
For the best experience, open this PDF portfolio in
Acrobat 9 or Adobe Reader 9, or later.

Get Adobe Reader Now!

http://www.adobe.com/go/reader




Short Papers 


P26 Lauren Burger, Dirk Wessels, 
Erico Swartz & Alette van 
Wyk 


An investigation into the facilitation of mathematisation in 
patterning by three student-teachers 


P27 Anita Campbell What threats and benefits do free online mathematics courses 
pose to traditional universities? 


P28 Anita Campbell & Manuella 
D’Oliviera Pio 


Learning mathematics through the making of video explanations 
for a multi-language database 


P29 Anita Campbell, Kenneth 
Rafel & Thamsanqa Vezi 


The use of technology in addressing the mathematics education 
in South Africa 


P30 Faaiz Gierdien & Alwyn 
Olivier 


Symbol sense through a spreadsheet algebra view of f (m, x)  mx
and f (m,c, x)  mx  c  in pre-service mathematics teacher 
education 


P31 Janine Hechter Basic mathematical errors made by extended degree 
programme students in engineering 


P32 O.L. Mosala & K.E. 
Junqueira 


Implementing the National Curriculum Statement: Mathematics 
educators’ experiences 


P33 Patricia Mpotu Thinking about teaching mathematics: Being well-prepared 


P34 Alfred Msomi The use of GeoGebra dynamic software with FET mathematics 
educators 


P35 Phumzile Mthiyane Thinking about mathematics for teaching: confronting blind spots


P36 Mdu Ndlovu The learning of geometry as moving from one thinking level to 
the next: revisiting van Hiele 


P37 Nicky Roberts & Heather 
Mills 


Refining a learning network for “doubling and halving” and “odd 
and even numbers”  


P38 Ursula Röntsch I am thinking of a number 


P39 Ursula Röntsch & Lindy 
James 


Teaching “filling up the tens”  


P40 Nicola Zeeman & Nicky 
Roberts 


How we teach money in Grade 1 


 








 


Burger, L., Wessels, D., Swartz, E. & Van Wyk, A. (2013). An investigation into the facilitation of mathematisation in 
patterning by three student-teachers. (Extended abstract) In Z. Davis & S. Jaffer (Eds.), Proceedings of the 19th Annual 
Congress of the Association for Mathematics Education of South Africa, Vol. 1. (pp. 221 – 223). Cape Town: AMESA. 


AN INVESTIGATION INTO THE FACILITATION OF 
MATHEMATISATION IN PATTERNING BY THREE STUDENT 
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University of Stellenbosch 
 
Extended abstract 
In this paper the authors are investigating the patterning strategies used by three 
Mathematics Literacy (PGCE) students, as prospective teachers, during their first 
micro-lessons to small groups of Grade 8 learners. Different versions of problem 
solving were used in the three lessons which showed different developments of 
mathematisation in patterning, which highlighted the focus of the investigation. This 
lead to in-depth reflective discussions of the events in the classrooms which initiated 
insights in the use of problem solving as a teaching framework for Mathematics 
Literacy when deriving the nth term and deducing a formula. The discussions and 
reflections played an important role in the orientation of the student’s academic-
professional lives. 
Three post graduate student teachers (STs) where monitored during their first micro-
lesson session in the second month of their PGCE year. Grade 8 learners from an 
advantaged school in the region were taught by the individual STs in small groups 
with learners who were relatively acquainted with the use of patterning in 
mathematics. Different versions of the problem solving teaching approaches were 
used and different progression of mathematisation in patterning occurred, all based 
on the central theme of patterns. Reflective discussions by the STs of the use of 
problem solving as a teaching framework when deriving the nth term and a formula 
granted the opportunity to develop a research paper and presentation of the project at 
the AMESA conference. The research question thus focused on the use of problem 
solving and the development of mathematisation in the teaching of patterning in the 
grade 8 lessons. 
THEORETICAL FRAMEWORK AND ASSESSMENT 
We will refer to problem solving, mathematisation and the model used by Orton and 
Orton (1999) to analyse the generalising of number patterns in algebra. The problem 
solving paradigm is the teaching approach whereby a teacher poses problems to the 
learners without giving the predetermined methods and solutions and proved to be 
greatly effective in the ML curriculum. Learners are able to share ideas, discuss 
various methods and justify individual answers in a group setting with teacher 
facilitation. Freudenthal (1991: 67) states that mathematising is didactically translated 
into reinventing. If mathematics is to be taught as mathematising then teacher actions 
should be that of guided re-invention. Horizontal mathematisation infers an 
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understanding of the problem, its language and the questions intention whereas 
vertical mathematisation marks the ability of learners to build more advanced 
mathematical constructs. Gravemeijer (1994: 94) explains that vertical 
mathematisation takes place when learners’ informal descriptions and interpretations 
of problem situations develop into the application of mathematical language and 
algorithms. 
Research by Anthony Orton and Jean Orton (Orton et al. 1999: 105) found that: 


Finding terms in number patterns gets progressively more difficult the further the terms are 
from those given in the question; more pupils can continue a pattern that can explain it; number 
pattern rules are described by a large proportion of pupils in relation to differences between 
terms, and generally, oral explanations of rules … are given by more pupils than written 
explanation. 


Orton et al have identified a number of stages in the development of learners’ 
generalising abilities. The stages of development were (Orton et al.: 117): Stage 0: no 
progress; Stage 1: next term provided; Stage 2: next and tenth terms provided; Stage 
3: next, tenth, and fifteenth terms provided; Stage 4: next, tenth, fifteenth and nth 
terms provided. 
These developmental stages which will be addressed in this paper along with the sub-
stages of Stage 4 which focuses on the degree of generalising ability: Stage 4a: a 
correct verbal statement; Stage 4b: a creditable attempt at an algebraic expression; 
Stage 4c: a correct algebraic representation, but not necessarily the simplest. 
These frameworks allowed sound evaluation and interpretation of the student’s 
classes where horizontal mathematisation in patterning was noted as the progressive 
development through stages 1 to 3 and where stage 4 marked the beginning of 
vertical mathematisation where learners verbally and symbolically formulated the nth 
term. 
INTERPRETATION OF CLASSROOM EVENTS AND FEEDBACK 
THEREOF 
ST1 did not plan the inductive development of the learners’ conceptual understanding 
through the stages (Orton) well. Learners therefore did not progress through the early 
developmental stages 1, 2 and 3 as the lesson was highly teacher-centred with 
minimal application of teacher as facilitator. ST2 had a problem at an accessible level 
which allowed a slight progression through the first three stages of generalisation 
however due to the unfamiliar use of the inverse proportion principle and the lack of 
meaningful facilitation by ST2 the application of generalisation was difficult. ST3 
had distinct control over the application of the problem solving framework due to the 
interactive nature and the progression of the lesson which permitted achievement of 
the first three stages. However vertical mathematisation through stages 4b and 4c was 
not achieved. Numerous post-discussion and research allowed deep reflection and 
identification of shortcomings which further enhanced the learning experience for the 
student teachers involved. 
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Massive open online courses (MOOCs) are a recent phenomenon reaching millions 
of people globally. Drawing on my experience as a participant-observer in five 
mathematics MOOCs I consider what stands in the way of MOOCs making a 
significant impact on higher education in South Africa, how these courses can benefit 
universities and whether universities should be concerned that they will lose 
students.   
BACKGROUND 
The participation rate in South African higher education is defined as the total 
headcount enrolments in some form of post-secondary education divided by the total 
population, both for the 20-24 years age group (Council on Higher Education 2009). 
Although this rate has been increasing, it seems unlikely that the target of 20% 
(Department of Education 2001: 16) will be attained by 2015. Furthermore, there is a 
low graduation rate for those that enroll in higher education. In 2007, the dropout rate 
for first year students was 30%, with a further 20% dropping out in their 2nd or 3rd 
year (Breier & Mabizela 2007). Exclusion from studies for academic, financial, social 
or other reasons has devastating consequences for the thousands of students and their 
families who see a university qualification as a means to social advancement. 
Massive open online courses (MOOCs) exploded into the higher education scene in 
2012, with 2013 seeing the first MOOCs on topics common to first year mathematics 
courses in South Africa. This is also the first year that credits from selected MOOCs 
will be accepted at over 2000 universities and colleges if exams are written in 
supervised environments for a fee of $130 (R1 200) per course (College Credit 
Recommendation Guidebook 2013). To date, no South African universities have 
joined the list of (predominantly American) institutions prepared to accept MOOC 
credits. The value to South African students in taking mathematics MOOCs might be 
in preparing them for first year Calculus so that they are more likely to pass well the 
first time they take a first year mathematics course at their traditional higher 
education institution. 
It is too early to say whether the interest in MOOCs is a passing fad (Wood 2013) or 
if MOOCs can make a significant impact in higher education, particularly in terms of 
increasing participation in the most needed fields and in terms of improving teaching 
and learning. Headlines regarding MOOCs are often dramatic, for example “MOOC 
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mania” (Mangan 2012) and “Elite education for the masses” (Anderson 2012). 
Herman (2012) provides a good overview of the development of MOOCs, naming 
the main MOOC providers as Coursera, edX, Udacity and Stanford University, 
whose combined offerings are listed on http://www.class-central.com. 
OBJECTIVES 
The availability of MOOCs that are similar in content to standard first year 
mathematics courses offered by South African institutions raises some interesting 
questions. This paper will address three: 


(1) What could prevent MOOCs making a significant impact on higher education 
in South Africa? 


(2) How can these courses benefit universities? 
(3) Should universities be concerned that they will lose students? 


METHOD 
I draw on first-hand experience as a participant-observer in the first five mathematics 
MOOCs offered that have relevance to first year undergraduate mathematics and a 
literature search to outline potential limitations and benefits that these courses have 
for South African universities. The courses, all offered through the company 
Coursera (coursera.org), were: 
•  Introduction to Mathematical Thinking by Keith Devlin (2012) 
• Calculus: Single Variable by Robert Ghrist (2013) 
• Calculus One by Jim Fowler (2013) 
• Algebra by Sarah Eichhorn & Rachel Cohen Lehman (2013) 
• Pre-calculus by Sarah Eichhorn & Rachel Cohen Lehman (2013) 


Data sources were my journal entries, discussion forums in the courses and in the 
case of Keith Devlin’s course, a blog and articles giving the lecturer’s perspective on 
teaching a MOOC and other literature on MOOCs. 
FINDINGS 
The findings are given in relation to the three objective questions outlined above. 
What could prevent MOOCs making a significant impact on higher education in 
South Africa? 
Access to internet 
Smartphones that can connect to the internet are a common sight amongst university-
aged youth, even in less affluent communities. Home internet connections are 
available through a wider range of service providers than ever before. However, 
despite the seeming ubiquity of internet access, online course require many videos to 
be downloaded and this can be very slow and expensive. Submitting quizzes or 
taking time-constrained tests would be difficult with a poor internet connection. 
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Cheating 
For students who use MOOCs for their personal interest or growth, there is little 
value in submitting the work of others as your own or using resources in a test that 
are not allowed, for example, no calculators, software, textbooks or notes may be 
used during tests the Calculus: Single Variables course. Before submitting tests, 
students must confirm that the work is their own and that they abide by the code of 
conduct. For credits to be acceptable at a higher education institution that accepts 
Coursera credits, a fee is payable and the exam must be written in a controlled 
environment, such as a university. This reduces the chances for cheating to about 
equivalent a traditional university course with online tests or exams. However, the fee 
is still very high in South African terms (approximately R1200) and alternative ways 
of verifying the identity of the test taker should be investigated. 
Test questions that contain links to videos or online textbooks on the topic might 
seem like a form of cheating compared to traditional closed-book tests. When I had 
overcome my initial shock of such support in a test, I found that having relevant links 
promoted honest self-assessment. A test-taker is able to acknowledge areas of 
weakness and immediately improve on them. 
'Big name' universities may not accept MOOC credits 
The list of over 2000 universities and colleges that will accept MOOC credits when 
exams are written in a controlled environment notably excludes the most well-known 
ones. Why won't most top-level universities accept MOOC credits? Is this brand 
protection? Which South African higher education institutions would be willing to 
accept students with MOOC credits? When it is possible, it would be worthwhile to 
gather statistics of pass rates in 2nd year mathematics courses of students who 
entered with MOOC credits versus credits from the university. It is likely that results 
from MOOC students would depend on many factors, for example previous 
education background, motivation or whether the student is studying full or part time, 
which adds to the complexity of assessing MOOC credits. 
Even if MOOC credits are not accepted at South African universities, students might 
be able to accelerate through similar courses, perhaps paying a lower fee and only 
writing exams. Large first year courses are 'cash cows' for universities because they 
enroll so many students and use very few full-time staff. Losing large first year 
classes may bring the financial viability of some mathematics departments into an 
uncomfortable focus and this may lead to a different model for assessing the 
workload of mathematics lecturers. 
Lecturers might feel threatened by MOOCs 
If students can get a better quality course for free by a world leader in a field, why 
should they attend a live class with an average lecturer?  One reason is that people 
appear to enjoy experiencing an event in the company of other people. Another 
reason why local lecturers may be preferred to MOOC lecturers is their ability to 
contextualize. A local lecturer might be more able to give examples relevant to the 
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region or with fewer unfamiliar metaphors or cultural references. The accent or 
language of the MOOC lecturer may be difficult or annoying. A possible model that 
MOOCs might adopt is to have a single MOOC course delivered in one of a variety 
of styles, using a diverse range of lecturers. Students could choose the lecturer or 
style theme that they prefer, similar to the model in contact universities where there 
are multiple lecturers for large courses with the same assessments. This also allows 
for translated versions of the same MOOC which could make them accessible to a 
wider audience. 
Epistemological access 
It may be the case that some students find studying through a MOOC difficult 
compared to the traditional experience of learning in a physical group of peers who 
are learning the same content at the same time. MOOCs have been addressing this by 
strongly encouraging students to engage with course-mates and lecturers through 
online discussion forums embedded in the course website, or meeting in alternative 
spaces, online or even face-to-face. Many students are comfortable using writing-
based means of communication such as Facebook and Twitter, and this may work in 
favour of MOOCs. 
 In the future, MOOCs might be able to incorporate other ways to ask questions of 
students, maybe including students' questions via webcam videos. Currently lectures 
are linked to multiple choice questions or other questions based on the recently 
lectured material for students to check if they are following and to keep them alert. In 
many courses the quality of teaching is not very high, with low-cost, talking head 
videos being the dominant format (Weiland 2012). 
Syllabus differences 
A first-semester Calculus course for students needing to study 2nd year mathematics 
is fairly standard but there may be some sections omitted in a MOOC. A solution 
might be for universities to offer a short MOOC-converting course for a smaller fee. 
Eventually MOOCs could be customized, for example the same MOOC course could 
be taken but according to the student’s interests, examples could be taken from a 
relevant field, for example, a Calculus MOOC could have options with examples 
from chemical engineering, civil engineering, business or life sciences. 
How can these courses benefit universities? 
A possible solution to the barrier of internet access would be to allow MOOC 
students to use universities' internet connections. Why would universities allow this? 
Firstly, fewer students would fail traditional courses because they have familiarity 
with some course content through MOOCs. Secondly, students would be able to try 
out fields before committing to study them and this may reduce the number of drop-
outs caused by a poor match of a course to a student's interests and aptitudes. 
A positive spin-off from considering the content and level of first year mathematics 
MOOCS is that it might make universities more closely align later courses with pre-
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requisite courses. Embedding website links to the earlier material (which could 
include links to relevant MOOCs) can provide easy-access revision in later courses. 
If the validation of MOOC credits has sufficient demand, there is an opportunity for 
universities to provide a service to MOOC students while making use of their 
facilities for testing large numbers of students. Universities could generate 
employment and revenue by being venues where proctored MOOC exams can be 
written. 
Should universities be concerned that they will lose students? 
Traditional, residential universities in South Africa offer a greater package than 
simply gaining knowledge through the courses studied. For those who can afford it, 
the experience of full-time study in the presence of interesting peers and inspiring 
lecturers and with a wide range of extra-curricular activities will continue to be 
rewarding and sought after. This view is shared by the co-founder of a major MOOC 
provider Udacity, David Stavens (Ripley 2012). 
Some students will find that their learning needs can be met through online study that 
can be flexibly integrated into their lives. These students may not aspire to a 
traditional tertiary education experience and get around the need for formal 
qualifications by creating their own businesses. On the other hand, universities may 
gain other students who have made informed career choices by trying out free online 
courses before committing to full- or part-time study at a traditional university.  
MOOCs might prove to be more attractive to students whose choices are not between 
an online or a traditional course, but between an ‘online class or no class at all’ as a 
student in a sociology MOOC reported (Weiland 2012). 
CONCLUSION 
The education crisis in mathematics education in South Africa (Strydom, Mentz & 
Kuh 2010) is unlikely to be met by traditional means. Technology is beginning to 
make it possible for greater participation in higher education in ways that can more 
easily be accommodated in busy, multifaceted lives. At the same time, MOOCs 
threaten to disrupt traditional teaching by opening up to public scrutiny the ways of 
learning common to many university courses and this is likely to result in greater 
dissatisfaction with mediocre learning experiences at traditional institutions. When 
students have experienced learning in a MOOC environment, they might have 
heightened expectations for contact courses at South African universities. This may 
bring new demands to lecturers but also examples of teaching that might show us 
how to make our teaching even more effective. MOOCs are not going away and we 
should start to make use of the benefits they offer, even within traditional face-to-face 
classes. 
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The move from high school mathematics to university level mathematics is a big leap 
for first year students. The use of videos for learning mathematics is advantageous in 
two ways. Firstly, making short videos in groups uses constructivist characteristics 
such as the learning being active, collaborative and motivational. Secondly, videos 
that have been made can be a resource for other students. Home language 
explanations are a type of academic support that might help new students adjust to a 
predominantly English learning environment, especially early in their first year. This 
paper reports on an on-going action research study on building a multi-language 
database of video explanations, where students collaboratively made video 
explanations for including in the databank using Blackberry Torch devices.  
THE FOCUS OF THE PROJECT 
This research proposal describes the development of a platform to share multi-
language video explanations made by first year mathematics students. As part of an 
on-going action research study, we are interested in these research questions: How 
can we best support students in making videos and how can the videos be set up on a 
database so as to promote ease of use and learning? We also examine possible ways 
in which the effectiveness of the database can be measured. 
MOTIVATION FOR THE PROJECT 
Statistics on students in the Academic Support Programme for Engineering in Cape 
Town (ASPECT) show that 50% of first year students are likely to graduate with an 
engineering degree, and their progress from first to second year is generally with low 
marks (Pearce et al. 2012). From 2000 to 2008, the mathematics and physics class 
averages of ASPECT students were only slightly below mainstream students, but the 
class averages of both groups were generally below 60%. There is a clear need to 
help more students pass and to pass with better understanding so that they are more 
likely to graduate. These are also the students that we have had access to for video 
production by students since one author is a lecturer in the ASPECT programme. 
Many factors affect students’ success at university. First generation students, as many 
ASPECT students are, have potentially more adjustments to make in their first year 
and beyond, particularly if they are also low-income students (Engle & Tinto 2008). 
Learning in a predominantly English environment with little home language support 
is an additional challenge faced by some students. 
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The use of short videos as a learning tool has increased due to the widespread 
availability of devices capable of taking good quality videos. Students can learn from 
online videos on sites like the Khan Academy (www.khanacademy.org ) or from 
vodcasts of lectures for courses that they are currently taking. Video production by 
students is emerging as an educational technology, as seen by sites such as 
http://studentmathmovies.wikispaces.com/ and http://www.mathtrain.com/ where 
primary school students showcase their videos. 
The potential value of creating a multilingual searchable databank will be that: 


(1) students who make the videos themselves tend to learn the mathematics more 
meaningfully than if they had to explain the mathematical concepts verbally;  


(2) students learning completely in English for the first time and finding it hard to 
grasp mathematics concepts, can have access to some home-language 
translations; 


(3) this could be developed into a platform where first year students can get to 
know one another or link to senior students who made the videos a year or two 
before and who can play a small mentor role. 


THEORETICAL FRAMEWORK 
This project takes the form of action research (Kemmis & McTaggart 2005), and is 
part of the second major cycle of planning, acting, observing and reflecting. The first 
cycle was reported in Campbell (2013). Video production by students is a form of 
active learning, involving collaboration between students, both having roots in 
constructivism. Making a video or making comments on a video that will be seen by 
other students might help students to become part of a ‘community of practice’ (Lave 
and Wenger, 1991). The use of technology in teaching is seen as motivational to 
students from a generation who already use it in their everyday lives. 
Simply watching videos can be a very passive experience. A goal of the database is to 
engage students more. This could be achieved through a ‘liking’ feature or 
establishing a place for comments. The lectures on the site http://ed.ted.com have 
three tabs displayed for each video: Watch, Think and Dig Deeper. The Think tab 
allows you to take a comprehension test based on the explanation either as a multiple 
choice quiz that is immediately marked, or a longer open-ended question with no 
answer given while the Dig Deeper tab provides links to further resources or 
something more on the topic. They encourage using customized versions of these 
videos and quizzes to ‘flip the classroom’ (Fulton 2012) by assigning as homework 
the viewing of the videos and answering the quizzes and spending class time on 
collaborative work and more advanced questions. This second major action research 
cycle in this project will look at ways to incorporate interactive features such as these 
in the database of videos. 
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LITERATURE REVIEW 
There is a growing body of research pointing to ways in which videos have been used 
successfully in teaching and learning (e.g., Snelson 2008). We are interested both in 
learning that happens as a result of producing videos as well as learning through 
watching and engaging with existing videos through posting comments, answering 
quizzes or rating the videos. We will explore literature on both types of learning.  
An example of literature involving video production in mathematics learning is work 
by Karppinen (2005) who considered six characteristics of meaningful learning in 
relation to digital and online video material and pointed out the importance of 
integrating video production or viewing into other learning tasks or resources. The 
characteristics were drawn from constructivist-based literature and describe 
meaningful learning as (1) active, (2) constructive and individual, (3) collaborative 
and conversational, (4) contextual, (5) guided, and (6) emotionally involving and 
motivating. 
The premise that alternative language translations would be beneficial to new 
university students is based on personal discussions with students who have noted 
that adjusting to the almost all-English environment was the biggest challenge in their 
first year of study. The expanded study will explore literature that can show how 
widespread this challenge is. 
Applied or “word” problems are known to be perceived as difficult to many first year 
university students (Craig 2002; Klymchuk et al. 2010). This provides motivation for 
focusing the development of the database on such questions rather than more symbol-
heavy, low-word questions. 
We will also consider literature on how to make videos, for example Quillen (2013) 
reports that the optimum length for an educational video seems to be 2-3 minutes. 
The discovery of this claim by the founder of the mobile video business, Vuclip, 
made us reconsider guidelines for students making the videos. 
METHODOLOGY 
Reflections from the previous action research cycle have informed some of the 
changes in this cycle. These are discussed under two headings: Development of the 
database and Video production. 
Development of the database 
A University of Cape Town (UCT) branded Word Press site was set up with the 
URL: mathsinyourlanguage.uct.ac.za. A YouTube channel was established which 
would store the videos that would be accessible through the WordPress site. We 
investigated ways of linking to other platforms where students can watch more video 
explanations on a topic, such as Math TV and Khan Academy. We also tried to make 
the database more interactive by setting up a place for students to rate and comment 
on the videos. 
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However, consultation with a lecturer in Information Systems (IS) at UCT led to a 
different direction for the database development. The design and creation of the 
database was proposed and accepted as a topic for a group project by four final year 
Information Systems students, supervised by a senior lecturer from IS. This entailed 
the students developing all aspects of the database from scratch rather than making 
use of any existing platforms such as YouTube, Facebook or the university’s online 
management system. The database is due to be completed in September 2013. 
In order to improve the quality of the videos put in the database, various video editing 
packages were investigated. The limitations and advantages of the packages 
considered will be discussed. 
Video production 
A major concern is that the videos the students make have to be of sufficient quality 
to be used. In the first action research cycle, students were given a 45-minute 
presentation by a senior film and media student on how to make good mathematics 
videos using the Blackberry Torch devices that the students used. Although the 
quality of the presentation was high, it didn’t seem to match the varied experiences 
and needs of the class. In reconsidering the means of providing technical support and 
knowledge to students in this cycle, we looked to compile a brief hand-out that could 
be given to students as a reference, warning of common mistakes and encouraging 
best practice while making videos. The online learning management system used by 
the course would contain further video production tips for interested students to 
access. A summary of good practice for video production was compiled based on a 
review of videos in the first cycle and observations of instructional videos on a 
variety of websites (see Figure 1). 


Figure 1: Good practice for video production 
Reviewing the videos from the previous action research cycle led us to feel that 
certain topics would be better suited to video production. Generally, questions 
involving applications were more likely to have contextual settings that would be 
usefully described in other languages, such as optimization questions, compared to 
more mathematical questions using jargon terms, such as “Evaluate the given limit.” 


1. Make sure the question being answered is read clearly and audibly right at 
the beginning of the video, as well as a mention of what topic the question 
falls under. 


2. If the question has several parts, first read out and show all the parts 
beforehand, and then read out each part as it is tackled. 


3. Zoom in and out correctly to highlight the parts being answered. 
4. Preferably no actual person should be present in the video; but a clear voice 


and a clear shot of the question and steps to the solution is vital. 
5. Use of different colours to highlight different parts being answered. 







Short Papers 


 234 


The assessment of student learning as a result of video production will be 
investigated in this action research cycle. Using the principle of triangulation, 
observations on the video production will be made in three ways: (1) students’ views 
will be gained through an anonymous, online evaluation, (2) the researchers will 
make observations during the tutorials when videos are made, (3) the lecturer for the 
course where video production will be used will be informally interviewed to gain 
her views on the experience of having students make videos and how it may have 
impacted their learning as observed in tests and questions asked. 
In the next semester’s action research cycle we would like to get feedback from 
students who found the site useful and if this has in some way helped their 
progression to second year. 
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The use of technology in mathematics education has produced many positive 
outcomes, as reported in the literature. However, there is little evidence of 
technology making a substantial impact on the education crisis in a country such as 
South Africa. In this proposal, we consider a case study of an innovative project run 
by the organization Numeric, as seen through the eyes of a tutor for the project. 
School students worked through selected Khan Academy videos and quizzes aligned 
to the South African school curriculum. This was done in after-school centres with 
tutors guiding students through the website and assisting where necessary. We 
describe how the project will be executed, the theoretical framework underpinning it 
and relevant literature. 
THE FOCUS OF THE PROJECT 
This project takes the form of a case study of the use of technology in a South 
African context, drawing on one of the authors’ work as a tutor on an after-school 
programme where students use the Khan Academy website (khanacademy.org) to 
supplement their school work. This website has a large collection of short videos 
(mostly 8 to 15 minutes) on a wide and growing list of topics. The inspiration for the 
videos was the discovery by the founder, Salman Khan, that the relatives he tutored 
preferred recorded explanations that they could pause and watch repeatedly. The 
website has expanded to include mastery quizzes connected to video topics. The 
organisation Numeric links the Khan Academy videos to the South African 
curriculum and provides a repository of videos that can be accessed offline. 
We are particularly interested in the potential impact this project could have on 
addressing the mathematics crisis in South Africa. In particular we want to know: 


• Does learning through watching videos and taking mastery quizzes improve 
students’ performance in school, in mathematics as well as in other 
subjects? 


• Does knowing how to access the Khan Academy have other benefits for 
students, e.g. being able to advise friends and relatives on how they can 
access the website, or being able to explain work to friends and classmates, 
having more confidence in mathematics classes and in other classes? 


• What are the difficulties associated with the use of Khan Academy videos 
and quizzes? 
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MOTIVATION FOR THE PROJECT 
Mathematics education in South Africa can be described as being in a crisis (Fleisch 
2008). Despite efforts to improve the situation, the majority of South African school 
students are likely to be taught mathematics by a teacher who does not have the 
required qualifications (Reddy 2006). The Khan Academy videos might provide a 
means of delivering a higher quality of education than is currently received by these 
students. In addition, the game-like design of the mastery quizzes on the Khan 
Academy website seems to encourage students to practice basic skills. 
A large meta-analysis by Means, Toyama, Murphy, Bakia & Jones (2010) found that 
students performed slightly better with online learning compared to face-to-face 
learning. As technology is becoming more available, there is a greater need for 
decision-makers to have access with relevant studies on online learning. This study 
will add to existing research by considering the potential and pitfalls from the use of 
the Khan Academy resources, as tailored by Numeric, in South African schools. 
THEORETICAL FRAMEWORK 
The Khan Academy website is designed around two main features: video 
explanations on a wide range of topics and mastery quizzes for which ‘badges’ can be 
earned. This design suggests an implied position on learning theories and the nature 
of knowledge. Hung (2001) points out that because of the complexity involved in 
human cognition, it is acceptable to simultaneously adhere to different learning 
theories that play larger or smaller roles depending on the objectives and contexts of 
the learning situation. We shall justify why we see elements of behaviourism and 
constructivism in the Khan Academy website. 
The display of topics in a tree-diagram with links between some topics gives the 
impression that knowledge exists independently of the student (an objectivist 
epistemology) and that the student’s task is to gain the unknown knowledge. An 
objectivist view of knowledge is associated with learning theories such as 
behaviourism, which uses repetition, rewards and punishment to help students retain 
knowledge. In the Khan Academy quizzes, a series of eight similar questions must be 
answered in a row before a reward (in the form of a badge) can be earned. If a 
question is answered incorrectly, the ‘punishment’ is the withholding of the badge 
until eight consecutive questions have been answered correctly, which costs the 
student more time. 
Although watching videos does not allow for immediate question and answer 
interaction for the student, watching a video explanation has some advantage over a 
live explanation because the viewer is able to repeat parts or pause the explanation. 
This allows for the experience to be more interactive. Allowing the student to have 
control of their learning reflects constructivist underpinnings. 
Tracking students’ progress allows teachers/coaches/tutors to identify students who 
seem stuck, possibly because the gap between their current knowledge and what they 
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are attempting to learn is too large. They can then review a suggested topic so that 
this gap can be reduced to a manageable size. This fits with a constructivist view of 
learning famously described by Vygotsky (1978). 
In Vygotsky’s (1978) discussion of the conditions for optimal learning, he describes 
the gap between what is known and what is still to be learnt (and cannot be done 
without help) as a “zone of proximal development.” Assistance from someone more 
knowledgeable can help the progress of the learning, and this underlies many models 
of teaching. The difficulty of a classroom situation is that there is usually great 
variation in what is known by each individual. Providing assistance for a task far 
beyond one student’s level of what is known results in a breakdown of learning. The 
advantage of self-paced learning through watching videos is that students can get 
access to a knowledgeable assistant when they are most able to make use of their 
advice. 
LITERATURE REVIEW 
The body of literature on the use of Khan Academy is currently small. This case 
study aims to fill a gap in the literature about the use of the Khan Academy in a South 
African setting. In this paper we consider literature that characterizes the Khan 
Academy, showing positive and negative issues associated with the use of the 
platform. 
How does the Khan Academy work? 
Khan academy videos are presented by the founder Salman Khan. They generally run 
for seven to fourteen minutes, with Salman’s voice explaining the concept while his 
hand-scribbled formulae and diagrams appear on screen. The website also enables 
users to practice unlimited problems and earn videogame-like badges in return for 
good performance. Impressive statistics about users’ progress through topics are 
created for every user.  If students link their school teacher as their ‘coach,’ the 
teacher can use a dashboard application to identify places where the student is 
struggling and provide individualized, focused help. Teachers are able to ‘flip the 
classroom’ (Mazur 2009; Tucker 2012) by assigning video viewing as homework so 
that class time can be spent on collaborative work and addressing specific difficulties. 
Positives issues arising from the use of Khan Academy 
Research points to the best instructional approach being one-to-one attention (Bloom 
1984) but this is very expensive when done live. Instruction by videos is an effective 
approximation to this, particularly when students can choose the topics that they must 
work on. The casual style evident in the Khan Academy videos and the lack of a 
‘talking head’ help to keep the one-to-one feel. Audiences also appreciate that the 
explanations move from step to step (Thompson 2011). 
Where there is access to Khan Academy videos at home, the videos may help to fill a 
gap that some children may experience due to the lack of parents or care-givers who 
are able to help with homework. This is particularly relevant in a South African 
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context where there is political motivation to address the generally poor quality of 
education for the black population (Chisholm 2012). Another space where access to 
face-to-face help is limited is prison. Schneider (2012) describes the use of the Khan 
Academy in this context. 
Thompson (2011) reports on some interesting and positive phenomena arising from 
the use of the Khan Academy. The feature of allowing students to learn at their own 
pace resulted in a ten-year-old completing over 642 inverse trigonometry problems. 
A teacher reported that by allowing students to move through the practice exercises at 
their own pace, the proportion of her class classified as average or lower in end-of-
year tests reduced from 13% to 3%. 
The drill style of the Khan Academy quizzes suggests an adherence to old-fashioned 
rote learning, which has negative connotations of conformist ideologies. However, it 
is widely accepted (e.g., Siegler 2003; Sfard 2003) that in mathematics a certain 
amount of memorization provides foundational elements from which to develop 
further learning. The motivation for mastery learning through the quizzes was to 
build students’ basic skills so that they could better understand more advanced topics 
and provides motivation to students by gaming elements, such as collecting points 
and reaching levels of achievement. Allowing for the mastery of basics to happen 
outside the classroom frees up time for active, creative learning during school 
lessons. 
Negative issues arising from the use of Khan Academy 
Studies on learning styles (Felder & Brent 2005) show that a single instructional 
method is unlikely to be optimal for all students. The style of Khan Academy videos 
does not include the variety that is recommended for reaching audiences with diverse 
learning styles, as noted by some educationalists (Thompson 2011). Teachers who 
incorporate the Khan Academy videos into a variety of activities may be able to 
minimize this limitation. 
The use of Khan Academy videos and quizzes requires appropriate computer 
facilities and internet access. Numeric provide a repository of videos that can be 
downloaded to a network so that the videos only need to be downloaded once and 
thereafter can be accessed by computers on the network without using the internet. 
However, the quizzes can only be completed with internet access. Problems with 
computer facilities include the need for staff and funding for the maintenance, 
security and upgrading of facilities. In parts of South Africa, these issues are 
frustrating obstacles to those who would like to use the Khan Academy website. 
METHODOLOGY 
The weekly involvement of one of the authors in this project afforded the opportunity 
to examine the progress of the group over 2- 3 terms as a case study. The limitations 
of a case study are that they do not provide evidence for large-scale generalizations or 
policy adoption. Vickers (1965) warns that even a large number of case studies may 
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not be representative of the population. However, the merits of case studies as an 
emerging methodology in education was noted by Case & Light (2011) who 
described case studies as 


particularly appropriate to address research questions concerned with the specific application of 
initiatives or innovations to improve or enhance learning and teaching. 


This study therefore aims to provide a detailed look at the activity of the group in 
order to understand it better and help us to answer the research questions. 
The tutor will have weekly meetings during school terms in 2013 with a group of 20-
30 grade 8 students from a variety of schools in a community centre in Khayelitsha, 
Cape Town. The tutor’s role is to make sure that the school students can connect to 
the Numeric and Khan Academy sites and follow the programme of work outlined 
for them. He can also help to explain anything the students do not understand, if 
necessary translating into a different language. 
The students’ progress in syllabus-related mathematics topics will be monitored on 
the Khan Academy site. The tutor will keep a record of scores in timed multiplication 
tests. To determine whether participation in this project improves students’ 
performance in school mathematics as well as in other subjects, we will ask 
participants to share their school reports for the previous year as well as for the 
period during which they partake in the project. A comparison of marks in 
mathematics and some other subjects from 2012 as well as the first half of 2013 for 
the students in the Khan Academy project will be made with the average performance 
of students in the schools from which these students come. This will provide a 
baseline comparison from which we can determine whether the students in the Khan 
Academy project perform differently from their peers, regardless of their pre-existing 
performance in mathematics. 
Interviews with students and observations by the tutor could help to find out in what 
other ways the project has benefitted students. An analysis of marks for subjects other 
than mathematics for students in and out of the Khan Academy project would provide 
some evidence to support or refute the conjecture that there could be a rub-off effect 
that improves learning in other subjects too, despite the project focusing only on 
mathematics. This could be a topic for further research. 
Finally, it would also be useful to record the problems that were encountered with 
running the project (such as poor internet connections, people dropping out of the 
project or missing sessions and the reasons for this) and how these were dealt with. 
This would be helpful for others planning to implement similar interventions. 
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This paper reports on the linear function y = mx + c  from the perspective of what is 
called spreadsheet algebra in the case of pre-service mathematics teacher education. 
Fostering a symbol sense through a spreadsheet algebra view (in mathematics 
teacher education) of this function can come about when using two spreadsheet 
algebra programmes that have been designed to explore what happens when the 
symbols m and c are varied. In addition to being able to draw the linear functions 
quickly, there is the possibility of using the programmes to draw attention to 
epistemic differences and relationships between symbols for the gradients and y-
intercepts. Implications for the practices of mathematics teacher education and 
school mathematics teaching are considered, especially in light of calls for a focus on 
procedures. 
INTRODUCTION 
Working with linear functions represented through spreadsheets in (pre-service) 
mathematics teacher education is important because it affords the user/pre-service 
teacher opportunities to explore epistemic differences between the symbols m and c 
as in y = mx + c. Spreadsheet use has the potential to offer perspectives related to 
understanding these symbols that usually are not possible in the dominant pencil-
paper environment common to school mathematics teaching. An examination of two 
versions of the linear function represented through spreadsheets is presented in this 
paper. When using the first one, it is possible to vary the gradient (m) represented in 


the form 
a
b


 only, while the y-intercept equals zero. In the second one, it is possible to 


vary both the gradient and the y-intercept. The reason for the two versions relates to 
the idea of directing pre-service (or practising) teachers’ attention to conceptual or 
epistemic differences specific to 𝑚 and between 𝑚 and 𝑐 .The current call for ‘the 
primacy of teaching procedures in school mathematics’ (Julie 2012) makes it 
necessary to examine what a spreadsheet algebra view of linear functions has to offer. 
TOWARDS A THEORETICAL FRAMEWORK 
First, details on the context, viz., the practice of pre-service mathematics teacher 
education (at a university) followed by definitions of and connections between 
spreadsheet algebra and symbol sense are presented. Next there are descriptions of 
the two spreadsheet algebra programmes (SAPs) on linear functions. The paper 
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concludes with a discussion that focuses on a pre-service teacher’s pencil-paper 
recording of a particular behaviour of m and a conclusion based on implications for 
school mathematics teaching and mathematics teacher education in light of the 
current calls for the primacy of teaching procedures in school mathematics. 
The context: pre-service mathematics teacher education 
The present paper has its origins in pre-service mathematics teacher education in 
which we at the university explore, amongst other activities, school mathematics such 
as linear functions through the use of spreadsheet algebra programmes (SAPs) as 
‘resources’ (Adler 2000). A spreadsheet can be used to point out links between 
arithmetic and algebra (Haspekian 2005). In other words, a spreadsheet can be used 
to ‘re-source’ (as a verb) the algebra through arithmetic. One particular goal is to 
have pre-service teachers use the SAPs to build an initial repertoire (Feiman-Nemser 
2001) with respect to (linear) functions and related symbols and their multiple 
(numerical, graphical, tabular and symbolic) representations. In addition, the SAPs in 
use can be regarded as didactic materials (Gellert 2004), meaning that they can serve 
as tools to enable pre-service teachers to acquire meanings for the various symbols. 
The pre-service teachers are also encouraged to move between spreadsheets and 
pencil-paper as mediums to write up their insights. Long-term thinking is that, 
beyond initial teacher education, the pre-service teachers extend their initial 
repertoire with respect to symbols in the case of linear and other functions. 
Spreadsheet algebra, linear functions and symbol sense 


Spreadsheet algebra is defined in the paper as school algebra objects such as (linear) 
functions which could be expressions or equations (a comparison of functions) that 
are represented in multiple ways, e.g. tables, graphs and formulas, through the use of 
‘electronic’ spreadsheets (Pea 1985). This definition is adapted from Leung (2006), 
who defines spreadsheet algebra as the algebra learned through spreadsheets. In 
particular, spreadsheet algebra is instantiated in the form of SAPs (think applets) 
showing (linear) functions or ‘number recipes’ (Schwartz & Yerushalmy 1992; 
Yerushalmy & Schwartz 1993). The number recipes, i.e., functions, can be 
represented as discrete or real number inputs that are paired with corresponding 
outputs, depending on the particular recipe. To paraphrase Leung, the use of 
spreadsheet algebra (in the form of a SAP) demands a new vision of school algebra 
where there is a shift in emphasis from symbolic manipulation, as in pencil-paper 
school algebra, towards the symbol sense (Arcavi 1994; 2005) needed for 
understanding of objects such as (linear) functions. 
A definition of symbol sense through a spreadsheet algebra view of linear functions 
will be far from closed and fixed (Arcavi 1994; 2005). In the present paper, symbol 
sense refers to the literal symbols m and c as found in high school algebra. Symbol 
sense is dependent on the context, whether it is pre-service mathematics teacher 
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education or school mathematics teaching. Through spreadsheets use, for example, 
the idea is to have the pre-service teachers ‘read through’ (Arcavi, 2005) the forms of 


the gradient m represented as 
a
b


 and to hopefully ‘see’ equivalent forms or to 


distinguish between m and c in the case of, say y = 3x + 3 . In school mathematics, 
teaching such distinctions will be useful, especially where learners are required to 
follow procedures to plot the linear function as in a pencil-paper environment. In the 
case where learners have to do symbolic manipulation on linear expressions only, 
distinctions between 𝑚 and 𝑐 might not be needed because they are not necessarily 
coupled with graphical meanings. Not surprisingly, a symbol sense will be dictated in 
high schools by the content of high stakes examinations, i.e. legitimate school 
mathematics (Julie 2012). In a spreadsheet algebra view, the symbols 𝑚 and 𝑐 can 
play different roles, namely as variables or parameters, and there is the possibility of 
the development of an ‘intuitive feel’ (Arcavi 2005) for those differences. 


Spreadsheet algebra view of the linear function G(a,b, x) = a
b


⎛
⎝⎜


⎞
⎠⎟ x  or f (m, x) = mx  


In the linear function shown in Figure 1, there are three linked representations—a 
graph, a formula and a table. For the sake of convenience, the graph has its x- and y-
axes calibrated in units ranging from -5 to 5 for each axis. Each of the four quadrants 
has been split symmetrically into halves, resulting in eight regions that can be 
identified through corresponding reflections, i.e. transformations of the numerical 


values of the gradients of the form 
a
b


. 


 


Figure 1: A spreadsheet algebra view of the linear function G(a,b, x) = a
b


⎛
⎝⎜


⎞
⎠⎟ x  , or


f (m, x) = mx . 
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In Figure 1 the dark lines indicate the functions y = x  and y = −x . Because the y-
intercept is zero, the user’s (pre-service teacher’s) attention can thus be focused on 


the gradient which takes the form of a rational number 
a
b


. In Figure 1 we have 


G(a,b, x) = −2
−1


⎛
⎝⎜


⎞
⎠⎟ x  with its linked table of values and graph. The choice of -2 and -1 


was made to show a graphical representation of the gradient when both a and b have 
negative values. The numerical values of a and b can be varied by the technique or 
procedure of ‘leaning’ on the scrollbars indicated above the graph in Figure 1. 
Through this technique, the linear function can be conceptualised as a two-parameter 
‘family of (linear) functions’ (Yerushalmy & Schwartz 1993: 61) that can be 


represented symbolically as G(a,b, x) = a
b


⎛
⎝⎜


⎞
⎠⎟ x . 


In summary, procedures such as systematically varying the numerical values of a and 
b and noting corresponding changes are about developing a symbol sense with 
respect to the gradient of the linear function. 
Spreadsheet algebra view of y = ax + b  or f (m,c, x) = mx + c  


As with the previous linear function we have the three linked representations, viz. a 
table, a graph and a formula (see Figure 2). The use of the scrollbars enables the user 
to vary the gradient (a) and the y-intercept (b), which is not possible in the previous 
linear function. By leaning on the scrollbars we can produce a two-parameter “family 
of linear functions”. We can vary the gradient (a) and keep the y-intercept (b) 
constant and vice versa. We can write the two-parameter linear function as 
f (m,c, x) = mx + c , although we have a and b in y = ax + b  in the actual SAP. The 


three-column table (See Figure 2) is designed in a way to show the gradient (Δy) 
numerically (See third column) which is then also represented graphically in the form 
of the two triangles on the graph. Such a representation of the gradient is not present 
in the case in Figure 1. The instructions in the lower right-hand corner make the SAP 
usable as didactic material that, when used, is aimed at guiding the user/pre-service 
teacher to explore connections between tabular, numerical, graphical and algebraic 
representations of y = ax + b . 


In summary, the forms of the linear functions in the above differ from and are similar 
to the dominant pencil-paper environment specific to school mathematics teaching. 
First, they are represented through spreadsheets and the variables, in addition to x and 
y, are in the form of parameters (m and c) that can be varied through the use of the 
scrollbars. 
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Figure 2: A spreadsheet algebra view of the linear function y = ax + b  or 


f (m,c, x) = mx + c . 


The linear functions also differ because they do not look exactly like linear functions 
represented in legitimate school mathematics characteristic of pencil-paper tests and 
examinations. They are recognisable as ‘straight line graphs’ when it comes to school 
mathematics teaching. These differences and similarities point to issues connected to 
the practices in (pre-service) mathematics teacher education and school mathematics 
teaching to which we now turn. 
FURTHER EXEMPLIFICATION AND CONCLUSION 


Fostering symbol sense through a spreadsheet algebra view of the linear functions in 
(pre-service) mathematics teacher education implies that we consider the following 
two inter-related points. First, the SAPs containing the linear functions can serve as 
resources (Adler 2000) and are also didactic materials (Gellert 2004) peculiar to the 
practice of mathematics teacher education. Second, working with the SAPs requires 
‘mediated use’ (Adler 2000) where the pre-service teachers are directed to find out 
what happens when doing procedures such as leaning on the scrollbars and taking 
into account the dominant pencil-paper environment of school mathematics teaching. 


Through mediated use in mathematics teacher education, the two linear functions can 
serve as a resource for developing a symbol sense connected to the gradient and 


between the gradient and the y-intercept. After exploring G(a,b, x) = a
b


⎛
⎝⎜


⎞
⎠⎟ x , a pre-


service teacher summarised in pencil-paper form the behaviour of and relationships 
between linear functions in instances where the gradients are inverted. The reason for 
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showing a pencil-paper recording has to do with mediated use, i.e. efforts to have 
pre-service teachers work between a pencil-paper environment specific to school 
mathematics teaching and a spreadsheet environment as found in (pre-service) 
mathematics teacher education. In particular, it meant that the pre-service teacher 
followed the procedure of ‘leaning on’, i.e. changing the parameters a and b on the 


scrollbar in ways where she noted what happened when 2 became 
1
2


 and 
2
4


, 
3
5


 


became 
5
3


 and 
5
6


 became 
6
5


 (see Figure 3). 


 


 
Figure 3: Evidence of pencil-paper symbol sense in instances where gradients are 


inverted in G(a,b, x) = a
b


⎛
⎝⎜


⎞
⎠⎟ x . 


She recorded in pencil-paper the reflections in the line y = x  for the three examples 
she chose to write up as numerical changes in the parameters a and b of the gradient 
a
b


 and their associated graphical effects. No claim is made that what she recorded is 
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proof of her knowledge. She may have obtained what she drew from a source other 
than the SAP shown in the above. What can be said is that the pencil-paper drawings 
she made can be used to complement the mathematical potential of the SAP as 
didactic material and what is valued in mathematics teacher education. The drawings 


or recordings in Figure 3 can be used to ‘read through’ the symbols 
a
b


 and, thus there 


is the possibility of understanding what procedures such as manipulating or changing 
them numerically is about graphically, viz., transformations or reflections in y = x . 


Symbol sense with respect to linear functions espoused in the paper has to be viewed 
pragmatically when it comes to school mathematics teaching. In the case of the latter, 
symbol sense implies taking into consideration a framework related to the daily 
routines of high school classrooms, i.e. legitimate school mathematics. The symbol 
sense associated with the two SAPs is peculiar to the practice of mathematics teacher 
education but is aimed at illuminating school mathematics teaching. It can be argued 
that the teaching of procedures with respect to linear functions in school mathematics 
teaching has to accompany an emerging and often pragmatic symbol sense when it 
comes to symbolic manipulation peculiar to high stakes examinations and pencil-
paper-dominated environments where learners’ progress is what counts. 


Further investigation is needed to see how, when and where the fostering of symbol 
sense present in the proceduralising embedded in the scrollbars designed to vary the 
symbols m and c (in the two SAPs) and accompanying conceptualisation are linked 
when it comes to school mathematics teaching. 
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BASIC MATHEMATICAL ERRORS MADE BY EXTENDED 
DEGREE PROGRAMME STUDENTS IN ENGINEERING 
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Extended abstract 
After 1994 the Department of Education (DOE) had concerns that many learners did 
not obtain the necessary problem solving and reasoning skills during their learning 
processes (DOE (2000) taken up in Engelbrecht, Harding & Phiri (2010)) and 
introduced Curriculum 2005 in 1998 (Engelbrecht & Harding 2008). By 2001 most 
universities had introduced academic development initiatives to support students 
from historically disadvantaged backgrounds in science and/or engineering (Pinto 
(2001) taken up in Grayson et al. (2011)).The Engineering Augmented Degree 
Programme (ENGAGE) was introduced in 2010. 
ENGAGE is a structured, 5-year programme at the University of Pretoria that helps 
students make the transition from high school to university and cope with the 
demands of an Engineering degree. Additional Mathematics is one of the 
developmental modules. The objectives of Additional Mathematics are to develop 
mathematical ways of thinking and conceptual understanding that underpin the 
mainstream Mathematics module, and to supply background knowledge students may 
have missed at school. 
In April 2012 ENGAGE students wrote their second semester test in Additional 
Mathematics after ten weeks of teaching. The occurrences of basic mathematical 
errors in three questions on the evaluation of limits in the semester test lead me to 
investigate the situation further. The errors in algebraic manipulation were based on 
mathematical content knowledge that should have been mastered in high school. 
The research study is based on data collected from students’ answers in 288 test 
scripts. I investigated the following research questions: 


• What are some of the basic mathematical errors made by ENGAGE 
students in an Additional Mathematics semester test? 


• What is the prevalence of these errors? 


• Do students that achieve 70% or higher in Grade 12 Mathematics make 
some of the basic errors as described in the study? 


After analysing the student answers on the question on limits, a number of errors 
were noted. Amongst these errors, eight errors were specifically chosen for analysis 
since they related to algebraic manipulation and occurred most frequently. The focus 
was not on the possible error with regard to the actual evaluation of the limits, but 
rather on the algebraic manipulation needed in order to simplify the expression before 
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the limit is evaluated. I categorised the errors in three categories drawing on the 
curriculum guidelines (National Curriculum Statement, 2002, 2003) and Kilpatrick’s 
strands for mathematical proficiency (Kilpatrick, Swafford and Findell, 2001). The 
basic mathematical errors identified were broadly placed in three categories relating 
to composite trigonometric functions, manipulations with fractions and factorisation. 
The mathematical errors and their prevalence are presented. The errors were found in 
85 of the total number of scripts suggesting that approximately 30% of the students 
made basic algebraic manipulation errors in the analysed questions. Feedback is 
given on how conceptual misconceptions could be illustrated when the student errors 
are discussed in class. 
The presence of certain errors suggests that these students are not mathematically 
proficient in topics that should have been mastered at high school level. The inclusion 
of a mathematical topic in the school curriculum does not ensure student 
understanding of the topic or proficiency in associated procedures, even when 
students obtain fairly high Grade 12 marks (≥60% for most ENGAGE students). 
Furthermore, it is suggested that matric examination marks for mathematics might 
not to be a true reflection of the mathematical knowledge gained at high school level. 
Recommendations are made for further research. The recommendations include 
investigation on whether/how the newly acquired mathematical content on the topic 
of limits influenced the errors students made, for example, did the awareness of 


known limits such as  
  
lim
x→0


sin x
x


= 1 influence students’ answers? 


Further research recommendations are on teaching practices that could lead to 
improved mathematical understanding and proficiency. These practices include: 


• the use of different representations, e.g. algebraic, graphical and verbal 
when teaching mathematics (Ball et al. 2004) 


• a focus on the development of conceptual  understanding, reasoning and 
critical problem solving skills in mathematics vs. rote learning and 
procedures (sometimes involving contextual problems) 


• an emphasis on the lateral connections between mathematical topics 
(algebra, trigonometry and geometry) which are traditionally taught 
separately since they are kept separate in the curriculum (NCS 2002, 2003). 
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This study aimed to examine the experiences of mathematics educators when 
implementing the National Curriculum Statement (NCS) to teach mathematics in 
Grades 10 – 12. The study is contained in five different, but educationally related 
constructs. These are solutions to problems regarding the training of Further 
Education and Training (FET) mathematics educators; problem areas which 
challenge and appeal to mathematics educators; guidelines to assist educators with 
lesson planning; guidelines to assist educators with appropriate assessment 
strategies; and lastly, guidelines for the effective integration of Outcomes-Based 
Education (OBE) in the teaching of mathematics. A mixed method design was used, 
with data being collected and collated using questionnaires and semi-structured 
interviews. The study revealed that educators differed in terms of the problems they 
encountered in implementing the NCS in mathematics. It highlighted problems such 
as educators receiving inadequate training in implementing the NCS and a lack of 
support by departmental officials. However, despite the challenges, participants 
agreed that the implementation process was successful and that it contributed to the 
betterment of their teaching. 
INTRODUCTION 
Globally, education systems are dynamic, fluid and ever changing. According to 
Rambuda & Fraser (2004: 10), one such change is a shift from a philosophy that 
focuses mainly on the transmission of information to one based on a constructivist 
approach to teaching and learning. In South Africa this shift was evident in the 
Outcomes-Based Education (OBE) approach that was introduced two years after the 
country’s first democratic elections in 1994. The introduction of a new curriculum 
replaced the traditional pedagogical style of rote learning with more learner-centred 
pedagogical approaches and engendered critical thought. Mason (1999: 137) argued 
that in South Africa OBE aimed to address the legacy of apartheid by promoting the 
development of skills to prepare all learners for participation in an increasingly 
competitive global economy. The transformation that took place in mathematics 
education in South Africa over the past 10 years, and the eventual launch of the 
National Curriculum Statement (NCS) for use in South African schools, served as 
motivation for the study reported on in this paper. 
The process of curriculum change in South Africa gained momentum with the 
phasing in of the NCS for the Further Education and Training (FET) band, in the year 
2006. The NCS attempted to provide more structure and support to educators than its 
forerunner, Curriculum 2005 (C2005). The critical factor in successfully translating 
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C2005 into practice was to ensure that the three pillars of curriculum transformation 
were in place and in alignment. These pillars were curriculum development, teacher 
development and the development, selection and supply of learning materials. 
However, as the implementation of C2005 began, there were apparently no clear 
strategies put in place by the Department of Education in any of the nine provinces 
(Jansen & Christie 1999: 231). 
The implementation of C2005 was not successful, and in 2006 it was replaced by the 
Revised National Curriculum Statement (RNCS) for Grades R – 9. While the RNCS 
was an improvement on its forerunner, it still had weaknesses. One of the central 
aims of the RNCS was to clearly define the assessment standards per grade against 
which learners were to be assessed. The RNCS streamlined and strengthened C2005. 
It was part of the process of transforming education and training to realize the aims of 
the South African democratic society and of the constitution. The RNCS had three 
curriculum design features, namely critical and development outcomes, learning 
outcomes and assessment standards. 
The implementation of the NCS for Grades 10 – 12 was an improvement as educators 
were provided with guidelines on the context and content, as described in the 
Assessment Standards (ASs), through which the learning outcomes could be 
achieved. According to the NCS Grades 10 – 12 (DoE 2003: 7) assessment standards 
are “criteria that collectively provide evidence of what a learner should know and 
demonstrate at a specific grade. They embodied the knowledge, skills and values per 
grade required to achieve the learning outcomes”. However, for the learning 
outcomes to be achieved, educators had to know how to interpret and teach in line 
with the set Assessment Standards. 
Mathematics education in South Africa arguably has a tradition of narrowly defined 
teaching strategies, derived from the content that mathematics educators are expected 
to teach. If the policy intends a ‘transformational’ curriculum that moves away from a 
‘traditional’ curriculum, how will it counter the teaching of mathematical techniques 
and procedures in ways that educators have been doing all along? School teachers 
would determine whether the newly implemented NCS succeeded or not, simply by 
the way they executed their teaching duties. Therefore, the newly implemented NCS 
would have teacher/educator involvement and development as an integral part 
thereof. 
The fundamental objective of the study on which we are reporting was therefore the 
need to determine and highlight the teaching experiences encountered by 
mathematics educators regarding the implementation of the NCS in Grades  
10 – 12. There was also a need to determine how educators understood the influence 
of OBE on the curriculum and whether or not OBE contributed to the problems 
encountered by educators while teaching mathematics in Grades 10 – 12. Our 
argument is that direct, clear and appropriate guidance from the Department of 
Education on the implementation of the NCS in mathematics in Grades 10 – 12, can 
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contribute to educators coping with implementation difficulties in an effective 
manner. 
In an attempt to realize the aim of the study, we addressed the following five 
constructs. First, recommendations regarding the training of FET mathematics 
educators were investigated. Second, problem areas in the NCS that challenged 
mathematics educators teaching in the FET band and areas which appealed to these 
educators were identified. Third, we asked which guidelines existed to assist 
educators with lesson planning in mathematics and fourth the question regarding 
guidelines that existed to assist educators with appropriate assessment strategies in 
mathematics, were answered. Fifth, guidelines for the effective integration of OBE in 
the teaching of mathematics were determined. 
In the following sections, the situational context of the study is described and 
underpinned by related literature. A rationale for the choice of a mixed methods 
research approach used in the study, is provided, and a discussion of study results 
follows. The paper concludes with recommendations for curriculum implementation 
and suggestions for further research. 
SITUATIONAL CONTEXT 
It is indisputable that teachers/educators are key to the success of curriculum reform 
and implementation (Smith & Desimone 2003; Spillane & Callahan 2000). Their 
knowledge, beliefs and perceptions play a fundamental role in understanding the 
reforms (Blignaut 2007; Haney et al., 2002). Thus it would be irrational and naïve to 
expect educators to accept educational reforms easily or without any objections. 
Some reforms have been triggered by the evaluation results of the Trends in 
International Mathematics and Science Study (TIMSS). Other reforms resulted from 
a lack of satisfaction with student performance. 
Curriculum reform may be introduced with the goal of producing scientifically 
literate citizens capable of competing nationally and internationally. However, 
developing and launching a new curriculum does not guarantee that educational 
challenges and problems will be overcome (Gitlin & Margonis 1995). A range of 
factors, including educators’ understanding and acceptance of the new curriculum, 
are likely to impact on implementation. In South Africa, for example, Jansen (1998) 
and Chisholm (2005) noted that since democracy in 1994, there has been a series of 
educational changes, all intended to redress past educational injustices. However, 
contrary to expectations, these changes have not been unconditionally welcomed 
(Lessing & De Witt 2007). 
Currently, in South Africa, one often hears the words transformation, change, reform, 
development and growth. In-service training (INSET) programmes are professional 
development programmes focusing on transformation, change and reform in the 
education system. INSET programmes are organized in the form of workshops. 
These workshops are meant to develop educators and improve their classroom 
practice. Changes in classroom practices may be attributed to many factors, namely, 
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the introduction of technology in education, changes in curriculum, reform in 
instructional methods and new assessment practices and techniques (Adler 2002: 
160). Along with learning and teaching study materials (LTSMs) and especially 
textbooks, effective educator training is crucial to the successful implementation of 
the intended curriculum. 
Submissions from the review team of the panel appointed by the Minister of Basic 
Education, reported that many newly qualified educators have deficiencies in respect 
of their subject knowledge and methodologies (DoE 2000). It would appear that 
newly qualified educators have not been adequately prepared in respect of 
appropriate methodologies related to the reformed curriculum. A more general 
observation by the authors is that especially new educators (but also more 
experienced educators) are not confident with assessment. If new entrants to the 
profession are equipped with the necessary knowledge and skills with regard to the 
curriculum, the need for on-going training would be reduced over time. 
Jansen (1998) and Chisholm (2005) noted that curriculum revision in South Africa 
proceeded in three main waves. The first involved cleansing syllabi from racist 
language and controversial and out-dated content. This process also aimed at laying a 
foundation for a single national core syllabus with curriculum decisions made in a 
participatory and representative manner. The second wave included the launch of 
C2005 in March 1997. C2005 was driven by the principles of OBE used in countries 
such as Australia, Canada and parts of the United States of America. C2005 also 
mirrored the South African constitutional emphasis on equity and human rights. It 
was seen as important for its content to be non-authoritarian and to be shaped in a 
participatory manner (Fiske & Ladd 2004). OBE thus formed the foundation of the 
revised South African school curriculum. 
The origins and nature of OBE have been traced by various authors. Fiske and Ladd 
(2004) simply describe it as an instructional method in which curriculum planners 
define the general knowledge, skills, and values that learners should acquire. It thus 
differs from traditional instruction in which curriculum planners define specific kinds 
of knowledge and skills that are to be transferred from educator to learner, leaving 
educators to enjoy less freedom of operation (Fiske & Ladd 2004). 
Due to challenges experienced in the implementation of C2005 in classrooms, the 
Ministry of Education appointed a task team led by Professor Chisholm to review 
C2005 in the year 2000. The Review Committee recommended that the curriculum 
be strengthened by streamlining its design features, simplifying its language and 
aligning curriculum and assessment. It also recommended improving educator 
orientation and training, learner support materials and provincial support (DoE 2000). 
This process marked the start of the third wave of curriculum reform. 
The NCS (Grades 10 – 12) was introduced in 2002. The curriculum laid the 
foundation for the achievement of the goals of the South African constitution, 
stipulating that everyone has the right to education which the state, through 
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reasonable measures, must make progressively available and accessible. The NCS 
furthermore stipulated Learning Outcomes and Assessment Standards and spelt out 
the key principles and values that underpin the curriculum. 
Recommendations by the task team for the review of the implementation of the NCS 
included the following. In the first place, a coherent, clear, simple five-year plan to 
improve teaching and learning across the schooling system needed to be developed 
and adhered to. The offering of support to educators and the improvement of learner 
performance must be its central themes. Mechanisms to monitor the implementation 
of the plan, through regular external monitoring in order to assess whether it had the 
desired effect on learner and educator performance, needed to be built into the plan. 
There was a plethora of policies and guidelines at all levels of the education system. 
Complicating the implementation stage, however, was the reality that educators, as 
well as some DoE staff, had not made the shift from C2005 to implementing the 
revised NCS. This had resulted in widespread confusion about the status of the new 
curriculum and assessment policies. 
Contemporary curriculum changes posed a number of problems to the educators. 
Central to the problem was the implementation of the NCS in the FET band in South 
Africa. An observable problem for educators included understanding the critical 
outcomes and teaching mathematics in the FET band in such a way that the critical 
outcomes were reached by the end of a learner’s Grade 12-year. Successful and 
accurate assessment strategies were implicit in determining whether or not critical 
outcomes had been reached. Assessment in mathematics still focuses on collecting 
reliable information regarding learners’ mathematical growth and competence. NCS 
assessment formats included informal assessments, formal internal assessments and 
external assessments. Informal or daily assessments informed the educator about how 
learners were progressing towards achieving assessment standards with the purpose 
of enhancing teaching and learning. Formal internal assessment tools provided the 
educator with the means to differentiate between learners on a given scale. External 
assessments occurred in the form of the Grade 12 National Senior Certificate 
examinations, as is still the case. 
A new approach to the implementation of the NCS was the introduction and the use 
of rubrics in mathematics assessment in the FET band. “These rubrics can be self-
assessment rubrics, peer-assessment rubrics, group assessment rubrics or rubrics 
designed to help the educator assess whatever is being looked for. A rubric is a set of 
criteria that will be applied in the learning process” (Govender et al. 2006: viii). 
Mathematics educators specifically were previously not exposed to the use of rubrics 
for assessment purposes, as tests and examinations were always accepted as the 
norm. 
Implementing the NCS in the FET band clearly challenged educators, particularly 
mathematics educators. The following section describes the methodology that was 
followed in an attempt to determine how the NCS could have been introduced more 
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appropriately to enable educators to cope with the challenges in a more effective 
manner. 
RESEARCH DESIGN AND METHODOLOGY 
This study employed a mixed methods research design, therefore qualitative and 
quantitative research methods were used in collecting and collating the data. The 
rationale for using a qualitative methodology on the one hand was that the 
researchers recognised the multi-layered nature of the issues under study, and they 
tried to portray the issues in their multifaceted form (Leedy & Ormrod 2001: 147). 
The qualitative data could furthermore support the outcomes of the quantitative 
component of the study. The researchers remained neutral and subjective about the 
multiplicity of the realities under investigation, however. Semi-structured interviews 
were conducted with a blend of flexible and open-ended questions, directly derived 
from literature and the personal teaching experience of the authors. One educator 
from each of the 15 randomly selected public schools in the Motheo district was 
anticipated to participate in this interview process. However, due to personal reasons, 
only 10 educators from the 15 schools eventually participated in the process. The use 
of interviews was indispensable, however, as teachers’ heartfelt opinions regarding 
the topics under investigation needed to be obtained. This could be done most 
successfully by using informal and relaxed semi-structured interviews. 
To collect quantitative data a questionnaire was employed. There was a clear 
structure, sequence and focus to the questionnaire, but the format remained open-
ended, enabling the respondents to respond freely. The five constructs that were 
addressed included aspects regarding training, problematic aspects that either 
challenged or appealed to educators, guidelines for lesson planning, guidelines for 
assessment strategies, and guidelines for effective OBE-integration. Once again, 
guidelines for choosing the questions were obtained from literature and the personal 
teaching experiences of the authors. The questionnaire was distributed to fifty-two 
mathematics educators in the Motheo district. The sample consisted of three to four 
Grades 10 – 12 mathematics educators per school who participated on a basis of 
availability. In accordance with research ethics, participation furthermore had to be 
voluntary and the participants were free to withdraw at any stage if they chose to. The 
data that was obtained can be seen as reliable as it was sourced from participants 
actually involved in teaching mathematics at the levels under investigation. Its 
validity stems from the fact that both the interviews and the questionnaire that was 
presented to the participants, only addressed aspects which were directly linked to the 
study. 
An analysis of the qualitative data was made by identifying similarities and 
differences in the respondents’ answers from the interviews. For the quantitative data 
the researcher first analysed the responses according to the respondent’s biographical 
information contained in section A of the questionnaire. A descriptive analysis of the 
main sample data from section B of the questionnaire was then done, using 
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respondent counting, percentages and the average (mean) of the responses to each 
statement. Respondent counting involved counting the number of respondents who 
marked SA (strongly agree), A (agree), D (disagree) or SD (strongly disagree) on the 
questionnaire. Points were allocated on a scale of 1 – 4 with 1 allocated to SD and 4 
to SA. It provided a summary of the frequency of responses for each question per 
category. The frequency data was converted to percentages, indicating the percentage 
of respondents who marked a particular category in relation to the total number of 
respondents. These percentages per category were then allocated to one of the four 
nominal categories, namely “strongly agree”, “agree”, “disagree” or “strongly 
disagree”. 
Although the main study included both quantitative and qualitative methods, the bulk 
of data on which the researchers are reporting in this paper was obtained from 
quantitative methods. Some qualitative findings which support the quantitative 
findings are mentioned, however. 


RESULTS AND DISCUSSION 
The findings revealed that educators differ in terms of the problems that they 
encountered in implementing the NCS in the teaching of mathematics in the FET 
band. However, average responses from the interviews and questionnaire 
corresponded and leaned over to the positive side, averaging at around 60% in favour 
of the NCS implementation. Six out of the 10 educators who were interviewed 
reported a positive overall attitude with regard to the problems encountered with the 
implementation of the NCS in the teaching of mathematics in secondary schools. The 
implication of these findings is that despite the problems, the majority of educators 
were comfortable with implementing the NCS in the teaching of mathematics on FET 
level. A possible reason for the positive attitude of the majority of educators may 
have been the streamlining of C2005 in the form of the RNCS in Grades 8 and 9, 
followed up by the NCS in Grades 10 – 12. 
A summary of the information pertaining to the problems encountered by 
mathematics FET educators in the Motheo district regarding the implementation of 
the NCS in mathematics indicated that 9.6% of the participants strongly agreed and 
42.3% agreed that the timeframes for implementing the NCS in mathematics were 
realistic. Only 34.6% disagreed and 13.5% strongly disagreed with the statement. The 
mean score obtained by the participants for this statement is 2.48 out of a possible 
four. When converted back to the nominal categories of the implemented scale, it 
falls within the “Agree” category, which means that on average, the educators agreed 
that the timeframe for implementing the NCS in mathematics was realistic. On 
average, educators in the sample agreed that they received adequate training in 
implementing the NCS in mathematics teaching. The abovementioned data addressed 
the construct on problems regarding the training of FET mathematics educators with 
respect to the implementation of the NCS. 
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Educators agreed: that the timeframe for implementing the NCS in mathematics was, 
on average, realistic (a mean of 2.48 out of a possible 4); that educators received 
support from the departmental officials through attending workshops in order to 
assist them with the implementation of the NCS in mathematics (2.83 out of 4); that 
the materials received from the DoE was useful for implementing the NCS in the 
teaching of mathematics (2.42 out of 4); and that educators found the simplified 
terminology of the NCS in mathematics easily understandable (2.56 out of 4). These 
observations addressed the construct on the problematic aspects in the NCS that 
either frustrated or appealed to mathematics educators teaching in the FET band. 
Once again the average of responses fell within the “Agree” category. 
Regarding the guidelines for appropriate assessment and the level on which educators 
received assistance with lesson planning in mathematics, the results revealed that 
50% of the educators disagreed that the NCS had a negative impact on their record 
keeping of learners’ performance. 70% of the educators further disagreed that the 
NCS had a negative impact on their assessment of learners’ performance in 
mathematics. They furthermore agreed that the NCS had a positive impact on their 
lesson planning in mathematics (56%). Disagreement on the first two negatively 
worded statements and agreement on the third positively worded statement in the 
questionnaire resulted in overall agreement to the existence of guidelines for lesson 
planning and appropriate assessment strategies in mathematics in the FET band. 
These responses therefore once again delivered means which fell within the “Agree” 
category. 
On average, educators agreed: that they found the simplified terminology of the NCS 
in mathematics more easily understandable compared to that in the preceding 
curriculum documents (a mean of 2.56 out of a possible 4); that the educators used 
the NCS in mathematics in their day-to-day planning and teaching (a mean of 2.94 
out of 4); and that 41% of the participants either disagreed or strongly disagreed 
about taking long to feel confident with implementing the NCS in mathematics. 75% 
of the participants either disagreed or strongly disagreed that the NCS had a negative 
impact on their teaching methodology in mathematics. It was furthermore found that 
69% of the participants either disagreed or strongly disagreed that they had difficulty 
in using the learning outcomes in implementing the NCS in mathematics; that 50% of 
the participants disagreed to having difficulty in integrating knowledge and skills 
from different learning areas when they implemented the NCS in mathematics and 
that 65% of the participants either disagreed or strongly disagreed on having 
difficulty differentiating between learning outcomes and assessment standards in the 
NCS for mathematics. These results addressed the construct on the existence of 
guidelines for the effective implementation of mathematics didactics and OBE 
principles in the FET band. According to the participants, they agreed that these 
aspects were in place. 
Although, on average, participants agreed that the implementation of the NCS in 
mathematics at FET level was successful, there is always opportunity for 
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improvement. In the interviews recommendations were raised regarding various 
aspects of the curriculum implementation. On district level it was recommended that 
a plan should be put in place to provide on-going support to educators after the initial 
implementation. This should be provided by the departmental officials in the form of 
in-service training and the provision of materials for teaching and learning. Linked to 
the support, is monitoring. Through monitoring, areas which need support and 
development can be identified. A suggestion by a participant was that the roll-out of 
the NCS be piloted before the actual full-scale implementation. 
The professional development of educators is vital to the successful implementation 
of a curriculum. It is therefore imperative that educators receive adequate and on-
going training to prepare them for the initial and continuous presentation of the new 
curriculum. Subject advisors could also be included in this process of training and 
these teams could work collaboratively with NGOs. Aspects that could be addressed 
include training in assessment, record keeping, promotions, the use of team teaching, 
the development of supplementary materials and policy interpretation in 
Mathematics. The training teams should be deployed to work directly with school 
clusters providing on-site support to educators and to serve as mentors. All trainers 
should be accredited through an appropriate process, however. 
This study is not free from limitations. Acknowledgement and recognition of these 
limitations are particularly crucial for the way in which the findings of the study are 
interpreted. The sample of this study was drawn from educators in the Motheo-
district of the Free State province only. It is therefore not representative of the entire 
population of educators in the Free State province. Further studies could be 
conducted in other districts of the province to corroborate the findings of this study. 
Furthermore, only educators from public schools participated in the study. Possibly, 
research focusing on educators from private schools may add another perspective to 
the results obtained in this study. 
This study focused on the implementation of the NCS in the Further Education and 
Training band. Similar studies on the implementation of new curricula in the 
Foundation, Intermediate and Senior Education and Training bands could also be 
conducted. More research, with a bigger sample, preferably nation-wide, is essential 
to generalize results nationally with greater confidence. 
CONCLUSION 
This paper examined the experiences of mathematics educators when implementing 
the NCS to teach mathematics in Grades 10 – 12. The researchers found that 
educators encountered problems when implementing the NCS, and that these 
problems occurred on different levels. However, on average, educators acknowledged 
that the implementation of the NCS in the teaching of mathematics in the FET band 
was successful, and that it contributed positively to their teaching. Direct, clear and 
appropriate guidance from the Department of Education on the implementation of the 
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NCS in mathematics in Grades 10 – 12, may contribute to educators coping 
effectively with difficulties associated with the implementation of the NCS. 
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THINKING ABOUT TEACHING MATHEMATICS: BEING 
WELL-PREPARED 


Patricia Mpotu 
Eqinisweni Secondary School 


 
Through my participation in professional development I came to appreciate a well 
prepared lesson. I describe my experience of participating in the preparation and 
observation of a lesson, and how, despite being an experienced teacher, I began to 
work on more careful selection of examples and how these are explained. 
INTRODUCTION 
From participating in, and observing how the presenter went about presenting our 
sessions, and observing and reflecting on how he taught learners from my school in a 
‘lab’ lesson, I realized that a lot of preparation went into each session and into the lab 
lesson. Therefore, the idea of a well-prepared lesson is one of the things that stood 
out strongly for me in the Wits Maths Connect Secondary Professional Development  
project (WMCS-PD). In this short paper I present practical examples of how 
participation in the WMCS-PD project impacted my teaching and understanding of 
what it means to be well-prepared for a lesson. 
THE MATHEMATICS DEVELOPMENT PROJECT 
The Wits Maths Connect Secondary (WMCS) project is located at the Wits School of 
Education, University of the Witwatersrand (Wits), Johannesburg. It is a research and 
development project, with the primary role of improving the quality and quantity of 
learner mathematical performance by working with teachers and strengthening 
teachers’ content knowledge for teaching mathematics. The WMCS offers two 
different 16-day courses to two groups of teachers, with the 16 days spread over an 
academic year. The one course caters for teachers who teach Grades 8, 9 and 10 and 
is called Transition Maths 1 (TM1); the other course is for Grade 11 and Grade 12 
teachers, and is called Transition Maths 2 (TM2). The focus on transition points, 
from Grade 9 to Grade 10; and from Grade 12 into tertiary study, is both a focus and 
outcome of the on-going work of the WMCS. The wider goal is to strengthen the 
mathematics pipeline, enabling more learners to succeed within the school and 
between the school and tertiary studies. 
I participated in the TM1 course, and have responsibility for Grade 9 mathematics in 
my school. The mathematics presented in TM1 focused on algebra and functions, 
together with some work on Euclidean geometry and trigonometry. The contents we 
studied extended beyond Grade 10 mathematics into Grade 11 and 12 mathematics, 
particularly in algebra and functions. In each of the eight two day sessions we 
attended at the University, most time was spent on mathematics. We focused on 
thinking about and doing mathematics, and the mathematics we did was related to the 
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whole secondary curriculum, sometimes even with examples beyond what is in the 
curriculum. In addition, we also spent time focused on aspects of teaching, 
particularly on examples and explanations. We discussed the choice of examples in 
textbooks and lessons, and the sequencing of those examples. Throughout the whole 
course we were also pushed into thinking about providing explanations to learners as 
to why certain concepts and their representations behaved the way they did, e.g. why 
the gradient of a vertical line is undefined. Many of us in the course thought that 
telling the learners that the gradient is undefined, was a full explanation. We learned 
to think first for ourselves, and then how we could explain more fully to learners, 
why this was the case, using the graphical representation of the vertical line, the 
definition of gradient, and so on. Through all this work in the course days, one of the 
things that I noticed was how well each session was prepared. 
Two things are interesting for me about lesson preparation. First, I am an experienced 
teacher, and believed that I prepared appropriately for my teaching. So, it is 
interesting to me that I have been working now more on my preparation, as I could 
see some of what I ignored. Secondly, as I reflected on my learning in this project, I 
know I learned more mathematics. I also know we didn’t focus directly on lesson 
preparation. Yet, this is what has mostly impacted my practice. 
NOTICING A WELL PREPARED LESSON: LEARNER ACTIVITY, 
EXAMPLES AND RESOURCES 
As I mentioned, functions were focused on in the course, and two of the two-day 
sessions were on functions. In the first one, on the first day we worked on our own 
understanding of functions as learners of mathematics; on the second day, we 
observed our lecturer teach a group of 60 Grade 10 learners (from mine and other 
neighbouring schools). This was called a lab lesson, as the group of teachers in the 
professional development course all observed the lesson. In addition, the lecturer 
went through the lesson he had planned with us before we moved to the observation 
session. We had an observation sheet for our comments, and this asked us to take 
note of the examples and explanations in the lesson, as well as what the learners were 
doing. And through these activities, I noticed things about the sessions in which I was 
a learner of mathematics, as well as in the lab lesson. 
I observed that the examples and resources the presenter used in our session, and in 
the lab lesson had been prepared well in advance. All resources used, whether they 
were the teaching aids or the introductory example, or a set of exercises, these had 
been thought about and were readily available. For example, I noticed that our 
lecturer began our session with an example that we had to work on and it got us all 
involved. He gave us a rational function which is not in the secondary curriculum – 
and many of us had not worked with a function like this. Yet, we were all able to get 
involved, exploring what happened as we changed values of x, and then explored 
properties of functions, including asymptotes, for example. 
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There was a similar process with the learners in the lab lesson. In the lab lesson he 
used resources we have in the project and our classrooms, like laminated white 
boards, and had prepared his graphs in advance. I was surprised to see how learners 
participated. It was different from my class. In the presentation of a well prepared 
lesson the learners are continuously involved in activity through graded examples 
which are sequenced and organized according to the needs of the learners and the 
content. The needs of the learners here do not necessarily refer to adjusting to the 
level they are working at, but it means knowing where the learners are and where it is 
that you want them to be. Thus the use of examples and resources in a well prepared 
lesson helps you connect with your learners. I have used this experience, which I 
came to appreciate through all the sessions in the professional development 
programme, to be well prepared for my mathematics teaching. 
Below I share an example of how the examples that were chosen in the lab lesson 
facilitated learner involvement and the formation of concepts 


Example 1: Observing a lab class on functions 
As I have mentioned, the lab lesson was organized as part of the professional 
development programme, and it was with learners from my school and others in the 
same township that were on the campus as part of the Learner Mentoring Project15. 
The lesson was an hour long the teachers in the professional development programme 
sat around the edge of the lecture room. The resources that were given to learners 
included a worksheet with the activities they had to engage in, so they could write all 
that they needed on that paper. Each learner also had an A4 sized laminated white 
board (this is just laminated white cardboard), with a pen to write on it. The white 
boards and pens are useful resources that a teacher can use when he/she wants to see 
all learners’ work at once. These are especially useful for schools like mine where a 
Grade 9 or 10 class has up to 75 learners and there is no space left to move around 
checking learners’ solutions. Learners are instructed to write answers or suggestions 
large enough for the teacher standing in front to see, and then hold them up for the 
teacher and other learners to see. 
The first activity for learners was to consider the problem: “Two numbers multiplied 
together equals 12, what are the numbers”. The learners had many suggestions. As 
the learners offered pairs of numbers, the lecturer filled them in on a table that he 
quickly drew on the board. Learners had a similar table in their worksheet. Through 
the lesson, the presenter used four different representations of the hyperbola to 
explain the concept. The verbal: When two numbers are multiplied the product is 12. 
Which two numbers are those? The algebraic: Algebraically the verbal above can be 
written as: xy = 12 . The tabular: see Table 1. The graphical: The graph was drawn by 
both the presenter and learners. 
                                         
15 The Learner Mentoring Project is also part of Wits Maths Connect. Learners from our schools meet with students from the 
university who support them with their maths learning. Some Saturdays the learners come to Wits. And this week, the project 
organised for them to be part of a demonstration or lab lesson. 
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Table 1: Generating products of 12. 


x          
y          
xy 12 12 12 12 12 12 12 12 12 


In this first activity, as the learners offered pairs of numbers whose product was 12, 
the wrote these different responses into the table on the board. He also asked 
questions, for example: “Can one of the numbers be a quarter?” This pushed learners 
to use fractions and not only think about products with natural numbers. One learner 


even went as far as suggesting two fractions, 
8
3


  and 
9
2


, to give 
8
3
× 9
2


. Some 


learners used negative numbers (e.g., -4 and -3) without being told to do so. The 
presenter also asked learners to think about the number zero, with the questions: “Can 
x be zero?” and “Can y be zero?” 
The learners were expected to draw the graph using their own values. And the 
questions now asked by the presenter were: “Is the graph curvy?” and “Is it a straight 
line?” In conclusion the presenter also drew the graph on the board, and later told the 
learners that the name of the graph is called “the hyperbola”. 
In my view the objectives were met by letting the learners see that when the 
relationship between x and y was a product, the graph was a curve. What struck me 
the most was how he taught the lesson without actually giving the learners all the 
information at the start. Instead, learners were able to participate in developing the 
graph and various representations of the hyperbola. The questions asked to push 
learners, and the examples given, indicated to me that this was a well thought out 
lesson. I observed the way learners were engaging with all the activities. Observing 
this lab lesson also indicated to me that to present a well prepared lesson involved 
knowing what questions to ask and when it is appropriate to ask these; what examples 
to give and at what time. This implies that in the preparation one has to think about 
the suitability of the exercises and examples and of possible questions to ask learners. 
For example, the lecturer was prepared and ready to suggest fraction values, and zero 
so as to push learners’ thinking about number, and about multiplication and division 
by zero and so the emerging asymptotes. 
In the professional development session immediately after the lab lesson, we 
discussed the notes we had taken with other teachers on the course. The first point we 
discussed was the starting example. Most of us said we would not start work with the 
hyperbola with a verbal statement. Instead, we would just put up an equation like 


y = 3
x


, fill in a table of values, plot the points and say this is a hyperbola, with 


general form y =
k
x


. We could see that the choice of example for the introduction 


provided the opportunity for learners to get engaged in the lesson and to see how the 







Short Papers 


 266 


pairs of values for x and y they had suggested, when plotted, formed the curve; that 
the curve was a ‘picture’ of the relationship between x and y, or input and output. The 
example and the values also unlocked the understanding of some of the properties of 
the hyperbola, e.g. why the graph does not touch the axes. 
Below I give a description of how this impacted on my own practice as a 
mathematics teacher. 


Example 2: working with algebraic expressions in my Grade 9 class 
I presented a one hour lesson on polynomials to my Grade 9 learners, focusing on the 
difference between monomials, binomials and trinomials. I prepared for the lesson by 
choosing the introductory activity and examples, and the resources needed. I wanted 
learners to be involved, and so I made sets of cards for learners in the class. On each 
card there was one algebraic expression from the list in Table 2, or the words: 
‘monomial’, ‘binomial’, ‘trinomial’, ‘one’, ‘two’, and ‘three’. I guided the learners by 
telling them that ‘mono’, ‘bi’ and ‘tri’ mean 1, 2 and 3, respectively, and we talked 
about how to see different terms in the expressions. The task for learners was to 
decide which of the various expressions were monomials, binomials or trinomials. 
Learners had to work in pairs, and each pair had cards to sort and match. 
This activity has some similarities with how polynomials are dealt with in Grade 9 
Classroom Mathematics (Laridon et al 2006), but mine was not to complete a table, 
but rather to match cards, and so choose between different expressions that might not 
be immediately obvious to learners, whether they were monomials, binomials or 
trinomials. Like the textbook, I included a range of examples. 
Some learners managed to do this correctly, for all the different expressions in the 
table. But there were interesting errors that I could see and that I could work with. 


Table 2: Detail on matching cards. 


Algebraic expression Terminology  Meaning 


3xy,  2a,   a2, 4x , 
x
2


 Monomial 1 term 


3p + q, 7m2 - n2 Binomial 2 terms 


5xp - 3pq + 7pr, x − 2 + y
5


  Trinomial 3 terms 


A few learners thought that 3p + q   was a trinomial, because they saw the 3, p and q 
as separate terms. This led me to deal with factors as well as terms, and that in 
mathematics, 3p is one term, but 3 + p is a binomial, that terms are separated by the 
operations of addition or subtraction. In a similar way, some thought that a2 was not a 
monomial because of the square, and so we looked at the meaning of a2. 
I prepared more cards for learners which had questions and answers to match. The 
emphasis was more on learners finding their own like and unlike terms, e.g., 
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(a) 5p2q2 + 6p2q2 = 11p2q2  
(b) 3x2y + 3xy2 = 3x2y + 3xy2  


 
I asked the question: “Why do we add 5 and 6 to get 11 in (a) but we do not add 3 
and 3 to get 6 in (b)?” This forced the learners to explain like terms and unlike terms. 
I gave them an activity to do in class involving addition and subtraction of like and 
unlike terms. In his paper of the design, purpose and use of examples, Rowland 
(2008) discusses how all mathematical objects have components or variables, and 
learners need opportunities to see how these can vary. I focused on this in the 
examples. These two examples, look similar. Seeing how they are different—how the 
powers vary—can help learners identify like terms. 
In my presentation I will give more detail on the lesson, the cards and what the 
learners were able to do, and also what I learned from trying out a lesson like this 
myself, where I had an activity for learners to start with where I could get them 
involved, and see what they were thinking. I will also discuss how the lesson shifted 
from a focus on sorting polynomials, to working with like and unlike terms. 
CONCLUSION 
Through the WMCS professional development programme I learned that the 
selection and sequencing of examples reflect your very own awareness and 
knowledge of the concept you are teaching. I also learnt that the selection and 
sequencing of examples presented in a well prepared lesson is not a simple matter of 
picking any example that comes into your head – or that is in the textbook. You need 
to think about each step of the lesson and what examples will help the learners and 
help you see whether learners understand. I am a very experienced teacher, and it 
becomes easy to think you can just take any example from the textbook, or from what 
you have taught before. I now prepare lessons more carefully, and focus on what 
examples I will use, how I will use them, and why this will help learners learn. 
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Extended abstract 
This article describes reactions by  Umlazi district grade 10 to 12 educators to the use 
of dynamic Mathematics software package called GeoGebra during a workshop 
organized by the Department of Mathematical Science at Mangosuthu University of 
Technology in its campaign to empower communities on issues of Mathematics and 
Science. The workshop was based on the teaching of functions using GeoGebra. The 
challenges that educators faced during the workshop were largely due to inexperience 
with computer usage in a classroom situation, let alone using a specific software 
package. Findings of the study provided the basis for the development of several new 
materials for assisting workshop activities and contributed to the improvement of 
introductory GeoGebra workshops. 
The intervention by the department at MUT, aims to respond to the crisis of, poor 
quality of Mathematics and Science education in the schools, learners not being 
exposed to modern teaching strategies including the use of technology in the 
classrooms since most schools do not have computer laboratories and some do not 
have even electricity. The whole idea is to empower educators so that their 
engagement with learners on problem solving skills are improved. It is also 
responding to the Curriculum and Assessment Policy Statement (CAPS) document 
(Department of Basic Education, 2011) that educators are supposed to enhance their 
teaching by using available technologies. This is done through the workshops 
organized during school vacations. Rigor of the content presented is measured by the 
Bloom’s Taxonomy of Learning Domains (Bloom, 1956) and is aligned to the CAPS 
document. 
Participating educators in the workshop are mathematics and physical science 
teaching grade 10 to 12. We discovered during the workshop that almost 90% of 
educators have never made use of any technical support in their classrooms due to the 
fact that they do not have relevant resources such as computers in their schools. Some 
educators were honest enough to say that they have never used a computer before, let 
alone using a specialized mathematics software package such as GeoGebra. 
In the article, we highlighted the evaluation of a professional development 
programme with a versatile mathematical software package called GeoGebra. The 
examples discussed during the workshop, showed that a dynamic approach can be 
used with great success to deal with functions and such a mathematics software 
package offers several educational advantages compared to traditional methods. The 
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experience of the educators showed that access to technology should be readily 
available to educators at school as well as at home so that they can improve their 
teaching strategies in class. In order to support educators in the challenge of 
successfully integrating technology into teaching and learning of mathematics, 
professional development opportunities must be created in order to foster change in 
teaching practice and this will assist in the improvement of learners’ achievement in 
mathematics in general. 
Finally, subject specialists or advisors should be the drivers of the process of 
integration of technology in the teaching of mathematics since this will assist in 
introducing educators to different technologies available for use in class. Intensive 
workshops should be organized in all districts in the country so that the number of 
educators using technology in classrooms can be increased. This may help a large 
number of learners with potential to succeed in Mathematics. 
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THINKING ABOUT MATHEMATICS FOR TEACHING: 
CONFRONTING BLIND SPOTS 


Phumzile Mthiyane 
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This short paper describes some of my learning of mathematics and of teaching 
mathematics, through my participation in a professional development project. I focus 
on how I confronted my blind spots while working on solving equations with 
algebraic fractions; and on how I worked on my blind spots together with colleagues. 
I provide samples of learners’ work to elaborate each of these aspects of professional 
development that stood out for me. 
INTRODUCTION 
The importance of creating a supportive working environment where teachers can 
learn from each other as professionals through confronting and interrogating one’s 
blind spots cannot be stressed enough. In this short paper I present aspects which 
stood out for me and impacted on my practice as a mathematics teacher through my 
participation in the me programme offered by the Wits Maths Connect Secondary 
(WMCS) project. This happened in two ways: (a) by confronting my blind spots 
while working on restrictions on algebraic fractions that resulted in my understanding 
of the notion of a variable in the denominator; and, (b) by working on my blind spots 
together with colleagues. I begin the paper with a discussion of the WMCS project. I 
then provide samples of learners’ work that elaborate on each of these two aspects of 
professional development that stood out for me. 
THE MATHEMATICS DEVELOPMENT PROJECT 
WMCS is the Wits Maths Connect Secondary project located at the Wits School of 
Education in the University of the Witwatersrand (Wits), Johannesburg. It is a 
research and development project, with the primary role of improving the quality and 
quantity of learner mathematical performance by working with teachers and 
strengthening teachers’ content knowledge for teaching mathematics. The WMCS 
offers two different 16-day courses, with the 16 days spread over an academic year, 
to two groups of teachers. The one course caters for teachers who teach Grades 8, 9 
and 10 and is called Transition Maths 1 (TM1); the other course is for Grade 11 and 
Grade 12 teachers, and is called Transition Maths 2 (TM2). The focus on transition 
points, from Grade 9 to Grade 10; and from Grade 12 into tertiary study, is both a 
focus and outcome of the on-going work of the WMCS. The wider goal is to 
strengthen the mathematics pipeline – enable more learners to succeed - within the 
school and between the school and tertiary studies. 
When I participated in the TM1 course I was, and still am, teaching Grade 9 
mathematics in my school. The mathematics presented in TM1 focuses on algebra 
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and functions, together with some work on Euclidean geometry and trigonometry. 
The content we studied extended beyond Grade 10 mathematics into Grade 11 and 
12, with a lot of emphasis on algebra and functions.  The 16 day course was divided 
into eight 2-day sessions all of which were held at Wits. Most of the time in these 
sessions was spent on mathematics (for teaching). We focused on thinking about and 
doing mathematics, and the mathematics we did was related to the whole secondary 
curriculum, sometimes even with examples beyond what is covered in the 
curriculum. In addition, there was at least one part of the two day session that focused 
on aspects of teaching, particularly on choosing and using examples and working on 
explanations. 
As I reflect on what I learnt in the WMCS project, I appreciate two things in 
particular. First was the mathematics I was learning for the first time; second was 
how important it is to be able to consistently work together as a team with other 
colleagues in your school, if you are to grow as a teacher. Both these aspects of the 
PD are what stand out for me and have impacted my teaching practice. 
PRACTICAL EXAMPLES OF WHAT I LEARNT FROM WMCS PD 
Confronting and working on blind spots with colleagues 
I was fortunate that two of my colleagues from my school participated in the WMCS 
TM1 course with me. This was of great benefit to us in that we learnt to work 
together as professionals. We did not start out working as a team of teachers. I 
realised that we needed to support each other and help each other with the work from 
the course. This included doing the mathematics we had to work on between sessions 
at Wits, as well as studying aspects of our classroom practice. We also realised that 
we needed to create an environment where we could trust each other; where we could 
share ideas and confront our blind spots. By blind spots I mean mathematical 
concepts that teachers may frequently work with or teach without realizing that we do 
not emphasise them; and that failure to emphasize them will then result in learners 
not realising their importance. Two activities from the project that sensitized me to 
one of my blind spots: (1) the pre-test we wrote before we started with the project, 
and (2) the homework that we had to do in between contact sessions. 
When I received my pre-test results I realised that there were certain issues I had 
never paid attention to in my own doing of mathematics. One of those issues that I 
elaborate on in this paper is the issue of writing restrictions on values of the unknown 
when solving equations with algebraic fractions. I used to solve an equation, and not 
consider the values of the unknown that I arrived at in my answer, and whether the 
values were possible solutions. I didn’t realise that it was necessary to write the 
restrictions for the solutions. I was penalised for this omission in the test, and because 
I lost marks, it highlighted for me that writing restrictions was an essential part of the 
solution of the equation. This had an impact on me. I realised that as a teacher I did 
not pay attention to restrictions on possible solutions to equations with algebraic 
fractions, and this was a problem for my learners! I also realised that this was a 
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serious blind spot in my own mathematical thinking. It is not easy to face one’s blind 
spots: no one wants to come across as lacking in any way. On the other hand, I found 
it very important to do so because it eventually leads to growth and realisation that 
we need to interact with each other as colleagues in order to sharpen our mathematics 
understanding, and improve our teaching. 
In the project one of the textbooks we used was Classroom Mathematics, Grade 11 
(Laridon et al. 2006). After my pre-test results, and because of the work we had to do 
in the project, I studied the section on solving equations in this book (op.cit.: 69). 
This it opened my eyes. I see that this text book that we use in our school does place 
a lot of emphasis on restrictions when solving equations with these algebraic 
fractions. 
My blind spots were also exposed when I looked at a video of my own teaching. This 
is a good way to confront blind spots – by seeing yourself teaching. This is important 
to do, not only on your own, but also with your colleagues. As I noted earlier, I was 
fortunate in my school that there were three of us on the TM1 course, and we all 
watched our own and each other’s videos. It was very helpful and enlightening to 
have this opportunity to look at the videos of each other teaching in class. This 
enabled us to constructively review how we teach, and to discuss how we could 
improve on our teaching of particular topics. We learned when giving feedback to 
each other, that we needed to do this in as tactful a manner as possible. This was 
important for developing trust amongst each other as colleagues.  It is not easy to sit 
and watch your own teaching in the company of others but it is important to allow 
colleagues to critically analyse your work – this is a productive way to grow as a 
professional. Participating in the project opened up opportunities for us as colleagues 
to engage with the mathematical content we were teaching, and interrogate our blind 
spots, both in mathematics, and in our teaching of mathematics. 
Confronting blind spots when working on restrictions 


In my previous teaching, I did not think about the examples of equations that I gave 
to learners. I accepted answers even when there needed to be a restriction – showing 
that as an educator I never regarded them as very important, that they formed part of 
the solution. It is not easy to be confronted with something you have ignored to 
emphasise with your learners. Nevertheless it challenged me to look at my practice 
and challenge myself even further. 
As I have already mentioned, the algebra sessions in the professional development 
programme stood out for me, specifically the notion of restrictions when solving 
complex algebraic fractions. This work had to do with the meaning of algebraic 
expressions. Becoming more aware of x as a variable is a critical transition point 
from GET into FET. In my own learning of mathematics as a student in high school, 
and when I was a pre-service student doing my secondary teachers’ diploma, there 
was never an emphasis for me on restrictions when dealing, for example, with 
algebraic fractions in equations. The WMCS-PD session that focused on algebraic 
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equations presented new area of knowledge for me; the manner in which it was 
explained and emphasised was such that it caught my attention and stood out for me. 
I was very happy with this session because it meant that I now began to reason about 
the equation and make sense of the solutions the equation may or may not have. I feel 
as a mathematics teacher that as part of the transition from Grade 9 to 10, awareness 
of this notion of restrictions is so important when teaching learners to solve complex 
algebraic fractions, and this knowledge has made me think about how and when this 
should be raised with learners. 
I resolved that I will teach my learners to write restrictions at the beginning of the 
solution before they even begin to solve the equation, and that I will teach this as 
early as Grade 9. I also decided that I will penalise learners for not writing 
restrictions in their answers. The losing of marks will make the learners realise the 
importance of writing the restrictions with every solution as they are part of the 
solution. 
It had never occurred to me that when working on the fractions it is extremely critical 
to emphasise these restrictions and take away marks from learners for not writing 
them. To explore this, as I prepared for this paper, I decided to ask a group of Grade 
11 and 12 learners who agreed to do this with me, to solve three equations with 
algebraic fractions. As I analysed the answers from these learners I saw that the 
learners did not write the restrictions as part of the solution. Learners who 
participated in this activity are taught by other educators but their answers revealed to 
me that it is not only me who puts less emphasis on the restrictions – this was also 
what other educators did. The three problems in Figure 1 were given to the learners. 
In each case learners were supposed to solve for x. 


a) x +1= 15
x −1


 


b) x
x − 2


= 1
x − 3


− 2
2 − x


 


c) x − 2
x −1


− 5
x + 2


= 7
x −1


 


Figure 1: Three problems that were given to learners to solve. 
The answers I received from the learners showed that teachers need to put more 
emphasis on the restrictions because the learners never wrote any restrictions when 
they wrote answers to these questions. Figure 2 shows an example of learners’ 
solution that was presented without restrictions. 
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Figure 2: An example of a learner’s solutions before the discussion. 
I arranged a discussion with the group of learners who solved the three equations in 
Figure 1. In the session I made an effort to discuss issues such as division by zero and 
asking questions such as: What is the answer when you have 0 divided by 6? (which 
is zero) and then when 6 is divided by zero, (which is undefined). Then I went back to 
the equations with algebraic fractions and I asked learners what would be the effect 
of having zero as the denominator in these fractions. In this case learners began to 
realise that x – 2 in the second problem cannot be zero, which means that x cannot be 
2. We then looked together at the other two equations. Shown in Figure 3 is the 
solution to the same problem after we had discussed the notion of division by zero. 
This poses another issue for me. In Grade 8 and 9 we can use examples with learners 
that deal with the concept of real and non-real numbers. We can give examples where 
the denominator is a variable, and have them think about what it means. This will 
start to give them experience with restrictions on values of variables. 
The learners I worked with did not find it difficult to understand the importance of 
having non-zero denominators when dealing with equations with algebraic fractions. 
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This brief experience with learners suggests to me that if we as educators emphasise 
the importance of writing restrictions as part of the solution to equations, we can 
make a difference to learners’ performance. 


 
Figure 3: A learner’s solution after the discussion. 


I also took a decision to discuss this small exploration with my colleagues. I raised 
the importance of emphasising restrictions on the solution to equations. I advised on 
ensuring that marks are deducted for not writing the restrictions when the learners 
answer questions of this nature. The project thus further afforded me and my 
colleagues the opportunity to engage with each other on aspects of our teaching, and 
the opportunity to learn to be comfortable to talk to and learn from each other. 
CONCLUSION 
I learnt a lot from participating in the WMCS-PD programme, and for the scope of 
this paper I have chosen to focus on one aspect that is discussed above. The 
discussion above highlights the importance of creating a supportive working 
environment where teachers can learn from each other as professionals through 
confronting and interrogating each other’s blind spots. In this paper, the importance 
of writing restrictions when dealing with algebraic equations with fractions was also 
highlighted. This has been a great opportunity for us and I know my colleagues share 
these sentiments. In sharing this experience at AMESA, we hope to be ambassadors 
for the growth of our profession and our practices as mathematics teachers. 
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Extended abstract 
The purpose of this paper is to revisit ideas of van Hiele on the learning and teaching 
of geometry. I explore how this classical theorist viewed the development of 
geometrical thought in learners and provide some examples on how the theory can be 
applied in the teaching of Euclidean geometry in the Curriculum and Assessment 
Policy Statements (CAPS) for the Further Education and Training (FET) phase. Such 
a re-examination is made imperative by the re-introduction of geometry in the 
mainstream FET curriculum. That reintroduction compels teachers, teacher educators 
and curriculum material writers to refresh their understanding of the importance and 
implications of this leading geometry education theory. By consolidating the 
theoretical foundations of geometry education, the paper implicitly aims to counter 
moves by the establishment to deskill and reduce teachers to technicians for 
instrumental rather than professional considerations. 
In this paper I revisit the ideas of van Hiele on the learning of (Euclidean) geometry 
as it ‘stresses the importance of the teaching learning act’ (Teppo 1991: 212). I also 
critique the theory briefly to alert the reader of some of the pitfalls in theory building. 
More importantly I attempt to illustrate how the theory can be applied to help learners 
progress through different levels of geometry understanding. Pegg & Davey (1991: 
10) point out that the ideas of van Hiele were the catalyst for much of the renewed 
interest in the teaching of geometry during the 1980’s, evolving largely as a reaction 
to the deficiencies perceived in the views of Piaget. The reintroduction of Euclidean 
geometry into the mainstream Further Education and Training (FET) mathematics 
curriculum in South Africa’s Curriculum and Assessment Policy Statements (CAPS) 
puts educators and teacher educators in a challenge similar to that of the past. Many 
educators wonder, in the first instance, why geometry is being brought back to the 
curriculum yet they had difficulties with it in the past. They doubt whether those 
impediments of the past have been fixed and thus appeal for support (e.g., Ndlovu 
2011). To address some of the concerns this paper will be guided by the following 
questions:  What are the basic tenets of the theories of the van Hiele model of 
geometrical though development? What are the criticisms of these theories that 
should be taken into account? How can the learning phases of the theory be 
exemplified in the teaching of geometrical content in the FET phase? 
The theory is in three parts that describe five sequential and discrete levels that 
students pass through as geometrical thought develops, discuss the nature or 
properties of insight into geometric concepts and present a guide to the phased 
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development of geometric lessons. Van Hiele (1986: 39-47) distinguishes the five 
different thought levels as 1) visualisation, 2) analysis, 3) informal deduction, 4) 
formal deduction and 5) rigour, respectively. Although the descriptions are specific to 
geometry van Hiele (1986: 41) concedes that they are actually stages of cognitive 
development since “the levels are situated, not in the subject matter but in the 
thinking of man”. 
Usiskin (1982: 5) identifies five properties namely a) fixed sequence, b) adjacency, c) 
distinction, d) separation, and e) attainment through instruction. Level attainment 
through instruction proceeds through five phases: i) inquiry or information, ii) 
guided/directed orientation, iii) explicitation, iv) free orientation, and v) integration. 
Some studies that have raised questions about some of the characteristics of the 
theory. Burger & Shaughnessy (1986: 45), for example, report that they failed to 
detect the discontinuity between levels and found instead that the levels were 
dynamic and of a continuous nature rather than static and discrete. Fuys, Geddes & 
Tischer (1988) also found students who progressed through the levels at different 
rates, or even oscillated between levels, for different geometric content. Gutierrez, 
Jaime & Fortuny (1991) found that students can develop more than one level at the 
same time. In other words, van Hiele’s broad statements ‘are not as black and white 
as they are often portrayed to be’ (Pegg & Davey 1998: 114). Regarding levels even 
van Hiele (1986) himself has doubted the existence or testability of levels higher than 
the fourth and considered them as of no practical value. Yet other studies have 
suggested the addition of a pre-recognition level at the lower end (e.g., Clements & 
Battista 1992). 
At the grade 10 level the theory can be applied to revise basic results established in 
earlier grades regarding lines, angles and triangles, especially the similarity and 
congruence of triangles required by the new CAPS for the grade (DBE 2010: 26). 
Those basic concepts or results can be used to help learners come to grips with the 
mid-point theorem and its proof, the definitions and theorems about quadrilaterals all 
of which can be dealt with at levels 2 and 3. At the grade 11 level learners can be 
scaffold according to the learning levels to understand riders and execute proofs 
about circle geometry such as: angles subtended by a chord of the circle on the same 
side of the chord are equal, the opposite angles of a cyclic quadrilateral are 
supplementary, the angle between the tangent to a circle and the chord drawn from 
the point of contact is equal to the angle in the alternate segment, etc. (DBE 2010: 
35). In grade 12 the theory can be applied to prove (accepting the results established 
in earlier grades): that a line drawn parallel to one side of a triangle divides the other 
two sides proportionally (and the Mid-point Theorem as a special case of this 
theorem), that equiangular triangles are similar, that triangles with sides in proportion 
are similar and prove the Pythagorean Theorem by similar triangles (DBE 2010: 48). 
Specific activities will be used to illustrate these possibilities. 
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In this paper I have discussed the ideas of van Hiele with regards to levels of 
geometrical learning. I have cited some common criticisms of the theory but admit 
that it has been influential in the design of geometrical curricula and will continue to 
do so for the foreseeable future. I have also highlighted examples of classroom 
activities that can be used in the FET curriculum. 
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Extended abstract 
This short paper explores the mathematical connections between three interrelated 
mathematical concepts: doubling, halving, and parity in a small whole number range 
(of less than about 30). The parity of a number is whether the number is odd or even; 
so parity is the “odd or evenness” of a whole number. This paper puts forward a 
possible learning network for planning teaching interventions relating to these 
concepts for Foundation Phase classrooms. 
Doubling and halving are important mathematical operations, and frequently the first 
introduction that young children have to multiplication and division. Drawing on the 
mathematics education literature, we consider the two models for division to be 
fundamental to how doubling and halving are defined and taught: 


• The sharing model (quotitive); and 
• The grouping model (partitive). 


Using each model we developed definitions for doubling (which are mindful of the 
two division models) and related definitions for halving. We conceptualize a learning 
network to be an interconnected circuit of the ideas and connections which children 
make, or are expected to make, about this mathematical topic. The image of a circuit 
board, where nodes (points of connection) are clear was found to be useful. 
We used our definitions of doubling and halving to be specific about what is meant 
by parity (what makes a whole number either odd or even). This created at least six 
conceptual nodes in our proposed learning network: 


 Double Half Parity 
Sharing model Node 1 Node 2 Node 3 


Grouping model Node 4 Node 5 Node 6 
Based on our collective teaching experience and research we thought that a third 
parity model – a counting model – appears to be present, and in some cases 
dominant, for very young children. We conjecture that the counting model occurs 
when mathematical work is conducted in a small whole number range, where 
counting sequences and a small number of calculations can be rote learnt (and which 
is frequently the case in many Foundation Phase classrooms). As such this third 
counting model, introduces a further three nodes for our learning network: 
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 Double Half Parity 
Counting model Node 7 Node 8 Node 9 


The paper attempts to explain each of the nine nodes, and offers a visual structure for 
organizing them. It then describes our shift to a more detailed learning network which 
includes both the generalizations that children can be supported to make for each 
node of the network; as well as highlights the misconceptions some children may 
develop. 
We put forward some teaching ideas which could be used to support this content 
topic and attempt to reflect on where each idea fits into the learning network. The 
teaching ideas make use of different equipment and representations including for 
example Numicon or grid patterns, unifix towers, function machines, children as 
manipulatives, geoboards and reflection. They also have different purposes and areas 
of mathematical focus, including for example: games for learning number facts for 
automatic recall, problem solving activities, connection to measurement contexts, 
generalizing mathematical ideas and structures for the layout or routine written 
methods. 
It is hoped that this paper provides a relatively accessible starting point for teachers 
who are trying to visualize how ideas fit together, and ‘connect the dots’ with regard 
to the interrelated concepts of doubling and halving and odd and even numbers. 
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Extended abstract 
It is often difficult to find activities that are suitable for a whole class at the beginning 
of a year. The children are new to their teacher, whose routines, classroom and 
mathematical norms are not yet in place. It is not yet clear to the teacher what level of 
mathematics is already in place for each child, and which ideas are secure. Finding 
open, engaging activities with high ceilings and low thresholds which can help a 
teacher learn about his / her class and their mathematical needs can be a challenge. 
This paper describes a lesson with a Grade 2 class held close to the beginning of a 
school year which was designed to assess number sense and create opportunities for 
mathematical discussion and learner initiated explanation and recording. The paper is 
an example of a first attempt by a teacher in this school to formally write up a lesson 
reflection, which allows the teacher to notice pertinent elements of one of her lessons, 
with a view to sharing this for discussion with colleagues. 
At the beginning of the year, planning lessons that allow for mathematical discussion 
and give insight into children’s development levels can be challenging. This “I am 
thinking of a number” lesson was found to be promising as it opened up discussion 
and exploration, which helped the teacher to gain insight into the levels and needs of 
this new group of children. 
The lesson reported on in this “How I teach” short paper was planned for near the 
beginning of the year with a Grade 2 class in a public school in an affluent suburb in 
Cape Town, which caters for a diverse student population. The class consisted of 25 
children, 12 boys and 13 girls. No streaming of children into ability classes was in 
place.  
The lesson was intended to help to establish how well the children know: number 
sequence, concepts of odd, even, double, half, before, after, more than, less than, 
place value in the number range up to 32. This is a whole class or group activity. It 
was hoped that after playing the game “I am thinking of a number” the children 
would: 


• be able to use the above vocabulary to make up their own clues. 
• gain confidence and greater understanding of our number system.  
• value being listened to when they give an clue and will listen with greater 


attention when others give clues. 
It was expected that the teacher would have a better idea of how grounded the 
number concepts detailed in the lesson intentions were. 
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The resources required for this lesson included: numbers on cards with a blob of 
Prestik on the back of each card (1 to 32); 120 number chart for reference; and a list 
of planned verbal clues  e.g “I am thinking of a number that is 2 more than 5”  or “I 
am thinking of a number that is double 10”. 
The plan was to start with relatively simple verbal clues and choose a spread of 
numbers that require children to be aware of leaving gaps for the missing numbers. 
The teacher intended to discuss where to place the cards using the above vocabulary. 
The children will be encouraged to guide each other about placement. Following this, 
the children will be encouraged to think of their own clues. Children would be asked 
to state their own clues for other children to solve. 
This short paper describes what actually happened in this lesson, and includes some 
teacher reflection on its efficacy.  Learning artefacts – including pictures from the 
chalk board, work undertaken by the children on their white boards when solving the 
clues, and the typed clues developed as a result of this lesson - are presented. 


 
Figure 1: Child’s work on a number line for “My number is 3 plus 2 tens 


 plus thirty take away 4” 
This paper presents an authentic lesson experience from a South African public 
school. By sharing it in a short paper, the lesson plan, actual implementation and 
resulting learning work can be reflected on by colleagues. It is hoped that teachers 
and teacher educators will benefit from reflecting on this lesson and may find 
resonance with what they experience in their classrooms currently; or might like to 
attempt in future. Of particular interest is the open-ended nature of the lesson, as well 
as the children and teacher’s use of the empty number line to support calculation 
strategies with this very young age group.    
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Extended abstract 
 “Filling up the tens” is one of the calculation strategies named in the Foundation 
Phase CAPS. As Grade 2 teachers we find that this strategy is a fundamental idea for 
young children’s number sense and impacts on their ability and confidence in many 
different aspects of mathematics (including work on number, pattern, measurement 
and data content areas). In our presentation we will describe our approach to teaching 
“filling up the tens” in Grade 2 and describe how it has shifted recently with greater 
emphasis placed on using an empty number line. We share our experiences as well as 
examples of our learners’ work. 
One of our goals as teachers is to help learners to develop a solid foundational 
understanding of numbers. From there, we can guide them towards using efficient 
strategies when adding or subtracting. One such strategy is “filling up the tens” or 
“bridging the decade”. It involves addition and subtraction of numbers through the 
ten (for example: 8 + 5 or 12 - 4). When using this strategy learners are required to 
work flexibly with numbers. They are encouraged to break numbers up in order to 
reach the nearest decade. This paper aims to “unpack” the teaching of this strategy to 
learners in an effective and developmentally appropriate way. 
Children’s understanding of mathematics needs to be appropriately scaffolded by the 
teacher so that they are encouraged to move on from counting in ones or “counting 
all.” We know that we need to put in place prompts and lines of questioning initially, 
which are then gradually removed (and asked by the learners of themselves). In this 
way we scaffold – and deliberately fade this, so that the scaffolding becomes part of 
the learners’ cognitive tools. We want to equip learners with the skills they need to 
use a variety of effective strategies for calculating. Bridging the decade is a strategy 
that will benefit learners across any number range. 
Although filling up the tens is mentioned as a calculation strategy in the Curriculum 
and Assessment Policy Statement (CAPS) for foundation phase, very little 
information is provided on how to do this. Some number sentence formats are 
provided, but the connection between concrete manipulatives, drawings sketches and 
representations made by children, and the subsequent number sentences for this 
strategy are not explained. For this reason we thought it worthwhile to share our 
approach to this topic in mathematics. 
Filling up the tens is a strategy which spans over at least two terms, and cannot be 
narrowed to a single lesson or series of lessons. In this paper we describe the overall 
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approach that is used, making clear the steps we take at each stage. We move 
children through several stages in developing this concept: 


• Counting concrete objects (including estimating, recording, grouping) 


• Making groups of ten (estimating, grouping in tens and writing the number 
symbols and names) 


• Working with 10 frames; 


• Working with number lines; and 


• Working with number sentences. 
We discuss each stage in turn and include examples of teacher prompts, photographs 
of learner work and teacher resources and apparatus. 
We have endeavoured to allow our learners to explore filling up the tens using a 
variety of apparatus. In this way they can build their own “library” of representations, 
and can draw from those which make the most sense to them. We hope that this paper 
provides an authentic example of an approach to a calculation strategy at Foundation 
Phase in a public school in South Africa. 
ACKNOWLEDGEMENTS 
This paper was made possible as part of the Focus on Primary Maths project. This 
project is funded by Apex Hi and administered by Tshikululu Social Investments. 
Collegial support and reflection took place involving Nicky Roberts (Kelello 
Consulting and University of Witwatersrand). 
 








 


Zeeman, N. & Roberts, N. (2013). How we teach money in Grade 1. (Extended abstract) In Z. Davis & S. Jaffer (Eds.), 
Proceedings of the 19th Annual Congress of the Association for Mathematics Education of South Africa, Vol. 1. (pp. 
284 – 285). Cape Town: AMESA. 


HOW WE TEACH MONEY IN GRADE 1 
1Nicola Zeeman and 2Nicky Roberts 


1The Grove Primary School, 2University of the Witwatersrand and Kelello Consulting 
 
Extended abstract 
In our experience, the teaching of money to very young learners (Grade 1s) can be 
difficult. Knowing where to start and what to emphasise is not straight forward. Some 
learners come into school already familiar with all coins and notes, while others will 
happily talk about R25 coins or 10 cent notes. Some teachers might think a logical 
starting point for teaching money is to build up a concept of each coin representing a 
group of 1c coins, so 5c is explained as being the same as five 1c coins. However in 
South Africa, 1c coins are no longer used, so the smallest realistic starting point 
becomes a group of 5 (or a 5c coin). In addition, the question “What is a cent?” is 
very hard to explain to the child who does not yet have a real concept of 1 hundred, 
which is outside the secure number range of many Grade 1 children. And further 
compounding this, is that children also do not experience buying anything in cents 
(making cents appear to be without any value) in the real world. As a result, setting 
problems involving prices in cents quickly becomes very artificial and discordant 
with learners’ social experiences of money in the world (where any exist). We feel 
able to help children recognise and become familiar with coins; but meaningful 
mathematical activities that go beyond very superficial recognition seem more 
allusive. 
So what can we do to overcome these challenges? The Curriculum and Assessment 
Policy Statement (CAPS) offers the following in terms of what is expected for Grade 
1 learners in term 2: 


• Recognises South African currency coins 5c, 10c, 20c, 50c, R1, R2; R5 
• Solves money problems involving totals and change to R10 and in cents up to 


20 cents (CAPS: 43) 


The term by term guidelines suggest focus first on coins, and only later on Rands. We 
have found that this is both difficult to interpret and to implement in the classroom. 
We have found that talking about money – trying to focus on coins - quickly turns to 
discussion on Rands. Yet the idea of 100c being the same as R1, is a big idea, and 
again beyond their secure number range.  The number range of money problems was 
also not clear to us, as we wondered whether Rands and cents would be treated 
together or separately. For example, was the expectation that learners should find the 
change from R10 for an item costing of R4,80? Surely change to 20c implies expense 
of up to 80c when realistic money contexts are considered? Reading of the 
Curriculum and Assessment Policy Statement for Grade 1 level, can be 
overwhelming, and finding expected progression for this topic from one term to the 
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next, as well as being mindful of connections that can be made between this and other 
sections of mathematics at times feels impossible. 
For this reasons we share our experiences when teaching Grade 1 money to give 
others access to our journey and reflections. We present examples of the type of 
activities the first author has tried in her Grade 1 class in the second term in a public 
school in South Africa. 
The lesson activities on money – together with a motivation for their selection – are 
described in some detail, paying attention to the careful selection of the numbers, 
social skills and mathematical competencies being developed. We include examples 
of learners’ responses to the activities, by presenting and discussing some examples 
of their written work. Finally a formal assessment which was administered following 
this teaching intervention is discussed. Learner responses to this school assessment 
together with discussion on their common errors and misconceptions are presented. 
Teachers and teacher educators may find that some of what is reported has resonance 
with their own contexts, or they may feel stimulated to share alternative approaches 
to teaching money with this age group. Their classroom needs may be markedly 
different to the one reported on here; but that some of what is described in terms of 
pedagogic dilemmas and difficulties on how and what to teach with regard to money; 
may be meaningfully adapted to different contexts. Finally it may interest 
participants, that the lessons from this resourced context are being applied in a public 
school in township / informal settlement context (however our experiences in this 
more challenging context are not the focus of this paper). 
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