers’ 
content knowledge. It is against this background that the current study is pursued. 
METHODOLOGY 
Sample and Sampling technique 
The study followed a descriptive survey research design. The design enabled the 
researchers to observe, interview and ask participants to complete a questionnaire and 
write a diagnostic test to uncover problems encountered in the teaching and learning 
of statistics in schools. A convenient sample consisted of 269 grade 11 mathematics 
learners and 100 grade 11 mathematics teachers who were based in 10 schools in one 
of the districts of the Gauteng Province. A convenient sampling technique was 
chosen for this study because it is normally a problem to get teachers, learners or 
schools to participate in a study of this nature. The authors selected participants 
because they were willing and available to be studied (Creswell, 2011). All 269 
learners took part in classroom observations (see Appendix 1), 248 learners wrote a 
diagnostic test and 10 learners were interviewed. The group of 10 learners was 
chosen because they were willing and available to be interviewed. The Researcher 
conducted the interviews in separate room provided. In the case of the teachers, 100 
completed a questionnaire, seven were observed teaching and six were interviewed.  
The group of seven teachers observed and six teachers interviewed were chosen 
because they were willing and available to be observed and interviewed. Classroom 
observations were conducted in eight classrooms at four of the 10 schools involved in 
the study. Also, Semi-structured interviews (both learners and teachers) were 
conducted from the four schools which were selected for classroom observations. For 
teachers interviews were done in English while for learners a combination of the 
learners’ home language and English was used as this enabled effective 
communication. A Dictaphone was used to record these interviews. 
INSTRUMENTS 
This study used a teacher questionnaire, a diagnostic test, a classroom observation 
schedule and semi-structured interviews (teacher interview and learner interview) to 
collect the data. All the instruments were designed by the authors (see appendices). 
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Validity and reliability of instrument 
Convergent validity was used to test the validity of an interviews (teacher and 
learner) instrument and classroom observation instrument. This was done by 
comparing interview instrument and classroom observation instrument (Cohen, 
Manion, & Morrison, 2007). Then content validity of the diagnostic test was 
ascertained by the same five experts in statistics education and statistics field. The 
teacher questionnaire was validated using content validity. Content validity was 
carried out by experts is statistics and statistics education field.  
The reliability of an interviews and classrooms observation instruments was 
determined by using test-retest reliability. This was determined through a process of 
repeated usage of the interview and classroom observation schedule (Gay & Airasian, 
2003). The reliability of teacher questionnaire was determined by computing 
Cronbach’s alpha (the value of alpha was 0.93). Then, the Stability reliability was 
used to determine the reliability of the diagnostic test. The diagnostic test was piloted 
with 40 grade 11 mathematics learners from another district of Gauteng Province. 
Stability reliability was determined by administering the test to 40 learners, and again 
to the same group after 15 days. The two sets of scores were correlated. The test 
showed significant correlation of 0.782 obtained at 99% confidence interval. See the 
appendices for example of the content of the instruments 
DATA ANALYSIS 
Teacher questionnaire and teacher interviews 
Number of days spent in in-service education and training (inset) programmes 
Table 1 shows the number of days spent by teachers in inset programmes over the 
last 24 months. 


Table 1: Time spent on inset programmes 
Days Percentage of teachers 
None 32.0 
Fewer than three days 7.0 
Three to seven days 15.0 
Eight to 14 days 19.0 
Fifteen to 22 days 16.0 
Twenty-two to 31 days 5.0 
More than 31 days 6.0 


Table 1 also indicates that more than half (54%) of the teachers spent at most seven 
days in inset programmes during the 24 months preceding the study; 32% of teachers 
did not attend inset programmes during this period; 7% spent fewer than three days in 
inset programmes in the past 24 months; 15% spent between three to seven days in 
inset programmes during this period. This implies that more than half (54%) of the 
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teachers had spent less time in inset programmes to upgrade their statistics 
knowledge during the 24 months prior to the study. Further, the findings imply that 
most (32%) of the teachers did not attend inset programmes regularly to improve 
their statistics knowledge. 
The extent to which probability and data handling were covered in the 
workshops 
Table 2 displays the coverage of probability and data handling in the workshops. A 
five-point scale was used. Teachers indicated the extent to which probability and data 
handling were covered during inset programmes they had attended over the past 24 
months. The overall percentages of teacher responses were determined for each 
degree of facilitation. 


Table 2: Emphasis on probability and data handling in inset programmes 


 
Percentage of teachers’ responses to coverage of 


probability and data handling content 


 
Did not 
attend Not at all Slightly Moderately Largely 


Probability  30.0  23.0  7.0 23.0  17.0 
Data handling  30.0 16.0  11.0  21.0  22.0 


Table 2 also indicates that 30% of the teachers questioned had not attended an inset 
programme on the topic of probability in the 24 months preceding the study. Of the 
70% of teachers who had attended programmes during this time, 30% (i.e. 23% of 
not at all + 7% of slightly) claimed that the probability topic had not been adequately 
dealt with; the inset programmes did not deal will all the aspects of probability 
required in the curriculum. 
Of the 70% of teachers who had attended inset programmes, 27% (i.e. 16% of not at 
all + 11% of slightly) said that the topic of data handling had not been well handled. 
The findings from table 2 implies that almost half (30%) of the teachers who had 
attended programmes during this time are not satisfied with how the probability topic 
was facilitated in inset programmes. 
Teachers’ interview responses on the causes of the problems encountered in the 
teaching of data handling and probability 


Researcher: What are the causes of the problem(s) you experience in the teaching of data 
handling, do you think? 


T8: I lack statistics content knowledge. I did not study statistics during my pre-service 
training. 


T4:  I lack statistics content knowledge. Textbooks, memoranda and workshops are 
not saying the same thing about the calculating lower quartile (Q1) and upper 
quartiles (Q3). 


T9:  I did not study statistics during my pre-service training. I did not attend any in-
service education and training in the past. 
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Researcher:  What are the causes of your problem(s) in the teaching of probability, do you 
think? 


T8:  I lack statistics content knowledge. I did not study probability during my pre-
service training. Probability is always not taken seriously even by the facilitators 
during the workshops. 


T4:  I lack statistics content knowledge. I was not taught probability during my pre-
service training. 


T6:  Most of the workshops focus more on data handling than probability. 


The improvement of teachers’ subject and pedagogical knowledge after inset 
Table 3 shows the extent to which teachers’ subject and pedagogical knowledge 
improved after attending inset programmes. A five-point scale was used, with 
teachers indicating the extent to which they believed their subject and pedagogical 
knowledge had improved after attending these programmes. The overall percentages 
of teacher responses were determined for each degree of improvement. 
Table 3: Improvement of teachers’ subject matter and pedagogical knowledge. 


Forms of 
Knowledge    Topics 


Percentage of teachers 
Did not 
attend 


Not at 
all 


Not very 
well 


Pretty 
Well Completely  


Subject matter 
(content 
Knowledge) 


Probability 30.0 22.0 15.0 26.0 7.0 
Data 
handling 30.0 9.0 9.0 41.0 11.0 


Method of 
teaching 
(pedagogical 
knowledge) 


Probability 30.0 21.0 17.0 22.0 10.0 
Data 
handling 30.0 9.0 14.0 35.0 12.0 


Table 3 also shows that 30% of the teachers had not attended inset programmes on 
the topic of probability during the last 24 months. Of the 70% of teachers who had 
attended such programmes, 37% (i.e. 22% of not at all + 15% of Not very well) 
believed that their subject matter knowledge had not improved. Only a few 18% (i.e. 
9% of not at all + 9% of Not very well) of those who had attended these inset 
programmes on data handling believed that their subject matter knowledge had not 
improved. 
Again, table 3 shows that 38% (i.e. 21% of not at all + 17% of Not very well) of the 
teachers who had attended inset programmes on probability during this period said 
that their methods of teaching (pedagogical knowledge) had not improved, and 23% 
(i.e. 9% of not at all + 14% of Not very well) of those who had attended these inset 
programmes on data handling believed that their method of teaching (pedagogical 
knowledge) had not improved. Data in table 3 suggests that teachers’ content 
knowledge and pedagogical knowledge on the topic of probability did not improve as 
much as their content knowledge and pedagogical knowledge on the topic of data 
handling. 
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Classroom observation 
Teachers 
Eight classrooms taught by seven teachers over three weeks were observed by the 
researchers. The codes T1, T2, T3, and so on were used to identify teachers whose 
lessons were observed, with the teacher who was observed first referred to as T1 and 
so on. 
Therefore teachers’ codes ran from T1 to T7.The duration of mathematics lessons in 
schools where T1, T2, T3 and T4 taught was 40 minutes; lessons taught by T5 and T6 
were 30 minutes each; and T7’s lesson was 45 minutes long. 
In T1’s class, the researcher noted that the teacher had already started teaching data 
handling, that is, before the time allocated to it in the work schedule. However, the 
other six teachers taught data handling during the required period and this posed a 
challenge to managing the classroom observations because some of the lessons 
clashed. Rearranging the periods was not possible, nor was it possible to teach the 
lessons after school hours since most learners lived some distance from their schools. 
Each aspect of data handling was observed by the researchers until it was agreed 
between the learners and teacher that it had been exhausted. Hence, only seven 
aspects of data handling (ogive, measure of central tendency, five number summary, 
stem-and-leaf plot, box-and-whisker plot, measure of dispersion, and scatter plot and 
line of best fit) were observed (see Appendix 1). 
The results from classroom observations showed that teachers (i.e. T1, T2, T3, T4, 
T5 and T6) relied on only one prescribed learner textbook when teaching mean, 
standard deviation or variance. But this textbook did not provide adequate examples 
or explain how to interpret the mean, standard deviation or variance. Neither did it 
provide examples or explain how to calculate lower quartile, middle quartile and 
upper quartile with numerical data that has been grouped into intervals. The textbook 
did not cover the topics of scatter plots and lines of best fit; for this reason, some of 
the teachers (T3 and T4) ended up not teaching these topics at all. Furthermore, the 
observations found that there were teachers who encountered problems because they 
lacked both content knowledge and pedagogical knowledge in statistics. For instance, 
some of them (T4 and T5) had difficulty computing the quartiles using the counting 
method when the total number of the data values (n) was even. The counting method 
worked for teachers and learners when the total number of data values was odd. 
Further example, one of the teachers, T6, had difficulty explaining measures of 
skewness observed in box-and-whisker plots to learners. T6 explained incorrectly to 
learners that a box-and-whisker plot is negatively skewed when the median is close to 
the lower quartile and positively skewed when it is close to the upper quartile 
(Makwakwa & Mogari, 2012).  Makwakwa and Mogari reported on the problems 
encountered in the teaching and learning of statistics which were discovered through 
the use of classroom observation instrument. Their paper shed light on the teaching of 
some of the aspects of data handling and kind of tasks teachers gave to learners. 
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Learners  
The classroom observations found that learners encountered difficulties in statistics 
(data handling implied) because of their teachers’ lack of content knowledge in the 
topic. It was observed that teachers tended to skip the teaching of certain topics in 
statistics because of this. For instance, none of the teachers observed taught learners 
how to interpret standard deviation, variance, or the mean. In addition, none of them 
taught learners how to calculate standard deviation, variance, mean or quartiles with 
numerical data grouped into intervals; none of them showed learners how to use the 
ogive to estimate the lower quartile, upper quartile and middle quartile. Another 
cause of learners’ problems was their textbook: it did not cover all the topics 
suggested by the curriculum and did not cover the whole syllabus. Some formulae 
were missing and inadequate examples were provided. For instance, it did not 
provide examples or explain how to interpret the mean, standard deviation or 
variance. There were no examples of how to calculate the lower quartile, middle 
quartile and upper quartile with numerical data grouped into intervals, nor did the 
book cover the topics of scatter plots and lines of best fit. 
Learners’ interview responses about the cause(s) of the problems encountered in 
the learning of data handling 
The learners were asked to indicate what they thought were the possible cause(s) of 
their problems, if any, when learning about data handling. LearnersL1, L2, L3, L4, 
L9and L10, for example, cited their teachers as the source of their problems. They 
claimed their teachers skipped difficult topics and only taught the easy ones. 
Learners’ responses were as follows: 


Researcher:  What are the cause(s) of the problems you encounter in the learning of data 
handling, do you think? 


L1:  The teacher does not teach all the topics in data handling and when the teacher 
teaches some of the topics he does not explain thoroughly. 


L2:  My teacher does not teach some of the topics in data handling. 
L3:  My teacher does not teach us some of the topics, he only teaches us simplest 


things. 
L4:  My teacher does not teach us some of the topics. My teacher is impatient, does 


not do the follow-ups to see if all the learners understand. My teacher taught us 
quartiles, mean and standard deviation with ungrouped data. Only teaches us 
simplest things. 


L9:  The teacher, she skips some of the topics. For example, I was not taught how to 
determine mean and standard deviation with a grouped data. 


L10:  The teacher, she skips some of the topics. For example, I was not taught how to 
determine mean and standard deviation with a grouped data and scatter plot. 


Diagnostic test 
The diagnostic test used in the study consisted of four questions. Question1 tested 
whether learners could describe the appropriate central location and dispersion 
measures with the presence of outliers in the data set. Question 2 tested the 
computation of the quartiles (lower and upper) for grouped numerical data. Question 
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3 tested learners on: (i) construction of box-and-whisker plots, (ii) skewness in box-
and-whisker plots, (iii) computation of the standard deviation and the mean for 
grouped numerical data, and (iv) the ogive. Question 4 tested learners on scatter plots 
and the line of best fit (see appendix 2). The purpose of using a diagnostic test was to 
identify any difficulties learners might have in the mastery of data handling (Johnson 
& Christensen, 2004). A group of 248 learners drawn from the seven classrooms of 
the four schools in which classroom observations had been conducted wrote this test. 
Time allowed for the test was an hour. The researchers scored the answer scripts 
using a marking rubric. Table 4 illustrates the analysis of the learners’ performance in 
each sub-question. Frequencies of completely correct answers, partially correct 
answers, completely wrong answers, and no answers provided by each learner are 
listed in the table. A partially correct answer was one where the learner failed to get 
the answer completely correct, perhaps because the choice of formula was incorrect, 
or the arithmetical computation was incorrectly executed or because the learner 
provided a faulty explanation. Partially correct answers were categorised as 
arithmetical problems or conceptual problems. Arithmetical problems occurred when 
the correct concept and procedure was followed in problem solving but somewhere 
along the line a miscalculation occurred, or the learner made a mistake in the 
arithmetical or computational operation such as the application of the wrong value to 
a variable. Conceptual problems arose when a learner did not understand the 
statistical concept or concepts embodied in the task, that is, the learner did not 
understand the properties that were required in the task. 
The data from the diagnostic test (also see Table 4) and learner interviews indicated 
that learners encountered problems because (1) certain sections of data handling were 
not adequately taught in the lower grades (i.e. outliers). Most learners (124 or 50%) 
did not know how to identify the outliers in the data or to describe the better measure 
of central tendency (measure of central location) and the better measure of dispersion 
when outliers are present in the data. The teaching of outliers started in grade 10, but 
learners in grade 11 also still had problems with the concept of outliers. (2) Learners 
were not taught certain topics in data handling. The majority of the learners could not 
calculate the lower quartile (209 or 84%), upper quartile (198 or 80%) or standard 
deviation (195 or 79%) with numerical data that has been grouped into intervals (see 
the learner interviews and teacher interviews below). (3) Most of the learners lacked 
conceptual knowledge of certain concepts in statistics (data handling implied) (see 
appendix 4). (4) Learners were not taught how to use the statistical function mode on 
the calculator to make statistical calculations. Most of the learners (184 or 74%) 
calculated standard deviation for ungrouped numerical data incorrectly because they 
used long formulae. 
The authors asked learners the following questions about problems they encountered 
with the learning of data handling: Do you encounter problems with the learning of 
data handling? What areas of data handling do you encounter problems to learn? 
The questions were meant to determine whether or not learners encountered problems 
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with data handling. 
Table 4: Analysis of learners' performance on diagnostic test (n=248) 


 
 


Question 


 
 
Sub-
questions 


Performance of learners on each test item (sub-
question) 


 
 Number of 
learners 


 
Correct 
answer 


Partially correct  
Wrong 
answer 


 No 
answer 


Arithmetical 
problem 


Conceptual 
problem 


Q1 
 
 
 
 


1.1 (a) 162 7 0 79 0 248 
1.1 (b) 189 0 0 56 3 248 
1.1 (c)  31 3 0 184 30 248 
1.1 (d)  65 0 1 145 37 248 


1.2 3 20 76 57 92 248 
1.3 0 0 158 77 13 248 
1.4 0 0 80 124 44 248 


Q2 2.1 0 0 0 209 39 248 
2.2 0 0 0 198 50 248 


Q3 3.1.1 42 51 2 135 18 248 
3.1.2 21 0 71 111 45 248 
3.2.1 2 0 0 228 18 248 
3.2.2 1 0 0 195 52 248 
3.3.1 76 0 0 159 13 248 
3.3.2 4 0 0 230 14 248 
3.3.3 8 0 0 204 36 248 


Q4 4.1 88 0 0 108 52 248 
4.2 100 0 51 84 13 248 
4.3 85 0 0 92 71 248 
4.4 9 0 0 203 36 248 


Learners’ interview responses on the problems encountered in the learning of 
data handling 
The learners indicated that they had problems with quartiles (lower quartile (Q1), 
middle quartile (Q2), upper quartile (Q3) with grouped data; inter-quartile range; 
box-and-whisker plots; scatter plots; drawing and interpretation of ogive; calculation 
of mean and standard deviation with grouped data; and outliers. For instance, L1 
indicated that she had great difficulties with box-and-whisker plots. She responded: 
“...to draw a box-and-whisker plot you need to have Q1, Q2, Q3, Q4 and Q5 so I do 
not know to arrange them on the plot”. The box-and-whisker plot has a minimum 
number, Q1, Q2, Q3, and a maximum number not Q4 and Q5. Other learners’ 
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responses were as follows: 
Researcher: Do you encounter problems with the learning of data handling? What areas of 


data handling do you encounter problems to learn? 
L1:  Box-and-whisker plot. To draw a box-and-whisker plot you need to have Q1, Q2, 


Q3, Q4, Q5 so I do not know how to arrange them on the plot. 
L2:  Quartiles (Q1,Q2,Q3) with grouped data and scatter plot. I saw the word scatter 


plot for first time when we were writing the test. 
L3:  Quartiles (Q1,Q2,Q3); and drawing and interpreting ogive. 
L4:  Quartiles (Q1,Q2,Q3) with grouped data; mean and standard deviation with 


grouped data. 
L5:  Inter-quartile range, quartiles (Q1,Q2,Q3) with grouped data; mean and standard 


deviation with grouped data. 
L6:  Mean and standard deviation with grouped data; outliers. I was never taught 


outliers I just saw it in the textbooks 
L7:  Box-and-whisker plot; drawing and interpreting ogive, standard deviation, 


variance, inter-quartile range. 
L8:  Quartiles (Q1, Q2, Q3); drawing and interpreting ogive, standard deviation and 


mean of grouped data. Concepts like outliers. I was not taught about the outliers, I 
just saw the term outliers in the test. It would have been better if we had a 
mathematics dictionary that explains statistics concepts. 


L9:  Quartiles (Q1, Q2, Q3); drawing and interpreting ogive, standard deviation and 
mean of grouped data. Scale is a problem when drawing ogive diagram 
sometimes we do not get an s-shape. 


L10:  Quartiles (Q1,Q2,Q3) with grouped data; standard deviation and mean of grouped 
data; interpreting ogives, scatter plot. 


Teachers’ interview responses on the problems encountered in the teaching of 
data handling 
When authors asked teachers about the problems they encountered when teaching 
data handling, T4, T8 and T9 acknowledged that they found data representation 
difficult: histograms with grouped data, ogive, box-and-whisker plots, calculation of 
quartiles (Q1 & Q3), variance and standard deviations with grouped data, median 
when the total number of observations was even, and scatter plots. T2, T3and T6 
indicated that they had no difficulties teaching data handling. The responses are 
indicated below. 


Researcher:  What problems do you experience when teaching data handling? 
T8:  Data representations, that is, histogram (grouped data), ogive (cumulative 


frequency graphs) with grouped data and box-and-whisker plot with grouped 
data. 


T4:  Calculation of quartiles (Q1 and Q3). The textbooks, memorandum and 
workshops are not saying the same thing. National memorandum and textbooks 
sometimes use (n+1)/4 or 3(n+1)/4 and at other times they list and count the 
values. 


T9:  Calculating variance and standard deviation with grouped data, median when the 
total number of observations (n) is even, and scatter plot. 


T2:  I do not experience any problems in the teaching of data handling. 
T6:  I do not experience any problems in the teaching of data handling. 
T3:  I do not experience any problems in the teaching of data handling. 
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Learner interviews 
Learners were interviewed to gather more information on the possible causes of the 
problems encountered with data handling and probability in grade 11.  The 
interviewees were identified as L1, L2, L3 and so on, with the letter “L” standing for 
learner and the number indicating the order in which they were interviewed. 
The interviews revealed that learners L3, L5, L7 and L8, encountered problems 
because (1) certain sections of data handling and probability were not adequately 
taught in the lower grades; (2) teachers taught only some topics; (3) some concepts 
were not thoroughly taught. 
For example, when the learners were asked to indicate what they thought were the 
possible cause(s) of their problems, if any, when learning about data handling. 
Learners L1, L2, L3, L4, L9 and L10, for example, cited their teachers as the source 
of their problems. They claimed their teachers skipped difficult topics and only 
taught the easy ones. Learners’ responses were as follows: 


Researcher:  What are the cause(s) of the problems you encounter in the learning of data 
handling, do you think? 


L1:  The teacher does not teach all the topics in data handling and when the teacher 
teaches some of the topics he does not explain thoroughly. 


L2:  My teacher does not teach some of the topics in data handling. 
L3:  My teacher does not teach us some of the topics, he only teaches us simplest 


things. 
L4:  My teacher does not teach us some of the topics. My teacher is impatient, does 


not do the follow-ups to see if all the learners understand. My teacher taught us 
quartiles, mean and standard deviation with ungrouped data. Only teaches us 
simplest things. 


L9:  The teacher, she skips some of the topics. For example, I was not taught how to 
determine mean and standard deviation with a grouped data. 


L10:  The teacher, she skips some of the topics. For example, I was not taught how to 
determine mean and standard deviation with a grouped data and scatter plot. 


Further, when learners were asked what they thought the reasons for their problems 
with the learning of probability were,  L3, L5, L6 and L7 indicated that their teachers 
caused them problems because they did not teach them probability, and those who 
had taught probability were not as confident as they were when they taught other 
topics. Learner L8 indicated that he experienced difficulties because “….we do not 
have good foundation of probability, in grade 9 they taught us the simplest things and 
in grade 10 we learned few things, like tossing a dice. Then we get to grade 11, the 
teacher assumes that we have learned everything in the previous grades and we were 
not taught some of the topics. Poor background in mathematics, some of the topics 
we were not taught in the previous grades”. 


Researcher:  What are the cause(s) of the problems that you are experiencing with the learning 
of probability, do you think? 


L3:  My teacher, he is not confident when teaching probability like other topics. my 
teacher does not give more examples in probability. 


L5:  My teacher because he is not teaching the chapter of probability, my teacher 
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always skips the chapter of probability since from grade 10. 
L7:  My teacher, she is not clear when teaching probability. She does not explain 


thoroughly to make learners understand. 
L8:  We do not have good foundation of probability, in grade 9 they taught us the 


simplest things and in grade 10 we learned few things, like tossing a dice. Then 
we got to grade 11, the teacher assumes that we have learned everything in the 
previous grades and we were not taught some of the topics. Poor background in 
mathematics, some of the topics we were not taught in the previous grades. 


Some of the learners, such as L1, L2, L4, and L6, indicated that they did not know 
whether they had any problems with probability because they had not been taught the 
topic yet. 


L1:  I do not know because I studied it in grade 9. 
L2:  I do not know because I have not learned probability in grade 10 and 11. 
L4:   I was not taught probability for about two years now, so I think is one of the 


problems. 
L6:  I am not sure because I was not taught probability for two years now. I think is 


the teacher for not teaching us. 


DISCUSSION: CAUSES OF TEACHING PROBLEMS IN STATISTICS 
The findings in this study show that there were teachers who experienced difficulties 
teaching statistics because of poor content knowledge. The finding is consistent with 
those by Davis and Simmt (2006), Koehler and Mishra (2009) and Shulman (1986). 
Teachers who do not have comprehensive base content knowledge cannot interpret 
idiosyncratic learner responses, prompt multiple interpretations, trace 
misconceptions, or plan rich learning experiences for learners; instead, these teachers 
may misrepresent these subjects to their learners, giving them, for example, incorrect 
information and developing misconceptions about the content area (Shulman,1986). 
For example, some teachers, particularly T6, had difficulty explaining measures of 
skewness observed in box-and-whisker plots to learners. T6 explained incorrectly to 
learners that a box-and-whisker plot is negatively skewed when the median is close to 
the lower quartile and positively skewed when it is close to the upper quartile. 
The analysis also revealed that the teachers encountered problems because the 
textbook they were using were not explicit enough. Certain formulae were missing 
and not enough examples were provided. These results are consistent with the 
findings by Lue (1998), who found that teachers experienced difficulties because 
some statistical concepts and some sections in the textbook were unclear. Textbooks 
are expected to be explicit and to provide a framework for what is taught, how it may 
be taught, in the sequence in which it should be taught (Lemmer, Edwards & Rapule 
2008). Furthermore, the findings seem to attribute the teachers’ difficulties to the 
quality and relevance of the inset programmes offered. The inset programmes do not 
seem to cover essential statistics topics. It implies that the inset programmes are not 
normally based on the problems experienced by teachers in their teaching. It is our 
contention that there should be inset programmes offered based on the needs of the 
teachers. Moeini (2008) warns that teacher training that ignores the needs analysis as 
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the first critical step in the development of a training programme leads to a waste of 
time, human resources and money, while at the same time it dampens the motivation 
and enthusiasm of the teachers. 
Causes of learning problems in statistics 
The study found that the learners had problems because of their teachers’ lack of 
statistics content knowledge and relevant pedagogical knowledge. Learners indicated 
that their teachers were finding it difficult to explain concepts in class and also left 
difficult topics for learners to study on their own. This adversely affected the 
learners’ learning of statistics. As a result, learners’ conceptual knowledge of 
statistics was somehow compromised. This finding is unusual; given that there are 
teachers who struggle with some aspects of statistics as a result they do not teach 
those aspects (cf. Cardoso, 2007; Da Silva & De Queiroz e Silva Coutinho, 2008; 
Groth, 2009; Sharma, 2006). Also, the study showed that the learners experienced 
difficulties because of how they were taught statistics in lower grades. Certain 
aspects of data handling and probability were treated superficially by teachers or not 
taught at all. This finding is consistent with observation made by Da Silva and De 
Queiroz e Silva Coutinho (2008). Lastly, the study found that learners encountered 
problems with statistics because of either they could not use the learning resources 
(e.g. learners indicated that they did not know how to use the statistics function mode 
in their calculators when doing statistical calculations) or the resources were of poor 
quality (e.g. learners mentioned that the prescribed textbook did not cover all the 
topics and provided few examples). The results are consistent with findings by Lue 
(1998), who found that the major factors that constrain learners’ learning of 
descriptive statistics (data handling) are the lack of clarity on some statistical 
concepts in some sections in the textbook. 
In sum the study has showed that there are problems in the teaching and learning of 
statistics as a result of (1) teachers’ lack of statistics content knowledge; (2) 
inadequate textbooks; (3) in-service programmes which did not cover statistical 
topics, or which did not pay adequate attention to probability; (4) teachers failure to 
attend in-service teacher workshops; (5) learners’ lack of conceptual knowledge of 
certain aspects of statistics; and (6) inadequate teaching of statistics topics in previous 
grades. 
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Following the constructivist perspective on mathematical learning, this paper wants 
to show the didactical advantage of using a correct advance organiser to present 
certain topics in mathematics. By using a correct frame to hang the learner’s 
knowledge on, the learner constructs his/her own knowledge from the activity that is 
given. Knowledge is then being constructed as a result of the learner’s activity. 
INTRODUCTION 
When modelling is used as a teaching strategy in the classroom it entails that 
mathematics is developed directly from the context of a practical situation. The 
purpose of an “Advance Organiser” would be to provide the learner with a 
conceptual structure into which he or she will then integrate the new material (Bell 
1978: 135). David Ausubel developed the theory of advance organiser as part of his 
Meaningful Verbal Learning. Ausubel defined advance organisers as 


appropriately relevant and inclusive introductory materials … introduced in advance of learning 
… and presented at a higher level of abstraction, generality, and inclusiveness that the 
information presented after it. The organiser serves to provide ideational scaffolding for the 
stable incorporation and retention of the more detailed and differentiated materials that follow. 
Thus, advance organisers are not the same as summaries or overviews, which comprise text at 
the same level of abstraction as the material to be learned, but rather are designed to bridge the 
gap between what the learner already knows and what he needs to know before he can 
successfully learn the task at hand (Ausubel, 1968: 148). 


Here two topics in Mathematics will be used to illustrate how the advance organiser 
can be used to make mathematics more understandable. 
THEORETICAL BACKGROUND OF CONSTRUCTIVIST PERSPECTIVES 
ON LEARNING 
Cobb & Bauersfeld (1995: 2) wrote: 


The findings of numerous studies indicate that…many students develop conceptions that deviate 
significantly from those that the teacher intends. 


This implies that the student constructs his/her own knowledge from the situations 
he/she experiences. Knowledge can be defined here as the mind-set used by a person 
to handle a situation or to cope with an experience. The knowledge which an 
individual possesses invariably leads to specific behaviour. This constructivist 
learning theory is based on the premise that knowledge is the result of the learner’s 
activity rather than the passive reception of information or instruction. This model of 
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the nineties is still valid in teaching today and can be a great help in improving 
learning in the mathematics classroom. 
The radical wing of the constructivist front has adopted the revolutionary attitude of 
Jean Piaget. Von Glasersfeld stated that knowledge is an “adaptive function” (Von 
Glasersfeld 1991: xiv); our cognitive processes are intended to help us cope with the 
world of our experience. 
This view of knowledge calls for teaching methods that generate activity and cause 
learners to reflect. Reflection, which should lead to understanding of contents, is 
necessary for conceptual advancement. Piaget maintained for five decades that all 
“operative” knowledge (that is, the know-how concerning mental operations) was the 
result of reflection. Locke, an empiricist, defined reflection as “the mind’s ability to 
ponder its own operations” (Von Glasersfeld 1991: xviii). For the constructivists, 
reflective ability was a major source of knowledge at all levels of mathematics. 
Von Glasersfeld defined learning as self-organization. However, he also 
acknowledged that this constructive activity occurs during interaction with other 
members of the community. It follows that verbalization, in the form of group 
discussions between the teacher and students and amongst students , is an important 
aspect of this classroom teaching paradigm. 
Cobb and Bauersfeld called this environment the “inquiry mathematics classroom” 
(1995: 3). In this article I would like to call my approach in teaching these specific 
mathematical topics just that. This environment is then far removed from the normal 
declarative lecturing of mathematics where imitation and reproduction play a major 
role. I would like to stress that these inquiry based approaches tend to foster 
independent and critical thought. Modelling as a teaching strategy also typifies this 
kind of teaching approach. 
MODELLING AS A TEACHING STRATEGY 
Modelling as a teaching strategy is derived from mathematical modelling, a process 
which can be illustrated as in Figure 1 (adapted from Treilibs, Burkhardt & Low 
(1980: 2)). Modelling as a teaching strategy entails that mathematics is being 
developed directly from the context of practical situations in the classroom. This 
teaching strategy could then also call for a freer classroom atmosphere where there is 
input from both the teacher and the students. 
The teaching style of modelling sets as two very important goals the following two 
aspects (which is similar to those stressed in the inquiry classroom approach): 


1) The construction of increasingly powerful conceptual structures. 
2) The development of intellectual autonomy. 


Appropriate experiences are set up by the teacher, or text in the form of a practical 
experiment or a real life problem. 
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Figure 1: The modelling process 


Mathematical knowledge is then developed by the learner either by actively taking 
part in the experiment and noticing a pattern that develops or by a problem related to 
real life where reflection on methods of solution leads to the construction of 
mathematical knowledge. 
Starfield, Smith & Bleloch (1990: 28) stated: 


Struggle is a precursor of learning and being temporary perplexed is a natural phase of problem 
solving. 


This is a way of saying that it is impossible to hand over the meaning of a theoretical 
concept to the student as a concrete object. Concepts cannot be taught directly, 
students should rather have to construct the meaning themselves. 
Modelling as a teaching strategy is analogous to inquiry problem- centred approaches 
investigated by Cobb et al (1991) and by Olivier, Murray & Human (1992). Olivier, 
Murray and Human supplemented their theoretical framework by socio-
constructivism, where sense-making is seen as an intrinsically social as well as an 
individual act. All of this is in line with the theoretical aspects of Cobb’s emerging 
paradigm of mathematics teaching called the inquiry classroom. I see this style of the 
inquiry classroom as very close to the teaching strategy of modelling. Both these 
styles are inductive and thus it makes the mathematics more alive for the learner (see 
the quote below). 
Lakatos (1976: 142) said: 


Deductivist style hides the struggle, hides the adventure. 


And 
All propositions are true and all inferences valid. Mathematics is presented as an ever- increasing 
set of eternal, immutable truths. Counterexamples, refutations, criticism cannot possibly enter. 
An authoritarian air is secured for the subject by beginning with disguised monster-barring and 


PRACTICAL SITUATION MATHEMATICAL MODEL


EVALUATION OF PROBLEM BETTER SUITED MODEL
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proof-generated definitions and with the fully-fledged theorem, and by suppressing the primitive 
conjecture, the refutations, and the criticism of the proof. 


USE OF AN ADVANCE ORGANISER 
I would like to start this practical teaching methodology with a very apt quote from 
Bertrand Russell (1927: 89): 


When it comes to algebra and we have to operate with x and y there is a natural desire to know 
what x and y really are. That, at least, was me feeling: I always thought the teacher knew what 
they were but wouldn't tell me. 


The use of the advance organiser is then to help the student in forming the correct 
constructs which will act as a long term advantage to understand further 
mathematical concepts. 
I want to illustrate the use of the advance organiser in two examples that I currently 
use in the mathematics classroom at the Cape Peninsula University of Technology in 
the Civil Engineering Department. 
Example 1 
The use of a choc chip cookie as an advance organiser for explaining the 
determination of volume by Integration in our Mathematics 2 classes. As an 
introduction to this lesson, the students are first asked to work out the volume of the 
choc chip cookie that they have all received on their desks. This they do by 
measuring the diameter and the height of the cookie and using the formula for a 
cylinder where Volume = πr2h. The associated worksheet in shown in Appendix 1. 
Ideally the students should work in pairs so as to accord with the principles of the 
socio-constructivist model of Oliver, Murray and Human. It is worthwhile noticing 
that the lecturer is leading the students from the known to the unknown. The 
unknown then becomes familiar and then the student should be able to use the 
volume of the choc chip cookie which they did beforehand to determine the definite 
integral as was set out in the worksheet above. In other words, the calculation of the 
volume of the concrete choc chip cookie acts as an advance organiser for the volume 
of the cylinders that the students have to calculate in the integration process. Also 
notice here that the worksheet starts with the revolution around the y- axis which is 
easier for students to visualize. Lastly, the lecturer is simply the facilitator and the 
students are supposed to figure out the method for themselves. It is clear that the 
‘choc chip cookie’ acts as the scaffolding for the student to do the eventual 
integration. Thus the use of this advance organiser and the way the worksheet is set 
up, will help the student tremendously to master the eventual abstract mathematical 
techniques. 
Example 2 
The use of an outdoor Trigonometry Project to act as an advance organiser for 
concepts in the introduction of trigonometry. This project can be used in grade 10 or 
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11. At CPUT, this project is done with the Extended Curriculum students (not with 
the mainstream). 
This is a didactically sound project to establish the real use and meaning of 
trigonometry. There are 5 tasks that need to be executed outside in a real life 
situation. The project is shown in Appendix 2. 
USING THE FUNCTION CONCEPT 
As a lecturer it is essential to me that we introduce trigonometric functions as a 
mathematical function that gives us the relationship between an input (the angle) and 
the output (the ratio). I use as analogy for a function the picture of a Bow and Arrow 
where the arrow is our input (x) and the target is our output (y). The input is then the 
domain and the target (the y-values) is the range. 
As we know, a mathematical function describes the relationship between two 
variables in a situation. In 1908 Klein (in Offner (1978: 214)) said: 


We, who are called reformers, would put the function concept at the very centre of instruction, 
because of all the concepts of the mathematics of the past two centuries, this one plays the 
leading role whenever mathematical thought is used. 


I, as a tertiary lecturer and ex-school teacher, feel that the explicit functional 
relationship between two variables is best explained to high school pupils and 
students by dealing with phenomena from their own world, be it an everyday 
occurrence or one with a scientific connotation. Then at least they know what is x and 
y and are not confused like Mr Bertrand Russell in the quote given above when he 
was at school! It is only in studying these kind of relationships between two variables 
in the classroom, that the dynamic quality of variables is adequately illustrated. 
To enable learners to use algebraic language with understanding, it is my opinion that 
a mathematical modelling approach offers dynamic possibilities in order to overcome 
the dichotomy between language and reality. Harper (1979:294) in his research study 
on children’s interpretation of numerical variables, complained that a talk- and- chalk 
approach represents mathematics in a static way. The functional relationship of cause 
and effect between variables is best illustrated with concrete examples and lots of 
table work where x is the input and y the output. 
The input in the case of Trigonometry is an angle and the output is the ratio. The 
inverse trigonometric function is then easily explained by now wanting to make the 
output the input and the input the output. One defines the new domain for the angle to 
ensure that the inverse trigonometric function is indeed a function. So, looking for the 
solution tan x = 0,34 we have to use the inverse function to find the reference angle 
tan -1(0,34) = 18,78o and then derive all the solutions according to the domain given. 
The outdoor project above clearly illustrate to learners that when one has the input 
one can calculate the ratio (or part thereof). It also illustrate practically that when one 
has the output (that is the ratio) one can obtain the input. This project as such is then 
an advance organiser; it provides the scaffolding to hang and develop further 
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knowledge about trigonometric functions. It has been used successfully at CPUT over 
the last 8 years. 
In the case of the logarithmic function the input is a number and the output is a power 
(normally the power of 10). The inverse logarithmic function can then be defined as 
the opposite action; now one puts the power in and the number comes out. 
In the case of problem solving the student can now easily realize that if for instance x 
is required then log 10x = 0.321 is the wrong function; one should have the 10x as the 
output so the inverse function should be used namely 10.321 = 10x. Or if one has to 
solve for y and one is given x = ln 1− ey , then one changes the function every time 
to get the correct output: 


since x = ln 1− ey ,
2x = ln(1− ey ),


which means that e2 x = 1− ey


and ey = 1− e2 x ,
so that y = ln(1− e2 x ).


 


It is interesting to note that in a recent study done by Coupland, Gardner and 
Carmody (2008) at the University of Technology in Sydney, students were asked 
what mathematics they learnt in engineering was the most useful to them. The two 
mathematical topics they rated most highly were trigonometric functions and linear 
algebra. I believe that civil engineering students should have a good understanding of 
trigonometry and its wonderful applications in everyday life. 
CONCLUSION 
The two examples of the use of an advance organiser I discussed have not been part 
of a formal research study. However, my intuition tells me that the use of advance 
organisers in the mathematical classroom has sound didactical merit. Students who 
have been exposed to good advance organisers tend to have a better grasp of the 
mathematical concepts and content that follows such exposure. It might be productive 
to experiment with this didactical method in the classroom. Such experimentation 
could provide a bridge for the student to understand mathematical concepts. 
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APPENDIX 1 
 
VOLUME CALCULATION – MATHEMATICS 2 


EXERCISE FOR LAYING A FOUNDATION 


Find the volume of: 


1  


   


   r (radius) = 1 cm 


  


 


2 H = 2 cm, r = 4 cm 


 


H (height) = 10 cm 
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3  


 H = 12 cm, r = 5 cm 


 


 


4.1 Sketch a cylinder in the same position as no 3, but make it with a small height 
and a BIG radius. 


 


 


 


 


4.2 If H = 2 cm and r = 20 cm, what is the volume? 


5 Diameter = 20 cm 


 H = 3 cm. What is the volume? 


6 Diameter = 30 cm 


 H = 2 cm. What is the volume?  


 


 


 


 


 


 


 


 


NOTICE: Number 5 is a short cylinder that looks like a choc chip cookie. 


NOTICE: Number 6 is also a short cylinder but it is turned on its side. It looks like a 
choc chip cookie on its side. 
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WE ARE NOW GOING TO WORK OUT THE VOLUME OF A SOLID 
REVOLVING AROUND THE Y – AXIS BY FILLING THE SPACE WITH CHOC 
CHIP COOKIES THAT LOOK LIKE THE ONE IN NUMBER 5 


7  


 


 


 


 


 


 


7.1  Revolve the solid around the y – axis. It will look like a half ball (show). We 
can now fill up the space with choc chip cookies, small ones at bottom and bigger 
ones at top. First we need a top boundary. Draw the line y = 4. 


7.2  Now colour in the volume generated between y = 4 and y = x2 


7.3  Put in (draw them in) 3 cylinders which looks like 3 of your flat choc chip 
cookies. 


7.4  Volume of one of these choc chip cookies: d V = π r2 . h = ............ (NB: We 
read the radius (the width) on the x axis. If y = x2, then x = √𝑦 . The height of one 
cookie we read on the y- axis; it is small, so it is dy) 


7.5  Our final integral (which gives us the sum of all the cookies that is the total 
volume) will be in terms of x or y? 


7.6  Give the boundaries of this integral: 𝜋𝑦 dy. 


7.7  Now we can work out the total volume by integration of this definite integral. 
Remember that the integration sign ( )simply means to add up the volume of all the 
cookies -  . 


[Answer = 8 π units3] 


WE ARE NOW GOING TO WORK OUT THE VOLUME OF A SOLID 
REVOLVING AROUND THE X – AXIS BY FILLING THE SPACE WITH CHOC 
CHIP COOKIES THAT LOOK LIKE THE ONE IN NUMBER 6, in other words the 
cookies will now be on their side (have a look again at number 6). 


Y 
4 


X 


Y = X2 
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8   


 


 


 


 


 


 


 


8.1  Revolve the solid around the x – axis. Will look like a cone on its side (show). 
We can now fill up the space with choc chip cookies, small ones on left and bigger 
ones on right. First we need a boundary on the right. Draw the line x = 3. 


8.2  Now colour in the volume generated between x = 3 and y = 2x 


8.3  Put in (draw them in) 3 cylinders which looks like 3 of your flat choc chip 
cookies on their side. 


8.4  Volume of one of these choc chip cookies: d V = π r2 . h = ............ (NB: We 
read the radius (the width) on the y axis. We know y = 2x . The height of one cookie 
on its side we read on the x - axis; it is small, so it is dx) 


8.5  Our final integral (which gives us the sum of all the cookies that is the total 
volume) will be in terms of x or y? 


8.6  Give the boundaries of this integral: 𝜋(2𝑥) 2 dx. 


8.7  Now we can work out the total volume by integration of this definite integral. 
Remember that the integration sign ( )simply means to add up the volume of all the 
cookies -  . 


[Answer = 36 π units3] 


 


  


Y 
 


X 


y = 2x 
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APPENDIX 2 
 


PRACTICAL APPLICATION OF TRIGONOMETRY 
 


This project is to be completed in pairs. 
 
TASK 1: MAKE A CLINOMETER (SIGHTING DEVICE) 
EQUIPMENT 
You will need … 1. a ruler 


2. a protractor 
3. a piece of string (15 – 20 cm long) 
4. a weight (e.g. an eraser) 
5. a piece of Cellotape 
6. a piece of Prestik 


 
INSTRUCTIONS 
1. Stick the protractor on to the ruler using Cellotape. 
2. Tie the weight to one end of the string. 
3. Attach the other end of the string to the centre point of the protractor using the 
Prestik. 
 
USING THE CLINOMETER TO MEASURE ANGLES OF ELEVATION 
USE THIS METHOD: AMOUNT OF ROTATION IS THE DIFFFERENCE FROM 
WHERE YOU STARTED (90O) TO WHERE YOU END SAY 122O SO 122O – 90O 
IS 32O OR USING A TRIANGLE SKETCH, THE EXPLANATION IS: 
 


 


 


 
 
 
 
 
 
 
 
 
 
 
 
 
 


line of 
sight 


horizon 
nnnn 


55o 


 


Angle of elevation ( ) 
is 
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TASK 2: DETERMINE THE HEIGHT OF THE TALLEST TREE ON THE 
FIELDS (4) 
 
Materials required: Sighting device (clinometer), tape measure 
 
Method: 1. Measure the distance along the ground from you to the tree (d in 
metres). 


2. Use the sighting device to determine Error! Objects cannot be 
created from editing field codes., the angle of elevation of the top 
of the tree. 


3. Find p, your own eye level height. 
4. Now calculate h, the height of the tree. 
 


 
 
 
 
 
 
 
 
 
 


Note: Tasks 3 and 4 must be carried out in quick succession, on a sunny day. Why? 
 
TASK 3: DETERMINE THE ANGLE OF ELEVATION OF THE SUN (4) 
 
Materials required: Stick, tape measure 
 
Method: 1. Measure l, the length of the stick. 


2. Have your partner hold the stick 
vertically. Why is it important that the 
stick is perpendicular to the surface of 
the ground? How can you ensure that the 
stick is perpendicular to the ground? 


3. Measure s, the length of the shadow of 
the stick. 


4. Calculate the angle of elevation of the 
Sun. 


 
 


  


 shadow 


stick 


d 


α  


 


eye 
level p 


x
 h 
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TASK 4:  DETERMINE THE HEIGHT OF A LAMP POST . (4) 
 
Materials required:  Tape measure 
 
Method: Measure the length of the shadow of the lamp post and use 


your findings in TASK 3 to find the height of the lamp post. 
 
NB TASK 5 MUST BE CARRIED OUT IN YOUR OWN TIME WITH YOUR 
PARTNER BY FINDING A RUGBY FIELD AND DOING THE SAME AS IN 
TASK 3 AND 4. PLEASE WRITE DOWN ALL IMPORTANT FACTS E.G WHAT 
WAS TIME OF DAY ETC AND SHOW ALL YOUR CALCULATIONS AND 
DESCRIBE YOUR METHOD. 
 
TASK 5: DETERMINE THE DISTANCE FROM THE TOP OF THE 


CROSSBAR TO THE TOP OF THE RUGBY POSTS (8) 
 
Materials required:  Tape measure 
Method:   Devise your own method. 
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TEACHERS’ PERCEPTIONS OF THE RELEVANCE OF THEIR 
MATHEMATICS INSET PROGRAMME 


Mdutshekelwa Ndlovu 
Stellenbosch University 


 
Extended abstract 
The purpose of this paper is to report on teachers’ perceptions of the relevance of an 
in-service education and training (INSET) programme with specific reference to the 
topic of transformations presented by the researcher among other topics and several 
other presenters. Fifty-one Senior Phase (SP) teachers took part in the study in which 
they answered a questionnaire with both open-ended and close ended items. The 
INSET programme used the Realistic Mathematics Education (RME) approach to 
teacher professional development with mathematical tasks intended to enhance their 
mathematical knowledge for teaching. Results suggest that the majority of teachers 
experienced the sessions positively in relation to all but one of the six RME 
principles. The teachers reported that they took an active part both as individuals and 
as small groups and some even expressed their intention to adopt the type of activities 
and materials for their classrooms. They recommended that more time be allocated. 
INTRODUCTION 
The poor performance of Grade 9 learners in the Annual National Assessments 
(ANA) for mathematics in 2012 was a shock to the nation and not easy to explain. 
Apart from calling into question the validity of the assessment itself, the ANA results 
directly implicated poor quality teaching of the learners in the Senior Phase when 
compared to other phases of schooling. As a result the researcher sought to 
investigate the effectiveness of an in-service programme in which he was involved in 
the Western Cape Province of South Africa. 
The recently published Global Competitiveness Report for 2012-2013 (Schwab, 
2012) ranks South Africa’s mathematics and science education at 140/144 countries 
(or 98th percentile), up only by one percentile from the previous year where the 
country ranked 138/140 (or 99th percentile) (Schwab, 2011). Although the report is 
based on perceptions rather than actual performance it confirms the country’s 
unsatisfactory performance in international benchmark tests. For example, the 
recently published Trends in International Mathematics and Science Study (TIMSS) 
2011 results rank South Africa’s Grade 9 mathematics performance at 57 out of 59 
countries which participated (Mullis, Martin, Foy, & Arora, 2012). 
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CONCEPTUAL FRAMEWORK FOR TEACHER PROFESSIONAL 
LEARNING 
The curriculum materials used for mathematics INSET for the Senior Phase (SP) 
were specifically designed to allow for a Realistic Mathematics Education (RME) 
approach which originated from the Freudenthal Institute in the Netherlands (Van 
den Heuvel-Panhuizen, 2000). The RME approach is a neo-constructivist approach 
which stresses that mathematics learning should, in Freudenthal’s (1977) view, be 
connected to reality, stay close to children’s experience and be relevant to society, in 
order to be of human value. The focal point should not be on mathematics as a value- 
or context-free system but on the activity, or the process of mathematisation 
(Freudenthal, 1991). Treffers (1987) elaborates on mathematisation as consisting of 
both horizontal (solving problems set in a real life situation, going from the world of 
life to the world of symbols) and vertical (reorganisation from the mathematical 
system itself, finding shortcuts and discovering connections between concepts and 
strategies and applying these strategies) dimensions.  Van den Heuvel-Panhuizen 
(2000) stresses that RME is underpinned by six principles of instructional design, 
namely: 1) the Activity Principle, 2) the Reality Principle, 3) the Level Principle, 4) 
the Intertwinement Principle, 5) the Interaction Principle and 6) the Guidance 
Principle. 
RESEARCH QUESTION 
How relevant is an RME approach for the professional development of SP 
mathematics teachers? 
RESEARCH METHODOLOGY 
A convenient sample of 51 (out of 53) Senior Phase Mathematics teachers that 
participated in the workshop sessions responded to the feedback questionnaire.  
A mixed-methods approach was adopted using a questionnaire with both closed and 
open-ended items. The research design took the form of a survey to elicit the quickest 
responses with the least strain on teachers and yet informative enough for subsequent 
sessions in the year. 
RESULTS 
Quantitative results of the questionnaire 
There was an overwhelming consensus about the suitability of the content, activities, 
didactical approaches and the teaching materials. 
Qualitative results 
There was overwhelming evidence of the geometrical content on transformations to 
the Senior Phase. With respect to the cognitive demand levels of the mathematical 
tasks, some participants felt they were easy for them while others felt they were 
challenging or at least would be challenging enough for their learners. The 
participants overwhelmingly perceived their level of participation to have been very 
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high both individually and in small groups. With regards to the relevance and 
adequacy of teaching and learning materials, the majority of participants reported that 
the materials they used were adequate for the tasks and some declared their readiness 
to adopt some of the activities and materials used for their own classroom practice. 
.Many participants felt that the time allocated was inadequate. Some indicated that 
they would have preferred their home language (predominantly Afrikaans) to be used 
for instruction and materials. Yet others felt competent enough to be engaged as 
facilitators. At the end of the two-week workshop the participants were issued with 
CDs containing all workshop materials in both Afrikaans and English. 
CONCLUSIONS 
The RME model of in-service teacher education resonated with participants who felt 
they were better prepared to adopt some activity-oriented tasks in their classrooms in 
the teaching of geometry. Many SP teachers of mathematics are not specialist 
mathematics teachers and thus require constant support. Yet others feel competent 
enough even to be engaged as facilitators. The recent removal of transformation 
geometry from the Curriculum and Assessment Policy Statements (CAPS) for the 
Further Education and Training Phase has caused some teachers to question the 
future relevance of the topic to the Senior Phase. 
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DISPELLING THE MYTHS OF MATHEMATICAL LITERACY 
Marc North 


 
In this paper I aim to dispel certain criticisms of the school subject Mathematical 
Literacy that are circulating in both the public and schooling sectors. In doing so I 
argue that components of these criticisms are based in various misconceptions or 
‘myths’ about the intention of the subject and learner performance in the subject. In 
particular, I focus on four prevailing myths: (i) the myth that Mathematical Literacy 
is legitimised according to mathematical knowledge and structures; (ii) the myth that 
higher pass rates point to Mathematical Literacy being an easier qualification than 
Core Mathematics; (iii) the myth that we would be better off without Mathematical 
Literacy; and (iv) the myth that Mathematical Literacy restricts future career and 
study opportunity. I conclude by suggesting that Mathematical Literacy has become 
the ‘scapegoat’ for declining enrolment in Core Mathematics and that, as an 
alternative, to retain learners in Core Mathematics more attention should instead be 
focused on improving the quality of teaching and learning in this subject. 
INTRODUCTION 
At present there is a tremendous amount of negative publicity surrounding the subject 
Mathematical Literacy, with some arguing vehemently that the subject should not be 
part of the qualifications framework (see, for example, Jansen, 2012). At the core of 
many of these criticisms is a two-fold concern. Firstly, the fact that Mathematical 
Literacy is (supposedly!) an easier qualification to Mathematics is contributing to the 
exodus of increasing numbers of learners from Core Mathematics to Mathematical 
Literacy. Secondly, there is concern over the quality of the Mathematical Literacy 
qualification and the fact that participation in the subject does not afford access to 
various avenues of tertiary study or career choice. It is this negative criticism that has 
contributed to the Minister of Education’s decision to institute a ministerial panel to 
investigate, amongst other things, “the currency of Mathematics and Mathematical 
Literacy and whether this is the best option for the South African schooling system in 
terms of preparing learners for the workplace and for higher education studies.” 
(DBE 2012a). Unfortunately, in the midst of this increasing criticism (and in some 
ways inherent in the criticisms) are various misunderstandings and misconceptions 
about the intention of the subject Mathematical Literacy, about the currency of the 
subject, and about the reality of learner performance in the subject. The intention of 
this article is to identify, clarify and debunk these misconceptions. 
MYTH #1: MATHEMATICAL LITERACY IS LEGITIMISED ACCORDING 
TO MATHEMATICAL KNOWLEDGE AND PRACTICES 
The first myth that is circulating is that the basis of legitimate knowledge and practice 
in Mathematical Literacy is to be found in mathematical knowledge, structures and 
practices. It is this myth that makes it possible for some people to criticize 
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Mathematical Literacy on the basis that the ‘mathematical’ content is so simple and 
which reinforces the perspective that Mathematical Literacy contents – for example, 
involving basic calculations with percentages, ratios, rates, and so on − are easier 
than Core Mathematics contents − which deal with significantly more complex 
abstract mathematical concepts. It is on this basis that Mathematical Literacy is called 
(not affectionately) ‘Diet Maths’, ‘Maths Lite’, or ‘Mango Maths’2. It is also on the 
basis of this misconception of the intention of Mathematical Literacy and of the basis 
of legitimate knowledge and participation in the subject that the Independent 
Examinations Board (IEB) have been able to convince Umalusi of the feasibility of a 
project currently being trialled in IEB schools where learners who are enrolled for 
Core Mathematics in Grade 12 are able to register to write both the Core 
Mathematics and Mathematical Literacy national examination papers, and then 
choose which result (and, hence, which subject) is to be reflected on their National 
Senior Certificate3 (IEB, February 2013). This initiative is grounded in a belief that 
engagement with the abstract mathematical contents of Core Mathematics will more 
than adequately prepare learners for the demands of the Mathematical Literacy 
examination papers, since, as suggested by Anne Oberholzer (the CEO of the IEB), 
“Reality: Mathematical Literacy (which is little more than arithmetic) is to 


                                         
2 To clarify, South African Airways (SAA) is the national airline carrier, while Mango airlines is the 
low-cost (second rate?) partner to SAA. 
3 Although not clearly stated in the IEB Circular 18/2013 in which the details of this project are 
outlined, discussion with IEB representatives has revealed that the project is only intended for 
learners who are at risk of either failing Core Mathematics in Grade 12 or at risk of not achieving 
50% for the subject – which will mean that they may not qualify for entrance to tertiary study. 
These representatives have provided assurance that if a learner writes both examination papers and 
achieves more than 50% in the Core Mathematics examinations, then it is the Core Mathematics 
result that will stand and not the Mathematical Literacy result (irrespective of whether the 
Mathematical Literacy is higher). Only in instances where the Core Mathematics result is below 
50% will the Mathematical Literacy mark be considered. The underlying intention, then, is to 
encourage learners to remain enrolled in Core Mathematics for as long as possible and to utilise 
Mathematical Literacy as a “life-line” (IEB, February 2013) in instances where remaining on Core 
Mathematics may disadvantage further study options. 
Although there is not enough scope in this paper to problematise this project and the intentions 
stated therein in a detailed way, it is vital to point out that this project presents a problematic 
situation for several reasons: (i) it devalues Mathematical Literacy by suggesting that participation 
in the subject is not essential and that participation in Core Mathematics is adequate preparation for 
the contents of Mathematical Literacy; (ii) is dismisses the intention of the CAPS process for 
Mathematical Literacy which deliberately initiated a shift in the subject away from the 
legitimisation of knowledge and practices according to mathematical structures and inappropriately 
brings Mathematical Literacy and Core Mathematics back into the same mathematical frame of 
reference; (iii) it dismisses the positive learning experience afforded by the Mathematical Literacy 
qualification in favour of a fixation on pass rates; and (iv) it undermines and invalidates the 
intention of the School Based Assessment (SBA) system since for learners who write both 
examination papers and then choose the Mathematical Literacy results, their SBA marks achieved 
in Core Mathematics will be ignored completely.  
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Mathematics what spelling is to writing.” (2012: slide 14). 
All of these perspectives are underpinned by the misconception that knowledge, 
practice and participation in Mathematical Literacy are legitimised according to 
mathematical contents and structures. While this may certainly have been true for 
certain components of the NCS curriculum (DoE 2003), and while this may be true 
for current examination papers in the subject (see, for example, DBE 2012b, 2012c), 
this perspective is contrary to the intention and philosophy of the CAPS curriculum 
document for the subject. 
The CAPS curriculum document for Mathematical Literacy (DBE 2011) makes a 
deliberate and explicit attempt to move Mathematical Literacy outside of a 
predominantly mathematical frame of reference and to argue that knowledge in the 
subject is not only to be legitimised on the basis of mathematical structures, contents 
and principles. This is exemplified by statements in the CAPS document that claim 
that the learning of mathematical knowledge and the development of mathematical 
skills are not the primary intention in the subject (see, for example, (DBE 2011: 9-
11)). Rather, the primary intention is for learners to develop appropriate knowledge, 
skills and capacity to make sense of a variety of real-world problem situations 
through consideration of both mathematical techniques and solutions as well as non-
mathematical influences and considerations which affect how people function in 
those environments on a regular basis. Paraphrasing Bansilal (2013) (who draws on 
the work of Anna Sfard (2001, 2007)), Mathematical Literacy involves interplay and 
negotiation between two different discourses and/or domains, one of which is 
mathematical (or conceptual) and the other contextual. Mathematical Literacy is not 
about developing a ‘Mathematical Gaze’ (Dowling 1998) on the world; it is about 
developing a deeper understanding of how and why people operate in particular ways 
(sometimes mathematical and sometimes not) when engaging in real-world problem 
situations. In this sense the CAPS conception of Mathematical Literacy reflects a 
goal for a life-preparedness orientation (Venkat 2010) rather than a mathematical-
preparedness orientation. 
As a result, the contents of the CAPS document move extensively beyond the 
predominantly basic mathematical skills and contents that were prescribed in the 
Core Assessment Standards in the SAG document (DoE 2008) for the NCS 
curriculum, with an increased emphasis on sense making of contextual situations and 
problems encountered in such situations, including problems and solutions paths that 
do not demand or make use of mathematically driven techniques or knowledge base. 
This means that there is every opportunity for examiners in the CAPS examination 
process to focus more on assessing contextual knowledge and applications of 
mathematics (based on extensively described and prescribed contexts listed in the 
CAPS document) rather than exclusively or predominantly on mathematical concepts 
embedded in those contexts. A plethora of evidence suggests that sole engagement 
with mathematical principles is unlikely to prepare learners to understand the 
intricacies and working of, for example, pension schemes, inflation related 
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considerations (e.g. how to use inflation figures to inform salary negotiations in a 
strike situation), and so on. It is a misinformed and mythical perspective to conceive 
that this can possibly be the case. And it is this misinformed perspective that 
continues to constitute Mathematical Literacy as a sub-set of Core Mathematics 
rather than as a uniquely independent domain of practice. 
MYTH #2: THE HIGHER PASS RATE IN MATHEMATICAL LITERACY 
INDICATES THAT MATHEMATICAL LITERACY IS AN EASIER 
QUALIFICATION THAN CORE MATHEMATICS 
AND/OR … 
BY OPTING FOR MATHEMATICAL LITERACY LEARNERS STAND A 
HIGHER CHANGE OF GAINING POINTS FOR ENTRANCE INTO 
UNIVERSITY 
A prevailing opinion is that Mathematical Literacy is an easy subject, as evidenced 
by the exceptionally high pass rate of 87,4% in 2012 (DBE, 2012d, p. 151); and that 
it is certainly easier than Core Mathematics which has a lower pass rate of 54% 
(DBE, 2012d, p. 120). This opinion is sometimes accompanied by statements which 
suggest that: (1) learners are almost guaranteed to pass Mathematical Literacy; (2) 
learners who enrol in Mathematical Literacy instead of Core Mathematics stand a 
better chance of scoring the points needed for entrance into tertiary study because 
Mathematical Literacy is the easier subject. As a consequence, discussion with 
teachers has revealed that certain teachers and/or principals actively encourage 
learners to enrol in Mathematical Literacy rather than Core Mathematics because it 
boosts the pass rates for the school, and also because it supposedly enhances 
opportunity for entrance to tertiary study. However, closer analysis of learner 
performance in Mathematical Literacy examinations will reveal this to be a 
significant misconception of the reality of learners’ experiences in the subject. 
Figure 1 shows the performance distribution curves for Mathematical Literacy and 
Core Mathematics in the 2012 National Examination papers4. For purposes of this 
discussion it is important to notice two main issues. Firstly, the statistics indicate that 
Mathematical Literacy is indeed easier to pass than Core Mathematics, as evidenced 
by the high bulge of Mathematical Literacy learners achieving between 30-49% in 
the subject. However, there is a significant decrease in the number of learners 
achieving more than 40% in the subject. This draws attention to the second point, 
which is that the numbers of learners achieving 70% or more in Mathematical 
Literacy (7,7%) is almost identical to those in Core Mathematics (7%). In other 
words, learners in both Core Mathematics and Mathematical Literacy struggle 
equally to achieve high results. And this flies in the face of common opinion that the 
easier qualification of Mathematical Literacy provides increased opportunity for 


                                         
4 This graph was constructed using data on the Mathematical Literacy and Core Mathematics 
examination papers drawn from (DBE, 2012d, p. 151 & 120). 
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achieving the points necessary for entrance into tertiary study. In fact, if one 
considers that at several universities the minimum entrance requirements for entrance 
into certain faculties is a mark of 70% on Mathematical Literacy or 50% on Core 
Mathematics, then a higher percentage of the Core Mathematics learners would meet 
this minimum requirement than the Mathematical Literacy learners. 


 
Figure 1: Distribution curves of learner performance in the 2012 Mathematical 


Literacy and Core Mathematics national examinations 
The trend in the Mathematical Literacy results – namely, the extremely high pass rate 
but low numbers of high achievers – can easily be explained by reference to the 
structure of the examination papers for the subject. There are two examination papers 
in Mathematical Literacy that are differentiated according to cognitive demand5 – 
Paper 1 is a ‘skills paper’ that only assesses questions at Levels 1 (60% of the paper) 
and 2 (40% of the paper) of the assessment taxonomy. Paper 2, by comparison, is an 
‘applications paper’ that assesses questions primarily at Levels 3 (40% of the paper) 
and 4 (40% of the paper) of the assessment taxonomy, and with only a small number 
of questions at Level 2 (20%). Paper 2 does not contain any questions that reflect 
Level 1 of the taxonomy. The result is that Paper 1 is a tremendously easy paper, with 
learners effectively only needing to get all of the Level 1 questions correct to pass the 


                                         
5 Mathematical Literacy is the only subject in the schooling qualification framework that comprises 
examination papers that are differentiated according to cognitive demand. Most other subjects that 
comprise two examination papers differentiate the papers according to content; or, in the case of 
certain practical subjects (e.g. Drama or CAT) according to practical and theory components.   
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subject6. Paper 2, on the other, is a considerably more difficult paper, influenced not 
only by the dominance of questions at the two highest levels of the taxonomy, but 
also by the fact that the level of accessibility of the questions is significantly reduced 
due to the limited scaffolding provided (due to the removal of all Level 1 and most 
Level 2 questions)7 & 8. This distinction between the two papers is evidenced by the 
significant difference in average mark for the Paper 1 and Paper 2 examinations 
papers: approximately 60% for Paper 1 and approximately 40% for Paper 2 (DBE 
2012d: 152, 159)9 & 10. In essence, then, the differentiation of the examination papers 


                                         
6 The pass mark for the subject is 30%. Hence, to pass the learners simply need to complete all of 
the Level 1 questions in Paper 1 correctly since these questions constitute 60% of the paper (or 30% 
of the final marks when both papers are combined). 
7 Conversations with teachers have revealed that due to the complexity and general inaccessibility 
of the questions in Paper 2 for many learners, some learners – after writing the Paper 1 examination 
paper – do not bother to arrive to write the Paper 2 examination paper, presumably because they 
believe they will fail the paper; and that some teachers do not even prepare their learners for Paper 
2 and only focus on preparation for Paper 1 – since reasonable performance in Paper 1 is enough to 
guarantee a pass in the subject. 
8 Alongside the issue of limited scaffolding, there are also a host of other factors which impact on 
learner poor performance in Paper 2, including language and context. A focus on problem solving 
in contextualized situations inherently requires interpretation of contextual information, which in 
turn requires interpretation of context-specific language. For learners for whom English is a second 
language, this process adds significantly to the complexity of each activity. Furthermore, 
misinterpretation of the contextual information can impede on learners’ ability to successfully 
engage with the demands of the questions based on the context, even if those questions draw on 
mathematical knowledge. From this observation we can start to question whether a learners’ 
inability to answer a question successfully is related to a misunderstanding of a concept or rather 
due an inability to adequately interpret contextualized information.  
As regards context, the familiarity or unfamiliarity of a context with respect to a learners’ lived 
experience of the context can also affect their ability to successfully engage with the context. For 
example, a learner whose parents engage them with travel maps during holiday trips is at a distinct 
advantage to a learner who travels exclusively in public transport and whose only exposure to map 
work is restricted to limited engagement in a classroom environment. Both of these issues require 
further research. 
9 In the absence of raw mark data to work with, I have determined these average marks by 
averaging the average mark for each question in each examination paper. Clearly this method of 
working out an average of an average will not provide an accurate answer − the raw marks are 
needed for this purpose. However, for purposes of the discussion in this paragraph, I believe that 
this method does provide a reasonable (although not entirely accurate) estimation of the average 
performance in each paper.  
10 Notice that the average mark for the Mathematical Literacy Paper 2 examination is almost 
identical (actually slightly lower) to the average mark for the Core Mathematics Paper 1 
examination paper* (DBE, 2012d, pp. 120-159). This suggests that if the results of the basic skills 
Paper 1 are ignored and the results of the application Paper 2 are taken as an indication of learner 
competence, then it becomes possible to propose that the learners are finding Mathematical Literacy 
contents as challenging as those in Core Mathematics. 
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according to cognitive demand has facilitated a situation where it is easy to achieve a 
pass but difficult to do well in the subject – as reflected in the trend of the graph 
showing learner performance in the 2012 Mathematical Literacy examinations. 
In sum, analysis of learner performance in the Mathematical Literacy examination 
papers suggests that although the pass rate in the subject is very high, the number of 
learners that are able to achieve marks that would provide access to entrance in to 
tertiary study is very low and is no different to the trends in Core Mathematics. These 
trends confirm that the opinion that it is easier to do better in Mathematical Literacy 
than in Core Mathematics – and, hence, that enrolment in Mathematical Literacy 
more easily accords access to the credits required for entrance to tertiary study − is 
nothing more than a myth. 
MYTH #3: WE WOULD BE BETTER OFF WITHOUT MATHEMATICAL 
LITERACY S A SUBJECT 
Accompanying criticisms of Mathematical Literacy echoed a sentiment that doing 
away with the subject would help to retain learners in the Core Mathematics domain. 
This sentiment is sometimes qualified by the belief that the previous system of a 
differentiated mathematics curriculum – comprising Higher Grade (HG) and 
Standard Grade (SG) Mathematics – was a better system since Standard Grade 
afforded access to more areas of work and study than does Mathematical Literacy. 
What is necessary here is to dispel this sentiment as a misrepresentation of past 
reality. 
Within the pre-2006 system of a differentiated mathematics curriculum, 
approximately only 60% of the Grade 12 learners opted for Mathematics (either HG 
or SG), with the other 40% choosing to do a non-scientific course (e.g. Woodwork or 
Typing). Of the 60% doing Mathematics, only 10% opted for HG and the remaining 
50% for SG. Table 1 shows the numbers of learners enrolled in HG and SG 
mathematics in the pre-2006 differentiated curriculum system, together with the 
percentage of learners who passed in each stream11. 
What is interesting to note are the low percentages of both the HG and SG candidates 
passing, generally between 30% and 40% of the candidates12. A quick calculation 
reveals the following percentages of passes for all learners enrolled in some form of 


                                                                                                                                       
*(Note: the incorrect graph is supplied in the DBE diagnostic report on the learner performance in 
the Core Mathematics Paper 2 examination paper (see DBE, 2012d, p. 132). As such, an indication 
of the average mark for Paper 2 is not included here.)     
11 All statistics drawn from (DoE, 2001). Note that I have deliberately chosen to illustrate mark 
related data for an earlier time period rather than for a period directly prior to 2006 to demonstrate 
that even during this immediate post-Apartheid period the situation was not an improved situation. 
However, by 2005 there had been an improvement in performance, with the HG pass rate at 
approximately 60% and SG pass rate at approximately 41%. See (DoE, 2006) for more data.   
12 Except for in 2000 when the percentage of HG candidates passing increases substantially; but the 
SG passes remained low. 
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mathematics: 1997 → 35,5%; 1998 → 31,8%; 1999 → 32,7%; and 2000 → 33,8%. 
Table 1: HG and SG passes 1998 - 2000  


1 000’s of 
candidates 


1998 1999 2000 


Wrote Pass % Pass Wrote Pass % Pass Wrote Pass % Pass 


HG 60.3 20.3 33.7% 60.3 20.3 33.7% 60.3 20.3 33.7% 


SG 219.4 68.6 31.3% 219.4 68.6 31.3% 219.4 68.6 31.3% 


What is significant in these figures is that they are lower than the current pass rates in 
Core Mathematics. Furthermore, whereas within the current system all learners do 
some form of mathematics, in this previous differentiated curriculum approximately 
40% of learners completed school with no formal mathematics qualification. It was 
for this 40% of the learners that Mathematical Literacy was introduced to ensure that 
all learners – even those who could not cope with the demands of scientific 
mathematics – would leave the schooling system with some degree of mathematically 
based training13. As such, to suggest that we were better off in the previous system 
and that we would be better off without Mathematical Literacy is a misrepresentation 
of the reality of learner performance in the past and a misreading of the needs of the 
current learner population. 
MYTH #4: LEARNERS MUST ‘STICK IT OUT’ IN CORE MATHEMATICS 
FOR AS LONG AS POSSIBLE BECAUSE CHANGING TO MATHEMAT-
ICAL LITERACY WILL CLOSE DOORS 
Another prevailing opinion within some quarters is that learners must be encouraged 
to ‘stick it out’ on Core Mathematics for as long as possible because changing to 
Mathematical Literacy is accompanied by restriction in terms of future career and 
study opportunity. There are two issues that must be addressed in this regard. 
Firstly, and as has already been established, Mathematical Literacy was never 
intended to provide the same opportunities as Core Mathematics and was never 
intended to provide access to career or study options that require a degree of 
understanding of scientific mathematics principles. Rather, it was intended to provide 
an alternative study opportunity for learners who were not able to cope with the 
demands of the scientific mathematics curriculum. For these learners, many of whom 


                                         
13 It is somewhat ironic that Mathematical Literacy was introduced as a subject within the schooling 
system to provide an alternative qualification for those learners who were not able to cope with the 
demands of a scientific mathematics curriculum. In other words, an alternative subject was created 
so that learners would not have to work with scientific mathematical principles. And, yet, now that 
same subject is being criticised because the mathematics is not difficult or scientific enough; and 
when the learners who are ‘weaker’ at mathematics achieve well in this alternative subject the 
subject is then criticised for being too easy. Perhaps what these critics want is for these ‘weaker’ 
learners to be placed in a course that consists of an equivalently difficult mathematics curriculum 
and then see them all fail again?    
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struggle to pass Core Mathematics, the doors to career and study opportunities that 
require scientific mathematics have long since closed. Mathematical Literacy does 
not close doors; it is the learners’ inabilities to engage with the demands of the 
scientific mathematics curriculum that restricts future career and study options. In 
this sense, we should be applauding the existence of Mathematical Literacy since it is 
this subject offering which provides the alternative option that enables learners who 
cannot engage with scientific mathematics to still participate successfully within the 
schooling system. 
Secondly, what this opinion dismisses is the tremendously positive learning 
experience of learners who engage in the full 3-year Mathematical Literacy 
qualification. A conversation with many Mathematical Literacy teachers will reveal 
the tremendous relief that some learners experience at no longer having to struggle 
with scientific mathematics concepts and at now being able to engage with and 
understand the contents of the subject, despite the (sometimes) presence of 
mathematical structures. This relief is often accompanied by a growth in the 
confidence of the learner in their own ability, which in turn contributes to their 
further successful engagement with the contents of the subject. Furthermore, and as 
observed by Venkat & Graven (2008: 34), for some learners engagement in the 
subject provides grounding for more effective and empowered participation in daily-
life practices. Encouraging learners to ‘stick it out’ at all costs overlooks the anxiety 
and anguish that many learners experience while often unsuccessfully attempting to 
engage with scientific mathematics contents and the impact that this anxiety can have 
on their self-confidence and performance in other subject. The ‘stick it out’ at all 
costs mentality is not necessarily in the best interests of the child. 
CONCLUSION 
We are facing a serious issue at the moment with respect to increasing numbers of 
learners moving from Core Mathematics and enrolling in Mathematical Literacy. 
This is not a situation that can be allowed to continue: we need to retain learners in 
Core Mathematics and to put systems in place that support those learners so that they 
can successfully engage with the contents of this scientific domain. But by the same 
token, Mathematical Literacy serves a significant purpose and provides a form of 
qualification that previously was not available to large numbers of learners. And if 
Mathematical Literacy were to be removed from the schooling system, then what 
would happen to the many learners who are engaged in the subject? Would they be 
expected to return to Core Mathematics (where many of them were failing 
previously)? The critics remain ominously silent on the answers to these questions. 
Mathematical Literacy needs to be recognized for what it is – not scientific 
mathematics; and, as such, it does not afford the same study and career options as this 
type of mathematics. However, just because it is not mathematics does not mean that 
it is not complex for the learners who engage with its contents, nor that it does not 
provide a valuable learning experience for its participants, nor that it does not 
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facilitate access to worthwhile future opportunities. In seeking to find solutions to the 
issue of decreasing numbers in Core Mathematics, critics need to look beyond 
Mathematical Literacy and to begin to focus attention in a more pointed way on why 
so many learners are struggling, failing and so frequently so negative about Core 
Mathematics: after all, if learners were able to cope with the demands of Core 
Mathematics then there would be no need for them to opt for Mathematical Literacy 
and the status of Core Mathematics would remain unchallenged. In the absence of 
answers and successful strategies for dealing with decreasing enrolment numbers due 
to poor performance in Core Mathematics, Mathematical Literacy, it would seem, has 
become the new scapegoat. 
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GROUP THEORY – A RELEVANT TOPIC FOR PROSPECTIVE 
TEACHERS? 
Frode Rønning 


Norwegian University of Science and Technology 
 
Group theory may not be considered to be a core topic in a teacher education 
programme, in particular not in a programme for prospective primary school 
teachers. The reason for such a view could be that group theory is an abstract 
mathematical topic and considered to be far away from topics that these teachers will 
actually teach. In this paper I will present an example from a course in a master 
programme for prospective teachers where group theory forms an important part. I 
will briefly describe the programme and how group theory is integrated into the 
programme. Using examples and referring to theory I will present arguments why I 
think group theory is a relevant topic here. The relevance is seen both in the value of 
the topic itself and how it connects to other central mathematical topics. Also 
important is the value I see that group theory has in giving a perspective on the 
epistemological nature of mathematics as a science. 
INTRODUCTION: THE GROUP CONCEPT 
The concept of a group is normally introduced in university programmes in 
mathematics in the second year of study, after the students have been through basic 
courses in calculus and linear algebra, and perhaps some number theory and 
geometry. The concept is considered to be rather abstract, and typically, courses and 
textbooks presenting group theory often contain the words abstract algebra (e.g. 
Fraleigh 1976). The group concept developed in the 19th century. Victor J. Katz, in 
his book on the history of mathematics, writes that “[a]lgebra in 1800 meant the 
solving of equations. By 1900, the term encompassed the study of various 
mathematical structures, that is, the sets of elements with well-defined operations, 
satisfying certain specified axioms” (Katz 1998: 650). This development includes the 
development of the group concept, as well as other algebraic concepts such as ring 
and field. In the early decades of the 19th century problems connected to solving 
algebraic equations by radicals were very much in focus, and in particular the work 
of Abel and Galois on the impossibility of solving the quintic equation represents 
milestones in the history of mathematics. Both Abel and Galois worked with 
permutations of the roots of the equations and Galois even used the notion “group of 
permutations” (Katz 1998: 667). Galois died in 1832 and in 1846 his manuscripts 
were published in Journal des mathématiques. Following this publication several 
French mathematicians lectured on Galois’ results and worked further on them. In 
1870 Camille Jordan (1838-1922) published his work Traité des substitutions et des 
equations algébriques in which he defined “a group to be a system of permutations of 
a finite set with the condition that the product (composition) of any two such 
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permutations belongs to the system” (Katz 1998: 669). Other central persons in the 
development of the group concept were Arthur Cayley (1821-1895) in England and 
Leopold Kronecker in Germany. Cayley used the word group and he also gave credit 
to Galois for his idea of a group of permutations. Kronecker, on the other hand, did 
not give a name to the system he defined, and he also did not interpret it in terms of 
permutation groups arising from Galois theory (Katz 1998: 672). 
In modern terminology a group is defined as a set G together with a binary operation 
(multiplication) which is closed in G (i.e. for x and y in G, the composition xy is also 
in G) and satisfying the following properties: 


1. The multiplication is associative, that is to say (xy)z = x (yz) for any three (not 
necessarily distinct) elements from G. 


2. There is an element e in G, called an identity element, such that xe = ex = x for 
every x in G. 


3. Each element x of G has a (so-called) inverse x-1 which belongs to the set G 
and satisfies x-1 x = x x-1  = e. 
(Armstrong 1988: 6). 


The properties above can be taken as axioms based on which one can derive 
properties for sets and binary operations satisfying the axioms, without considering 
more specifically what the elements in the set or the operations actually are. There 
are numerous examples of familiar sets and binary operations satisfying the 
properties listed above, such as the integers with the operation addition and the 
rational numbers, with zero removed, and the operation multiplication. 
The axioms above are formulated with as few requirements as possible. Note for 
example that in all the examples we can think of there is only one identity element. 
However, this is not a requirement in the axioms but it follows as a consequence. 
Assume that in a group there are two identity elements e and e’. From 2 it follows, 
taking x = e’, that e’ e = e e’ = e’ since e is an identity element. But also e e’ = e’ e = 
e since e’ is an identity element. Hence, e = e’. Similarly it can be shown that for 
each x the inverse element x-1 is unique, although this is also not required in the 
axioms. 
A master programme in mathematics education 
For a number of years I have been teaching on a two-year master programme in 
mathematics education with the aim of educating teachers for students age 6-16. The 
students have completed at least three years of a teacher education programme before 
entering the master programme. Some has a complete teacher education beforehand 
and takes the master on top of that. The first course that the students encounter is 
called Learning and Teaching of Mathematics. This course fills the whole first 
semester of the programme and comprises a number of topics. The intention is that 
the course (as well as the whole master programme) shall contribute to developing 
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the students’ competence both in mathematics and mathematics education. Below is a 
list of topics included in the course Learning and Teaching of Mathematics. 
-­‐ Theories for learning and teaching. 
-­‐ Knowledge and understanding 
-­‐ Mathematical knowledge for teachers 
-­‐ The nature of mathematics as a science 
-­‐ Perspectives on and approaches to algebra and geometry 
-­‐ Definitions, proof and argumentation 
-­‐ Group theory 


The course is large and the list above shows topics that may seem of a very different 
nature. However, much work has been done to create links between the topics and in 
this paper I will in particular focus on how the topic of group theory is linked to the 
other topics. By pointing to such links I will also make a case for why group theory 
can be seen to be a relevant topic even for primary school mathematics teachers. 
THE NATURE OF MATHEMATICS 
The French mathematician René Thom said that “[a]ll mathematical pedagogy, even 
if scarcely coherent, rests on a philosophy of mathematics” (Thom 1973). If one 
subscribes to this statement, it means that as a teacher one cannot avoid having a 
view on the nature of mathematics but one may not be conscious of one’s view. I 
believe that it is of value for a teacher to have more than tacit knowledge about the 
ontological and epistemological basis of mathematics. Taking this stance I believe 
that in teacher education one should be concerned with questions like 
-­‐ What characterises the objects that one works with in mathematics? 
-­‐ In what ways do they exist and how can one come to know about them? 
-­‐ What characterises knowledge of mathematical objects? 
-­‐ How can one ascertain if something is true in mathematics? 


These are philosophical questions which can be linked to theories of learning, and to 
theories about knowledge and understanding. Making this link, with the subject (here 
mathematics) in the centre, will potentially provide the students with opportunities to 
better understand what these questions really mean. 
Perhaps the most characteristic property of mathematics, distinguishing it from other 
sciences, is its axiomatic structure. Ideally, a mathematical theory should be based on 
some basic concepts and a number of axioms, and by logical deduction one should be 
able to obtain the valid truths (the theorems) in the system. The most well known 
axiomatic system is probably Euclid’s theory for plane geometry. Euclid’s idea was 
that from 23 definitions, five common notions and five axioms, or postulates, all 
truths about plane geometry should be deduced (Heath 1956). 
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Euclid’s structure has been part of basic mathematical knowledge for centuries and 
Euclidian geometry is, for many reasons, important for teachers to know about. 
However, as an example of a “pure” axiomatic system Euclid’s system has some 
disadvantages. This is due to the figural aspect of geometry. All geometrical concepts 
have conceptual properties, built on definitions, axioms and logically derived 
properties but they can also be represented as a visual picture. They have spatial 
properties and at the same time general conceptual properties. This dual nature is 
what Fischbein (1993) refers to as figural properties. The figural aspect of geometry 
can be a support for the reasoning because one may get help from a figure to see 
connections but it can also be an obstacle in the sense that one avoids the logical 
reasoning because the result “can be seen from the figure”. Hence, students see no 
need to do a proof, the desired result is “obviously true”, and also it is hard to 
distinguish what is known from what is not known, because the visual image shows 
both the properties that are logically established and those that remain to be 
established. It also adds to the confusion that even in proofs that are taken to be 
mathematically valid one can find arguments that directly refer to a figure (see 
Fischbein 1993: 139-140). 
Group theory is different in this respect because in group theory the objects in 
question are defined only through the axioms. The objects cannot be visualised and 
so there is no source of knowledge about them, except what is contained in the 
axioms, and any further claims about their properties must be justified by referring to 
the axioms, or, as the development proceeds, to theorems that are already proved. 
According to Duval all mathematical objects are abstract ideas and “[t]he only way to 
have access to them and deal with them is using signs and semiotic representations” 
(2006: 107). Nevertheless, some mathematical objects are so familiar (e.g. numbers, 
geometrical shapes) that students have difficulties separating the objects from their 
semiotic representations. Introducing a general structure such as a group, where the 
elements could be different mathematical objects (numbers, matrices, functions) the 
learners are forced to think in an abstract manner. 
THE STRUCTURAL ASPECT OF ALGEBRA 
James Kaput has given a content analysis of algebra and identified five interrelated 
strands around which algebraic reasoning can be organised (see e.g. Kaput 1999; 
Kaput & Blanton 2001). 


1. Algebra as generalising and formalising patterns and constraints. 
2. Algebra as syntactically guided manipulation of formalisms. 
3. Algebra as the study of structures and systems abstracted from 


computations and relations. 
4. Algebra as the study of functions, relations, and joint variations. 
5. Algebra as a cluster of modelling and phenomena-controlling languages. 


(Kaput & Blanton 2001: 346-347) 
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Acknowledging that algebra is a fundamental part of school mathematics the course 
Learning and Teaching of Mathematics has algebra as one of its central topics. 
School algebra is often considered to be about ‘solving equations’ and ‘calculating 
with letters’. Taken a little further, algebra can be seen as generalised arithmetic and 
as a way of establishing generalisations about particular properties of numbers (e.g. 
“the sum of the first n odd numbers is the nth square number”). This would then 
correspond to item 1 in Kaput and Blanton’s (2001) list. Work with numerical 
patterns, e.g. number sequences given by figurate patterns, has become widespread 
both in school and in teacher education. This emphasises the functional aspect of 
algebra (find an algebraic expression for the nth figure in a pattern), which is quite 
close to and can be developed into the modelling aspect (items 4 and 5 in Kaput and 
Blanton’s list). Obviously, in all this, it is necessary to manipulate formalisms (item 2 
in the list). Examples of item 3, the study of structures and systems, are not easily 
accessible in school algebra but, referring to the historical development of algebra 
outlined in the Introduction, this aspect of algebra is necessary to give a sense of what 
algebra as a scientific mathematical discipline entails. 
The structural aspect of algebra has been elaborated on by Kirshner (2001) who 
expresses concern about algebra being reduced to a matter of memorising and 
applying rules. He presents two approaches to algebra; a structural approach which 
“builds meaning internally from the connections generated within a syntactically 
constructed system” and a referential approach with the property that it imports 
“meaning to algebraic symbol systems from external domains” (Kirshner 2001: 84-
85). Acknowledging that the structural approach is fundamental in mathematics 
(algebra) as a science it can be argued that prospective teachers should experience 
this approach and in my view, group theory is a very well suited topic to gain such 
experience. 
An alternative to group theory to illuminate the structural aspect of algebra could 
have been to work with linear algebra and the axiomatic structure of a vector space. 
In our master programme we have chosen group theory because this topic has very 
close connections to elementary geometry (symmetry) and also to basic properties of 
numbers. 
DIHEDRAL GROUPS AND PERMUTATIONS 
Working with groups, the connection to geometry through the concept of symmetry 
can be made central and this is certainly the case in the course I am describing. This 
is also reflected in the choice of textbook, Groups and Symmetry (Armstrong 1988). 
Much emphasis is placed on studying the symmetry groups of regular polygons, the 
so-called dihedral groups. The simplest group of this type is the symmetry group of 
the regular triangle, denoted D3. It is seen that this group consists of six elements, 
three reflections and three rotations. Working with compositions of the elements of 
this group, the students get a first experience with a non-commutative operation (non-
Abelian group). This experience is well suited to make sense of the fact that 
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commutativity is not taken as part of the group axioms. Looking at what happens 
with a regular triangle when reflecting and rotating it, it becomes clear that all these 
operations can be expresses as permutations of the three corners. It is also not hard to 
see that indeed all possible permutations of the corners can be obtained by some 
reflection or rotation. Comparing the group tables for the symmetry group of the 
triangle (D3) and the group of permutations of three elements (S3) one will see that 
the two tables have the same structure, i.e. the two groups are isomorphic. 
This is a good starting point for some genuine investigations, presenting a good 
opportunity to let the students engage in inquiry based learning. A number of recent 
projects in mathematics education have been based on inquiry as a fundamental 
concept (see e.g. Jaworski, Fuglestad, Bjuland, Breiteig, Goodchild, & Grevholm 
2007). Inquiry is here seen in the sense of Wells who characterises inquiry as “a 
willingness to wonder, to ask questions, and to seek to understand by collaborating 
with others in the attempt to make answers to them” (Wells 1999: 122). Inquiry can 
be seen on many levels; in the mathematical tasks for pupils’ learning in the 
classroom, in the developmental process of planning for the classroom, and in the 
research process of systematically exploring this developmental process (Jaworski 
2007: 15). I will here focus on inquiry-based tasks for the student teachers’ learning. 
In order that the teachers should be able to design inquiry-based tasks for their pupils, 
I take it to be of great value that the teachers, as students or in in-service training, 
should have had some experience of working in an inquiry-based way themselves. Of 
course there is no lack of problems that can be given to students with which they can 
engage in genuine inquiry. Such problems can e.g. be taken from elementary 
geometry and as an example of this I could refer to Bjuland (2004), who has shown 
how Viviani’s theorem (Weisstein n.d.) can be a source for investigations among 
student teachers. However, the point I am making here is that by using group theory 
as a basis for inquiry, it is not just a matter of taking an isolated problem from an 
otherwise familiar context (e.g. plane geometry) but it is a matter of developing an 
unknown theory, with new concepts, new notation, and obtaining results that are new 
in the sense that the students did not know about them beforehand. In fact, they could 
not even formulate them before having engaged with developing the necessary 
concepts and notation. In my work with student teachers this is as close I have ever 
experienced students to engage in activity that could be said to be close to 
mathematical research. 
As an example I will return to the relationship between the dihedral group Dn and the 
group of permutations Sn (the symmetric group of degree n). Having established that 
D3 is isomorphic to S3 a natural question will be to ask what is it like in the case n = 
4? Obviously all the elements of D4 (the symmetry group of the square) can be 
identified as elements of the symmetric group S4, and also it is easily seen that there 
are elements in S4 that cannot be found in D4, e.g. it is not possible to have two 
neighbouring points in the square swap places, so e.g. the permutation (1 2) does not 
have a corresponding element in D4. The result of this consideration is that D4 must 
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be a proper subgroup of S4. A natural question to ask at this point is whether one can 
find a geometric figure whose symmetry group is isomorphic to S4. The first obvious 
candidate, the square, has failed, so it is not clear whether such a figure actually 
exists, or if it does, what figure it can be. Having seen that a regular plane figure with 
four corners does not have sufficient freedom to perform all the permutations of S4, a 
possibility could be to look for a three dimensional figure with four corners. 
Introducing the third dimension will give more freedom, so there is a hope that this 
may give results. Therefore the tetrahedron could be thought of as a possible 
candidate. 
I will denote the symmetry group of the tetrahedron by T. Now asking the question 
whether T is isomorphic to S4 is for the students an example of authentic inquiry 
(Lindfors 1999), a question to which they do not already know the answer. They 
know that the order of S4 is 24, so attempting to solve the problem by comparing the 
group tables of the two groups is a tedious task. Therefore the situation calls for the 
use of mathematical theory. Obviously, doing reflections and rotations of the 
tetrahedron entails permuting the four corners, so T has to be a subgroup of S4 just as 
D4 also is a subgroup of S4. The students know Lagrange’s theorem (Armstrong 
1988: 57), so they know that the order of T must be a factor of 24. Investigating the 
rotations of the tetrahedron the students will find that there are rotational axes 
through each of the four corners and the midpoint of the opposite face allowing 
rotations of 120 and 240 degrees. There are also rotational axes through the 
midpoints of each of three pairs of opposite edges, allowing rotations of 180 degrees. 
Counting the identity this gives 12 rotations altogether. But, there has to be 
symmetries not accounted for by the rotations (due to planes of reflection), so the 
order of T must be strictly greater than 12. And hence, by Lagrange’s theorem, it 
must be exactly 24, so T is isomorphic to S4. This example shows the power of 
abstract (general) theory applied to a problem from geometry. Using the language of 
Kirshner (2001) one can say that the example shows an encounter between the 
structural and the referential approach to algebra. 
Being able to work efficiently with elements of the dihedral groups requires an 
efficient notation. I have used the notation given in the textbook (Armstrong, 1988) 
but emphasised that embedded in this notation there are many conventional choices. 
In the notation I have used in describing D4, r denotes a 90 degree counter clockwise 
rotation and s denotes a reflection around a fixed perpendicular bisector of two sides 
of the square. Furthermore, rs means the composition by first doing s and then r. By 
making other choices one would get the same results although they at the surface 
would look different. This I take to be a valuable experience for prospective teachers. 
The notation presented here is efficient in that it can easily be used in computations. I 
will show one example. Given the two elements rs and r2s of D4, the task is to 
compute the composition (r2s)(rs). A fundamental property in the dihedral group Dn 
is that sr = rn-1s, which can be seen geometrically. Using this, the associative 
property, and that r4 = s2 = e, one can write 
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(r2s)(rs) = r2(sr)s = r2(r3s)s =r5s2 = r. 
Proceeding in a similar way the whole group table for D4 can be filled out without too 
much difficulty. 
In light of the fact that notation is largely conventional it is of interest to investigate 
what notation students will choose if left to themselves, and to what extent this 
notation is efficient. Mona Nosrati (2013) has made a study of students in Norwegian 
upper secondary school who has been given as a task to investigate and describe the 
symmetries of the square. She found that different students developed quite different 
notation, using different semiotic resources. The notation that was developed 
consisted of different signs, e.g. arrows, and numbers indicating angle of rotation, 
and also instructions in natural language. It was found that based on the choice of 
notation for the basic operations the students experienced different challenges when 
describing compositions of these operations. Some notation was not at all useful for 
describing compositions. In Duval’s terms the difference experienced here could be 
seen as a difference between discursive and non-discursive registers (Duval 2006: 
110). In my case I have from the very beginning of the work with group theory 
introduced a discursive register which is efficient for computations but, as Nosrati 
has shown, students will come up with other choices when left to themselves. This 
could be another area of inquiry where group theory could show its strength: Discuss 
what could be seen as the most efficient symbolic representation of the phenomena 
that are observed. 
MATHEMATICAL KNOWLEDGE FOR TEACHERS 
Following the seminal work of Shulman (1987) about pedagogical content 
knowledge, the question about what should constitute a sound knowledge base for 
teachers of mathematics has been discussed by many authors. Building directly on 
Shulman’s work, Deborah Ball and a number of co-authors have proposed a 
characterisation of mathematical knowledge for teachers, MKT for short (e.g. Ball, 
Thames & Phelps 2008). The question is discussed from a slightly different 
perspective by Rowland, Huckstep and Thwaites (2005). Using the model in Ball et 
al. (2008, p. 403) where MKT is divided into subject matter knowledge and 
pedagogical content knowledge, it seems clear that knowledge of group theory must 
count as subject matter knowledge. But how can this knowledge be of use e.g. in 
teaching mathematics in primary school? An example of this is presented below. 
The rose with six petals shown in Figure 1 is probably well known to all children 
who have experimented with a compass. I have used this rose as a starting point for 
discussing symmetry with children at the age of 8-9 (Rønning 2011). The task given 
to the children was to colour the rose in such a way that the picture would be 
symmetric. The numbers on the petals were not there; they are introduced here for 
easier reference. It could easily be imagined to extend the task to include working 
with more than one axis of symmetry, although I did not do this in my work with the 
children. What follows is therefore not based on actual experience but it could easily 
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be imagined taking place. Assume that a pupil, Pupil A, has placed an axis of 
symmetry (s) through the tips of the petals 1 and 4 of the rose in Figure 1, and 
another axis (m) halfway between the petals 3 and 4, and 1 and 6. Another pupil, 
Pupil B, may also have used s but instead of m used an axis (n) through the tips of 
petals 3 and 6. Starting to colour the petals, Pupil A will experience that all petals 
will have to have the same colour, whereas Pupil B is able to produce a rose where 
the petals 1, 3, and 5 have one colour and the petals 2, 4, and 6 have a different 
colour. In what ways can knowledge of group theory inform the teacher about what is 
happening here, and what kind of response to give to these two pupils? Is just one 
colour the only possibility for Pupil A? Does it make sense that the teacher could 
suggest to Pupil A to start colouring in a different way in order to try to get a rose 
with more than one colour? What if the axes of symmetry had been placed in other 
positions? 


 
Figure 1: The rose with six petals. 


Knowing group theory, the teacher will know that the symmetry group of the rose, 
before any colouring is done, is the dihedral group D6. This group is generated by the 
reflection s (corresponding to the axis s introduced above) and the counter clockwise 
rotation r of 60 degrees around the centre of the circle circumscribing the rose. The 
teacher will also know that a composition of two reflections is a rotation through an 
angle two times the angle between the reflection axes. Hence, the teacher will deduce 
that composing s with m will give a 60 degree rotation. A more careful analysis will 
show that indeed sm =r (and ms =r5). Hence, the choice of axes of symmetry made 
by Pupil A will imply that the symmetry group of Pupil A’s figure will contain the 
generators of D6, and therefore all of D6. Composing the two reflections in the figure 
of Pupil B will on the other hand give r2 (120 degree rotation) and the symmetry 
group of Pupil B’s figure is isomorphic to D3. 
EPILOGUE 
It has been my aim with this paper to show how a seemingly abstract topic as group 
theory introduced in a course for prospective teachers of mathematics can serve as a 
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link to topics in both mathematics and mathematics education considered important 
for teachers. In this final section I will mention another link, very relevant for teacher 
education, although it has not been pursued in the course I have described. This is the 
link between mathematics and art, or rather the link between algebra, geometry, and 
art. Henderson and Taimina (2005: 1- 8) describe four strands along which geometry 
has developed. One of these strands is the Art/Pattern strand, very much concerned 
with studying patterns and symmetry and not so much occupied with measurements 
and calculations. Studying the symmetries of regular polygons is an example of the 
Art/Pattern strand of geometry, linked to algebra. Extending the study of symmetries 
to unbounded patterns will give much wider possibilities to invoke exciting examples 
from art and architecture. A rich source of examples can be found in the decorations 
of Islamic art where different patterns can be investigated, representing a wide 
variety of symmetries (see e.g. Rønning 2009). In the case of unbounded patterns, the 
isometries translation and glide reflection will appear, in addition to reflection and 
rotation. A fascinating result in this connection is that there exist exactly 17 non-
isomorphic groups describing all possible unbounded patterns, the so-called 
wallpaper groups (see e.g. Martin 1982). Going into this topic will entail engaging 
with some very nice mathematics, as well as with some interesting examples of art 
and decorations. 
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In this paper, I discuss my observations and concerns on how grade 9 learners solve 
word problems without real context and meaning. Issues of the languages used in the 
mathematics and when making sense of the word problems is briefly explored in 
relation to problem-solving. The results presented here are part of a wider study that 
followed a mixed-methods design with the qualitative results informing the 
quantitative data. For the purposes of this study, data were gathered via 
administering a test (in both home language [isiXhosa] and language of learning and 
teaching [English]) and conducting focus groups with few selected learners from a 
grade 9 mathematics classroom. The main finding of this study is that learners 
demonstrated tendencies to exclude real-world knowledge and realistic 
considerations from their solution processes to the task that was given to them in one 
language than the other. 
INTRODUCTION 
Problem-solving and integrated assessment are seen as the cornerstones of school 
mathematics and the Principles and Standards for School Mathematics (National 
Council of Teachers of Mathematics [NCTM], 2000) called for mathematics 
instruction and assessment to focus more on conceptual understanding than on 
procedural knowledge or rule-driven computation (Hamilton 2004; Kilpatrick, 
Swafford & Findell 2001). Major arguments for including word problems in the 
school mathematics curriculum have always been the potential role to promote 
realistic mathematical modelling and problem-solving and for the development in 
learners of the skills in being aware of when and how to apply classroom 
mathematical knowledge and everyday-life knowledge when solving problems. 
Word problem-solving in school contexts serves as a game under tacitly agreed rules 
of interpretation (Greer 1997). According to Gatto (1992), these agreed rules are 
internalised in the learners’ minds through the socio-mathematical norm, or hidden 
curriculum of traditional schooling that could influence many aspects of the 
intellectual activities in schools. Inoue (2009) suggested that instead of dismissing 
learners’ computational answers, teachers should examine different sets of 
assumptions for solving word problems. Such a strategy may provide rich 
opportunities for learners to learn how to use their mathematical knowledge beyond 
school-based problem solving. Inoue points out that this could help the learners 
conceptualise word problem solving in terms of meaningful assumptions and 
conditions for modelling reality, rather than the assumptions imposed by textbooks, 
teachers, or authority figures. 
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Some learners perform poorly in mathematics and have concurrent reading 
difficulties, whereas others perform poorly in mathematics yet relatively well in 
reading (Gross-Tsur, Manor & Shalev 1996). Learners may struggle concurrently 
with reading and mathematics due to weak phonological processing skills (Robinson, 
Menchetti & Torgensen 2002), whereas mathematics difficulties that occur without 
concurrent reading difficulties may be due to poor number sense (Robinson et al., 
2002). Word problems may be challenging due to the variety of skills needed to solve 
these problems (Parmar, Cawley & Frazita 1996). That is, to solve a word problem, 
students must use text to identify missing information, construct a number sentence 
and set up a calculation problem for finding the missing information (Fuchs, 
Seethaler, Powell, Fuchs, Hamlett & Fletcher 2008). 
SOLVING WORD PROBLEMS 
Word problems have been defined differently in different studies. For the purpose of 
this study, the definition provided by Verschaffel, Greer, and De Corte (2000) as well 
as Sepeng & Webb (2012) is used. These researchers define word problems as 
“textual descriptions of situations assumed to be comprehensive to the reader, within 
which mathematical questions can be contextualised”. They also highlight that word 
problems “provide, in convenient form, a possible link between the abstractions of 
pure mathematics and its applications to the real-world phenomena” (op.cit.: ix). 
According to Palm (2009), mathematical word problems include pure mathematical 
tasks “dressed up” in a real-world situation that require that the learners “undress” 
these tasks and solve them. 
According to Lave (1992), word problems-solving describes stylised representations 
of hypothetical experiences separated from the students’ experiences. In word 
problem-solving, students’ minds could be torn between two types of knowledge 
systems that the word problem activates – one developed in the traditional 
mathematics classroom and the other developed through real-world experiences 
(Inoue 2005). 
Socio-cultural and linguistic factors 
One of the methodological issues, which socio-cultural approaches have yet to 
satisfactorily address, arises from the increasingly multicultural nature of 
mathematics classrooms in South Africa and perhaps elsewhere in the world. 
Students’ interpretations of mathematics classroom interaction relate in part to their 
different social, cultural and linguistic backgrounds. Analysis of classroom 
interaction needs to find some way of taking account of this diversity, or it risks 
imposing a single cultural perspective, that of the researcher. Discursive psychology 
has the potential to address some of the above-mentioned issues. 
Ellerton & Clements (1991) agree that while the process children use to solve word 
problems are clearly a psycholinguistic concern, much research in this area has been 
conducted by the persons primarily interested in the cognitive processes of problem-
solving, and they have not focussed on the language of the problem or of the problem 







Long Papers 


 172 


solver. The overlap between ‘psycholinguistic’ and ‘problem-solving’ was the subject 
of comment by Rosenthal & Resnick (1974), who describe word problems in 
arithmetic as tasks which require the integration of linguistic and arithmetic 
processing skills. They argue that in word problems, a situation is described in which 
there is some modification, or combination of quantities. 
Riley, Greeno & Heller (1983) demonstrated three information-processing models 
that simulate children’s different levels of performance on change, combine and 
compare problems, and applied these models to a sample in North America. This and 
other similar research (e.g., Adetula 1989; De Corte & Verschaffel 1989) has 
received acclaim with the result that in the US large teacher professional 
development programs are based on it. However, Clements and Del Campo (1987) 
present Australian data which could rarely, if ever, be caused by the strategies 
hypothesised by Riley et al. (1983), and a similar deduction was obtained by Lean, 
Clements & Del Campo (1990). Lean et al. showed that the differences in 
performance were clearly associated with sociolinguistic factors, arising from the 
questions being in English, which was, for almost all of the Papua New Guinea sub-
sample, a second, third or even fourth language. Research (Clements & Del Campo 
1987; Harris 1997) has shown that further investigations into cultural factors, 
including studies of the language and thinking patterns used by parents and teachers 
when they interact with young children, are needed. 
Hater, Kane & Byrne (1974) have pointed out that, although teachers have often 
assumed that incorrect solutions to word problems have arisen from lack of 
understanding of mathematical concepts or a deficiency in computing skills, in fact, 
the errors have been caused by an inadequate understanding of the language of 
mathematics. Briars & Larkin (1984) presented a model of problem-solving ability 
that simulates solution performance characteristics. Although somewhat tempered 
with “set language” and memory resource constraints, the primary mechanisms 
contributing to solution performance in this model are deficiencies in conceptual 
knowledge. Unlike Riley et al. (1983), however, this conceptual knowledge includes 
such things as the ability to understand subset equivalences and the ability to 
understand that things can be undone in time. 
A major source of difficulty with mathematical word problems is the fact that the 
language of mathematics and the language of common English usage often differ in 
important ways (Ellerton & Clements 1991). According to Kane (1968) there are four 
key difference between the two languages: (i) there are fewer redundancies in the 
language of mathematics; (ii) names given to mathematical objects usually have only 
a single denotation in mathematical language; (iii) adjectives are usually unimportant 
in mathematical language; and (iv) the grammar and syntax of mathematical 
language are far less flexible than is the case for general English. However, despite 
such differences being well-known, many children still encounter challenges in 
reading and writing mathematics because not much has been done by teachers to 
counter this (Durkin 1978). 







Long Papers 


 173 


Teachers’ and learners’ conceptions of real-wor(l)d problems 
This topic of real-world knowledge and realistic considerations in students’ solutions 
of arithmetic word problems has attracted the attention of many researchers in 
mathematics education. Several studies (Silver, Shapiro & Deutsch 1993; 
Verschaffel, De Corte & Lasure 1994) have addressed this issue by looking at 
students’ approaches to, and solutions of non-standard or problematic arithmetic 
word problems wherein the appropriate solution or mathematical model is neither 
obvious nor indisputable, at least if one seriously takes into account the realities of 
the context evoked by the problem statement. 
An increasing number of researchers have consistently suggested that current school 
instruction given for arithmetic word problems is likely to develop in students’ 
tendency to exclude real-world knowledge and realistic considerations from their 
solution processes (Cooper & Harries 2005). 
For many children in elementary school, emphasis has been put on syntax and 
arithmetic rules rather than treating the problem statement as a description of some 
real-world situation to be modelled mathematically (Xin 2009). For example, studies 
(Liu & Chen 2003) conducted on 148 Chinese students from 4th and 6th grade, 
reported that only one fourth (26%) of the students’ solutions of problems were from 
a realistic point of view (attending to realistic considerations). Almost half (48%) of 
the responses revealed a strong tendency to exclude real-world knowledge, and in the 
rest of the cases, no answer was given. 
Cooper (1998) offered a different explanation for the reason behind the unrealistic 
solutions, arguing that it stems from the socio-cultural norm of schooling that 
emphasises de-contexualised, calculation exercises. It is further reported that students 
tend to give more realistic answers if a real wor(l)d problem is presented as a social 
studies problem, rather than a mathematics problem (Säljö & Wyndhamn 1993). 
According to Inoue (2009), the unrealistic solutions may not simply stem from 
mindless or procedural problem-solving, but could originate in students’ diverse 
efforts to make sense of the problem situation and the nature of the problem-solving 
activity in socio-cultural contexts. In actual fact, Verschaffel et al. (2000) have 
suggested that many students whose problem-solving did not seem to reflect familiar 
aspects of reality are known to defend their answers when their attention is drawn to 
the issue. Inoue (2005) argues that looking into students’ justifications of their 
seemingly unrealistic answers can inform us of the various ways in which students 
interpret and make sense of the problem situation as well as the nature of problem-
solving activity. 
Language and achievement in mathematics 
The mathematics achievement gap between English Second Language (ESL) learners 
and English First Language (EFL) speakers has been well documented (Secada 1992; 
Strutchens, Lubienski, McGraw & Westbrook 2004). Internationally and in South 
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Africa, there is no long history of research into the specific mathematics schooling 
experiences of English second language learners. However, in the past few decades a 
growing number of scholars in the (mathematics) education community have 
suggested expanding the sphere of mathematics education research into the socio-
cultural arena in order to understand the schooling and mathematics outcomes of 
these learners more fully (e.g., see Atweh, Forgasz & Nebres 2001; Burton 2003). 
Such research originates outside the realm of ‘traditional’ mathematics education 
research and theory and supports Weissglass’ (2002) assertion that the historical 
contexts and the socio-cultural structures in which mathematics and mathematics 
teaching and learning are embedded have a significant effect on learners’ 
mathematics learning and performance, especially on those learners who have been 
historically marginalised (Sepeng 2011). 
In South Africa, as in many previously colonised countries in Africa and Asia, there 
is an added level of complexity in terms of learner achievement in mathematics 
(Alidou & Brock-Utne 2005; Sepeng & Webb 2012). This added level of complexity 
hinges on the fact that mathematics is both taught and learned in a second language 
(English) in a majority of schools in both rural and urban areas (Taylor & Vinjevold 
1999). For this reason issues of second language learning of mathematics are an 
integral part of this study and are discussed below. 
REAL-LIFE MATHEMATICAL WORD PROBLEM WITHOUT REAL 
MEANING AND CONTEXTS 
The situation in most parts of South Africa is similar to that in which many Western 
learners have been challenged by the famous “shepherd’s age” problem (e.g., ‘There 
are 125 sheep and 5 dogs in a flock. How old is the shepherd?’(Nesher 1980). Most 
of these learners would answer “130”, as they normally do in the classroom. Similar 
studies on realistic problem-solving have been conducted in China (see Liu & Chen 
2003; Xin, Lin, Zhang & Yan 2007; Xin & Zhang 2009; Xu 2007), where learners 
are often confronted with word problems such as: ‘There were 5 birds on a tree. If 
one bird was shot down by a hunter, how many birds are left?’. A more realistic 
answer to the problem would be ‘None, because all of the other birds would be 
frightened away by the sound of the shot’ (Xin 2009), however, most of these learners 
would give an answer as “4”. 
METHOD 
Both quantitative and qualitative methods were used in this study. The study can be 
viewed as a mixed-methods design with quantitative data informing the qualitative 
results (Babbie & Mouton 2008). Quantitative data were gathered from the pre-
testing of sense-making problem-solving abilities of learners. Six township secondary 
schools were chosen as a convenience sample of a cluster of similar schools in a 
metropolitan city. The sample consisted of ninth grade learners (n=107) from four 
schools. 
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Research Design 
The study investigated what the situation was in terms of problem-solving abilities of 
Grade 9 English second language learners with respect to use of personal out-of-
classroom mathematics knowledge in solving real-life mathematical word problems 
without real meaning. The task presented in both isiXhosa (learners’ home language) 
and English (language of instruction) was used to establish how the learners engaged 
in problem-solving, and what difficulties they may have mathematically in making 
sense of this problem statement. Then I wanted to see if language used in the task had 
any effect on learners’ problem-solving abilities and sense-making. In doing so, 54 of 
the 107 learners wrote the test in English and the rest in isiXhosa (EI group), and then 
vice versa (IE group). After marking the learners responses, 7 learners were 
purposefully selected to participate in a focus group with the aim of understanding 
why the solved the task the way they did. 
Design Type 
Learners were given a real-life mathematical word problem without real meaning, 
similar to the problems discussed above as indicated in Table 1. 


Table 1: Real-life Mathematical Word Problem Without Real Meaning (PWRM) 
You have 10 red pencils in your left 
pocket and 10 blue pencils in your 
right pocket. How old are you? 


Uneepensile ezilishumi ezibomvu 
kwipokotho yakho yasekhohlo, 
uphinde ubeneepensile eziluhlaza 
ezilishumi kwipokotho yakho 
yasekunene. Mingaphi iminyaka 
yakho? 


RESULTS 
The results revealed that learners had a string tendency to relegate real-world 
knowledge and realistic considerations from their solution processes to this task. The 
results of the English-isiXhosa (EI) and isiXhosa-English (IE) groups are discussed 
below. All the learners’ responses were classified into four categories based on their 
written answers and their responses to the clinical interview questions. They are 
discussed in the next sub-sections. 
Quantitative Data 
Table 2 shows statistical results of learners’ responses to a problematic word problem 
without real meaning for the 3 items. At a general level, both English and isiXhosa 
translation produced high percentages, respectively, 86% and 75% situational 
inaccurate responses. On average, the pre-test results illustrate that 81% of the 
responses showed a strong tendency to exclude real world knowledge and lack of 
common-sense understanding. Similar findings have been replicated for a wide 
variety of problems, across different age levels and socio-cultural settings (see 
Verschaffel et al. 2000). In fact and as can be seen in this study, learners solved the 
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‘age’ problem by a mere use of numbers given in a problem statement. As a result, 
only 2% and 5% of the responses considered realistic factors of the problem 
statement in both English and isiXhosa translations respectively. 
Table 2: Percentages (and absolute numbers) of learners’ responses 


Item Learner’s Age 20YRS Other Answer 
English 2% 


(2) 
86% 
(92) 


12% 
(13) 


isiXhosa 5% 
(5) 


75% 
(80) 


20% 
(22) 


Total 3% 
(7) 


81% 
(172) 


16% 
(35) 


Qualitative Data 
The EI and IE groups 
The data show that learners who wrote the English pre-test first had a stronger 
tendency to relegate and exclude realistic considerations and real world knowledge in 
their solution processes. The extracts below show learners’ responses to and 
justifications of their “unrealistic” solutions after being probed. 


Extract 1 
R(esearcher): How did you approach this question? 
L(earner) 3: My age is 20 years old, I added up 10 red pencils and 10 blue pencils and I got the 


answer 20. 
R: OK, what about you L5? How did you approach the question? 


L5: I added up 10 red pencils and 10 blue pencils then I got the answer 20. 
R: Any other different approach? 


Ls: None. 
R: Your solution may not work in real life because of real factors. Why did you 


answer that way? 
L6: The question said you have 10 pencils on this side and another 10 pencils on the 


other side, so I thought because of the question did not ask anything on personal 
details and then I thought when you add up the pencils from both sides, it bring up 
the total of your age or something. 


L3: It’s because the question didn’t ask how old you are in real life. 


The text in Extract 1 shows that these learners struggled and were unsuccessful to 
recognise everyday knowledge and their understanding of everyday practices 
described in the word problem. Cooper (1998) offers a different explanation for the 
reason behind the “unrealistic” solutions, suggesting that it originates from the socio-
cultural norm of schooling that emphasises de-contextualised, calculation exercises. 
In actual fact, learner 3’s argument that “The question didn’t ask how old you are in 
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real life” confirms Cooper’s view, that the learners’ “unrealistic” responses reflect 
the learners’ relationship to school mathematics and their willingness to employ the 
approaches stressed in school. 
Reality in problem-solving 
In solving this problem, the grade 9 learners readily responded “I am 20 years old”, 
as if their own age could be determined by the reasoning that “I added up 10 red 
pencils and 10 blue pencils”. Schoenfeld (1991) characterised this type of problem-
solving as “suspension of sense-making”, referring to the disconnect between 
learners’ understanding of reality and problem-solving. As such, both EI and IE 
learners’ problem-solving was lessened and relegated to a procedural, mechanical 
task with little or no sense-making beyond the number procedures used in this 
problem. 
Meaning-making of problem statement 
All the written responses that reflected the common-sense understanding of everyday 
practice were categorised as sense-making of problem statement. In extract 1, learner 
6 argued that “So I thought because of the question did not ask anything on personal 
details and then I thought when you add up the pencils from both sides, it bring up 
the total of your age or something”, symbolises Lave’s (1992) description of word 
problem-solving as stylised representation of hypothetical experiences separated from 
learners’ experiences. According to Inoue (2005), learners’ minds could be torn 
between two types of knowledge systems that the word problem activates: one 
developed in the traditional mathematics classroom and the other developed in 
through real-world experiences. In this study, the learners who gave calculation 
answers appeared mindless and mechanical; however, pre-intervention observations 
into these classrooms revealed that what is really problematic seems to be the lack of 
the opportunity for the learners to freely bridge the calculation answers and their 
everyday life knowledge. 
Personal interpretation of problem situation 
Most of the learners’ responses were largely influenced by personal interpretation of 
the problem statement based on quantitative information that led to word problem-
solving resulting in calculation exercises, and not a solution that makes sense in terms 
of their everyday knowledge and experiences. Most of the learners in the EI and IE 
groups interpreted the problem situation the same way, with justifications pointing 
the same direction of reasoning. Extract 1 shows that when the learners answered: 
“20 years old”, it was not because they did not know their actual age, or they did not 
understand the relevant mathematical concept (Frankenstein 2009). Rather, it was, as 
(Pulchaska & Semadini 1987) suggest, because learners give illogical answers to 
problems with irrelevant questions or irrelevant data is that those learners believe 
mathematics does not make any sense. 
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DISCUSSION 
The overall results obtained word problems without real meaning task illustrate that 
learners’ performance on word problems differs dramatically depending on how the 
problems are designed (Verschaffel, Greer & Van Dooren 2009). In addition, such 
word problems require more extensive consideration of how the situation (or context) 
should be modelled, and if the information provided is relevant and sufficient for 
solving the problem (Säljö, Riesbeck & Wyndham 2009). The quantitative results of 
this study demostrate that learners have a tendency to respond to the problems even if 
the information  given is irrelevant to answering the question given (Sepeng 2011). In 
fact, it is interesting to see that intercultural comparison studies show similar findings 
(Säljö et.al. 2009; Verschaffel et al. 2000; Xin 2009). 
A report by Julie & Mbekwa (2005) raises concerns with the way in which the notion 
of what constitutes a relevant context might not be in the same for curriculum 
developers, teachers, and learners. In other words, the overall results of the study 
suggest that some of the mathematics word problems used in school curricula are not 
relevant to and do not address the socio-cultural situations faced by and known to the 
learners from poor socio-economic backgrounds. Sethole (2004) suggests that 
foregrounding of context may lead to a loss of focus on the development of 
conceptual mathematics knowledge and render the mathematics invisible or 
inaccessible. Contrary to this, the results of this study suggest that with well-planned 
and effective teacher development interventions, the issue of context and meaning in 
mathematics teaching may play a pivotal role in the development of learners’ 
problem-solving abilities. The pre-test results indicated that current school instruction 
given for mathematical word problems is likely to develop in students a tendency to 
exclude real-world knowledge and/or reality in their solution processes (Cooper & 
Harries 2005; Greer 1997; Verschaffel, De Corte, Lasure, Vaerenbergh, Bogaerts & 
Ratinckx 1999). 
CONCLUSION 
Computational errors made by the learners, in particular number skills, appear to 
stem from the inability to use language(s) (home and/or LoLT) effectively in order to 
solve problems in a realistic situation. This finding suggests that mathematics 
practitioners (i.e., teachers, teacher educators, textbook authors, etc.) should generate 
mathematics activities that take into consideration the reality of the situations that are 
related to learners’ out-of-school mathematics. Learners should be afforded 
opportunities to use their everyday life experiences and knowledge when making 
sense of problems. In doing so, there should be a smoother movement between 
learners’ informal language and formal written mathematical language. 
As such, recognition of the role of common sense and out-of-school knowledge in 
learning mathematics word problems, coupled with considerations of the 
complementary roles of learners’ home language and the language of learning and 
teaching in multilingual classrooms, appear to be potentially fruitful approaches to 
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teacher development in the multilingual contexts found in South African mathematics 
classrooms. In addition, the findings of this study should provide insights for 
individuals and groups who strive to empower mathematics teachers with innovative 
and effective pedagogies, particularly those who attempt to assist second language 
learners to use their everyday life knowledge, experiences, and common-sense 
understanding freely when solving mathematics word problems. 
The data generated via word problems task in this study revealed that an 
inappropriate use of contexts, particularly when learners are invited to engage in the 
real world, but then penalised for doing so, results in classroom inequalities (Boaler 
2009). As learners learn to answer nonsensical questions about ‘number of blue and 
red pencils in your pocket’, they come to believe that mathematics classrooms are 
strange places in which common sense cannot be used. 
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STUDENTS’ INTERPRETATIONS IN LEARNING 
DERIVATIVES IN A UNIVERSITY MATHEMATICS 


CLASSROOM 
Sibawu Witness Siyepu 


Cape Peninsula University of Technology 
 
This is part of a study which investigated students’ interpretations in learning 
derivatives owing to errors they displayed in an extended curriculum programme. 
This article focuses on errors that are displayed by students in derivatives of 
trigonometric functions. Thirty students registered for mathematics in chemical 
engineering were selected to participate in this project. The researcher used a 
qualitative case study approach and collected data through students’ audio and 
video recordings. The study used Dubinsky’s 1991 Actions; Processes; Objects and 
schema (APOS) theory to analyse the data collected. Students demonstrated 
different types of errors, namely, conceptual, interpretation and arbitrary. The use 
of APOS theory in instructional practices showed that students gain understanding 
of derivatives of trigonometric functions. 
INTRODUCTION AND BACKGROUND 
The poor performance in mathematics persists despite several attempts done to tackle 
factors considered as the ‘key’ in perpetuating weaknesses among students in South 
Africa. Feza-Piyose (2012: 62) asserts that “one of the contributing factors to the 
poor performance of students in mathematics is quality of instruction received by the 
majority of South African students”. This proposes that there should be special 
attention given to the design of lesson plans to increase opportunities of students to 
gain understanding in mathematics instructions. Reynolds & Wheatley (1996: 564) 
claim that “in order for lecturers to provide learning opportunities for students, 
lecturers should reflect on what it means for the student to learn mathematics”. 
It is difficult to conclude that students understand lessons presented by teachers in 
their classrooms. Siyepu (2013: 13) asserts that “the meaning of the word 
‘understanding’ is controversial in teaching and learning of mathematics”. 
Researchers such as Hiebert & Carpenter (1992) and Stylianides & Stylianides 
(2007) emphasise that students understand mathematics when they link their existing 
mathematical concepts and procedures to make connections to solve new problems 
that require solutions based from previously learned strategies. 
This study focuses on errors exhibited by students in audio and video recordings 
when they differentiate trigonometric functions. Poor performance of students in 
mathematics is also ascribed to misconceptions and errors that they bring to higher 
education from elementary levels (Brodie 2006; 2010; Kiat 2005; Luneta & Makonye 
2010). 







Long Papers 


 184 


A misconception is a conceptual structure, constructed by the learner, which makes 
sense in relation to her/his current knowledge, which is not aligned with conventional 
mathematical knowledge (Nesher 1987; Smith, DiSessa, & Roschelle 1993).  In this 
study the researcher uses the word ‘errors’ to refer to systematic, persistent and 
pervasive patterns of mistakes performed by students across a range of contexts 
(Nesher 1987). 
The essence of this study is to investigate students’ interpretations in their learning of 
derivatives owing to errors and misconceptions they display in their solutions.    
LITERATURE REVIEW 
Students’ poor performance in mathematics raises uneasiness among mathematics 
teachers; educators; subject advisors; curriculum developers; department of education 
officials and other interested parties. In South Africa there is no single cause of 
students’ poor understanding of mathematics (Reddy 2004). Reddy (2004) highlights 
several reasons such as resources and infrastructure of schools, low teacher 
qualifications, and poor learning cultures in schools. Siyepu (2012) asserts that one of 
the factors that contributes in students’ poor performance in mathematics originates 
from errors they make in their attempts to solve mathematical problems.   
Students’ difficulties in calculus 
The study of calculus, with its fundamental concepts of limit, derivative and integral, 
requires an ability to understand algebraic variables as generalised numbers and as 
functionally related varying quantities (Gray, Loud & Sokolowski 2009). Gray et al. 
(2009: 71) suggest that “calculus instruction should continue to emphasise the 
differing uses of variables in various contexts and strive to develop students’ 
conceptions of variables as changing and co-varying quantities”. Luneta & Makonye 
(2010: 167) state that “students’ performance in calculus is undermined by weak 
basic algebraic skills of factorisation, handling operations in directed numbers, 
solving equations, and poor understanding of indices”. They further argue that 
algebraic incompetence has a direct impact on learning calculus. They suggest that 
lecturers should be aware of the educational backgrounds of the first-year university 
students in order to design learning activities that may close any gaps that exist 
between matriculation and the first-year university levels. 
Calculus has been a problematic and a difficult subject for many students in many 
parts of the world (Barnes 1995). Students often misunderstand the notion of a 
function and the concept limit which is the cornerstone of several related concepts 
such as continuity, differentiability, integration and convergence of sequences and 
series (Tarmizi 2010).  
Students’ understanding of first principles of differentiation 
The understanding of the first principles of differentiation is the building block to the 
understanding of various rules of differentiation. Ryan (1992) indicates that most 
students have a limited concept image for the gradient. He recommends that the 
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development of global ideas associated with the gradient of a straight line should be a 
focus of learning before the idea of gradient of a curve is introduced in beginner 
calculus. He further elaborates that some students are still indicating fundamental 
problems with slope as a rate of change and are keying into the x -axis rather than the 
nature of the slope to state whether it is positive, zero or negative. 
Students’ understanding of the concept derivative  
Pillay (2008) and Zandieh (1997a; 1997b; 2000) suggest that the concept of a 
derivative can be represented in many ways, for instance graphically as the slope of a 
tangent line to the curve at a point, verbally as the instantaneous rate of change, 
physically as speed or velocity and symbolically as the limit of the difference 
quotient. 
The symbolic representation of the derivative is an expression for the average 
gradient, which is written as


h
xfhxfxf


h


)()(lim)(
0


−+=′
→


. The derivative as the rate of 


change uses the Leibniz’s notation. In Leibniz's notation for differentiation the 
derivative of the function f(x) is written


dx
xfd ))(( . If we have a variable representing a 


function, for example if we set )(xfy = then we can write the derivative as
dx
dy . 


Calculus requires a high level of conceptual understanding, yet many students 
struggle to make sense of differentiation (Parameswaran 2007). Some students show 
an inadequate understanding of the concepts of function and variable (Barnes, 1995). 
She also claims that there is a lack of awareness that a derivative is a rate of change. 
Uygur & Ozdas (2005) assert that the derivative is a difficult concept for many 
students. They further explain that it is worse when the function considered is a 
composite function. Tall (1993: 19) indicates that “the Leibniz notation 


dx
dy   proves to 


be almost indispensable in the calculus”. Yet it causes serious conceptual problems 
with students whether it represents a fraction or a single individual symbol (Tall, 
1993). He further explains that one difficulty with the notion of the chain rule is the 
dilemma of whether the du can be cancelled in the equation


dx
du


du
dy


dx
dy ×= . 


Students’ understanding of rules of differentiation 
Studies of students’ difficulties with calculus topics may offer insights into 
understanding misconceptions and errors which are committed by students when 
doing calculus (Clark, Gordero, Cottrill, Czarnocha, DeVries, John, Tolias & 
Vidakovic 1997). Mundy (1984: 171) asserts that there is “a tendency of calculus 
students to operate at a rote level of procedures and symbol manipulation, which is 
not supported by an understanding of the concepts involved”. As a result, students 
fail to use calculus strategies when dealing with non-routine problems (Clark, et al. 
1997). 
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Barnes (1995: 4) suggests that “students should not be taught rules for differentiation 
until they have developed a good understanding of what a derivative is, and a 
familiarity with the relationship between a function and its derivative”. She further 
elaborates that students should explore techniques on how to find and investigate 
derivatives of a variety of different functions. She emphasises that this may help to 
avoid what Ryan (1992) has described as ‘the rush to the rule’, where the meaning is 
ignored or forgotten, and students operate on a purely mechanical level, pushing 
symbols around on paper.  
The chain rule is a calculus concept that causes difficulties for many students 
(Wangberg, Engelke & Karakok 2010). The derivatives of trigonometric functions 
become complicated when they need the application of the chain rule. Literature also 
shows that function composition is particularly problematic for students (Engelke, 
Oehrtman & Carleson 2005). Some students are introduced to the chain rule as 
merely a rule that should be applied without much attempt to reveal the reasons for 
and justification of the procedure (Orton 1983). The chain rule concept, as an 
example of a schema, requires students’ understanding of standard derivatives and 
the basic rules of differentiation (Clark, et al. 1997).  
The literature related to studies in calculus provides evidence that students develop 
more procedural than conceptual understanding in differentiation with regard to the 
application of the chain rule (Wangberg et al. 2010). Wangberg, et al. argue that 
some students fail to recognise that differentiating functions such as y = cosπ x  
require the use of the chain rule.  
THEORETICAL FRAMEWORK  
This study is based on APOS theory. The acronym APOS, denoting actions, 
processes, objects, and schemas refers to mental structures an individual may build in 
responses to mathematical problem situations (Weller, Arnon & Dubinsky 2011). 
Research based on this theory requires that for a given concept the likely mental 
structures need to be detected, and then suitable learning activities should be 
designed to support the construction of those mental structures (Maharaj 2013). The 
aim of applying APOS theory is to reveal the nature of students’ understanding rather 
than to provide a statistical comparison of students’ mathematical scores (Weller, 
Clark, Dubinsky, Loch, McDonald & Merkovsky 2003). 
For this study the researcher adopted the investigation cycle of Asiala, Brown, De 
Vries, Dubinsky, Mathews & Thomas (1996) to develop theoretical analysis, design 
and implementation of instruction and to collect and analyse the data.  The 
investigation cycle through the steps is as shown in Figure 1. 
Stages of APOS theory 
APOS theory postulates that a mathematical concept develops as one tries to 
transform existing physical or mental objects (Maharaj 2013). The descriptions of 
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action, process, object and schema given below are based on those given by Weller, 
et al. (2011: 131). 


 
Figure 1: Investigation cycle used in APOS theory.  


A transformation is first conceived as an action, in that it requires specific 
instructions and the need to perform each step of the transformation explicitly. As an 
individual repeats an action and reflects on it, it may be interiorised into a mental 
process. A process is a mental structure that performs the same operation as the 
action but wholly in the mind of the individual. If one becomes aware of a process as 
a totality, realises that transformations can act on that totality, and can actually 
construct such transformations, and then we say the individual has encapsulated the 
process into a cognitive object. 
A mathematical topic often involves many actions, processes, and objects that need to 
be organised and linked into a coherent framework, called a schema. An APOS 
analysis of a mathematical concept consists of the actions; processes; objects; 
schemas and their relationships that might make up an individual’s understanding of 
the concept. 
RESEARCH METHODS 
This is a single qualitative case study research.  Merriam’s (1988: 16) definition is: 
“Qualitative case study can be defined as an intensive, holistic description and 
analysis of a single entity, phenomenon or social unit. Case studies are particularistic, 
descriptive and heuristic, and rely heavily on inductive reasoning in handling 
multiple data sources.” Particularistic means that a case study focuses on a particular 
situation, event, program, individual, institution or phenomenon. The case itself is 
important for what it reveals about the phenomenon and for what it might represent. 
This specificity of focus makes it an especially good design for practical problems 
(ibid.). 
Research participants 
The research participants of the study were the thirty students who were registered 
for mathematics in the department of chemical engineering in an extended curriculum 
programme in the academic year of 2009. They were borderline cases as they did not 
meet the minimum requirements of the main engineering stream. 


Design and implementation of instructionCollection and analysis of data


Theoretical analysis
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Data collection 
Data were collected by means of audio and video recordings. Audio and video 
recordings encompass observations of students solving differentiation problems in 
the form of classroom exercises. There were five lessons observed in the classroom 
but only lesson reported in this study. 
Audio and video recordings 
Audio and video recordings can provide researchers with a more complete sense of 
who the participants are, and acquaint researchers with the setting in which the 
people function and types of activities that participants do (Dufon 2002). Replaying 
the event also allows researchers more time to study and think about the data before 
drawing conclusions (Dufon 2002). 
The students did calculations on a whiteboard, while the researcher and other 
students observed and made additions to correct errors and misconceptions. They also 
asked questions and assisted in explanation. 
The audio and video recordings supported the data collection process through 
bringing a high level of detail regarding the researcher’s and students’ interactions 
(Pelling & Renard 1999).  The researcher used a tutorial in the audio and video 
recordings to revise for the upcoming test towards the completion of differentiation. 
The use of audio and video recordings was to capture the lesson as it occurred and, it 
is then also possible to relive the lesson at the convenience of the researcher 
(Mbekwa 2003). The session was audio and video recorded in a lecture room. 
The researcher and students in the sample group gathered in a lecture room to revise 
the previous test as given in Figure 2. 


Find the derivatives of the following functions and leave your answer in the 
simplest form. 


1.1  y = secθ
1− cosecθ


 


1.2  y = x3e2 x+3 cos x  


1.3  y = sec2 xe− tan
2 x  


Figure 2: Test revised by the students for audio and video recordings. 
The revision of the previous test was to find students’ interpretations and to give 
them a feedback to correct their misconceptions and errors as they worked with the 
researcher and other students to differentiate these problems during a class 
discussion. The students were free to ask questions when they did not understand the 
concepts and procedures that were applied to reach a correct solution. 
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Data analysis 
In audio and video recordings, several strategies that were used by students to solve 
differentiation problems were identified. As this had been audio and video recorded 
the CD was replayed and transcribed with errors and misconceptions noted as the 
students showed their calculations in the video. This also depicted the researcher and 
other students intervening to correct and rectify errors and misconceptions made by 
other students through open discussion. 
Students demonstrated errors namely conceptual, interpretation and arbitrary errors.  
Conceptual errors were identified as what Kiat (2005) describes as those that show a 
failure to grasp the concepts in a problem and also failure to appreciate the 
relationships in a problem. 
Interpretation errors were identified as what Olivier (1989) describes as interference, 
where students tend to wrongly interpret the concept due to over-generalisation of the 
already existing schema. Arbitrary errors were identified as what Orton (1983) 
describes as those in which the subject behaved arbitrarily and failed to take account 
of the constraints laid down in what was given. 
RESULTS RELATED TO STUDENTS’ WORK AS REFLECTED FROM THE 
AUDIO AND VIDEO RECORDINGS 
In the audio and video recordings three students showed their solutions on a 
whiteboard, whilst representing their groups. The students demonstrated errors that 
were already described above. 
The researcher intervened by explaining appropriate procedures, describing concepts 
that were interpreted incorrectly as the students expressed themselves explaining their 
understanding of the derivatives of trigonometric functions. 
The first student argued that her understanding is that logarithmic differentiation is 
applied only when the base of the function is in the form of a variable, and the index 
is also a variable. In the case of y = x3e2 x+3 cos x , all the terms are not in a 
transcendental form. This student’s question indicated that she confused the 
application of the chain rule with the application of the logarithmic differentiation 
rule. This problem contains three functions whilst the students were familiar with 
differentiation of two functions which make it easy for them to apply the product 
rule. 
The second student questioned why do we not apply the power rule to differentiate
y = ln x3 . His question might be asked for clarity purposes or else it might show that 
this student did not know the difference between the power rule and logarithmic 
differentiation. This question might symbolise poor conceptualisation. 
The researcher explained that in the case of a natural logarithmic function we do not 
apply the power rule. In the explanation the lecturer made examples of x3  and ln x3  
showing techniques of differentiating these two different functions. He further 
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explained that the first function 3x  requires the application of the power rule with its 
derivative equal to 3x2  and the second function ln x3  requires application of 


logarithmic differentiation to obtain its derivative which is equal to 
3
x


. 


This intervention assisted the student working on audio and video recordings to 
rectify her mistake.  The lecturer also intervened by correcting errors as he 
explained the appropriate procedure involved in cancelling trigonometric functions 
under addition. 
The third student raised a question, which reflected a conceptual error. He wanted to 
know whether it is appropriate to substitute sec2 xwith tan x . 
This question showed that the student did not understand that although the 


derivative of y = tan x  is 
dy
dx


= sec2 x , the derivative of sec2 x is not tan x . The 


researcher explained the appropriate procedure of obtaining the derivative of
y = sec2 x . Another student suggested further simplification of 


′y = [2 tan x − 2 tan2 xsec x]sec2 xe− tan
2 x to ′y = 2 tan x[1− sec2 x]sec2 xe− tan


2 x . The 
researcher explained that to remove a common factor would be an undesirable 
closure, as it is the opposite of simplification. 
The fourth student requested the use of the product rule to differentiate this 
problem. The same student attempted the problem by using the product rule in 
audio and video recorded observations. The student showed that she had poor 
understanding of the standard derivatives. 
DISCUSSION AND IMPLICATIONS FOR TEACHING 


In the case of y = x3e2 x+3 cos x , students who participated in this study showed 
confusion with regard to this problem. All the terms are not in a transcendental form 
but still the nature of the problem requires application of logarithmic differentiation. 
Students’ responses indicate that they are at an action level of APOS theory with 
regard to this problem. Their interpretations show that they assume the nature of 
this problem requires application of the product rule of which it is not in this case. 
These students worked with the product rule for a long time when they encounter 
two functions joined by a multiplication sign. As a result it came first in their minds 
that even in a problem with three functions joined by a multiplication, the product 
rule applies. This suggests that lecturers should familiarise students with the 
application of a logarithmic differentiation in problems that are not in 
transcendental form as some cannot be differentiated with the application of the 
product rule. This can be done by providing tutorials or exercises that have a variety 
of problems requiring the application of logarithmic differentiation. 
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In case of  y = sec
2 x ⋅e− tan


2 x
 two different approaches apply. Some few students 


applied the product, and obtained a correct solution and many students applied the 
logarithmic differentiation. Although both of these two methods work some 
students indicated that they thought only logarithmic differentiation that works. 


All students who participated in this study demonstrated understanding with regard 


to the differentiation of y = secθ
1− cosecθ


. This shows that these students are at a 


schema level of the APOS theory with regard to the quotient rule of trigonometric 
functions. 
This study showed that students’ poor understanding of differentiation is based on 
poor conceptualisation. They demonstrate inadequate interpretation of concepts; as 
a result they fail to link mathematical symbols and formulae with appropriate 
procedures to be applied.  This study reveals that classroom interactions that focus 
on making sense of mathematical symbols; rules and formulae might assist students 
to develop meaningful understanding of mathematics. 
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QUANTIFYING QUALITATIVE NUMERACY INTERVIEW DATA 
Debbie Stott and Mellony Graven 


South African Numeracy Chair Project, Rhodes University 
 
In this paper we explore the usefulness of generating quantifiable data from orally 
administered numeracy assessment interviews. The data primarily derived from these 
interviews allows powerful profiling of an individual learner’s mathematical 
proficiency across a range of the key aspects using the Learning Framework in 
Number (LFIN) developed by Wright, Martland, Stafford, and Stanger (2006). We 
use the LFIN as intended to profile our individual club learners but we have found 
that by using the LFIN as the construct around which to generate quantifiable data 
we are able to gain a broader picture of our club’s progress and the learners within 
them. We hope that by presenting these insights that we can add to the body of work 
that uses the LFIN and provide exemplification for how it may be used in a South 
African maths club context. 
INTRODUCTION: CONTEXTUAL BACKGROUND 
The aims of the South African Numeracy Chair (SANC) project focuses on a 
dialectical relationship between development and research. Our research community 
consists of full time and part time doctoral and masters students researching in the 
field of numeracy education under the supervision of the Chair. The first author is a 
full time doctoral fellow and intern in the SANC project researching the nature of 
student learning within Grade 3 after-school maths clubs. The first author is also 
responsible for the design and setting up of the clubs. In terms of development, our 
teacher development programme, the Numeracy Inquiry Community of Leader 
Educators (NICLE) runs alongside other learner focused activities which foreground 
the importance of numeracy as well as creating a ‘maths is fun’ ethos in schools. One 
initiative we piloted in 2011 and began in 2012 was the introduction of after school 
maths clubs. These have become a key aspect of our work. The conceptualisation and 
design of these clubs has been elaborated in previous work (Graven & Stott 2012a; 
Stott & Graven 2013). 
After School Maths Clubs 
Graven (2011) has previously argued that after school mathematics clubs hold the 
potential for increasing student opportunity to learn and enrich their mathematical 
experiences in ways that are free from curriculum and assessment driven teaching 
practices. 
Within the SANC project we run 9 clubs. The clubs run for about an hour every week 
after school during term time. These informal learning spaces allow the learners 
opportunities to actively engage with mathematics and sense making as well as for 
mathematical confidence building. The clubs have been conceptualised in such a way 







Long Papers 


 195 


that both the needs of the whole group and that of the individual learners in the club 
drive the club ‘curriculum’. In other words, we work from where the learners are and 
attempt to develop each learner’s learning trajectory (Simon 1995) from that point. 
Our data is therefore instrumental in developing the way forward for each club. It is 
for these reasons that we have chosen to work with small groups of learners in the 
clubs (normally between 10 and 12). In this way we can review and analyse the data 
collected and constantly view the club as a whole and as a collection of individuals. 
This enables us to be able to zoom out to see a broader picture of the whole clubs’ 
learning trajectory and then to zoom in on specific learner trajectories and the needs 
of the individual learners. The on-going dialectical movement between these drives 
the need to have data to support the different levels of examination. 
CONCEPTUAL FRAMEWORK AND LITERATURE REVIEW 
The SANC project as a whole works towards improving numeracy proficiency 
among learners and bases its notion of mathematical (or numeracy) proficiency on 
Kilpatrick, Swafford & Findell’s (2001) definition of mathematical proficiency. This 
definition comprises five intertwined and interrelated strands of conceptual 
understanding, procedural fluency, strategic competence, adaptive reasoning and 
productive disposition. 
Since the aim is for learners in our clubs to develop mathematical proficiency in each 
of these five strands, we need a way of tracking and seeing how learners actually 
develop towards this fully elaborated notion of mathematical proficiency (Graven & 
Stott 2012b). The Learning Framework in Number (LFIN) developed by Wright and 
his colleagues (Wright, Martland, Stafford, & Stanger 2006) provides us with a 
valuable way of doing this. This framework has been used to research and document 
progress in number learning of five to eight year old students in the first three years 
of schooling. As an intervention programme it involves intensive one-to-one teaching 
of low-attaining students (Wright et al. 1996) but has also been used with students of 
all levels of attainment. The intervention programme known as ‘Mathematics 
Recovery’ (Wright 2003) has been used extensively by school systems in several 
countries including Australia, Canada, the United States, the UK and Ireland (Wright, 
Martland & Stafford 2006). 
Whilst Mathematics Recovery has been used and tested in these other countries, it 
has not yet been implemented in a South African context. However, research in South 
Africa on the programme is beginning to grow, particularly by scholars working in 
the SA Numeracy Chairs. See for example Weitz (2012). Due to the nature of our 
South African classrooms, it is not always possible to use such frameworks in a one-
to-one scenario and the power of the framework is never realised in our local context. 
Several research projects within our team are working with the LFIN and aim to 
illuminate how the framework could work in South Africa and at the same time 
contribute to the body of Mathematics Recovery literature with a South African 
perspective. 
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The authors work with a version of the LFIN that combines elements from Wright 
and colleagues 2006 and 2012 works. The key aspects of the LFIN are: 


A. Number words and numerals (including forward and backward sequences) 
B. Structuring numbers 1 to 20 
C. Conceptual place value knowledge (ability to reason in terms of tens and 


ones) 
D. Addition and subtraction 1 to 100 (strategies for counting and solving 


simple addition and subtraction tasks) 
E. Early multiplication and division (Wright, Ellemor-Collins & Tabor, 2012; 


Wright, Martland & Stafford 2006) 
Each of the key aspects of the LFIN can be elaborated into a progression of up to six 
levels or stages. Each aspect has a model describing the characteristics of the levels 
or stages (Wright, Martland, Stafford et al. 2006). 
The LFIN framework is a powerful tool for profiling an individual club learner’s 
mathematical proficiency across the range of the key aspects. Profiling of learners’ 
mathematical proficiency in this way forms a basis for planning our club activities 
and mediatory interventions that are tailored to each learner’s current levels of 
proficiency and strategies (Wright 2003). It also gives us a way of seeing if there is 
progression from one level (stage) to another, over time for the individual learner. 
Additionally, the LFIN and the principles of Mathematics Recovery have provided 
the basis for our orally administered numeracy instrument (see section below) as well 
as a way of structuring and reporting on data from these instruments as we do in this 
paper. 
GATHERING DATA ON LEARNER MATHEMATICAL PROFICIENCY 
In early 2012 we introduced a one-to-one, individual oral interview instrument into 
the clubs. For this instrument we drew on the work of Askew and his team in the 
Effective Teachers Of Numeracy study conducted in England in the nineties (Askew, 
Brown, Rhodes, Johnson & William 1997). They gave us their permission to use the 
instrument and provided us with a copy. From this we were able to select and adapt 
various items they used in assessing learners’ numeracy proficiency. However the 
work of Wright et al. (2006) on Mathematics Recovery also provides excellent 
opportunities and examples of assessment items that enable one to gauge learner 
progress through various stages of numeracy development. This framework (LFIN) 
has been briefly explained above. The assembled instrument (of 24 tasks in total) 
combines tasks (sometimes adapted) from both these key works. Individual tasks are 
grouped together to constitute a full picture for a particular LFIN aspect. The 
instrument is translated into Afrikaans and isiXhosa as these languages are widely 
spoken in the area. Learners are interviewed in their language of learning and 
teaching with translation into their home language where necessary. 
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In this paper we report on data derived from interviews with seven learners in one 
club. This club is one of two case study clubs of the first author’s doctoral research. 
These learners were drawn from two grade three classes at one school and were 
selected to participate in the club by their teachers. The language of learning and 
teaching of the school and the club is English. The club initially had 12 learners but 
for various logistical reasons such as transport arrangements, five learners dropped 
out. 
The instrument was administered individually to each club learner in April 2012 and 
again in November 2012. Individual interviews lasted between 45 to 60 minutes each. 
DATA DERIVED FROM THE INSTRUMENT 
Data collected on the two case study clubs for the first author’s doctoral study is by 
and large qualitative. Preliminary findings indicate that this one-to-one oral 
instrument yields rich qualitative data mostly in the form of a profile of the leaner 
against the LFIN framework, the methods used to answer the questions and the time 
it took for them to do so. The instruments primary strength lies in the fact that it 
enables us to tell detailed stories about learners in the clubs. Analysis of the methods 
the learners used to answer the questions posed in the interview enables us to profile 
where the learner is in terms of the aspects and stages of the LFIN and allows us to 
see a clear picture of how the learner is progressing over time. This primary level of 
data using the LFIN as intended forms our first and second level of data for each 
individual learner in the clubs (see Table 2). 


Table 2: Summary of the types of data derived from the interview instrument. 


 


Level 
of 


data 
Data type 


Full 
club 


learner 
profile 


in Early 
Number 


1 INDIVIDUAL Learner LFIN Profile in terms of levels/stages** 


2 INDIVIDUAL Learner methods of answering questions ** 


3 INDIVIDUAL learner MP 
Interview % scores§ 


INDIVIDUAL Learner Aspect MP 
Interview scores§ 


Club 
data 4 CLUB MP Interview % scores§ CLUB Aspect MP Interview 


scores§ 


Key: § yields broad quantifiable, aggregated data 
 ** yields individual qualitative/profiling data 


Bobis, Mulligan & Lowrie (2009) add that a learner’s location in a framework can be 
utilised as a guide in determining the types of learning experiences that will be most 
useful in meeting the learner’s individual needs at that particular stage in their 
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learning. This notion is critical to how we plan activities and mediatory interventions 
subsequent to the first interview. 
Having said that, in line with our need to see both the broad and detailed picture, we 
have found that the instrument can also yield quantifiable data to supplement the 
highly individualised qualitative data that the framework is so useful for. We call this 
quantifiable data the ‘Mathematical Proficiency (MP) Interview Scores’ and we 
generate and work with three types of scores: first an overall score (or mark) for each 
individual interview expressed as a percentage. Secondly, we generate a percentage 
score for each aspect of the LFIN. Finally, we can use these generated scores to 
aggregate across the club as a whole and across more than one club by working out 
averages, frequencies, counts and so on. These scores provide us with our third and 
final level of data for the clubs. It must be stressed that we use these third and fourth 
level scores to supplement the level one and two data which is the primary purpose of 
the LFIN. 
These different types of data give a rich picture of where a club learner is in their 
Early Number learning. Table 2 gives a summary of the different levels of data that 
we can gain from the interview instrument data as we have discussed above. 
GENERATING QUANTIFIABLE DATA 
Generating this quantifiable data is relatively straightforward and is achieved by 
entering a ‘1’ for an accurate answer and a ‘0’ for an inaccurate one into a standard 
spreadsheet and then collating the questions under different LFIN aspects. Table 3 
shows which tasks fall under each LFIN aspect and how many individual questions 
make up the score for each aspect. 
Table 3: Number of questions underlying each LFIN aspect. 


Aspect 


A: 
Number 
words & 
numerals 


B: 
Structuring 
numbers 1 


to 20 


C: 
 


Conceptual 
place value 


D: 
Addition & 
subtraction 


1 to 100 


E: 
Early 


multiplication 
& division  


Interview 
task 
numbers  


1 to 7 8 and 16 9, 10, 11 12 to 15 17 to 24 24 tasks 
in total 


Number 
of 
questions 
in those 
tasks14 


32 8 13 14 20 
87 


questions 
in total 


To clarify let’s look at some examples. From Table 3 we see that interview tasks 12, 
13, 14 and 15 make up the ‘Addition and subtraction 1 to 100’ aspect. If we look at 


                                         
14 One mark per question 
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Task 12 (shown below) we see it has four questions, whilst Task 15 (also shown 
below) has six questions. Tasks 13 and 14 have another four questions, making a total 
14 questions. If each correct answer is allocated a ‘1’, then the highest possible score 
for this aspect is 14. 


 


 
Figure 2: Tasks 12 and 15 from the interview instrument. 


Interview tasks one to seven make up the Number Words and Numerals aspect. If we 
look at task one (shown below) we see that the question has ten questions. Tasks two 
to seven have another 22 questions, making a total 32 questions. If each correct 
answer is allocated a ‘1’, then the highest possible score for this aspect is 32. 


 
Figure 3: Task one from the interview instrument. 


In order to arrive at a percentage score for the entire interview and for each aspect, 
we add up the question scores for each aspect and divide by the total possible score 
for that aspect. Using task one again as an example (Figure 4), Kayla got each 
question in task 1 correct, thereby scoring 100%. Azi got one wrong, thereby scoring 
90%. 


Task 12: Horizontal sentences – Early Arithmetic Strategies W 
[Use blue sentence cards] Tell me how you would work out  the answer to: 
                      Note Given Responses & How Answered                Correct 


• 16 + 10 = £ 
• So what is 16 + 9? 


 
 


 


 
  


• 42 + 23 = £ 
If correct ask, Do you have another way to 
work it out or check it? 


    


• 43 – 15 = £ 
Repeat the question above     


 
Task 15: Non-count-by-ones – Early Arithmetic Strategies W 
[Use the orange calculation cards. Note how learner arrives at answers]  
 
                Note Given Answers & How Answered  Correct? 


• What is 9 + 3     


• Can you use that to help you work out 9 + 4     


• and 9 + 5     


• What is 7 – 5     


• Can you use that to help you work out 27 – 5     


• and 47 – 5     


 


Task 1: Numeral Identification W 
[Use number cards to show each number to learner. Tick if correctly identified]  
Tell me the name of these numbers  
6  11  20  99  101  208  300  1025  ½  ¼  


 







Long Papers 


 200 


We acknowledge that the relatively small number of items in some of the aspects 
(namely B, C and D) is a limitation of this approach. A correct or incorrect answer to 
one question can translate into a large percentage change. In the example above, Azi 
incorrectly named 1025 as “one hundred and twenty five”. If she then named this 
correctly in a later interview, her score would jump from 9 out of 10 (90%) to 10 out 
of 10 (100%) showing a difference of 10%. We argue that due to the meticulous 
structuring of the underlying interview items, these changes are indeed significant 
and reflect mathematical progress. 


 
Figure 4: Example scoring for Task One from the interview 


instrument for two learners. 
For example, looking at Task 1, the numbers in the task are structured in such a way 
that they show progression from naming single digit to four digit numbers and simple 
fractions. Our results from the interviews across clubs show that Grade 3 club 
learners often struggle with saying the correct number names for 208, 1025, ½ and ¼. 
Being able to correctly say these at a later stage, shows progress. 
Bob Wright (2003: 8) specifically stated that Mathematics Recovery “assessment 
does not result in a score. This was re-affirmed during an informal conversation with 
him during one of his workshops at the Early Childhood Research and Development 
Week held in Grahamstown in September 2012. Wright confirmed that he has not 
subsequently used scoring as a summary tool with the Mathematics Recovery 
interview data. For him, the interview data is always used to profile the individual 
child's stage of early number learning in the LFIN using stages and levels. 
Whilst it seems contradictory to take this position, we argue that such scoring can be 
useful in relation to the broader study that seeks to examine how learners’ 
mathematical proficiency levels evolve (if at all) over the period of participation in 
the maths clubs. We have highlighted that in the clubs we try to balance the needs of 
the whole group with those of the individual learners. It is this quantifiable data that 
helps us to zoom out of individual detail and see the broad picture for the club as a 
whole and where overall areas of strengths and weakness lie and where our 
contribution from this paper lies. During the same workshop conversation with Bob 
Wright mentioned above, he too thought that it might be useful to explore this notion 
further. After conducting the first series of interviews and entering the scores we are 
able to see where the club learners had achieved high scores and low scores. Even at 
this broad level we are able to use this information to plan activities for the whole 
club that addressed areas of weakness. This is discussed in more detail in the sections 
below. 


Child Name 


Task 
1 % 


Task 
1 


Score 


1a. 
(6) 


1b. 
(11) 


1c. 
(20) 


1d. 
(99) 


1e. 
(101) 


1f. 
(208) 


1g. 
(300) 


1h. 
(1025) 


1i. 
(1/2) 


1j. 
(1/4) 


TOTAL POSSIBLE 10 1 1 1 1 1 1 1 1 1 1 
Kayla 100% 10 1 1 1 1 1 1 1 1 1 1 
Azi 90% 9 1 1 1 1 1 1 1 0 1 1 
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In addition the simple percentage score can show how accurate the learner is in 
getting the question correct and possibly gives a simple indicator of the extent of their 
Early Number knowledge. 
Working as we do in many clubs, it is extremely useful to be able to compare 
different clubs to each other. By working with percentages, we are then able to 
usefully aggregate these in order to make comparisons across more than one club. By 
generating visual summaries in the forms of tables, matrices and graphs of the club 
results as a whole (rather than on an individual basis) we can make these types of 
comparisons between clubs rather than only between learners. 
These types of comparisons across the whole club or sets of clubs cannot be 
generated by simply using the aspect stages or levels detailed within the LFIN itself, 
as each set of stages or levels is profoundly different and one would not be 
comparing like with like. An example may help to illustrate. The ‘Addition and 
subtraction 1 to 100’ aspect has 6 stages numbered from 0 to 5 with a particular set 
of descriptive characteristics whilst the ‘Conceptual place value’ aspect has 3 levels 
numbered from 1 to 3 with a completely different set of descriptive characteristics 
(see Table 4). Therefore it is not possible to aggregate using the stage or level 
numbers. 


Table 4: Stages for two LFIN aspects (Wright et al. 2006; Wright, et al. 2012). 
Aspect D: Addition and subtraction 1 to 
100 (Stages) 


Aspect C: Conceptual Place Value 
(Levels) 


0 Emergent counting 1 Initial concept of 10 
1 Perceptual counting 2 Intermediate concept of 10 
2 Figurative counting 3 Facile concept of 10 
3 Initial number sequence  
4 Intermediate number sequence 
5 Facile number sequence 


What the percentage scores and aggregations do not show of course is the more in-
depth story of how learners arrived at their answer, or how efficient or sophisticated 
their chosen method of working it out was. This is where the power of the LFIN 
comes in for us in the clubs. We can profile the learner against the LFIN aspects and 
stages and see where individual areas of strength and weakness are. This gives us the 
opportunity to zoom back into the detail for a particular learner and to plan how best 
to pull that particular learner forward in the context of the broader club environment. 
The section that follows illustrates how the percentage scores and aggregations (i.e. 
quantifiable data generated from the interviews) are used in our clubs. It is important 
to note that whilst this paper focuses purely on the third and fourth levels of data 
(shown in Table 2), in our research and club work, we use the full range of data that 
the instrument provides. 
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PRESENTATION OF DATA FOR ONE CLUB CASE STUDY 
Overall Club MP Interview Scores 
Table 5 gives a summary of the results for 
the seven learners in the two assessments 
and shows the percentage change from the March to November 2012 assessment in 
one club. 


Table 5: Overall interview % scores for all  
learners in Club A. 


Learner  March November % change 
Azi 88.6% 98.9% 10.2% 


Lulu 92.0% 95.5% 3.4% 
Kayla 96.6% 100.0% 3.4% 


Nate 87.5% 94.3% 6.8% 
Zac 92.0% 97.7% 5.7% 


Thembisa 80.7% 98.9% 18.2% 
Zando 88.6% 95.5% 6.8% 


Average 89.4% 97.2% 7.8% 


We can see that there was an overall improvement ranging between 3.4% and 18.2% 
across all learners (an average of 7.8%). In November, we can see that every learner 
achieved a score of 94% or more in the interview. Kayla achieved 100% in 
November and shows a small improvement but her March scores were already high.  
Thembisa has made the biggest overall improvement with 18.2% whilst Lulu has the 
smallest improvement of 3.4%. The scores reflect that even though these seven 
learners scored well in the March assessment, they still progressed pleasingly during 
their participation in the club. 
Along with these increases in scores, it was noted by interviewers that all the learners 
completed the November interview in 10 to 15 minutes less than in March. There 
could be many explanations for this including that perhaps the learners used quicker 
or more efficient methods to answer the questions or that they simply ‘knew’ more. 
Examining the March and November interview scripts in detail to ascertain the 
methods they used could confirm these observations. 
MP Interview Scores by Aspect 
We now illustrate how we use the LFIN aspect scores and aggregations in the form of 
averages to gain access to where the learners need development and intervention and 
how we can focus on this in our club activities. 
These are the aspects of the LFIN that we work with: A – Number Words and 
Numerals; B – Structuring Numbers 1 to 20; C – Conceptual Place Value; D – 
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Addition and Subtraction 1 to 100 and E – Early Multiplication and Division. For 
simplicity in writing and presenting tables and graphs, we will refer to the aspect by 
its letter. Table 6 shows the percentage change that each learner achieved between the 
March and November assessments for each LFIN aspect. 


Table 6: Learner % change March to 
November in Club A. 


 Learner A B C D E 
Azi 9% 0% 23% 7% 10% 


Lulu 6% 0% 15% -14% 5% 
Kayla 0% 0% 8% 0% 10% 


Nate 6% -13% 15% -7% 20% 
Zac 3% 0% 8% 14% 5% 


Thembisa 19% 0% 23% 21% 15% 
Zando -3% 0% 31% 14% 10% 


Average 6% -2% 18% 5% 11% 


Of particular note are: Thembisa achieved the highest change (19%) for Aspect A, 
Zando the highest for Aspect C (31%), Thembisa for Aspect D (21%) and Nate for 
Aspect E (20%). Aspect B, where the learners were already strong (See Table 6 and 
Table 6 for detail) shows a disappointing negative growth for Nate of -13%.  In fact, 
looking at his script he made one simple error on a question in Task 16, which has 
affected his score. From a table such as this, we can see at a glance that Kayla, who 
was strong in March has maintained that level, with two areas of pleasing progress 
and that Thembisa has progressed exceptionally well in all aspects. Nate and Lulu 
both show negative progress. Possible reasons for these overall changes are discussed 
in more detail below. 
March 
Results for the March assessment (shown in Table 7) indicate the scores each club 
learner achieved for each LFIN aspect. Aspect B seems to be an area of strength for 
all learners, with a majority of learners gaining over 81% in Aspect A. Even though 
the scores for the other aspects are not low (69% is the lowest), there is more of a 
spread across the percentage ranges from the 69% to 100%. 
Following this first assessment and based on these scores, we made the decision to 
focus on activities that developed aspects C and D in the first two terms. Using 
observations from the early club session for Aspect C (Conceptual Place Value), we 
saw that the club learners were relatively strong in their understanding of place value 
with respect to units, tens and hundreds. As a result we decided to work on 
strengthening their conceptual place value through mental activities and games in 
terms of incrementing and decrementing on and off the decuple (a decuple is a 
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multiple of ten e.g. 10, 20, 30 etc.) and incrementing and decrementing through 100, 
200, 1000. For Aspect D we focussed on mental facility and development of 
strategies for working with numbers to 100 (and over) that didn’t rely on using the 
standard vertical algorithms for addition and subtraction. In the second half of the 
year, we developed the club learners multiplicative thinking (Aspect E) using a 
variety of array based activities as well as developing their logical thinking skills 
through an assortment of logic games and puzzles. 


Table 8: March test scores for each aspect in 
Club A. 


March Test 
Learner A B C D E 


Azi 91% 100% 77% 86% 90% 
Lulu 94% 100% 85% 93% 90% 


Kayla 100% 100% 92% 100% 90% 
Nate 91% 100% 85% 86% 80% 
Zac 97% 100% 92% 86% 85% 


Thembisa 81% 100% 77% 71% 85% 
Zando 94% 100% 69% 86% 85% 


Average 92% 100% 82% 87% 86% 


Seeing the lower score for Thembisa in Aspect A meant that we could also focus on 
developing her facility with number words and numerals which involved working 
mostly with her confidence in 4 digit and fraction numbers which we saw from 
looking at her interview script. 
We can see here how the broad scores enabled us to attend to the club as whole by 
planning activities that focussed on their needs whilst still being able to drill down to 
see where individual learners needed help by using the data recorded on their 
interview scripts. 
November 
The results  shown in Table 7 indicate the scores each club learner achieved for each 
LFIN aspect in the November assessment. There are more learners in the higher 
percentage ranges (89% to 100%) and we can see that all learners achieved 100% in 
Aspect C, which had been one of the areas of focus. Although 2 learners decreased in 
scores for our other area of focus (Aspect D), the other 5 learners all increased 
pleasingly. The scores for Aspect E (the area of focus in the 3rd term) were also 
pleasing (over 90% for all learners) averaging 97% which was 11% up from the 85% 
average in March. Thembisa achieved 100% in Aspect A. Nate and Zando were the 
only 2 learners not to get 100% in Aspect A as they gave incorrect number word 
names for various numbers in their final interview. 
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Table 7: November test scores for each aspect in 
Club A. 


November Test 
Learner A B C D E 


Azi 100% 100% 100% 93% 100% 
Lulu 100% 100% 100% 79% 95% 


Kayla 100% 100% 100% 100% 100% 
Nate 97% 88% 100% 79% 100% 
Zac 100% 100% 100% 100% 90% 


Thembisa 100% 100% 100% 93% 100% 
Zando 91% 100% 100% 100% 95% 


Average 98% 98% 100% 92% 97% 


March vs. November aspect summary 
The benefit of generating the aggregate (or average scores) shown at the bottom of 
each table becomes apparent when comparing the progress of the whole club across 
the March and November assessments visually using a graph. The graph in Figure 5 
allows us to see at a glance if there has been overall progress in the club for the 
different LFIN aspects. As discussed above, we can see the most substantial change 
is in Aspect C, with another big change in Aspect E. 


 
Figure 5: Average percentage score per Aspect for  Club A. 
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Although we have only presented the graph from one club here, we can use the same 
type of graph to compare the progress of other clubs. 
Increases and decreases in scores 
The ability to aggregate and count data for the whole club in this manner, provides us 
with another way of looking at this data from a broad level. This can be done using 
the matrix shown in Table  or a graph such as that in Figure 6. 


Table 8: Matrix of score increases and decreases across 
aspects in Club A 


n = 7  A B C D E 
Same score 1 6 


 
1 


 
Decrease in score 1 1 


 
2 


 
Increase in score 5 0 7 4 7 


By counting the number of learners for each LFIN aspect that have increased or 
decreased scores across the two assessments or who have the same score for the two 
assessments, we can see a high level picture of where progress has been made. We 
see from the matrix that that all seven learners improved in Aspects C and E in 
November. Four learners improved in Aspect A and D. A number of learner scores 
remained the same. In many cases this was due to the fact that they had already 
achieved 100% in the relevant aspect in March. This is illustrated particularly in 
Aspect B by Thembisa, Zac, Zando, Kayla, Lulu and Azi. 


 
Figure 6: Number of learners with increases and decreases in scores in Club A. 
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A stacked column graph such as that in Figure 6 visually shows the proportions of 
learners who have increased, decreased and stayed the same. Using the graph we can 
clearly see that Aspects C and E have the largest number of learners who increased 
their scores across the club. Although this graph only represented the data for one 
club, we have used the same type of graph to compare the increases and decreases in 
scores for other clubs across the SANC project. 
CONCLUDING REMARKS 
Although our focus in this paper has been on exploring the usefulness of the 
quantifiable data generated from the assessment interviews, it is only possible to do 
so by using the existing LFIN framework as the construct around which all the scores 
are generated and presented. Thus by using the framework and developing it to 
include these scores and aggregations, we have enabled a mechanism for ourselves 
for making sense of the different levels of data and for practically using it to review 
whole club progress. Additionally, the mechanism helps us to drive forward the club 
interventions and activities. For us, the LFIN framework is indispensable as it 
provides us with not only a structure and mechanism for collecting the data, but also 
for reporting on the data and for planning teaching and learning at both a club and 
individual club learner level. We hope that by presenting these insights that we can 
add to the body of work that uses the LFIN and exemplify how it may be used in a 
wider context than one-to-one recovery. 
We hope to report on the more qualitative aspects (levels one and two) of using the 
Learning Framework in Number in subsequent papers. 
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TEXTBOOKS FROM A PUBLISHER’S PERSPECTIVE: FACTORS 
THAT AFFECT THE PRODUCT 
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INTRODUCTION 
My presentation today is about textbooks from a publisher’s perspective. I have 
worked for many years as a mathematics editor for one of the largest textbook 
publishers in the United States. In that time, I have been involved in the planning of 
mathematics textbooks for elementary school, middle school, and high school. My 
remarks about factors that affect the products we create are from that perspective. 
FACTORS TO CONSIDER 
When we create a textbook, there are many factors we have to consider. Moreover, as 
we explore these factors, we often are confronted with conflicting messages. 
Customers 
As a commercial publisher, our bottom line is to sell as many books as we can. 
Consequently, one could say the biggest factor we have to consider is what potential 
customers might want. To identify customers, we ask: “Who selects the textbooks to 
be purchased?” In the United States, this question does not have a simple answer. In 
22 of the 50 states, there are state committees that approve a limited number of books 
to be on a state list before the books can be purchased by school districts. In the other 
28 states, decisions are made by local school districts. In some school districts, 
particularly at the K-5 level, decisions are made by district superintendents or 
mathematics supervisors. In some districts, special textbook committees make the 
selection. In other districts, school boards and parents have a strong voice in the 
decision. And in still other districts, the final decision may be put to a vote of all the 
teachers of mathematics. As we listen to these diverse customers, we get mixed 
messages about what they want. 
In addition to listening to potential customers directly, we also consider a variety of 
factors that influence customers’ thinking. 
Frameworks 
As you might expect, curriculum frameworks developed by states and some large 
school districts are a major factor influencing customers’ purchasing decisions. In our 
study of these frameworks, we ask, “What is mandated?”, and we try to ensure that 
our books cover all the mandates. But within the past year, there has been an 
unprecedented development in our country. At last count, 45 states, with 87% of the 
nation’s population, have adopted a set of Common Core State Standards for grades 
K-12 in all their public schools. Nationwide, private schools, which enrol about 11% 
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of the school-attending population, are not required to follow these standards. So 
even though our task of following frameworks may be simplified in the future, we 
cannot ignore the schools enrolling about 20% of our students who may want to see 
different content in their books. As we listen to people debate the pros and cons of 
having so many states use the same standards, I think of the debate as wrestling with 
the fundamental question, “At what level should content be mandated: classroom, 
school, district, state, country, international?” 
Assessments 
Another factor that influences customers are the assessments their students take, 
assessments that in the past ten years have become more important to schools and 
teachers due to the No Child Left Behind Act of 2001. At grades K-8, there are state-
wide tests at some grades; these have differed in the same way that the curricula of 
states have differed. At grades 9-12 in some states there are state-wide tests and 
students may take college entrance exams. There are also standardized tests that have 
standardized with national samples and have been used by schools for many decades 
to help place students into mathematics classes. Beginning in the school year 2013-
14, there will be tests given to students in every grade 3-8 over the Common Core 
Standards for that year and in grade 11 over many years. Some states will have tests 
in grades 9 and 10 as well. Customers want products that prepare students for these 
tests. 
But we also hear from people who are concerned about too much high-stakes testing. 
They ask “What can’t these tests assess well?” and, “Do higher stakes mean more 
teachers will just teach to the test?”  In general, what are the positive and negative 
effects of high-stakes tests on instruction (what teachers teach and how they teach it), 
effects on learning (whether high-stakes tests really drive higher performance), and 
effects on attitudes (how teachers and students feel about mathematics)? 
Competition 
Publishing is a competitive business. Our products have to be more appealing than 
the products of our competition. 
We are always trying to know what is available, including products that are being 
created by universities and not-for-profit agencies. We and the other major publishers 
typically publish more than one mathematics program, including materials that 
started as curriculum projects. Some of our customers are aware of products from 
other countries; for example, we hear people talking about “Singapore math”. We 
look at what products are selling well now and try to determine why they are selling 
well. Sometimes the reasons don’t relate to content or pedagogy. For example, the 
product may have a graphic design that wins customers over on what we call the 
“thumb test”. Or a competing publisher may be giving away more free materials than 
we are. And we have to keep in mind that what customers are buying today may not 
be what they will want in the future. So we have to ask “What are the trends?” and 







Long Papers 


 211 


“How can we have the right features at the right time in a way that will set us apart 
from our competitors?” 
Teachers 
Virtually every textbook’s material is filtered through teachers. What is taught?  It is 
not unusual for teachers to not finish the book or to skip certain topics. We need to 
think about how much of a textbook will get taught, and whether it will be taught as 
intended. I continue to be surprised when I visit a classroom and neither the teacher 
nor the students use the instruction provided in the textbook that we worked so hard 
to write. Describing the “typical” teacher is difficult because there are significant 
variations among teachers in teaching experience, math knowledge, and attitude. We 
have to consider that some elementary school teachers are math phobic. And teaching 
styles vary from teacher to teacher and sometimes for the same teacher over time or 
in classes with different levels of students. 
Outcomes 
Our books are written by authors who are very concerned that students learn good 
mathematics. So we are constantly asking what and how much will be learned from 
our books. Of course, how much is learned is related in part to how much of the book 
is taught. We also look at international comparisons of student achievement that have 
been brought to the attention of the public. We look at national data and want to 
decrease the huge internal achievement gaps within the United States that are 
correlated with socio-economic factors. We look at achievement data for specific 
texts and gather our own achievement data because when we go to sell our product in 
a school district that is getting ready to buy new books, more and more customers are 
concerned about raising test scores and want to know they are buying a product that 
really works. 
Research and recommendations 
Educational research and recommendations constitute a broad factor that influences 
our customers. Customers ask “What do experts say?”  So we look carefully at 
research on teaching and learning. This is an area where our authors are especially 
helpful. Additionally, in recent years, it has become important for all publishers to do 
research on their products, both before and after publication, because the No Child 
Left Behind legislation placed such emphasis on using materials that have been 
scientifically research based, preferably with random-controlled trials. 
And we look at recommendations from professional organizations, from national and 
state governments, from special committees, and from individual experts. The 
messages we get are often contradictory. Is direct instruction better than having 
students construct their own knowledge? Is complex paper-and-pencil division 
computation obsolete?  Should algebra be developed through functions or through 
equations? In recent years, some recommendations were so hotly debated that people 
referred to the debate as “math wars”. 
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Society 
A final set of factors we consider emanates from the needs of the broader society as a 
whole. Here we consider the context in which mathematics education exists. 
What math is needed for college and careers?  This evolves over time and is highly 
debated at any given point in time. What are the demographics of the student 
population? What is the impact of increased percentages of students for whom 
English is a second language or students who are deemed at risk for dropping out of 
school before they finish grade 12?  What is the political climate at the national and 
local level?  How is the economy doing? When a school district’s budget for 
educational materials is threatened by bad economic conditions, the impact can be 
disastrous for publishers. 
We also look at the cultural and historical expectations, which can be very strong. 
Despite all the changes in standards and research, we cannot afford to underestimate 
district and teacher expectations that they will do things this year pretty much the 
way they were done last year. And finally, we must consider the dramatic changes in 
technology in society and how quickly (or slowly) that technology is making its way 
into schools. 
As we consider all these factors that influence our customers, we know the factors do 
not act in isolation. Each factor influences the other factors—sometimes slowly, 
sometimes quickly. And as we explore all these factors in a country as large and 
diverse as the United States, we do indeed hear mixed message. 


 
Figure 1: FACTORS to consider. 
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PRODUCT DECISIONS 
After we as a publisher look at all those factors, we then set out to build a product. 
This involves making a huge number of specific decisions and, in the process, 
dealing with a variety of dilemmas. 
Pacing 
When we start to design a specific product, we think about the pace at which the 
course will go. We consider how many teaching days there are in a school year, not 
just how many days students will be in school. We begin with r, the number of 
required days in the school year. We subtract the number a of days that will be used 
for assessment, which can be quite high in some school districts. Then we subtract c, 
the number of days teachers spend cramming for these assessments because these are 
characteristically days in which no new content is taught. This number too may be 
quite large. Then we subtract the estimated number l of math classes that are lost to 
events such as school assemblies or field trips. And sadly, sometimes the days after a 
high-stakes test also turn out to be lost days. In the end we are left with t, the number 
of teaching days 


t = r − a − c − l . 


Out of 180 school days, we might end up with just 120 or 130 teaching days. So we 
design our textbook to cover a certain amount of content in a certain number of days. 
This provides a recommended pace for a class using our book. 
But we also consider the advantages of letting each student proceed through the 
textbook at his or her own pace — a personalized pace. Today’s technology makes 
that easier to do than in the past. So this is a dilemma that gets more attention as 
technology is used more in products and in schools. 
A common complaint is that U.S. textbooks are larger than other textbooks and 
therefore are too big to finish. Yes, some textbooks, especially at the secondary level, 
are too large to finish. But as I have just mentioned, a publisher will often create a 
textbook with a reasonable number of lesson days in mind, with the average number 
of pages per lesson depending on the grade level. There are more pages in books at 
higher grade levels where students are better readers. Another reason to provide more 
pages is to provide more than enough exercises in each lesson in case more exercises 
are needed or desired by a teacher. 
Also, each book contains a large number of non-lesson pages for reviews, tests, and a 
variety of optional features such as chapter openers and enrichments. In a U.S. 
textbook, it’s not unusual for these non-lesson pages to be 40% of the pages in the 
book. So just as you shouldn’t just a book by its cover, I urge you not to judge the 
pace of a textbook by the number of pages behind the cover. 
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Role of teachers 
Another consideration is how teachers will use the book. When we plan a product, we 
have to address the question, “What’s the instructional design?”  
Will the teacher use direct instruction, taking the role of “sage on the stage”? Or will 
the teacher use an inquiry-based approach taking the role of “guide on the side”? Or 
will the teacher use some combination of these?  Will the teacher wish to see a 
problem-based approach in which students learn new content by first wrestling with 
rich problems, or will problem solving come after skills are taught?  
Once we determine an instructional design, we have to decide who will deliver the 
instruction. Will the instruction be delivered by the teacher — instruction that is 
perhaps different than what’s in the textbook?  Will the instruction be delivered 
through static pages in a textbook or e-book?  Will the instruction be delivered 
through non-static digital products? Should we design the product to deliver 
instruction through some combination of these methods? 
Organization 
We also decide how to organize the mathematics. We look at strands such as 
arithmetic, algebra, statistics, probability, geometry, and measurement. How much 
integration of strands will we do, given the tension between a quest for focus and a 
quest for connections? 
How much spiralling will there be within a grade, given the tension between sticking 
with something long enough for mastery to take place and revisiting something often 
enough to maintain it. 
Should we identify priority content? If we do that, will the other content not get 
taught at all? And when something is a priority, how can we help teachers decide 
when enough time has been spent on that topic and it’s time to move on? 
Perhaps in theory, to evaluate the importance of a topic, we should look at how much 
time it takes for students to learn it, look at how important it is for college and 
careers, and then do a cost-benefit analysis. But in practice, many teachers make time 
allocations based on how many items related to the topic they think will appear on a 
high-stakes test their students will take. 
Differentiation 
Another difficult issue in building a textbook is accommodating the vast differences 
among the students using the book. Many teachers tell us their biggest challenge is 
differentiating instruction when students they teach are so diverse in entering 
knowledge, ability, interest in the subject, and desire to learn. 
Traditionally there has been one learning path for the class and all students follow 
that path, ready or not. But now through technology, we have the opportunity to 
provide each student with a personalized learning path. To do this or not is a 
fundamental dilemma. 
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Another dilemma is what to do with students who come into a course below grade 
level. Do we provide prevention on prerequisite content before introducing new 
content? Or do we provide intervention on new content after the students have failed 
on that new content? Is there time to do both of these or even one of these? 
Yet another dilemma is whether to differentiate what is taught (for example, just give 
poor students the “basics”) or, as a matter of equity, do we provide universal access 
to all the content? 
Understanding 
There is a universal desire to “teach for understanding”, but that phrase is often left 
undefined. 
Take a topic such as adding fractions. One type of understanding is understanding 
how to add fractions — the skill of getting an answer. Another type is understanding 
why the procedure used for adding fractions works. This can be done using concrete 
and pictorial representations, especially at lower grades, and using mathematical 
properties, especially at higher grades. A third type is understanding when to add 
fractions. In a digital age, this has become perhaps the most important type of 
understanding. A fourth type of understanding is the meta-knowledge one needs to 
solve mathematical problems. The ability to reason through problems may be the 
most valuable of all the types of understanding. We have tough choices to make as 
we try to achieve the right mix of these types of understanding now and in the future. 
Coverage 
A sixth consideration concerns coverage, the content that the textbook will include. 
We are asking ourselves today whether we should cover only the Common Core 
Standards or include more content?  How much review of prior grades, if any, should 
we include?  One of the long-standing criticisms of U.S. curricula in grades K-6 is 
that books have too much review of prior grades, taking time away from depth and 
focus on the new content. But if we do not review, we have a real dilemma when we 
try to help all those students who come into a grade without knowing the prior 
grade’s content. 
Another dilemma is how to customize the coverage of a program to meet the needs of 
different customers. I think about customization by relating it to the four fundamental 
operations. If our textbook is missing content a customer wants, we have an addition 
strategy that involves adding lessons to fill the content “gaps”. If we have extraneous 
content a customer doesn’t want, our subtraction strategy is to recommend what to 
skip. Sometimes we use a multiplication strategy in which we publish very different 
programs for different customers. And sometimes we think about employing a 
division strategy where we write a large number of lessons and divide them up 
among the different programs. That is an economical way to produce more than one 
program, but it is hard to do this without sacrificing good cohesion and appropriate 
pacing for each program. 
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Technology 
The final consideration I would like to mention is technology. There are several 
aspects to the use of technology. 
One is the technology to do math. For this we ask, “What math should students learn 
to do with paper and pencil, with technology (and what technology), or with both 
paper and pencil and technology?” The answer to this question is currently highly 
debated, and we expect it to change over time. So we need to predict the best answer 
at the time the textbooks will appear. 
Another question for the digital age is, “How should students show their work — 
using a pencil or stylus vs. a keyboard?” When people speak of a paperless classroom 
in the future, will the math classroom always be an exception? 
Another aspect of technology is the use of technology to help learn math. Math 
animations and videos can show drawings and motion that a teacher cannot create in 
class. The audio portion can provide information to students without them having to 
do a lot of reading. Interactive digital math tools function as virtual manipulatives for 
modelling and exploration. Digital tablets for students that are provided by schools 
will likely replace textbooks and give all students access to the power of technology 
in class and at home. Machine-scorable exercises and tests can give students instant 
feedback on their work along with point-of-need intervention. Student online 
collaboration and game-playing in learning mathematics fits in with the online 
collaboration students already engage in outside of class. Adaptive technology that 
can provide instruction and practice based on student performance can make 
personalized learning a reality. However, this causes a dilemma because a 
personalized path and pace loses the advantages of teacher instruction and classroom 
discourse when the class stays together. We wrestle with all of these dilemmas. 
Technology can also help teachers teach math. Interactive whiteboards and mobile 
tablets for teachers help teachers present ideas in ways they couldn’t do with just 
chalk and a board. From reports of auto-graded student work and assessments, a 
teacher can obtain an instant profile of a class to inform instruction, and can use the 
knowledge to teach more efficiently. Messaging to parents and students improves 
communication and helps all parties gain a common view of what performance is 
expected. Customizing lesson plans can including digitally altering what students see 
in class and at home, pulling in other resources from the web, and inserting teacher-
created resources. Virtual classrooms that include online discussions and sharing of 
work become possible and can be places where teachers get professional 
development. 
But there remain fundamental dilemmas about the teacher’s role in a digital age. Will 
the historical scene of a single teacher in a classroom of students someday change 
significantly? 
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And finally, technology also helps us publish math. We have digital content 
management systems that let us retrieve and repurpose digital assets. We can do more 
customized publishing as time goes on. Technology makes on-demand publishing of 
printed materials possible. And technology continues to provide better tools for 
writers, editors, and designers. 
The various decisions we make when we develop a product cannot be made in 
isolation, because each decision impacts other decisions. 
 


 
Figure 2: PRODUCT decisions 


In closing, I’d like to say that despite hearing mixed messages related to the many 
factors we consider, and despite dealing with dilemmas when we make complicated 
product decisions, our work as a publisher, like mathematics, can be challenging but 
is important and very interesting. 
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Extended abstract 
Modelling begins with a real problem. The first step in the process is simplifying the 
problem. I have indicated the steps by arrows (Figure 1). The next step is translating 
the simplified problem into mathematics (i.e., finding a mathematical model). The 
third step is to work with the mathematics. Then, once a solution has been found to 
the mathematical problem, there is the step of translating the solution back to the 
original situation, and then asking whether the solution is feasible. If there is no 
feasible solution, we would have had to go back perhaps even to the beginning of the 
problem, maybe modifying it so that a solution can be found. 
Many examples of modelling are tentatively scheduled to be discussed in this 
presentation, each for a particular reason (see Table 1). 
Table 1: Examples of modelling. 


Example of modelling To illustrate 
Scheduling golfers into foursomes The modelling process 
Grading students Teachers model all the time! 
Value-added models An economic model that some want to apply in 


the U.S. to evaluate teachers 
How big is an object? The many choices we have for a model 
IQ for intelligence A very poor model 
Scale models of objects Geometric models 
Path of a projectile Simplifications made to model algebraically 
Cost of mailing a letter An exact model 
Temperature in an oven An almost-exact, theory-based model 
Population of a city over time An impressionistic model 
World record times in the mile Between impressionistic and almost-exact 
Linear regression in much research An impressionistic model 


Many “word problems” in books that seem to be applications (coin problems, age 
problems, etc.) are phony because they ask for information that needed to be known 
before the problem could be created; they are reverse-given find. Instead of teaching 
students how to apply mathematics, they teach students that mathematics has no real 
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applications. This particular emerges when students study algebra, because – unlike 
arithmetic – students do not see algebra in the world around them. 


 
Figure 1: The modelling process. 


Even though in the diagram, the mathematical modelling process goes from the real 
world situation to its mathematical counterpart, in order to teach mathematical 
modelling we must go in the reverse direction and study the basic uses of each 
mathematical idea that is being discussed, because most important mathematical 
ideas have more than one basic use meaning. This is what makes them important. 


Table 2: Modelled situations and associated arithmetic. 


The arithmetic Situations the mathematics models 


Numbers Counts, measures, ratio comparisons, locations, identifications 
or codes, nominal uses 


Addition Putting-together, slide 
Subtraction Take-away, comparison 


Multiplication Acting across (area, array, etc.), rate factor, scale change 
Division Rate, ratio 


It is important to keep track of the units in situations; “unit arithmetic” is not only 
important in science; it is found in everyday arithmetic. It is also important to use 
calculator and computer technology, for this technology has replaced complicated 
paper-and-pencil algorithms in the real world. 
As a learning progression, it is fundamentally important that in the primary school 
these uses of numbers and operations go beyond counts to include non-integers. 
Then, in middle school, these uses can be employed to give meaning to algebraic 
expressions. From the meanings of algebraic expressions come the situations that 
functions model. The broad kinds of situations that the various types of functions 
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model should be as much a part of the curriculum as the mathematical properties of 
these functions, for it is almost certain we would not be studying these functions were 
it not for their applications. 
Applications are to applied mathematics as theoretical properties are to pure 
mathematics. Mathematical modelling is the basic process by which we work with 
applications; the basic process by which we develop pure mathematics is that of 
proving. From our experience with the teaching and learning of proof, we can learn 
many things about the teaching and learning of modelling. 
Table 3: Modelled situations and associated geometry. 


The geometry Situations the mathematics models 


Points Locations, ordered pairs or ordered n-tuples (data points), 
nodes of a network, dots 


Lines Shortest path between points, straightness, connections 
Figures when geometric 


transformations are 
discussed 


Drawings and graphs, real objects 


The case for modelling as a standard part of the everyday experience in the 
mathematics classroom is grounded not only on the importance and motivational 
qualities of good applications, but also on the contributions that modelling and 
applications make to a deeper and richer understanding of mathematical concepts. 
 





