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Foreword: 
Developing deep mathematical thinking is an important aspect to consider when 
teaching mathematics. The plenaries, presentations and workshops of the AMESA 
2019 Congress highlight and explore this aspect further in addition to various 
approaches to assist teachers in the mathematics classroom. The presentations that are 
discussed highlight the sharing of ideas, resources and good practice.  
 
The themes of teaching using technology based pedagogies, indigenous knowledge, 
decolonization, games, problem solving and investigations, provide teachers and 
teacher educators with interesting avenues to explore to promote deep mathematical 
thinking when teaching mathematics. Developing deep mathematical thinking through 
mathematics teaching within Higher Education and through research in mathematics 
education provides a further glimpse of the possibilities that exist to empower teachers 
and teacher educators to encourage deep mathematical thinking when teaching 
mathematics. 
 
We urge delegates to reflect on these ideas, practices and resources as a way of 
rethinking how mathematics is taught in South Africa. It is only through dedication, 
commitment, recognizing ones’ role and responsibility when teaching as well as 
actively debating our challenges that we can develop deep mathematical thinking 
through mathematics teaching. It is through this reflection, sharing and rethinking that 
we can be proud of teaching and learning mathematics in South Africa. 
 
Academic Coordinator: Jayaluxmi Naidoo 
 
July 2019 
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USING MATHEMATICAL GAMES IN THE MATHEMATICS 
CLASSROOM: A DEVELOPMENTAL PROJECT 

Silence Balele 
Rhodes University Mathematics Education Project (RUMEP) 

 
This practical developmental project is intended to enable teachers to effectively use 
learners’ cultural tools (indigenous games and knowledge) to enhance their 
understanding of mathematical concepts and processes in a fun, relaxed environment. 
 
INTRODUCTION  
This year the Eastern Cape province overcame the stigma of being the worst 
performing province after seven years by achieving a 70, 6% matric pass rate.  
Mathematics though continues to be the most underperformed subjects in South Africa 
with an average of 52,7% in the past five years nationally and a significantly low 
percentage of 35,5% pass in the Eastern Cape (Department of Basic Education. DBE, 
2018), with the vast majority of learners choosing Mathematics Literacy (66% in 2017) 
rather than ‘pure’ Mathematics (Patel, 2018). This may be attributed to various factors 
ranging from student-related factors such as the belief that mathematics is naturally 
difficult (Nyaumwe, 2004), teacher-related factors such as inadequate training and 
competence, social and economic factors among others. Students who believe the 
subject is difficult approach the subject with a defeated attitude and do not exercise 
their full potential and thus do not achieve well.  
The proposed study intends to focus on mathematical games as a way of enhancing 
conceptual understanding of mathematics. Such factors as unstimulating classroom 
environments, ineffective teaching methods and viewing mathematics as a difficult 
subject warrant a need for other approaches to teaching mathematics. One such 
approach is the introduction of games in the mathematics classroom 
The mathematical development project, therefore, will provide teachers with an 
opportunity to embrace cultural diversity and contextualize mathematical content, 
while exposing them to opportunities and practices which will improve mathematics 
teaching and learning in the classrooms. 
MOTIVATION FOR THE DEVELOPMENTAL PROJECT. 
Tachie and Chireshe (2013) conducted research on learners’ attributions to poor 
performance. Learners cited the following teacher related factors; that the classroom 
environment for mathematics was not that stimulating, learners felt that teachers did 
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not discuss learners’ mathematical problems with them, teachers did not use effective 
teaching methods, teachers were not always in class to teach mathematics, mathematics 
is naturally a difficult subject, and many teachers are not competent to teach 
mathematics.  
Stols, Ferreira, Pelser, Olivier, Van der Merwe and De Villiers (2015: 1) endorse many 
of the points these learners raise when they say that, 

“…some of the critical challenges faced by South African teachers and many 
other countries with emerging and developing economics, relate to their own    
lack of mathematical content knowledge, and the skills required to apply what 
they know in the classroom.” 

Mathematical games are 'activities' which involve a mathematical challenge; are 
governed by a set of rules and have a clear underlying structure, normally a distinct 
finishing point and have specific mathematical cognitive objectives (Way, 2013). By 
definition and nature, mathematical games are not haphazardly infused in the school 
Mathematics curriculum. Mathematical and cultural games are powerful metaphors in 
the process of teaching and learning of mathematics (Araya, 2007). People come with 
a habitus of mathematical skills and knowledge embedded in cultural games which 
provides a conducive zone of achieved development as basis in which to develop new 
learning.  
 Pradhan (2018: 203) maintains that,  

“… different games provide rich opportunities for all children to build and 
extend mathematical ideas and strategic thinking…cultural games are embedded 
in mathematical knowledge, ideas and concepts which help to contextualize 
mathematics teaching and learning”. 

Teachers have to critically look at the underlying objectives of the intended lesson as 
well as the game, in order to draw parameters that help restrict the game in relation to 
time and the intended objectives. A process that arms the teacher with the content to 
be taught in relation to his/her learners’ culture and zone of current achieved 
development in order to design an activity at the appropriate level within the child’s 
zone of proximal development or ZPD. The notion of a ‘zone of proximal 
development’ was introduced by Vygotsky (1978), a psychologist, who believed that 
there was this ‘space’ or ‘zone’ between what a child could do on their own, and what 
they could with the help of someone with more expertise. What is understood now is 
that the scaffolding offered by an expert/adult/parent/ ‘more capable other’ to children 
in their ZPDs, may enhance children’s higher - level thinking skills and is therefore 
children’s independent problem solving in their future. Well planned intervention 
within the ZPD may generate a positive impact to the child’s conceptual understanding 
and enable them to learn new cognitive skills. At this stage, teachers’ scaffold the 
learners understanding as they in turn learn from the learner’s viewpoint and reflect on 
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his own beliefs, standards and values, thus being subjective and objective at the same 
time (Savery, 1994).  
Games are fun in nature and are used for enjoyment (Booker, 1996). This makes them 
good tools for the development of social skills (Oritz, 2003). Mathematical games also 
develop communication skills. Learners have to justify their solutions to their peers 
and this exercise promotes the use of mathematical language and team work as games 
are normally a group activity. 
Engagement in structured play which has implicit, internalized rules that can be 
negotiated among the players requires a higher level of cognitive, social and verbal 
functioning as compared to simple unplanned play with explicit, external and 
immutable rules (Saifer, 2010). As such when used in the classroom, games should 
have set parameters and time frames that make the intended lesson objectives 
achievable. Games taught and used in the classroom can potentially also be played at 
home and shared with family members, thereby allowing learners to spend more time 
on mathematics. Families thus, spend much time practicing mathematics thereby, 
supporting the school – home connection. This connection allows learners to link 
mathematics with their daily lives, consolidate skills and implement what they learnt 
in class. They also implement and deepen their understanding through teaching other 
people like family members the rules of the game thereby getting them involved in 
mathematics too. 
THEORETICAL FRAMEWORK AND LITERATURE REVIEW 
This proposed project is underpinned by social constructivist theories of learning. 
Social interaction is emphasized by social constructivist theories which maintain that 
knowledge is first constructed in a social context and is then appropriated by 
individuals (Eggan and Kauchak, 2004). Language is learnt socially and culturally 
through practice and by acquiring immediate feedback from the more knowledge 
others. With time one grows in confidence as one acquires more vocabulary and 
improves in self - expression. Like-wise mathematical language is essential for one to 
gain mathematical proficiency (Sfard, 2008). Good mathematical language acquisition 
enables one to properly read and interpret mathematical problems correctly, explain 
mathematical content more explicitly and simplify it into small parts to form meaning 
which informs his/her problem solving strategies. 
Mathematical games create a conducive social environment for learners to put into 
practice their zone of achieved development as well as allow for further development 
when learners play against more developed peers. Most schools in South Africa reflect 
various forms of diversity; language, religion, race and so on.  As such learners’ need 
to be taught how to build their racial and cultural tolerance since their approaches vary 
because of the influence of their cultural background. The learners’ home culture and 
out of school mathematical ideas and knowledge also provide opportunities to connect 
to the formal mathematics (Pradhan, 2017). Students’ involvement in cultural 
indigenous games all entrench different mathematical ideas, concepts and knowledge,
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 if seriously analyzed from the eyes of mathematical implication (Pradhan, 2018). 
Indigenous games also form a good zone of proximal development and various. After 
which the presented games will be assessed by the whole class for relevance to the age 
group, whether or not it is relevant for the given mathematical objective, quality of 
teaching and learning materials, clarity of the rules, class and time management. 
METHODOLOGY  
The study is going to be an action research project as it aims to improve the quality of 
the researcher’s teaching and learning in Higher Education. Coghlan and Brydon-
Miller (2014: xxv) define action research as “…a family of related approaches that 
integrate theory and action with a goal of addressing important organizational, 
community, and social issues together with those who experience them.” The action 
research will also help broaden both the researcher and teachers’ understanding, on the 
relevance and importance of mathematical games in the mathematics teaching and 
learning. This will be achieved through active engagement and participation in game 
choosing, setting parameters and rules, critiquing presented games and peer 
assessment. 
RESEARCH GOAL AND RESEARCH QUESTIONS 
The research project’s goal is to encourage and enable teachers to adopt mathematical 
games in mathematics teaching and learning. By including mathematical games in their 
teaching, this will challenge the teacher’s creativity and knowledge of mathematics in 
effectively using the diverse learners’ cultures in informing their teaching and learning 
activities to make mathematics education meaningful and applicable in real life 
situations as opposed to abstract teaching. 
This research is guided by the following questions: 
How often are mathematical games played in the classroom and why are they used? 
How do mathematical games in general enhance the understanding of mathematics? 
To what extent can cultural tools (indigenous games and knowledge) enhance one’s 
development of mathematical understanding? 
DATA COLLECTION AND ANALYSIS 
The main forms of data collection will be: 

1. A broad questionnaire to all participants to determine their views of the role of 
mathematical games in learning mathematics before the project begins; 

2. Observations: of student group presentations during block sessions at the 
university; 

3. Focus group interviews. 
A broad questionnaire to all participants after the project is completed to determine any 
changes in their views of the role of mathematical games in learning mathematics.
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The collected data will be qualitatively analyzed using a thematic analysis approach. 
Thematic analysis is, “…a method for identifying, analyzing and reporting patterns 
within data” as defined by Braun and Clarke (2006:79). Themes will be informed but, 
not restricted to the research questions e.g. on the first question: How often are 
mathematical games played in the classroom and why are they used? The question 
intends to find the frequency with which mathematical are played in relation to time, 
the students’ definition of mathematical games and their purpose and the how they 
justify games usage in the classroom prior to the engagement in the developmental 
project thereby answering the How, Where, What, When, and Why questions of 
mathematical games. 
ETHICAL CONSIDERATIONS 
Ethical considerations are very important for any research and will be observed for this 
project. An application will be submitted to the Rhodes University Ethics Committee 
for permission to conduct this project, and students’ informed consent will be requested 
before the questionnaires and focus group interviews take place. Anonymity and 
confidentiality will be assured, as will the right to withdraw from the questionnaire 
process.  All data will be held in a secure file on my computer and protected by a 
password to which only I have access. 

  TABLE 1: Time lines 
Research 
implementation and 
data collection 

June- July 2019 

Data analysis 31 August 2019 
Results and 
reporting 

31 October 2019 

 
CONCLUSION 
The use of mathematical games as a teaching and learning tool aims at stimulating 
mathematics classes, recognizing, acknowledging and making use of amongst others, 
indigenous games from the various diverse cultures from which the learners come from 
to enhance teaching and learning. The knowledge gained by the research participants 
i.e. the 2nd year B.Ed. teachers, will be used to help learners make sense and meaning 
of mathematics, encourage school - home connection and alleviate the boredom of pen 
and paper practice. The practice of developing games is aimed at encouraging 
creativity in lesson planning and implementation, recognizing the importance of social 
discourse communities in mathematical language usage, and developing a culture of 
owning and enjoying learning and the love of mathematics. 
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LEARNERS’ WRITTEN EXPLANATIONS OF THEIR METHODS 
FOR ARRANGING DECIMAL NUMBERS AND COMMON 

FRACTIONS 
Piera Biccard 

University of South Africa, Department of Curriculum and Instructional Studies 
 
Twenty-four grade six learners took part in a research lesson where they were asked 
to arrange decimal numbers and common fractions in ascending order while also 
providing a written explanation of their method. Learners written explanations were 
analyzed for conceptual/relational and procedural/instrumental understanding.  It was 
found that many learners used written language inaccurately while some learners 
repeat familiar classroom phrases without being able to apply this to the task. It is 
recommended that teachers spend some time focusing on giving learners opportunity 
to use verbal and written mathematical language in classrooms to improve their 
conceptual and relational understanding. 
 
INTRODUCTION 
Mathematical communication is considered an important skill to be learnt both 
nationally (DBE, 2011) and internationally (NCTM, 2000). The ability to express your 
own ideas in a logical sequence is a higher-order thinking skill that develops reasoning 
and metacognition (Pugalee, 2004). Writing has been viewed as “thinking aloud on 
paper” (Rose 1989, p.16) and provides a more personal and constructive path to 
learning (Shield & Galbraith, 1998). Writing is the thinking tool learners’ use as they 
move away from relying on verbal communication. However, once learners have learnt 
how to form letters and write words, very little is done in mathematics classrooms to 
advance their writing abilities (Urquhart, 2009). It is expected that learners themselves 
are able to transfer their mathematical thinking directly into verbal and then written 
forms and to link the abstract symbols to their verbal or written communication. 
This paper reports on one grade six classes’ written responses to two questions; one on 
arranging decimal numbers and one on arranging common fractions from least to 
greatest. The class is situated in a large, suburban and well-resourced school where the 
teacher has many years of mathematics teaching experience. The class had been taught 
both decimal numbers and common fractions earlier in the year as specified in the 
Curriculum and Assessment Policy Statement (CAPS) for Grade 6. The teacher had 
been involved in professional development sessions with the researcher and the data 
collected for this paper was part of one of the research lessons. 
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Mathematics is often thought of as a subject with right or wrong answers and 
assessment at both school and systemic level is based on correct or incorrect answers 
to mathematics questions. This study wanted to determine how learners explain their
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they write down the correct or incorrect answers.  
Van Dormolen (1986) studied the language used in textbooks, and described language 
kernels as “general expressions that have to be learned as knowledge” (p. 146) that 
exist in written textbook language.  Learners pick up equivalent kernels in spoken 
language (for example “multiply the top and bottom by the same number”) and often 
use these in class but with varying understanding. Teachers may hear these kernels and 
mistakenly assume that the learners have the same understanding as the teacher. 
Hearing these well-worn phrases in the classroom may lead the teacher to inaccurate 
formative assessment and surprisingly poor results during summative assessment. 
Although writing increases learners’ capacity to learn, Burns (2004, p. 30) considers 
writing to be an essential tool for teachers to assess learning since writing helps learners 
to “organize, clarify and reflect” on their own ideas. However, learners also need 
opportunities to practice their writing and explanations, which does not always happen 
in a typical mathematics classroom (Ntenza, 2006). Written mathematical 
communication in classrooms can often be limited to the use of mathematical symbols 
(Baroody & Ginsburg, 1990). Although there are various forms of writing that have 
been investigated in mathematics classrooms (e.g. journal writing by Pugalee, 2004), 
this paper focuses on what Shield and Galbraith’s (1998) study described as expository 
writing which includes “us[ing] the descriptions of students' mathematical writing to 
provide an indication of the understanding of particular mathematical ideas held the 
students” (p. 30). Furthermore, for learners to explain their methods clearly, they would 
need to know their work thoroughly (Urquhart, 2009) and go beyond classroom 
repetitions and shallow statements (Stonewater, 2002). Although much research exists 
internationally on writing in mathematics classrooms, much less exists in South Africa. 
Ntenza (2006) studied the cognitive benefits of using writing in mathematics 
classrooms as well as the various forms of writing that exist in South African 
classrooms and did not find expansive studies on mathematical writing specifically. 
This study hopes to focus on one specific form of writing, being descriptive and 
expository writing. 
This study therefore, set out the following research question: 
1. How do learners explain their methods for arranging decimal numbers and common 
fractions in ascending order? 
CONCEPTUAL FRAMEWORK  
In understanding learner’s writing of their methods for ordering decimal fractions and 
commons fractions, Skemp’s (1986, 2006) theoretical concepts of relational 
understanding and instrumental understanding as well as Hiebert and Lafevre’s (1986) 
concepts of conceptual knowledge and procedural knowledge inform this study.  
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methods (in writing) for ordering decimals and common fractions and not only whether  
Skemp explained instrumental understanding as “rules without reasons” (p. 89) while 
relational understanding means that learners know why they are doing something. 
Examples of rules without reasons would be learners who know the formula for area 
and apply it to rectangles and squares (but not being able to break up a complex shape 
into a number of rectangles). Learners may also know that identity element for 
multiplication is one, but not relate multiplying by a fraction of equal numerator and 
denominator as an extension of this.  
Hiebert and Lafevre (1986) constructed similar ideas when setting out their ideas about 
conceptual and procedural knowledge in mathematics. For these authors, conceptual 
knowledge involved both links with other knowledge and relationships with existing 
knowledge, similar to Skemp’s relational understanding. Hiebert and Lafevre 
specifically set out two levels of relationships that take place in conceptual learning. 
First, a primary level of relationship where learners understand the decimal position 
values as well as how to add up in columns. Secondly, a reflective level. Learners 
connect the position value and know that they are adding same sized fractions. 
Procedural knowledge is also made up of two distinctive parts, symbolic manipulation 
and knowing rules, algorithms and methods which may result in learners getting correct 
answers but not necessarily understanding. 
Skemp (1991) explains why so many teachers find teaching for instrumental 
understanding so appealing. It is easier to understand if there is a rule that can be 
applied e.g. a minus times a minus is a plus. There is also a sense of instant gratification, 
since learners can get many problems correct early on. Hiebert and Lafevre (1996) 
however, set out the need to teach mathematics both conceptually and procedurally.  
Conceptual understanding is about relationships between two pieces of knowledge, 
whether existing or new knowledge while procedural knowledge denotes a familiarity 
with symbols and being able to use rules, algorithms and procedures. The problems of 
only teaching mathematics procedurally are far reaching. Procedural knowledge 
without conceptual understanding tends to lead to surface knowledge and not a 
knowledge of meaning (Hiebert & Lafevre, 1996). These authors also attest that 
procedural knowledge that lacks connections deteriorates quickly, is only partially 
reconstructable, partially remembered, and often used in inappropriate ways. 
Furthermore, procedural knowledge is often bound to a specific context so it does not 
transfer easily. 
This study wanted to determine how learners explained their methods for ordering 
decimal numbers and fractions, and furthermore, what their writing revealed about the 
nature of their understanding and knowledge.  
METHODOLOGY 
In the larger study, two Grade 6 teachers took part in a professional development 
program on teacher noticing. As part of the lesson on matching decimal numbers, 
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common fractions and percentages, learners were asked before the start of the lesson 
to arrange decimal numbers and common fractions in ascending order and to give a 
written explanation of their “method”. This lesson took place after the class had been 
taught common fractions, decimal fractions and percentages as per their normal 
curriculum schedule and textbook work. 
The full lesson is found on the Teaching for Robust Understanding website 
(https://www.map.mathshell.org/lessons.php?unit=6120&collection=8).  
The specific questions that were asked at the beginning of the lesson are:  
1. Put the following decimals in order of size, starting with the one with the least value: 
0,125; 0,4; 0,62; 1,05; 0,05. Explain your method.  
2. Put the following fractions in order of size, starting with the one with the least value. 
3
4

;  9
16

;  3
16

; 7
8

;  3
8
. Explain your method. 

Each learner worked individually on the activity and the researcher collected the pages 
from learners before moving onto the main group work activity for the lesson. Learners 
were not told to use any specific vocabulary or language when answering the questions 
nor did they use textbooks to answer the questions. Learners were also assured that the 
activity did not contribute towards their assessment for the term. It must be noted, that 
some of the learners’ home language was not English (the language of teaching and 
learning (LOLT) at the school). Learners did find the second part of each question 
unusual, as they were not required to write out their thinking during normal classroom 
activities. 
The collected responses were sorted into quantitative and qualitative aspects and the 
results analyzed and interpreted according to procedural/instrumental or 
conceptual/relational understanding aspects. 
DATA AND FINDINGS 
There were 24 learners in the class during the lesson. The following data regarding the 
correct/incorrect responses as well as the global view of their explanation is presented 
in Table 1. 

TABLE 1: Correct and incorrect responses to the questions 
 Answers Explanations 

 All 
correct 

Only 
smallest 
and 
largest 
correct 

All/most 
incorrect 

Clear 
explanati
on of  
method  

Method 
unmathe
matical/ 
incoheren
t/not 
complete 

No 
method 
given 

Decimals 2 13 9 6 16 2 
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Common 
Fractions 

9 7 8 7 13 4 

 
The findings in Table 1 reveal that overall; learners perform more poorly when 
ordering decimals than when ordering common fractions with multiples as 
denominators. It appears that their instrumental/procedural understanding for ordering 
common fractions (and to a lesser degree decimal numbers) is poor. Since we cannot 
assess their relational understanding through quantitative results alone, the second 
question, requiring learners to explain their method is useful. The results in Table 2 
revealed that six main categories for learner explanations could be found. A 
representative sample of the results have been arranged in the following table. For each 
learner method provided, the number of correct responses for that learner is also shown 
while a summation of what the learner was trying to communicate is shown in the third 
column
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TABLE 2: Learner explanations of methods for arranging decimal fractions 
Learner’s words Number 

of correct 
responses  

(maximu
m 5) 

Basic 
mathematical 
method distilled 
from learner 
words 

Conceptual 
(Relational) or 
procedural 
(instrumental) 
knowledge 
aspects 

You place all the numbers in a 
row [under each other] and 
observe the smallest numbers 

5 Column method 

Connection 
between position 
value and lining 
up decimals – 
reflective level 
relationship 

Procedural 

By looking at the tenths and 
hundredths and looking at the 
whole numbers 

Smallest 
and largest 
correct 
only  

Understanding of 
decimal place 
value 

 

Early 
conceptual/relati
onal 

I just put them in order by 
adding zeros for the numbers 
to be in the same columns 

3 

 

Filling with 
zero’s method 

Early 
conceptual/relati
onal  

I first look at the numbers 
behind the comma then the 
numbers before. The numbers 
before are much greater than 
the numbers behind it.  

Smallest 
and largest 
only 

 

Comma position 
method 

Early 
conceptual/relati
onal 

I just check which one was the 
least and wrote that down. 
Then I just continued doing 
that 

Smallest 
and largest 
only 

Constant 
comparison 
method 

Early conceptual 

I put commas in a vertical 
line, then I put the numbers in 
order, added zeros to fill up 
the spaces and arranged them 

Smallest 
and largest 
only  

Mixed method 
(commas and 
zeros) 

Procedural/instru
mental 
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Cramer et al. (2015) set out five indicators for decimal understanding, the first one 
being using mathematical language accurately. In the above data, mathematical 
language is not used accurately, although learners seems to have the right words, their 
use is fuzzy and inaccurate. However, we need to bear in mind that written language is 
different to spoken language and that most learners in this class were not learning in 
their home language or mother tongue. What is also evident from the results is that the 
learners who do get the answers correct to procedural or instrumental type questions 
do not always have a conceptual or relational understanding of the concepts as revealed 
by their method explanation. This is important to note for assessment and systemic test 
evaluations. We cannot assume that a conceptual accuracy underpins correct answers 
to procedural questions. We need to open up our assessment to gauge both procedural 
and conceptual understanding. Written explanation of learners’ methods may be one 
way we can use to gauge deeper understanding. 
For the question on ordering common fractions, learner explanation of their methods 
were set out in Table 3. 
Once again, learners do not use mathematical language accurately to explain their 
methods. At times, their method and their explanation do not appear to be the same. In 
one explanation, the learner said: 
“I multiplied the bottom number to get the same answer” when the learner meant the same 
denominator. 

In other instances, learners appear to be writing ‘the right things’ such as “the smaller 
the number the bigger the fractions, the bigger the number, the smaller the fraction”, 
however the learner does not make a distinction between which part (numerator or 
denominator) of the fraction he/she is referring to. It may be something that the teacher 
has repeated in class but which the learner has not fully understood. In this case, the 
learner got three out of the five fractions correct.  
One learner appeared to have the correct written conceptual explanation regarding 
fractions: “the bottom numbers are the key, so the bigger they are the smaller space 
they take up”, however this learner only got one out of the five fractions correct. This 
adds further disparity between learners’ written or verbal explanations and their 
procedural or conceptual abilities 
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TABLE 3: Learner explanations for arranging common fractions 
Learner’s words Number of 

correct 
responses  

(maximum 
5) 

Basic 
mathematical 
method 

Conceptual 
(Relational) or 
procedural 
(instrumental) 
knowledge 
aspects 

Make the denominators the same  

 

You must multiply the number at the 
bottom to get the biggest number, 
which is 16. Then what you do to the 
top you do to the bottom and 
compare 

5 

 

 

5 

 

 

 

Common 
denominator  

Conceptual and 
procedural 

I look at the biggest bottom number 
and the smallest top number 

 

The smaller the number the bigger 
the fractions, the bigger the number, 
the smaller the fraction  

The bottom numbers are the key, so 
the bigger they are the smaller 
space they take up 

Smallest and 
largest only 

 

3 

 

 

 

 

1 

Number vs 
fraction 
proportionality 

Procedural 

 

 

Early conceptual 

I pictured the chart [fraction wall] in 
my head 

5 Area 
representation  

Early conceptual  

 
The results reflect that learners are novices when it comes to writing their mathematical 
methods. Either they repeat some phrases they have heard in class or they leave out 
large parts of the method explanation, e.g., “I multiplied the bottom number to get the 
same answer”. This may be a result of always giving method explanations to the 
teacher, who may understand by filling in the missing information intuitively. If 
learners are required to provide method explanations to their peers, they may be more 
accurate and more careful with their explanations. 
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RECOMMENDATIONS AND FURTHER RESEARCH 
Since this research is classroom-based, the results of “are frequently tentative and 
suggestive of further experimentation and development” (Cross & Steadman, 1996, 
p.17). Writing should not be seen as separate from the curriculum but part of it 
(Urquhart, 2009). Not only can “writing about a mathematical idea can be an 
elaborative process which has the potential to enhance understanding” (Shield & 
Galbraith 1998, p. 36) but it provides a lens through which teachers and researchers 
can understand learners’ mathematical thinking.  
We need to ascertain if more accurate learner explanations (both verbal and written) 
will enhance both procedural and conceptual understanding of mathematics in our 
classrooms. Learners should write for a variety of purposes in mathematics classrooms 
to improve their mathematical communication. In this study, they were writing to/for 
the teacher. It is recommended that learners also explore writing to each other (e.g. 
explain your method to a friend who struggles) as well as writing for other purposes 
(make a classroom poster explaining the method for X or writing study notes for test 
revision etc.).  
Teachers should be enabled to use writing as teaching tool and for a more expansive 
formative assessment technique.  Teachers can also include writing as one of the 
representations used to explain a mathematical idea. Writing has the potential to deepen 
mathematics learning and gain new perceptions about mathematics (Urquhart, 2009). 
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MULTILINGUAL MATHEMATICS CLASS TEACHING OF 
GEOMETRY AND TRIGONOMETRY: WHAT IS LOST IN 

TRANSLATION? 
Clemence Chikiwa 
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This paper reports on a study that, among other things, looked at three purposively 
selected grade 11 multilingual mathematics teachers’ use of learners’ first language 
through translation to enhance understanding during the teaching of geometry and 
trigonometry. Results of this study showed that teachers in the observed multilingual 
high school classes used everyday vocabulary, specialized terms, compound phrases 
and multiple meaning terms in their learners’ first language in varying proportions to 
represent some mathematics concepts. During teaching, borrowing was used to 
minimize risks of imprecise translations. This study concludes that, while the use of 
everyday words and phrases has many socio-cultural advantages, teachers should 
ensure that mathematization is prioritized and achieved through such verbal 
translation efforts, especially at higher grades of school learning.  
 
INTRODUCTION  
In multilingual mathematics classes, where teaching is done in the language which is 
neither the teacher’s first nor learners’ mother tongue, translation is practiced. 
Translation can be defined as the activity intended to convey meaning in a language 
other than the language in which meaning was originally expressed. In South Africa, 
mathematics is taught in the second or third language of learners and/or teachers.  
Chitera (2011) explains that because textbooks used for classroom teaching and 
learning are written in the colonial language, teachers often translate from the colonial 
language to the learners’ local language in trying to make concepts accessible to these 
learners. In many multilingual classes, translation is achieved through code switching, 
code mixing, code meshing and/or translanguaging. In all these process, the underlying 
idea is the ability of multilingual speakers to shuttle between languages during 
conversations. According to Then and Ting (2011) translation is a form of the language 
alternation where the original form is retained. Translation occurs when two languages 
are involved deliberately and purposefully, one as the source language and the other as 
the target language. This study was guided by the following questions: 
What is lost when teachers translate mathematics English terms to IsiXhosa during the 
teaching? 
How precise and consistent with established English formal definitions of terms is 
teacher translation during the teaching of mathematics multilingual classes? 
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TRANSLATION 
Translation is defined in various ways. Probyn (2015) explains that ‘translation’ in the 
multilingual classroom refers to repetition by the teacher of lesson content or 
instructions in the learners home language. This definition does not suggest any 
alteration to the original message when it has been translated. Mehta (2010), from a 
linguistic point of view, explains that translation turns an expression from the source 
language to another language with lexical, syntactic and cultural accuracy retained to 
maintain the translation as close as possible to the source utterance. In translation, the 
purpose is to present the same information in two languages, that is, not losing any 
meaning in the process.  
In multilingual mathematics classrooms, “translation is used to refer to the act or 
process of rendering the meaning of what is said or written in one language into another 
language orally” (Halai & Karuku, 2013, p. 28). They conclude that with such a 
definition, the distinction between translation and other forms of switching becomes 
very narrow and tenuous. A study by Clarkson (2007) on high ability Australian 
Vietnamese pupils on problem solving found that students would switch languages by 
translating the whole problem into their first language. This was made possible by the 
existence of a well-developed Vietnamese mathematics register.  
Translation and other forms of switching between languages in mathematics’ 
multilingual classroom remains the immediate resources in such classrooms (Chitera, 
2011) despite the challenges they are associated with. They are to a greater extent 
unavoidable. Halai and Karuru (2013) concluded that undeterred by its current 
challenges, translation is a valuable resource for promoting conceptual understanding 
in mathematics. From this discussion, and hence in this study, the distinction between 
translation and other forms of switching in teacher language practices is blurred, 
narrow and tenuous. 
Translation and Register 
Halliday (1978, p. 195) defines a register as “a set of meanings that are appropriate to 
a particular function of language, together with the words and structures which 
expresses these meanings.” Words and phrases in mathematics thus assume specific 
meanings appropriate to the subject. Learning mathematics as articulated by Halliday 
(1978) thus means learning to use language in specific ways appropriate to the 
discipline of mathematics.  Kersaint, Thompson and Petkova (2009, p. 46) defines the 
mathematics register as “… a subset of language composed of meaning appropriate to 
the communication of mathematical ideas.” Thus when translating, meaning assigned 
to words is a determinant factor in deciding whether a word or phrase is mathematical 
or not. Part of learning mathematics involves learning and gaining control over its 
register (Setati, 2008) which in essence is distinguishing between everyday language 
and mathematical language. And teacher language use should always be cognizant of 
the need to help learners use language appropriately. 
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The mathematics register is also referred  to as “the way of using symbols, specialist 
vocabulary, precision in expression, grammatical structures, formality and 
impersonality that results in ways of expression that are recognizably mathematical” 
(Lee, 2006, p. 14). The presence of a mathematics register permits the existence of 
boundaries between mathematical talk and non-mathematical talk in teacher language. 
The mathematics register employs language that may be used in everyday life, for 
unique mathematical purposes and resultantly expressing mathematical meanings. 
Thus some words and phrases when used in mathematics will assume different 
meanings from the ordinary non-specialized register and even from other specialized 
registers. An implicit requirement to use language in certain ways that are recognizably 
mathematical is inherent in mathematics classrooms. The idea of a register assists in 
clarifying the distinction between different types of vocabulary, that is, everyday 
language and mathematical language.  
THEORETICAL FRAMING 
This study is underpinned by the sociocultural theory. The sociocultural theory 
examines teaching as a cultural phenomenon that allows identification of the social and 
cultural aspects that influence teachers and learners’ understanding of phenomenon 
under study. Sociocultural theory posits that individuals in the society do not act 
directly on the world around them, the human mind is mediated through tools both 
symbolic and/or concrete, language and other activities (Vygotsky, 1978). According 
to Lave and Wenger (1991), learning is situated in the context of specific cultures, 
situations, and activities that influence them. Individuals in a given society learn 
through active participation in sociocultural activities that are mediated by the most 
competent members of the community and its prevailing cultural and social values.  
According to this perspective, individuals’ participation in an activity such schooling 
is shaped by sociocultural processes. These include cultural tools such as language 
(Vygotsky, 1978). The theory also postulates that “since activities and tools are 
influenced by the cultures in which they originate, individuals from different cultural 
backgrounds may not be able to make meaning from those tools and activities in the 
same ways” (Solano-Flores, Shade & Chrzanowski, 2014, p. 7). Sociocultural 
perspectives provide a lens for examining and understanding how language, culture 
and social participation helps teachers teach for meaning making in multilingual 
classes. 
SAMPLE AND RESEARCH PROCESS  
This is a case study of three grades 11 mathematics teachers from three districts in the 
Eastern Cape Province of South Africa. Each teacher and his/her class constituted a 
case. The three teachers identified as Teacher A, Teacher B and Teacher C were 
purposively selected. The following criteria were used to select the sample of teachers 
for this study: 

• Mathematics teachers who are fluent in isiXhosa. 
• Mathematics teachers who were willing to participate in this study and had time.  
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• Teachers with at least five years’ experience of teaching mathematics at 
secondary level and therefore are well experienced. This was to rule out the 
possibility that their language practices might be due to lack of teaching 
experience. 

• Teachers who taught at schools where code switching was prevalent.   
 

Data were obtained through observing and video-recording five consecutive geometry 
or trigonometry lessons per teacher. Lesson observations were used to identify 
language practices of each of these teachers.  At the end of each lesson, each teacher 
was interviewed following up on language practices teachers demonstrated during the 
lesson. An isiXhosa first language speaker transcribed the videos. Data were analyzed 
qualitatively using an analytical tool developed from literature. I focused on isiXhosa 
words and phrases that teachers used. I then identified those that were Everyday 
vocabulary; Technical or specialized mathematics terms; Terms with multiple 
meanings; Compound phrases. Interest was on whether the contextual usage and 
meaning, together with teachers’ explanations of these words during interviews, were 
precise and consistent with established formal definitions of the identified terms and 
phrases. Trends and patterns of words, phrases, descriptions that emerged during lesson 
observations were then followed up during the interviews. 
FINDINGS 
Results of this study are presented according to three main themes; everyday 
vocabulary, specialized terms and compound phrases. Terms with multiple meanings 
are considered concurrently with other types of terms in this section. 
Everyday Vocabulary 
In this section, my interest was on cases where everyday terms were used for 
mathematical purposes during teaching. In some cases, translation was precise, as a 
result nothing was lost, and in some cases it was not. In Table 1, Teachers A was asked 
to elaborate on the use of one translated word during the teaching of the cosine rule: 
Table 1: Excerpt 1 
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Teacher A agreed that the word phakathi was not precise enough to represent ‘centre’ 
or ‘middle’ since it just means ‘inside.’ She said this despite the fact that she had used 
phakathi for ‘middle’ in some of her lessons. She also agreed that in everyday life 
phakathi is used to mean ‘centre’ though now she agreed that she had realized that it 
was not the right word. I conclude that some everyday words maybe consistent when 
used outside mathematics but because of the precision that is called for in mathematics, 
such terms become inconsistent and imprecise if translated as they are for mathematical 
purposes.  
Specialized Term- Asymptote 
In this lesson (see Table 2), Teachers B and C were teaching trigonometric functions 
and the concept of an ‘asymptote’ was discussed. No attempts to use isiXhosa 
translations were made by any of the teachers. 
Table 2: Excerpt 2 

 
During interviews (see Table 3), Teacher B explained that some technical terms did 
not have ready translated equivalency in isiXhosa. They are best borrowed during 
teaching or else one has to describe them to avoid loss of meaning.  
Table 3: Excerpt 3 

 
Such specialized terms were mostly borrowed without translating them. The absence 
of easily available isiXhosa equivalency in the teachers’ vocabulary repertoire forced 
them to borrow continuously during teaching. This was also done to avoid representing 
the concept imprecisely in the translation.  
Compound Terms: - Umacala Mane (Four-Sided) 
During the teaching of circle geometry, all teachers briefly looked at quadrilaterals and their 
properties. This was to prepare learners to tackle cyclic quadrilateral concepts later on. 
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Table 4: Excerpt 4 

 
The use of ikwadrilatherali by Teacher A (see Table 4) is considered in this study as 
providing little advantage in visually assisting learners to understand the polygon. 
There is no tapping into prior everyday knowledge of this concept. This is because the 
borrowed form is not as explicit and visually vivid as the isiXhosa translation Teacher 
B used, that is amacala amane (four-sided). The choice of descriptive translations such 
as these provides a visual image of the type of polygon that is being discussed. This 
was also noted in Teacher C’s reference to the cyclic quadrilateral as ucalane 
okwisangqa (four-sided inside a circle). The isiXhosa translation used for cyclic 
quadrilateral combines two familiar words forming another concept that is visually 
transparent in nature. This study argues that the use of such terms helps learners to 
visualize the concepts because of the immediacy and familiarity of the terms used to 
isiXhosa first language speakers. 
In this study, borrowing was frequently practiced by all participating teachers. In many 
cases, I observed that precision was ensured when words were borrowed but in a 
number of cases, the use of such terms during teaching was not consistent.  
SUMMARY AND CONCLUSION 
Participating teachers in this study used everyday vocabulary, specialized terms, 
compound phrases and multiple meaning terms in their learners’ first language in 
varying proportions. Everyday words familiar to learners were in some instances used 
precisely and consistently for mathematical purposes. In some cases, meanings of 
translated every day and lexical terms were not consistent with English equivalents of 
these translations. Translations were consistently and precisely done during interviews 
when teachers had opportunities to think and reflect on their choice of terms.  In order 
for teachers to minimize risks of imprecise translations during teaching, borrowing was 
prevalent with specialized terms. In most cases, participating teachers did not even 
attempt to translate these technical terms lest the resultant meaning would be 
compromised. With a few that teachers attempted to translate, incomplete meanings 
were observed and some cases loss of meaning occurred during translation. While 
imprecise translations were as a result of a couple of factors, lack of language planning 
for English second language learners of mathematics was evident. Careful selection of 
words and phrases in learners’ first language prior to the lesson is suggested here as 
one way of reducing imprecise translations and high rates of borrowing when technical 
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terms are used. This study concludes that, while the use of everyday words and phrases 
has many socio-cultural advantages attached to it, teachers should ensure that 
mathematization is prioritized and achieved through such verbal translation efforts, 
especially at higher grades of school learning. Whenever possible teachers should be 
taught to use language strategically so that conceptual understanding of mathematics 
is enhanced. Teachers would need to be trained to harness linguistic mathematical 
resources in the learners’ first language for the improvement of mathematical teaching. 
There is a need for much more language and content specific support for both 
preservice and in-service mathematics teachers of multilingual classes especially 
focusing on second language use. Such support mechanisms should include topic-
specific language demands since each mathematics domain has its own sub-register. 
There is also a need to explore ways to support teachers of second language learners, 
how to better engage and address the needs of multilingual learners in the mathematics 
classroom.  
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MATHEMAGICIANS 
Joleen Hamilton and HS van der Walt 

University of the Free State 
 
Learners who achieve higher marks in mathematics are often overlooked in the current 
school system because nowadays the focus in education is mainly on the weaker 
learners who struggle to meet the requirements. Opportunities to develop problem-
solving skills, logical reasoning and critical thinking are limited. Twenty-two high 
achievers in mathematics completed the Mathemagicians programme. We used 
different types of activities to encourage the learners to think outside the box. These 
activities included brain teasers, Sudoku, building tangrams, tessellations, visual 
illusions and higher-order questions. The activities were not based on any specific 
CAPS-content topics. Collaboration, cooperative learning and individual reflection 
were encouraged in every session.  
 
DETAILS OF THE PROGRAMME 
Details of the Mathemagicians programme includes information about the focus of the 
programme, information about the participants and administrative information about 
the sessions. 
THE FOCUS OF MATHEMAGICIANS 
Often the majority of learners in a mathematics classroom are the weaker learners who 
struggle to master the content. Having weaker learners in the class, present its own type 
of challenges to the teachers because they need to work at a slower pace to try to 
accommodate the weaker learners. High achievers in mathematics thus are seldom 
challenged with higher-order thinking questions in the classroom. Stimulation of the 
higher achievers must, therefore, become a priority in mathematics classes; otherwise, 
boredom can become part of the high achievers' experience of the mathematics class. 
Challenging high achiever mathematics learners was the main focus of 
Mathemagicians. We aimed to encourage the learners to think creatively and find 
solutions to problems which they were confronted with during the sessions. The 
learners had to find different, not so obvious, methods to solve the problems surfacing 
in the activities. Mathemagicians focused on problem-solving, being able to 
communicate in a group and to reason in a way that the learners could motivate their 
way of thinking. 
Mathemagicians also focused on showing the learners that it is worthwhile to 
persevere, even if it meant that they had to try several times to solve a problem. We 
also linked perseverance and using different methods to solve a mathematical problem, 
to solving problems in real-life situations. Pointing out that it is acceptable not to be 
able to find a solution the first time, served as motivation to the learners to try and keep 
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on trying until they find the solution. Learners taking mathematics as a subject often 
have low self-belief. We believe that once a learner starts to believe in him-/herself, 
the learner’s level of determination to persevere will increase. One’s self-confidence 
increases from experiences of having mastered certain activities, especially in 
mathematics. 
Mathemagicians was a developmental project in schools to expose the learners to 
enriching mathematics. The programme was not for research purposes, which explains 
the absence of data collection, interpretation and research conclusions. 
LEARNER INFORMATION 
Twenty-two grade 10 learners were selected from two schools situated in Thaba Nchu 
to take part in the Mathemagicians programme. Thaba Nchu is approximately 65km 
from Bloemfontein. Both schools are township schools. We used the learners’ 
mathematics marks obtained at the end of their grade 9-year (2017). The selected 
learners were the top achievers in their schools in mathematics in grade 9. Half of the 
group was male, and the other half was female. The ages varied between 15 and 16 
years.  
ADMINISTRATIVE INFORMATION OF THE SESSIONS 
The programme started at the end of the third term in 2018. We only had one session 
in Term 3, during which I orientated the learners towards the programme and gave the 
learners a preview of what they can expect in the sessions. We had five more sessions 
in Term 4. We had one session of two hours per week. Each learner received a file with 
the activities developed for that afternoon’s session. We varied the types of activities 
every week. 
DESCRIPTION OF THE SESSIONS 
The activities developed for Mathemagicians were not based on any CAPS-content 
topics; in other words, no school curriculum content was directly discussed. The 
learners had to use their mathematical knowledge to solve the challenges, but we did 
not link the challenges to specific topics. The different types of activities used in the 
sessions were: brain teasers, higher-order problems, sudoku, building tangrams, 
tessellations and visual illusions (see examples of each of the types of activities below). 
We chose two, or at the most three, different activities for each session.  
HIGHER-ORDER PROBLEMS 
Activities developed using higher-order problems mainly aimed at developing 
problem-solving skills. The questions used in the activities were similar to AMESA-
Olympiad questions. The learners had to find solutions to each problem individually 
as well as in groups. In this way, we encouraged individual learning, collaboration and 
cooperative learning. Figure 1 gives examples of higher-order problems. 
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3. A ship leaves the harbor and sails at a speed of 32km.h-1. A second ship, sailing at 35km.h-1, 
leaves the harbor 15 minutes later and sails in the same direction as the first ship. How long 
will it take the second ship to overtake the first ship? 

4. Consider a rectangular box as shown below. The measurements of the box are: 24cm x 6cm 
x 4cm. An ant, standing at the point A, wants to go on the surface of the rectangular box to 
point B. If the ant walks at a rate of 2cm/min from A to B, find the minimum time for the 
ant to complete its trip. 

 

 

 

 

 

 

 

FIGURE 1: examples taken from a ‘higher-order problems’ activity 
 
The learners were not allowed to use their calculators and each activity of this type 
consisted of five or a maximum of six questions. Learners had to do calculations, and 
when asked, they had to explain their steps. 
BRAIN TEASERS 
Problems in the first type of brain teaser activity consisted of word problems, not 
necessarily requesting intense mathematical calculations, but asking a different way of 
thinking.  

1. You walk into a room with a match, a newspaper, a candle and a fireplace. Which do you 
light first? 

2. In a one-story green house, there was a green person, a green cat, a green fish, a green 
computer, a green chair, a green table, a green telephone, a green shower – everything was 
green! What colour were the stairs? 

3. If there are three apples and you take away two, how many do you have? 

4. You have a five-liter bucket and a three-liter bucket with as much water as you need, but no 
other measuring devices. How do you fill the five-liter bucket with exactly four liters of 
water? 

5. What do the numbers 11; 69 and 88 all have in common? 

FIGURE 2: word problem examples taken from a ‘brain teaser’ activity 
 

A 

B 

24 cm 

6 cm 
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In the second type of brain teaser activities, more mathematical calculations were 
needed as seen in figure 3. 

5.  

 

 

 

 

 

6. What is the answer to….. 

1 + 1 + 1 + 1  

+1 + 1 + 1 +  

1 + 1 + 1 + 1  

+1 × 0 + 1 = ?  

 

 

FIGURE 3: mathematical calculation examples of ‘brain teaser’ activities 
 
The third type of brain teaser activity used visual illusions. 

12.  

 
 
 
 
 
16. Can you see the young woman and old lady in each of the following? 

        
 
 
 
  

FIGURE 4: visual illusion examples taken from ‘brain teaser’ activities 
 

   



SHORT PAPERS 

29 
 

Brain teaser activities also focused on the development of problem-solving skills, as 
well as exposing the learners to different ways of presenting problems. The learners 
had to realise that the problems were not necessarily difficult, but asked of them to 
think creatively and outside the box. 
SUDOKU 
Sudoku is a well-known game to many people. The learners who participated in the 
Mathemagicians programme, however, were not familiar with Sudoku. Therefore the 
Sudoku blocks we used in the activities were on an ‘easy’ level. The Sudoku activities 
developed logical thinking, of where to write the numbers, as well as enhanced focus. 
 
 
 
 
 
 
 
FIGURE 5: an example of a Sudoku block learners had to complete 
Another skill practiced by doing Sudoku activities was perseverance. Learners had to 
stay focused and keep on going even if it took them half of the session to complete one 
block. 
TANGRAMS 
We bought 22 sets of tangrams so that each learner can build shapes on his/her own. 
The learners got a set of shapes from which they had to choose one to build. They did 
not have the solutions where the positioning of the tangram-pieces to form the required 
shape were showed. Playing with tangrams developed not only problem-solving and 
logical reasoning skills, but also stimulated visual-spatial awareness and creativity. 
Activities building shapes using tangrams also showed the learners that mathematics 
could be fun as well, bringing about a change in attitude towards the subject. 

 
The problem:     The solution: 

 
  

FIGURE 6: an example of a shape learners had to build using tangram-pieces 
 
This type of activity was done as an individual activity during the sessions. 
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TESSELLATIONS 
Escher is well-known for his beautiful creations using tessellations. Learners were 
given a ‘picture’ created using tessellations of different shapes. Colour pencils were 
distributed, and the learners had to create an artwork using their own ideas and 
creativity. Figure 7 shows an example of a tessellation activity done in one of the 
sessions. 
 
 
 
 
 
 
 
 
 
FIGURE 7: an example taken from a tessellation activity 
Tessellations were used to stimulate creativity and contribute to the development of 
problem-solving skills. 
 
FACTORS CONTRIBUTING TO THE SUCCESS OF THE SESSIONS 
Throughout all the sessions the learners had fun and showed excitement, determination 
and willingness to try any problem we posed to them. They enjoyed each activity in 
each session and had the most fun building shapes using tangrams. A positive attitude 
was present with all the learners. We made sure that the learners understood the focus 
of the programme and that judgement of skills or abilities were not part of any of the 
sessions. The learners could be themselves, trying new aspects in mathematics and 
reaching new heights in self-confidence. 
Another factor contributing to the success of Mathemagicians was the excellent 
attendance of learners. Only one session had two learners absent. The rest of the 
sessions were attended by all twenty-two learners. 
FACTORS TENDED TO CREATE CHALLENGES IN THE PROJECT 
In general, everything went well. We had to move one of the sessions due to clashes 
with the exams, but with the cooperation of the contact teachers at the two schools, it 
was easily arranged. The time spent with the learners during a session was sufficient, 
but I believe the impact on the development of skills would have been even bigger if 
we could have had more than one session per week. 
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PRACTICAL EXAMPLES OF HOW PARTICIPATION IN THE PROJECT 
IMPACTED ON YOUR TEACHING 
I am not teaching every day. However, the methods we used during the 
Mathemagicians sessions as well as the feedback of the learners who attended the 
sessions, provided us with guidelines for other projects similar to the Mathemagicians 
programme. 
FUTURE PLANS 
The positive outcome and success of Mathemagicians together with the obvious need 
to uplift the stronger learners in a mathematics class led to the start of a new 
developmental project at the UFS, namely Creative Clubs. Creative Clubs does not 
only focus on mathematics, but also on sciences and coding. Again no school subject 
content is addressed in any of the sessions. We want to develop problem-solving and 
logical thinking skills of learners using interactive, stimulating activities. Not only will 
the learners gain courage, self-confidence and perseverance through these activities, 
but also broaden their general knowledge in the three fields and in this way contribute 
to a better frame of reference for them to use. During the sessions, the facilitators will 
also teach them how to apply these skills in their daily lives. 
CONCLUSION 
Mathemagicians addressed the need to identify and stimulate high achiever 
mathematics learners. These top achievers need to get opportunities to develop 
themselves and explore their abilities. Mathemagicians gave them this opportunity. It 
was not only the learners who gained from the programme; we as the facilitators were 
enriched with the learners’ positive attitudes and positive spirits. What a privilege to 
be part of this project. 
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THE NOTION OF THE TEACHER AS “FACILITATOR” IS 
USEFUL BUT LIMITED IN A MATHEMATICS CLASSROOM 

Annie Mamoretsi Kgosi 
Marang Centre for Mathematics and Science Education, University of the 

Witwatersrand 

This paper discusses the notion of the teacher as “facilitator” in a Mathematics 
classroom. The purpose of the study is to clarify teachers’ understanding of their 
role as facilitator, the usefulness of that role in a mathematics classroom and the 
limitations thereof. While the study adopted in this paper looks deeper into how the 
notion of “facilitator” may become another resourceful teaching approach that 
teachers can adopt in their teaching practices. On the same note, the paper outlines 
the limitations of the role of facilitator in a Mathematics classroom in the South 
African context. Nevertheless, this paper’s perspective of “facilitator” is based on 
teacher’s use of Piaget’s constructivism theory approach, that teachers can develop 
in their teaching practices and how the role of a facilitator can effectively improve 
the teaching and learning of Mathematics. On the same notion, the paper will help 
teachers to improve learners’ performance and interest in a Mathematics 
classroom. The paper concludes that the notion of teacher as a facilitator can be 
adopted to a certain extent in a Mathematics classroom due to some limitations 
noticed in the facilitator role. As a result, due to the different type of learners that 
we have in Mathematics classrooms in terms of different cognitive levels, other 
approaches such as “telling” is still regarded a vital teaching method although 
teachers are required to implement such an approach in a more resourceful manner 
i.e. ‘reformulation of telling’ (Lobato, Clarke & Burns, 2005). 
INTRODUCTION (BACKGROUND TO THE STUDY)  
This paper discusses the role of mathematics teacher as a facilitator and limitation 
of that role in the Mathematics classroom context in South Africa. Vygotsky’s 
theory outline that learner is a blank slate to be filled by knowledge from the teacher, 
which argues that the teacher is the more knowledgeable other and learners comes 
as “tabula rasa” empty slates in a classroom. Vygotsky’s theory contradicts Piaget’s 
constructivism theory which asserts that learners come to class with old knowledge 
and that new knowledge germinates from the old knowledge they have. Hence 
learner’ prior knowledge is very important and the teachers need to facilitate 
learning in order for learners to discover mathematical ideas and procedures by 
themselves. Such learning is meaningful and permanent because learners can, 
therefore, reconstruct the steps they had when they formed new mathematical 
concepts. However, the paper does not limit the teaching of Mathematics to 
constructivist’s approach as the only way to teaching and learning but to “facilitator 
role” as beneficial to teaching and learning with consideration given to other 
approaches such as “reformulation of telling” (Lobato, et al.2005). 
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RESEARCH QUESTIONS 
1. What role does a mathematics teacher play as a facilitator and how effective is 
this role?  
2. What are the implications of the teacher as facilitator in mathematics teachings? 
3. How can teachers’ implement “facilitator role and reformulation of telling” 
approaches in their teaching practices?  
4. How will limitations affect the role of the teacher as a facilitator be overcome in 
a Mathematics classroom?  
5. What kind of limitations are noticed and how do these limitations enforce other 
teaching approaches in the Mathematics classroom? 
AIM OF STUDY 
The purpose of the study is to look deeper into the role of facilitator in the 
mathematics classroom with consideration to how useful but limited in a 
mathematics classroom is the notion of a facilitator. I will look into some aspects 
regarding the teacher as facilitator and the role that a teacher plays in that regard. 
My starting point will be to discuss the role of the teacher as facilitator in 
Mathematics classroom thereafter bring into account the constructivist perspective 
in conjunction with the reformulation of telling perspective. Later in my argument, 
I will discuss the implication of teacher telling and how this is viewed from a 
constructivist theory perspective while bringing in Lobato, Clarke and Ellis ideas of 
reformulation of telling.  
LITERATURE REVIEW 
Firstly, I would like to bring an understanding of a teacher as a person required to 
have (in –depth) knowledge of the landscape of learning (mental maps) in order to 
facilitate the teaching and learning journey (Fosnot, C.T. 1996). Also as someone 
who understands mathematics as a human activity of “mathematizing” rather than 
a discipline of structures to be transmitted to learners. However, RME (Realistic 
Mathematics Education) puts emphasis on structuring, schematizing as well as 
modeling the world mathematically thus the notion of mathematizing. Furthermore, 
the teacher is perceived in the role of the development of the landmarks like 
mapping out mathematical thinking and conceptual understanding in terms of “big 
ideas, strategies and models” which forms the structuring, schematizing and 
modeling of the mathematical world. Therefore, this brings to learning the idea of 
the teacher, understanding the development of the landmarks which results learning 
to non-linear system “autopoietic structures” of assimilation and accommodation 
(Fosnot and Dolk, 2001). 
From the above perspective, a teacher becomes a reflective practitioner, curriculum 
developer, and a change agent through promoting critical and conceptual thinking 
in a mathematics classroom. It is important that a teacher is able to make a 
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distinction between reflective action and routine action. My utterance of reflective 
and routine implies that the two are different in a sense of how they are performed 
by the teacher in a classroom, specifically a mathematics classroom. Reflective 
action is a willingness to engage in constant self – appraisal and development which 
implies flexibility, rigorous analysis and social awareness of what takes place in the 
classroom as a learning space. Whereas routine action refers to traditional ways, 
habits, authority, institutional definitions and expectations which are therefore 
static, unresponsive to change priorities and responsibility within a classroom 
situation. The above has to do with the role of the teacher as a facilitator. 
Consequently, constructivism as a learning theory rather than a teaching theory in 
(Fosnot, C.T.1996) (Ed.) has implications that teachers are transmitters of 
knowledge due to the idea that they, do the telling more than required. This was 
alluded to in the article by Lobato et al (2005. pg.104), which states that “teachers 
already know how to tell but need to learn when to tell”. Therefore, telling is 
discouraged due to lack of conceptual growth in the learning trajectory rather 
perceived as bringing the assumption that mathematics comprises of fixed sets of 
facts and procedures which revolves teaching as telling learners how to carry out 
these procedures (Battista, 1994).  
In this sense, transmission models are perceived as the traditional way of teaching 
which disadvantages learners from discovering and constructing their own learning 
in accordance with constructivist theory. In order to address the dilemma of telling 
versus not telling created and raised for teachers, a notion of “reformulating telling” 
was seen fit by Lobato et al (2005. pg. 107). A notion of reformulating telling is 
used with an intention to move away from the misconception that teachers tell more 
than they are supposed to which is an assumption between constructivist teaching 
approaches and telling as a method promoting transmission of knowledge within 
learning. In this way reformulating telling aids to eradicate common misconceptions 
created, by constructivism which implies “not telling learners anything at all. 
Reformulate telling is done in three ways a) in terms of the form of teachers versus 
function b) in terms of the conceptual growth versus procedural competency and 
lastly c) isolated action versus interrelated actions (Lobato et al. pg. 107).  
The first way which involves function versus a form of the teacher’s utterances 
indicates that telling occurs when teachers make declarative statements of which 
may lead teachers to use series of questions that may result in telling such as 
“funneling” learners towards the correct answer (Lobato et al. pg. 107). On the 
contrary, declarative statements may also question learners rather than tell learners 
in a sense that teachers may “provoke new ways of thinking about ideas” which is 
fundamental to encouraging learners' explanations. The second way talks about 
conceptual versus procedural content of which judicious telling approach defines 
telling in terms of procedural content such as reinforcing mathematical beliefs, 
traditional teaching, learning performed as routine action rather than reflective 
action as well as beliefs about mathematical authority.  
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This leads to a “plausibility of telling which depends on the underlying concept that 
mathematics does not evolve but it is stagnant around ideas of a fixed set of facts 
and finite collection of procedures”. The third way which is isolated action versus 
interrelated actions becomes imperative as it speaks about how conveying new 
information is beneficially followed by pedagogical action which intends to 
ascertain how learners interpret information which is advocated by constructivism 
in student learning. Constructivism claims that “all learning involves the 
interpretation of phenomena, situations, and events including classroom instruction 
through the perspective of the learner’s knowledge existence” (Smith, diSessa, & 
Roschelle,1993, p.116) and hence, the idea of teacher as a facilitator rather than a 
teller. 
THEORETICAL AND CONCEPTUAL FRAMEWORK 
As a result, I have chosen to focus mainly on the “function versus teacher form 
judicious telling approach” which reside from “reformulation of telling” (Lobato et 
al. pg. 107). This conceptual framework is informed by a constructivist theoretical 
framework by Piaget. Piaget (1970) asserts that “there is no structure apart from 
construction” (Piaget, 1970, p. 140). Further asserts that “knowledge is the result of 
construction and invention, rather than discovery” (Piaget, 1970).  
The Piagetian view of learning is a process of concept construction, (1970) thus my 
focus was to discuss the notion of the teacher as “facilitator” meaning a constructer 
of learning in mathematics classrooms. However, I do take in cognizance the fact 
that the very constructivist approach can have limitations in a mathematics 
classroom by providing some relevant conceptual framework approaches. These 
conceptual framework approaches will be used to research learner’s mathematical 
learning struggles with understanding the concept of Quadratic Equations in Grade 
10 and Circle Geometry in Grade 11. This framework may also lead teachers to a 
realization that there are other approaches that may need to be adopted and to be 
used in mathematics teaching and learning of these mathematical concepts and 
assist other learners that are having challenges in mathematics learning. These 
approaches are “telling method or traditional teaching method is also known as 
chalk and talk”, however, these approaches need to be used with care since they are 
normally viewed to make the teacher a “transmitter of knowledge and learner an 
acquirer”. Of which, it is not certain that it is the case that a learner acquires this 
knowledge as imparted by the teacher.  
Lobato et al (2005) argue the framework of “reformulating telling” that needs to be 
used with caution by involving teaching strategies such as “initiating and eliciting” 
as means of telling. I have adopted this framework approach due to its relevance to 
my paper, which implies that “reformulation of telling” consist of critical 
components of telling such as initiating and eliciting in teaching. The first one 
namely ‘initiating’, is defined as an action that stimulates the construction of new 
mathematical ideas into the classroom. This form of telling therefore influence the 
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function of teacher utterance through three features namely: 1) intention to initiating 
action i.e. space creation for learners to further develop new ideas introduced in a 
classroom and 2) action to involve assimilation of new information through 
“hypotheses” or “conjecturing” and 3) interpretation that involve learners’ readiness 
to conceptually able and motivated to make sense of teacher’s utterances. The 
second one ‘eliciting’ is defined as an action intended to ascertain how learners 
interpret information introduced by the teacher. Pedagogical actions concerned with 
conceptual growth versus procedural competency also administered while creating 
a debate on ideas shared in the classroom amongst peers or through questioning and 
more importantly designing of a task. 
RESEARCH METHODOLOGY 
I intend to use the qualitative and design research methods which comprise of 
teacher and learner interaction. A focus based on time on task, activities, and level 
of cognitive demand of teaching and learning, these are the aspects that are 
problematic to measure. Interacting with learners in small discussion groups and 
teacher intervention during those small math’s talk groups may show the validity 
and reliability of the study. Small group discussion may happen in a class of 30 -35 
learners which can be split into groups of 6 or 7 learners per group. This kind of 
groups can be regarded as meaningful and effective to facilitate during classroom 
contact time and during the intervention as they will be easier to handle. Due to the 
fact that I would like to verify a teacher as “facilitator” and its usefulness as well as 
its limitations in a mathematics classroom. Therefore, checking of task and activities 
are done by learners would not give a true reflection of that research, however, 
seeing teacher interacting with learners and intervening during their discussion and 
doing of exercises may be more effective.  
Data Collection 
Data collection will be done with Grade 10 and 11 learners in schools using two 
different topics namely: Quadratic Equations and Circle Geometry. Two class of 
Grade 10 and two of Grade 11 with different teachers and learners 10 each class 
using different levels of achievements such as level 1-7, to determine the random 
sample of participants to be used. Data collection will comprise of observation 
during teaching and classroom interaction and use of questionnaires, interviews and 
learner tasks. A mixed method may be used due to the qualitative and quantitative 
nature of the research study. This sample and analysis of the results should be able 
to reflect the learning opportunities for teachers i.e. as “facilitator” and or using 
“telling method” and provide teachers with a teaching method that will be effective 
in their teaching practices. 
Participants 
The study will be done in schools in Gauteng, which is the province that I will 
choose a random sample of learners in Grade 10 for the concept of Quadratic 
Equations and Circle Geometry to participate. Participants will be observed during 
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class interaction and interviewed based on their teaching of these concepts and 
approaches adopted by their teachers to establish which teaching mechanisms can 
aid their learning.  
Instruments and Measures 
Instruments to be used are activities, worksheet activities and learner tasks to be 
carried out during the classroom interaction and intervention instruction. Problems, 
i.e. solve for 𝑥𝑥 using factorization by means of quadratic formula and factorization 
by use of quadratic equations which will be introduced to learners in a form of 
worksheets and pre-tests prior to topic teaching and also post- tests after teaching 
and intervention. Also, tasks and problems involving circle geometry and problems 
involving proofs and determining conclusion using theorems. 
Reliability of the study will be measured through the pre-tests and post-tests scores 
that will be given to these learners through few weeks i.e. two-weeks or three-weeks 
enrichment programme. Validity will be done by providing each learner with the 
same type of activities, thereafter, different problems solving to each to work on and 
carefully assess the results thereof. 
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VISUALISATION PROCESSES FOR TEACHING PATTERNS IN 
INTERMEDIATE PHASE: A CASE OF GRADE 6 TEACHERS 

Rethabile Machaka and Clemence Chikiwa 
Mokitlane Primary School and Rhodes University 

 
ABSTRACT 
Teaching of patterns in many cases is textbook driven with little or no use of teacher-
made artifacts and visual tools developed locally. The proposed study intends to 
investigate grade 6 mathematics teachers’ visualization processes when teaching 
patterns in Motheo District, Thaba Nchu Region, Free State province of South Africa. 
Thirty two teachers from the intermediate phase are expected to take part through 
responding to survey questionnaires. Two teachers will be purposively selected to take 
part in an intervention programme after which they will be observed teaching patterns. 
These two teachers will then be interviewed individually following up on what would 
have transpired in the lessons. The study is underpinned by the constructivism theory. 
The aim of the study is to identify whether teachers in the intermediate phase in Thaba 
Nchu Region uses any visual models to teach patterns, if any, the nature of visual 
models these teachers use and their experience and perception of visual strategies for 
teaching patterns.  
INTRODUCTION 
One of the greatest challenges educators face is determining the most effective 
strategies for teaching and learning in their classrooms. Seeking effective pedagogical 
ways to achieve intended objectives is crucial in any teaching and learning 
environment. Over the years, mathematics education across the world has focused on 
the development of patterning and the role it plays in early mathematical thinking 
(Mulligan & Mitchelmore, 2009; Barbosa & Vale, 2015). Mathematics is viewed as 
involving ‘making sense’ of mathematical ideas, patterns and information; finding and 
exploring regularity in patterns and making sense of relationships (DBE, 2011); finding 
patterns and order all around us, for example in art, in buildings and in music. This is 
the view taken by the mathematics curriculum in South Africa and other countries as 
well. Research has indicated that algebra is often considered an essential bridge to 
access higher order mathematics. Traditionally, the bridge between arithmetic and 
algebra is achieved through growing patterns. All types of patterns are necessary for 
the development of mathematical reasoning. Growing patterns lead, more naturally, to 
the discovery of a relationship between two variable quantities, thus facilitating 
functional reasoning (Lee & Freiman, 2008; Rivera & Becker, 2008). 
A common activity that occurs in early years of schooling in the classroom context is 
the exploration of simple repeating patterns using shapes, colours, and movement. 
Research on the teaching of patterns is extensive in South Africa and other parts of the 
world yet learners still struggle to understand patterns and have less interest to learn 
this topic (Department of Basic Education, DBE, 2015; Katenda, 2017; Siegler & 
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Forgues, 2014).The South African curriculum for mathematics in primary school has 
included a learning outcome (or content area) focusing on patterns, where teachers are 
expected to teach and make learners understand this concept. However, research has 
indicated that a number of primary school mathematics teachers in South Africa have 
not been taught these themselves while in primary school and when they were trainee 
teachers (Times live, 01 March 2018). The topic remains a challenge regarding its 
content and how to teaching it. 
Results of the analysis from the national annual assessment 2012 indicated that good 
understanding of mathematical patterns is critical to doing mathematics (Diagnostic 
report annual national assessment, 2013). Not only should learners be able to identify 
patterns but they should also be able to formulate and create their own patterns that 
represent real contexts.  The results further indicated that the teaching and learning of 
patterns is one of the concepts that needs more focus and intervention. 
The South African department of education (DBE) introduced a new curriculum known 
as the Curriculum and Assessment Policy Statement (CAPS) in 2012. The CAPS 
document has allocated 10% of the mathematics syllabus for patterns, fractions and 
algebra, of which for patterns, a minimum of 19 hours a year have been allocated for 
this topic. In the CAPS document, learners are expected to be able to extend patterns, 
represent pattern, find the rule, describe the pattern in their own way, and to create their 
own pattern in the intermediate phase (Department of Basic Education, DBE, 2015). 
The CAPS also indicate that this will prepare learners for describing rules for patterns 
which become more formalized in algebraic work in the senior phase (Department of 
Basic Education, DBE, 2015). The old curriculum, the Outcome Based Education 
(OBE) curriculum, only had 6% of the content allocated to patterns in the intermediate 
phase. The difference between these curricula in terms of pattern content may be the 
reason why many intermediate phase teachers find this topic challenging. 
Teacher challenges often translate to learner problems in the classroom (Armstrong, 
2015). Learners of mathematics in schools seem to have difficulties retaining patterns 
concepts (Barbosa & Vale, 2015). Learners’ ability to understand and work with 
patterns is crucial as it is indicated that it is an essential bridge to access higher order 
mathematics (Stacey, 1989). Teaching of patterns should be done in a way that helps 
learners to retain fundamental concepts of patterning. Nevertheless, most learners enter 
senior phase with inadequate preparation and prior knowledge necessary to succeed in 
this topic (DBE, 2015). 
Teachers need to know mathematics in order to teach it well. In this sense, the learning 
of mathematics patterns is strongly dependent on the teacher. Teachers need to master 
pattern content and mostly know how to teach patterns. It is thus important for teachers 
to find interesting and more practical strategies to teach this topic. Incorporation of 
visualization strategies, models and processes of teaching patterns is one-way teachers 
may use to enhance conceptual and procedural understanding. A comprehensive 
definition by Arcavi (2003) presents visualizations as: 
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… The ability, the process and the product of creation, interpretation, use of and 
reflection upon pictures, images, diagrams, in our minds, on paper or with 
technological tools, with the purpose of depicting and communicating 
information, thinking about and developing previously unknown ideas and 
advancing understandings. (p. 217). 

As alluded by Arcavi (2003) when visual aids, in their various forms, are created and 
used to communicate and foster thinking about patterns ideas in an endeavor to advance 
understanding in this area, then learning is enriched. In this study we focused on the 
use of visual models such as picture, images and diagrams for the development of 
conceptual and procedural understanding during teaching and learning of patterns.  
MOTIVATION  
The aim of the study is to identify whether teachers in the intermediate phase in Thaba 
Nchu, Motheo district, Free State uses any visual models to teach patterns, the nature 
of visual models used by these teachers and the teachers’ experiences and perceptions 
of visual strategies for teaching patterns. The following research questions will guide 
this study: 

1.What is the nature of different visual strategies used by intermediate phase mathematics 
teachers in Motheo District Thaba Nchu region when teaching patterns prior to participating 
in an interventional programme? 
2.What are the selected Intermediate Phase mathematics teachers’ experiences and 
perceptions of visual strategies for teaching patterns after participating in an intervention 
programme?  

LITERATURE REVIEW  
Teaching Patterns in Mathematics 
The teaching and learning of patterns in mathematics classrooms is well understood 
“when we involve or appeal to pattern in teaching mathematics, it is usually because 
we are trying to help students to extract greater meaning, or enjoyment, or both, from 
the experience or learning environment with which they are occupied, and perhaps also 
to facilitate remembering.” (Orton & Orton, 1999, p. vii). Research has indicated that 
patterns are the cornerstone of mathematics (Mulligan & Mitchelmore, 2009), 
providing a foundation on which mathematics is built on. As such mathematics is often 
referred to as the science of patterns (Borwein & Jörgenson, 2001; Resnick, 1997). 
According to Lee and Freiman (2006), many teachers find it difficult to teach pattern 
concepts and in turn, learners find them difficult to learn. In some cases, teachers are 
not able to teach patterns at intermediate phase because they themselves were not 
taught this concept, while others find it difficult to use a better strategies and relevant 
models to teach patterns (Kaput, 2008). 
Patterns in the Intermediate Phase 
The intermediate phase in South Africa comprise of grades 4, 5 and 6. According to 
the mathematics curriculum assessment and policy (CAPS), the formal treatment of 
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patterns is focused initially on repeating patterns. A repeating pattern is a pattern that 
has a discernible unit of repeat. They are of the following forms: 1. reproduce – copy, 
2. identify – express the unit of repeat, 3. extend – continue, 4. extrapolate – fill in 
gaps, 5. transfer – change to a different modality, and 6. create – make their own 
repeating pattern (Orton & Orton, 1999). This may include patterns of color, symbols, 
and shapes. Kaput (2008) includes cyclic nature of the days of the week, months of the 
year, and hours of the day as a formalization of the patterns that learners have begun 
to experience. 
Treatment of repeating patterns quickly moves to the introduction of number patterns. 
By fourth grade the majority of the patterns that learners have experienced are built on 
number.  The CAPS document identified that by the 6th grade learners should be able 
to do the following processes that are most often involved in the handling of number 
patterns can be summarized into four basic tasks: solve – provide a rule, expressed 
informally or formally, by which the elements of the pattern are produced, extend – 
continue the pattern, identify patterns. This should allow learners to create – construct 
their own number pattern (Orton & Orton, 1999). 
Strategies for Teaching Patterns 
The generalization of a pattern involves the use of different strategies and visual 
models to enable learners to construct their own knowledge while using visual 
strategies and be given the opportunity to use visual reasoning. The analysis of the 
categories proposed by some researchers (e.g. Lannin, 2005; Orton & Orton, 1999; 
Rivera & Becker, 2008; Stacey, 1989) led to the collation of the generalization 
strategies as categorized in Table 1 (Barbosa & Vale, 2015). These generalization 
strategies (see Table 1) will be used to develop an analytical framework that will be 
used to analysis lesson observations and interviews in this study. 
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TABLE 1: Generalization strategies applied to visual patterns 

Strategy Nature Description 
Counting (C) Visual Drawing a figure and counting its’ elements. 
Whole-object (no 
adjustment) (WO1) 

Non-
visual 

Considering a term of the sequence as unit and using 
multiples of that unit. 

Whole-object w/ 
visual adjustment 
(WO2) Visual 

Considering a term of the sequence as unit and using 
multiples of that unit. A final adjustment is made 
based on the context of the problem. 

Whole-object w/ 
numeric adjustment 
(WO3) Non-visual  

Considering a term of the sequence as unit and using 
multiples of that unit. A final adjustment is made 
based on numeric properties. 

Recursive (R1) Non-visual Extending the sequence using the common difference, 
building on previous terms (numeric relations). 

Recursive (R2) Visual Extending the sequence using the common difference, 
building on previous terms (features of the figures). 

Difference rate (no 
adjustment) (D1) Non-visual 

Using the common difference as a multiplying factor 
without proceeding to a final adjustment. 

Difference rate w/ 
adjustment (D2) Visual 

Using the common difference as a multiplying factor 
and proceeding to an adjustment of the result. 

Explicit (E1) Non-visual 
Discovering a numerical rule that allows the 
immediate calculation of any output value given the 
correspondent input value. 

Explicit (E2) Visual 
Discovering a rule, based on the context of the 
problem, that allows the immediate calculation of any 
output value given the correspondent input value. 

Guess and Check 
(GC) Non-visual Guessing a rule by trying multiple input values to 

check its’ validity. 
Visual models play an important part when learning, the models help learners to 
construct their own knowledge and make sense of patterns in their own way. A number 
of visual models and strategies have been identified for the teaching of patterns in the 
intermediate phase. The uses of concrete object such as beads, counters, unfix cubes, 
are commonly used for the teaching of patterns. This can be used when introducing 
patterns and thus allow learners to identify patterns and complete patterns. The use of 
colourful beads for the teaching of patterns allow learners to extend and find 
relationships of the sequence. Lynch (2014) indicate that the use of visual manipulative 
help learners to see the relationship between these patterns. The use of blocks to teach 
patterns has been found to be effective. According Lannin (2005) learners learn better 
when working with tangible things. The use of blocks allows them to create their own 
patterns, identifying the relationship and help to find the rule of the sequence. Another 
common visual model used to teach patterns is the use of games. Games allow learners 
to learn through playing. Research indicate that when learners learn while they play a 
number of factors such as excitement, cooperation and imaginary are developed. 
Videos, flash cards and calendars can also be used to teach patterns. These visual 



SHORT PAPERS 

43 
 

models can help learners see patterns used in real life situation and will help them 
recognize equivalent number relationship. 
THEORETICAL FRAMEWORK  
The study is underpinned by the constructivist’s theory. Construction of knowledge by 
teachers is seen as product of their interaction with others. Baviskar, Hartle and 
Whitney (2009) note that guided by the constructivist’s theory, learning is an active 
process of constructing knowledge in the mind of learners out of their experience in 
the world. Thus constructivists argue that, knowledge is not passively received but 
actively constructed by learners with teachers providing opportunities and incentives 
to build it up (Glasersfeld, 2005). Constructivist teachers are aware of the role of prior 
knowledge in the teaching process. This is because learners draw on their prior learning 
to construct new understandings (Belbase, 2014) with teachers acting as guides 
creating teaching and learning milieus (visual ones in this case) that support and 
encourage active construction of mathematical. 
Constructivism involves the active creation and modification of thoughts, ideas, and 
understandings that develop because of experiences that occur within socio-cultural 
contexts (Doolittle & Hicks, 2003). Vygotsky (1978) sees learning as always 
originating in some form of social participation that becomes internalized to change 
our mental functioning. It is through social interaction mediated by tools that human 
learning is born. Five principles of social constructivism thinking as advanced by 
Doolittle and Hicks (2003) will be considered in this study:  

1. The construction of knowledge and the making of meaning are individually and socially 
active processes;  
2. The construction of knowledge involves social mediation within cultural contexts; 
3. The construction of knowledge is fostered by authentic and real-world environments;  
4. The construction of knowledge takes place within the framework of the learners’ prior 
knowledge and experience and  
5. The construction of knowledge is integrated more deeply by engaging in multiple 
perspectives and representations of content, skills, and social realms.  

The constructivist theory emphasis that teaching should be learner centered and should 
consider the social contexts in which it occurs. The teachers’ role is to act as a 
facilitators and not information givers. The theory encourages teachers to be flexible 
and use variety of methods to help learners create their own knowledge (Carpenter, 
Frank & Levi 2003). Teachers who are constructivists believe that learners construct 
their own knowledge and teachers only scaffolds and mediate learning in the 
classroom.  
RESEARCH METHODOLOGY 
Research orientation 
The proposed study will be oriented mainly within an interpretive paradigm. Central 
to this paradigm is understanding the subjective world of human experience (Cohen, 
Manion, & Morrison, 2011), in this case the experiences of the selected teachers’ views 
on the teaching of patterns using visualization as a result of participating in an 
intervention program.  
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This research will follow a case study design. According to Yin (2009) case study is a 
systematic and in depth study of one particular case in its context. The case will be the 
teachers in Motheo District, Thaba Nchu Region.  The unit of analysis will be the use 
of visual models as visualization tools in the teaching of patterns and the study 
participants’ views and experiences on how the use of visual models enhances their 
teaching for conceptual understanding. This project will employ a qualitative approach. 
Merriam (2009) contends that researchers using a qualitative approach are interested 
in comprehending how participants make meaning of a situation. Therefore, the use of 
this approach in our study will aid in gaining an in-depth understanding of how the 
participating teachers use visual models in the teaching of patterns. 
Participants will be purposively selected at two levels. First, it will be all teachers who 
will take part in the survey. They will be asked to respond to a questionnaire that seeks 
to gather information related to teaching practices in relation to patterns. The study will 
make use of intermediate phase teachers in the district. Secondly, will be the selection 
of two teachers who will be invited to take part in a three day intervention programme. 
The intervention will focus on how to use visual models to teach patterns at 
intermediate phase. The study will unfold in the following six phases: 
Phase 1: Survey questionnaire piloting and distributing 
We will start by piloting the survey questionnaire with two mathematics teachers at 
one school. This will assist in checking for ambiguities in questions and also 
determining the effectiveness of this data collection instrument in generating data that 
is appropriate for this study. After this piloting exercise, the questionnaires will be 
distributed to all intermediate phase mathematics teachers in the district with the help 
of the mathematics subject advisors.  
Phase 2: Analyzing of the survey data and selecting participants 
In this phase, we will analyze all respondents’ questionnaires. Data from this 
questionnaire will be analyzed quantitatively using descriptive statistics and 
qualitatively looking at the emerging themes. The data from this analysis will aid in 
choosing two teachers to participate in the intervention.  
Phase 3: Teaching program and Workshops  
It is in this phase that we intend to make the selected teachers aware of the study by 
inviting them to an awareness workshop in which we will discuss the visualization 
program. We will conduct three workshops with these teachers where formal 
introduction of how to use visual approaches to teaching patterns will be made. During 
the workshops, we will examine various approaches of how to teach with the aid of 
visual models to enhance conceptual understanding. Any other visual model that 
participants might come up with during the workshop will also be included. After the 
discussion, we further plan to collectively develop five lesson plans that teachers will 
implement in their respective classes.  
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Phase 4: Pilot study 
The first lesson will be a pilot to be done by individual teachers with their classes. The 
aim of the pilot is to check if the data collection tools and recording instruments will 
work.  
Phase 5: Implementation of Intervention program 
The program will take place in one week. Data collection will follow from the five 
lessons after the pilot exercise. The teachers will be observed presenting their lessons 
on patterns to their intermediate phase classes using visual models planned in phase 3. 
We intend to video record the five lesson per teacher. Focus will be on how they use 
visual models to enhance the teaching of patterns.  
Phase 6: Interviews  
Each videotaped lesson will be followed by a reflective workshop, which will entail 
one-on-one stimulated recall interviews with the teacher. My aim here will be to 
establish the study participant’s views and experiences on how and whether the use of 
visual models enhanced the teaching of patterns. At the end of the teaching of five 
lessons, we plan to meet with the three teachers to conduct a focus group interview 
which will also be recorded. The teachers will collectively reflect on how (if at all) the 
use of visual models enhanced the teaching of patterns.  
TIME LINE 

Time schedule Planned activities 
March 2019 Seeking permission and Ethical clearance 
April 2019 Distribution of survey questionnaires, analyzing them and securing 

participants. 
April- May 2019 Planning a teaching program, conducting workshops with the teachers. 

Piloting study and classroom observations. 
June 2019 Conducting Interviews, Data analysis and writing of a research report  

July- September 2019 Writing of a research report 
September- October 
2019 

Sharing results with participants  
Conducting workshops on how to teach patterns. 
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This study uses a documentary analysis approach to review the status of teaching and 
learning of geometry and measurement in nine selected teacher education institutions 
across South Africa at the Foundation Phase (FP), the Intermediate Phase (IP), and 
Postgraduate Certificate in Education (PGCE). Participation from the nine institutions 
of teacher education was voluntary, and each one of them contributed by submitting 
all their teacher education programmes for reviewing. The findings on the teaching 
and learning of geometry and measurement show that: the content taught is different; 
the reading lists used are different; and that the content taught is modelled around the 
Curriculum Assessments Policy Statements (CAPS) documents. Further research 
should focus on using a bigger sample of teacher education institutions to investigate 
the impact of the differentiated curriculum on pre-service teachers’ mathematics 
knowledge for teaching (MKT) on geometry and measurement concepts.  
Keywords: mathematical knowledge for teaching (MKT); documentary analysis; 
geometry and measurement 
INTRODUCTION 

This study is part of a bigger project - Primary Teacher Education (PrimTED) whose 
aim, among others, is to strengthen primary teacher education programmes that 
develop graduates’ MKT to teach geometry and measurement in primary schools. The 
aim of this study is to review the status of teaching and learning of geometry and 
measurement in nine selected teacher education institutions across South Africa at the 
FP, IP, and PGCE.  Within the South African context of teacher education, studies 
aimed at reviewing and comparing teacher education curricula are scarce – this makes 
this study quite unique.   
METHODOLOGY 

With specific foci on geometry and measurement, documentary analysis was used to 
conduct the review of FP, IP bachelor’s degrees (B.Ed.), and PGCE of the nine teacher 
education institutions that volunteered to participate in the study. Documentary 
analysis is a systematic methodology used to review and evaluate documents (Bowen, 
2009; Corbin & Strauss, 2008; Lawson, 2018). To compare the teacher education 
programmes for the participating institutions, a pre-determined matrix was used. The 
matrix consisted of the following categories: assessments; reading materials; handbook 
entries – in terms of MKT (Hoover et al., 2016), time tables; minimum requirements 
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for teacher education qualifications (MRTEQ), and programme qualification mix 
(PQM). Using this matrix, it was possible to analyze and compare the B.Ed. and PGCE 
programmes from the participating institutions. 
FINDINGS 

There are some universities that don’t offer the teaching of geometry and measurement 
at all – the reason being that the mathematics course content components at these 
universities are taught by the University Mathematics Department. In these 
Mathematics Departments, primary school geometry is not part of the curriculum 
and/or content. Whilst geometry and measurement concepts are taught at five of the 9 
universities, the concern is that: the content is not uniform; the assessments have 
different mathematical content, the depth of the content covered and in frequency are 
different; the times allocated for teaching and learning activities is not the same; and 
the credits are not the same in some instances. Where the list of reading materials is 
provided – these also differ from one university to another - maybe this explains why 
the curricula are different, and the different types of assessments. It is apropos, from 
these findings, to conclude that the development of MKT (Herbst & Kosko, 2014; Steel 
& Rogers, 2012; Speer et al., 2015) of the pre-service teachers, is varying from one 
teacher education institution to another.  
A closer look at the geometry and measurement curricula offered by some of the 
institutions, shows that the content is modelled around the CAPS documents 
(Department of Basic Education, 2011) – which in our view barely challenges pre-
service teachers to acquire mathematical content knowledge beyond the CAPS. In our 
view this can result in equipping teachers with minimum content for teaching geometry 
and measurement concepts – the point is that teachers need to know more than the 
concepts of geometry and measurement espoused in the CAPS document.  
CONCLUSION 
This study provided insights into how the B.Ed. programmes on geometry and 
measurement in teacher education are implemented in the selected institutions – these 
B.Ed. programmes vary in the way they are implemented in these institutions. Further 
research should focus on using a bigger sample of teacher education institutions to 
investigate the impact of the differentiated curriculum on pre-service teachers’ 
mathematics knowledge for teaching (MKT) on geometry and measurement concepts. 
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 Post-apartheid education moved from separate and specialised education for gifted 
learners to inclusive education where all gifted learners were to be educated in regular 
classrooms. Although gifted learners are found in every class, in South Africa 
literature abounds which shows that teachers were never trained on how to identify 
and support gifted learners.  The question that begs some answers is: How can teachers 
be empowered to meet the demands of the gifted learners in their regular classrooms. 
The purpose of this short paper is to share with the practising teachers some of the 
perceptions that teachers have about gifted learners, the myths associated with some 
of these perceptions and how best gifted learners could be served in the current 
inclusive set up.  
INTRODUCTION 
According to Shavinina (2009) the literature on giftedness is full of statements like: 
“the gifted and talented children are our best resource available,” “highly able kids are 
the most precious asset that any country possesses,” “individuals with extraordinary 
developed intelligence and creativity are the most valuable gift that humankind has,” 
and so on. Although gifted individuals in general are valued, mathematically gifted 
learners in particular play a great role in providing skills needed in the 21st century 
technological economies (Hausmann, 2016). Within these debates Shavinina writes: 
…the progress of human civilization is based on scientific, technological, educational, 
moral, political, and commercial achievements of the minds of its most talented 
individuals. This suggests that the future success of our economy depends on our 
willingness to invest in the gifted minds of our children.  
STATEMENT OF THE PROBLEM  
Despite all the alarm over mathematics and its contribution to international economic 
competitiveness, empirical evidence suggests that much of the mathematical talent 
resident in less-privileged student populations especially in South Africa remains 
untapped (Kokot, 2011). At an International Workshop entitled; ‘Setting a 
collaborative Mathematics Education Research Agenda for Africa and the United 
States’, held in Dakar Senegal in 2006 (van der Westhuizen 2007) the nurturing of 
mathematical talent was one of the six prioritised areas of focus. One of the 
recommendations thereof was that research was needed on effective strategies for 
identifying such gifted learners and creating opportunities and programs to nurture and 
develop mathematical talent. Yet in post-apartheid South Africa education, reforms 
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seem to have lost sight of this important goal because stakeholders have been hostile 
to and resentful of gifted education programs which are critical for academic talent 
development. It is only recently that the South African National Planning Commission 
recommended that opportunities for excellence be provided to the most talented 
students (NPC, 2012). Similarly, a task team which was appointed by the Minister of 
Basic Education to investigate the implementation of Maths, Science and Technology 
Strategy; recommended that MST talent development programmes should be 
incorporated into the revised national MST strategy (DBE, 2012:48).  
RESEARCH QUESTION  
In the light of the aforementioned, the question driving this paper is: How can teachers 
be empowered to meet the demands of the gifted learners in their regular classrooms? 
This is important given that almost two decades ago, Renzulli & Reis closed their 
critical review of an ongoing educational reform by stating that: “Talent development 
is the business of our field, and we must never lose sight of this goal, regardless of the 
direction that reform efforts might take” (1991, p. 34). So, our collective failure to 
prioritize the development of our most talented learners could be one of the major 
reasons why there is a crisis in the South African education system.  
METHODOLOGY 
This paper reports on an ongoing study which used qualitative-quantitative approach 
in examining strategies used by teachers for supporting mathematically gifted learners. 
A total of 19 grade 10 high school teachers from Bloemfontein, South Africa 
participated in the study. All the participants were mathematics teachers. Permission 
was obtained from the Free State Department of Basic Education as well as the 
principals of the schools prior to conducting the study. Questionnaires were hand 
delivered to the participants at 10 schools and follow-up interview are still to be done. 
PRELIMINARY RESULTS  
Preliminary results show several myths that teachers hold about gifted learners and 
their education programs. This suggests that current teacher practices may not be 
creating an environment suitable for gifted learners to grow to their full potential.  The 
concept of inclusive education seems to be interpreted by teachers as requiring them to 
focus on under-performing learners to the neglect of gifted learners and learners with 
MST potential. Therefore, the policy does not encourage the teachers to meet the needs 
of gifted learners. Even though the teachers were aware that mathematically gifted 
learners should be given more challenging tasks than their classmates, the teachers do 
not know how to assess these students in the inclusive classroom settings. Therefore, 
this study suggests that the curriculum should be more detailed and include strategies 
which are aimed at developing mathematically gifted learners in the inclusive 
classrooms 
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GRADE 9 LEARNERS’ OPPORTUNITY TO LEARN ALGEBRA 
Thembelihle Mtshali 

University Of Pretoria 

 
The present study sought to investigate the extent of opportunity to learn that is 
available to Grade 9 mathematics learners under the content area, Patterns, 
Functions, and Algebra, particularly in Algebra. This is intended to gain much more 
insight into how teachers’ instructions ensure that learners are exposed to all aspects 
of the expected content as stated by the curriculum for the particular grade. The study 
was underpropped by adopting the conceptual framework by Kurz (2011). This 
conceptual model depicts opportunity to learn (OTL) as a matter of degree along three 
orthogonal axes. The study assumed a qualitative interpretive-paradigm, I made a 
convenient and purposive selection of three Secondary schools in Tshwane South 
District and two learners from each school in Grade 9 amounting to six learners in 
total. Data collection is through document analysis. Three variables are investigated 
i.e. content coverage, content emphasis, and content exposure. The findings address 
the knowledge regarding the implementation of the curriculum and find out the issues 
that cause the imbalance between the intended curriculum and the enacted curriculum. 
 
INTRODUCTION 
A study has shown that South African learners are struggling to understand 
mathematics, as most learners struggle with the basic concepts of numeracy, as a result, 
South African education is faced with a huge challenge in mathematics. Radically, one 
of the reasons that widen the learning gap is the irregular functioning of the school 
system (Spaull & Kotze, 2015). 
PURPOSE OF THE STUDY 
One of the elements of students’ learning is the opportunity to learn, this study sought 
to investigate the extent of opportunity to learn that is available to Grade 9 mathematics 
learners under Algebra, in all the aspects e.g. algebraic expressions and algebraic 
equations. This is intended to gain much more insight into how teachers’ instructions 
ensure that learners are exposed to all aspects of the expected content as stated by the 
curriculum for the particular grade.  
The researcher decided to focus on algebra, since it falls on the content area Patterns, 
Functions and Algebra which has more weighing its terms of content more than the 
other content areas. Algebra is considered a gateway course as it is a need for secondary 
mathematics, science and engineering courses (van Laren & Moore-Russo, 2014). 
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QUESTIONS OF THE STUDY  
The main research question for this study is: “Is there enough opportunity to learn 
mathematics given to the Grade 9 learners’ on algebra”? 
SUB-QUESTIONS 

1. What is the extent of mathematics content coverage by the Grade 9 teachers 
during teaching?  

2. To what extent do the teachers’ time on task corresponds to the Instructional 
time on task?   

3. Do the examples and exercises presented by teachers, meet the expected 
cognitive demands? 

4. To what extent do mathematics teachers use homework exercises to extend 
learners’ learning beyond the classroom? (This is be measured by the frequency 
of homework given to learners). 

CONCEPTUAL FRAMEWORK 
This study is underpinned by the Opportunity to lean conceptual framework which is 
developed from information obtained from a series of international and national 
research studies (Stevens, 1993). The opportunity-to-learn framework is used to 
determine whether or not students are provided with sufficient access and information 
to learn the curriculum provided for their age and grade level, it becomes a powerful 
concept of educational accountability. Research involving opportunity-to-learn 
variables provides insight into why some students perform at or above grade level and 
others do not. According to Elliott and Bartlett (2016) for several decades many 
researchers have examined instructional indicators of the enacted curriculum under the 
larger concept of OTL. Kurz (2011) reviewed the respective research literature and 
identified major lines of opportunity-to-learn (OTL) research related to the time, 
content, and quality of classroom instruction. This study will use the conceptual 
framework and the model adopted by (Kurz, 2011). 
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Figure 1: Opportunity-to-learn model by Kurz, 2011 

In this model, OTL is defined as the level to which a teacher devotes instructional time 
and content coverage to the intended curriculum objectives emphasising high-order 
cognitive processes and evidence-based instructional practices (Kurz & Elliott, 2011). 
The researcher will use the opportunity to learn as the conceptual framework, and 
hence focus only on the following three variables of OTL i.e. content coverage, content 
emphasis and content exposure, these variables will assist the study's propositions, and 
in answering the research questions. The three variables discussed below in the 
conceptual framework: 
Time- Content Exposure: These are variables that take into consideration the time 
allowed for and devoted to instruction (time-on-task) and the depth of the teaching 
provided. 
Content- Content Coverage: These variables measure whether or not students cover 
the core curriculum for a particular grade level or subject area.  
Quality- Content Emphasis: These variables influences which topics within the 
curriculum are selected for emphasis and which students are selected to receive 
instruction emphasizing lower order skills (i.e., rote memorization) or higher order 
skills (i.e., critical problem solving). 
These variables have been prioritized by the study simply because they form the basis 
of the classroom situation (Carnoy, Khavenson, Loyalka, Schmidt, & Zakharov, 2016; 
Carnoy, Ngware, & Oketch, 2015; Cueto, Ramirez, & Leon, 2006). These variables 
are core factors of what should be considered in a classroom when teaching for 
conceptual understanding. 
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METHODOLOGY 
A case study will be used in this study, in the sense that there is an in-depth analysis of 
one or more ‘bounded systems’ (Creswell & Creswell, 2017). This study uses content 
analysis approach of qualitative data analysis and the researcher will use a case study 
to investigate the extent of opportunity-to-learn that is available to Grade 9 
mathematics learners. The research will use convenient sampling to select three 
schools in Tshwane South District and two best performing learners from each school 
and their notebooks and workbooks will be analyzed for content on the pages where 
learners wrote algebra.  
One teacher from each school will be required to spend time sampling learners whose 
notebooks and workbooks have full captured the content taught by the teacher. The 
learners that will be selected for the study will be chosen according to the mathematics 
performance and school attendance will be considered. The researcher believes that 
good performing learners will be able to capture what would have been covered by the 
teacher in notebooks and workbooks and thus give a fair reflection of their opportunity 
to learn provided to them by the teacher. The data collection method will be document 
analysis since learners’ books will be analyzed and a rubric has been designed by the 
researcher for data collection and will be checked for validity by subject supervisors 
of mathematics as well as literature from other studies. The anticipated duration of this 
study is roughly a year. 
ETHICAL ISSUES 
The researcher subscribes to the following principles:  
Voluntary participation in research by participates, informed consent, safety in 
participation, privacy and trust. As a result the researcher has given out consent forms 
and letters to teachers involved and parents for permission of their children to part-take 
in this study, by allowing the workbooks and notebooks to be analysed and becoming 
the main source of data for the study. Subject must agree voluntarily to participate, this 
means without any physical or psychological persuasion and their agreement is to be 
based on open, clear and full information (Christians, 2011). As a result, parents and 
teachers are informed that their children have the right to withdraw from the study at 
any time if they wish to do so. This means voluntary participation is observed. 
Possible benefits of the study 
This study tends to address the knowledge regarding the implementation of the 
curriculum and solve the issues that cause the imbalance between the intended 
curriculum and the enacted curriculum. This researcher also believes that the nature of 
classroom mathematics teaching significantly affects the nature and level of students’ 
learning (Biggs, 2012; Hiebert & Grouws, 2007; Strayer, 2012).  The implementation 
of the CAPS still poses a challenge for the significant number of teachers. 
Studying OTL available in the classroom context will greatly contribute to the insight 
of OTL. This will maximize and develop the teacher’s effort of closing the opportunity 
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gap in the classroom thereafter and it is an efforts to improve mathematics education. 
This is basically a call for improved student achievement in mathematics. 
The findings for this study will also serve several purposes.  The finding may be used 
to guide professional development for teachers on effective curriculum implementation 
to enhance student OTL and consequently learning and achievement. They will provide 
timely feedback to mathematics specialists in the Department of Basic Education 
(DBE), inform pre-service and professional development programmes for mathematics 
teachers. 
Findings may be used to understand the gap that exists from the transition from Grade 
9 to Grade 10 as this is a phase where learners select subjects according to their career. 
Findings will create an awareness of possible reasons why there exist a small number 
of learners choosing mathematics in Grade 10. 
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EXPLORING GRADE 10 MATHEMATICS TEACHERS’ 
SPECIALISED CONTENT KNOWLEDGE FOR TEACHING 

PROBABILITY  
Njabulo Nkabinde and Brantina Chirinda 

Trinityhouse School and University of Johannesburg 
 
Probability is taught in both Mathematics Core and Mathematical Literacy to South 
African high school learners. The goal of the study was to explore and characterize 
the Specialized Content Knowledge (SCK) for teaching probability of ten high school 
South African teachers. Data were collected through a questionnaire and semi-
structured interviews. Rasch measurement models and grounded theory techniques 
were used to analyze the participant teachers’ responses to the questionnaires and 
semi-structured interviews respectively. The study revealed that participant teachers 
had limited SCK for teaching probability.  
Keywords: Probability; specialized content knowledge; teacher knowledge. 
 
INTRODUCTION 
Probability is the measure of the possibility that an event can happen. It is a topic that 
is prescribed in the CAPS curriculum by the Department of Basic Education (DBE) to 
be taught in both Mathematics Core and Mathematical Literacy. It is not covered 
comprehensively in Mathematical Literacy, therefore this study only focused on the 
teaching of probability in Mathematics Core. The CAPS states that ‘the study of 
probability enables the learner to develop skills and techniques for making informed 
predictions, and describing randomness and uncertainty’ (DBE, 2011, p. 10). 
Probability is important as it is used in everyday life: medicine (e.g. genetics), politics 
(e.g. in pre-election poll results it can be used to predict the winner), weather 
forecasting and in entertainment (e.g. examining games of chance). However, South 
African learners continue to perform poorly in mathematics, particularly in probability-
related questions in the National Senior Certificate (NSC) examinations. Each year, 
examiners recommend the following: 

• The basic concepts of probability, like )  ()()()  ( BandAPBPAPBorAP −+= , 
are hard for learners to comprehend. Poor understanding of these concepts is a 
contributing factor in learners’ poor performance. Examiners always 
recommend that teachers should thoroughly explain the different probability 
concepts to learners. 

• Teachers must use correct probability vocabulary and terminology. These 
concepts must be explained in detail before using them in order for learners to 
understand. 
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• Teachers need to give learners an in-depth explanation of the Venn diagram and 
clarify the number of events that occur at the various intersections, for example, 
where one event occurs on its own, or where two or three events occur 
simultaneously, etc. 

• Teachers need to clearly explain to learners the difference between repeating and 
non-repeating events in probability.  

Taylor, Van der Berg and Mabogoane (2013) postulate that the low achievement of 
South African mathematics learners can be attributed to the mathematics knowledge 
for teaching (MKfT) possessed by the mathematics teachers. Research on teacher 
knowledge for teaching mathematics has been conducted comprehensively in South 
Africa; however, a few researchers showed interest in understanding the teacher 
knowledge of in-service teachers’ Specialised Content Knowledge (SCK) for teaching 
probability. Brijlall (2014) investigated in-service teachers’ PCK required for the 
delivery of probability lessons in Mathematical Literacy in South Africa middle-
school. This study endeavoured to add to this body of knowledge and sought to explore 
and characterize the SCK for teaching probability in Mathematics core of ten in-service 
high school South African teachers. 
THEORETICAL FRAMEWORK 
There are quite a number of studies that have been conducted in an attempt to express 
the knowledge that teachers ought to have in order to teach meritoriously. Nearly every 
researcher in the field of mathematics education tries to advance Shulman’s (1986, 
1987) ideas. Shulman (1986, 1987) proposes that teacher knowledge has seven 
categories which are: content knowledge, general pedagogical knowledge, pedagogical 
content knowledge (PCK), curriculum knowledge, knowledge of learners and their 
characteristics, knowledge of educational contexts and knowledge of educational ends, 
purposes and values.  Ball, Thames and Phelps (2008) advance Shulman’s (1986, 1987) 
work and propose that mathematical content knowledge (MCK) and PCK are the kinds 
of knowledge required by teachers to teach successfully. Within MCK, Ball et al. 
(2008) distinguish between Common Content Knowledge (CCK), SCK and knowledge 
at the mathematical horizon. Ball et al. (2008) explain that CCK is the knowledge used 
by teachers in ways similar to how it is used by others who know and use mathematics; 
SCK is mathematical knowledge that teachers need to teach and mathematical horizon 
as knowledge teachers need to link concepts at hand to learners’ future mathematical 
learning. Within PCK, Ball et al. (2008) differentiate between knowledge of 
mathematics and learners, knowledge of mathematics and teaching and knowledge of 
the curriculum. This is illustrated in figure 1.  
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Figure 1: Model of MKfT (Source, Ball et al., 2008, p.403) 
There is a dearth of research in South Africa on SCK necessary for teaching probability 
at the high school level, despite the well-documented difficulties in the teaching and 
learning of probability. In order to fill in the identified gap, the aim of the study was to 
explore and characterize the SCK for teaching probability of in-service the high school 
South African teachers. In particular, we wanted to know the kind of SCK that in-
service teachers possess with the aim of developing the components of teachers’ MCK 
and PCK necessary for teaching probability at high school level. We formulated and 
addressed the following research question: 
What is the characterisation of grade 10 South African teachers’ SCK for teaching 
probability in Mathematics Core? 
MOTIVATION FOR THE STUDY  
Research has shown that learners and adults experience difficulties in learning 
probability and dealing with probability questions (Kvatinsky & Even, 2002). Even 
teachers experience challenges when teaching probability as some have never learned 
it as a subject at high school. This motivated us to investigate grade 10 South African 
teachers’ SCK for teaching probability.  
METHODOLOGY  
This study used a survey research design. We adopted the questionnaire from the 
research conducted by Beswick and Goos (2012). The original questionnaire consisted 
of questions on MCK, PCK and beliefs of prospective teachers. This study aimed at 
exploring the SCK of in-service teachers in teaching probability at grade 10 level; 
therefore, we focused on the questions that addressed the MCK and PCK on 



SHORT PAPERS 

61 
 

probability. A total of ten grade 10 teachers completed the questionnaire. The 
participant teachers were teaching at a certain organization in Soweto. We purposely 
chose the organization for reasons of accessibility and the reason that it produces top 
mathematics learners at Matric across the seven South African provinces. 
We collected data in two stages. Initially, we asked teachers to complete a 
questionnaire that had questions that assessed their MCK and PCK in teaching 
probability. The questions in the questionnaire covered various grade 10 probability 
aspects e.g. experimental probability, contingency tables, etc. The following is an 
example of a problem that assessed participant teachers’ PCK:  
 

Students were asked to respond to the following question: 

A box contains 18 red jubes, 10 green jubes, 10 yellow jubes and 2 black jubes. Without 
looking, Sheryl takes a jube from the box. What is the chance that the jube is green? 

One student says that the chance is 1 in 4. To help interpret this response, which of the 
following is the most appropriate question to ask next? 

 

☐ It's not clear what they think, so I'd ask them a similar question, but with only 8 
red jubes instead of 18 red jubes. 

☐ It's not clear what they think, so I'd ask them a similar question with smaller 
numbers such as: 10 red jubes, 5 green jubes, 4 yellow jubes and 1 black jube. 

☐ It's not clear what they think, so I'd ask them a similar question with smaller 
numbers and fewer categories such as: 7 red jubes, 5 green jubes, and 3 yellow 
jubes. 

☐ Since the student has responded correctly, it is not necessary to do anything 
more. 

 
After the survey, we selected four teachers to participate in semi-structured interviews. 
Our selection of the teachers was based on the responses that they had given in the 
questionnaire and their availability for the interview. We conducted semi-structured 
interviews in order to attain insights into teachers’ reasoning when answering the 
survey questions. With participant teachers’ consent, we audio-recorded the semi-
structured interviews. 
ETHICS 
At the onset of the study, consent was given by the CEO of the organization prior to 
approaching the participant teachers. Before the data collection, all participants were 
given a written clarification sheet of the research project’s aims and data gathering 
techniques. We informed participant teachers that their names would be kept 
anonymous as an ethical procedure. In addition, participants were informed that 
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partaking in the research project was voluntary and that they could withdraw from the 
study at any time; and many withdrew for various reasons. 
DATA ANALYSIS  
Rasch measurement models were used to analyze the participant teachers’ responses 
to the questionnaires. We did not use an existing framework to analyze the data from 
semi-structured interviews. Rather, we used grounded theory techniques with constant 
comparison (Corbin & Strauss, 2008). We generated themes by working through the 
data set. We repeatedly listened to the recordings of the interviews in order to discern 
common themes that were emerging. The themes were both informed by the relevant 
literature and grounded in the data (Corbin & Strauss, 2008)  
TRUSTWORTHINESS 
We adopted multiple strategies to enhance the credibility of the study, which included 
data triangulation, member checking and code-recode procedure during data analysis. 
The participant teachers served as a check. We implemented the code-recode procedure 
to check for consistency of the data analysis. The data were initially coded by the first 
author and after a few days, the second author recoded the same scripts. The themes 
were compared and if we had similarly coded then we confidently accepted the 
emerging themes. 
FINDINGS AND DISCUSSION 
At the writing up of this short paper, we were still in the process of interpreting the 
findings such that we discuss them briefly. All the teachers that were involved in the 
study responded that they had a university degree with mathematics as a major. 
However, only two participant teachers indicated that they had studied a course in 
probability at university. This meant that 80% of the teachers had limited SCK for 
teaching probability. This was also displayed in participants’ responses to the MCK 
and PCK questions. Only 40% of the respondents answered correctly the questions we 
viewed as easy. None of the participant teachers answered correctly the questions we 
regarded as difficult. In the semi-structured interviews, teachers indicated that they had 
guessed most of the responses they were giving in the survey. Teachers also pointed 
out that language was the main reason why students struggle with, during the learning 
of probability. The finding on language as an obstacle to learning in South African 
mathematics classrooms is in agreement with what a number of researchers have 
disclosed in the past (Chirinda & Barmby, 2017; Setati Phakeng & Moschkovich, 
2013). Participant teachers suggested that incorporating context during lesson delivery 
would enhance students’ understanding. This finding supports Gal’s (2009) suggestion 
that teachers need to give real-life probability examples that are in line with learners’ 
everyday language usage. 
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CONCLUSION 
An overview of teachers’ responses to the questionnaire and semi-structured interview 
indicated a weakness in their SCK. Teachers ought to have a comprehensive 
understanding of probability concepts otherwise, they will struggle to teach. 
LIMITATIONS TO THE STUDY 
The study was limited in the sense that the sample size was relatively small, such that 
the results cannot be generalised to all South African mathematics teachers. Data were 
collected from one organisation that had 10 teachers and only four were interviewed. 
The results could have been improved by collecting data from teachers across the 
country.  
Another limitation to the study was that the teachers probably participated because they 
worked with the first author at the organisation. This reduced the effectiveness of the 
study since some of the teachers could have given responses they thought would 
impress the first author. Consequently, the data attained may not represent an honest 
picture of their SCK for teaching probability, further limiting the findings of the study. 
RECOMMENDATIONS AND FURTHER AREAS FOR STUDY 
Poor performances by learners in probability questions in the NSC examinations 
should be taken seriously by the Department of Basic Education. DBE can address 
learners’ poor performance through teachers’ professional development that focuses 
on probability. Diaz and Batanero (2009) recommend research that benefits the 
“preparation of teachers to teach probability” and lament that present programmes do 
not appropriately train teachers to teach statistics and probability. This seems to imply 
that existing teachers’ SCK is inadequate. We recommend that mathematics teachers 
work together at district levels to come up with workshops that build them to become 
better educators in probability instead of waiting for the government. These workshops 
need to focus on teachers’ SCK for teaching probability. 
We recommend that further research can be done to establish the type of intervention 
or training programs that should take place in order to improve grade 10 teachers’ SCK 
for teaching probability. 
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HOW TO ASSESS CONCEPTUAL UNDERSTANDING OF 
ADDITION AND SUBTRACTION IN GRADE 3 

Adam Nkambule 
University of Johannesburg  

 
This paper explores the strategies that teachers can use in their respective classrooms 
to assess conceptual understanding of addition and subtraction in grade 3.  According 
to Bell (2012), comprehending mathematical concepts, operations and knowing what 
mathematical symbols, diagrams, and procedures mean is essential for teaching. This 
study is a generic qualitative study, based on individual experience, group focus 
interview of three teachers who have achieved a high percentage of results in 
Mathematics in 2016 – 2017 academics years. These teachers have shared a number 
of strategies that can be used to assess conceptual understanding of addition and 
subtraction in grade 3. Amongst other strategies that the teachers shared was assessing 
conceptual understanding of addition and subtraction in grade 3 through presentations 
wherein learners were allowed to explain addition and subtraction concepts in their 
own words; evaluating unfamiliar procedures used by the learners; and checking the 
learner ability to use principle based shortcuts. Neglecting conceptual understanding 
can have a negative impact to the learners’ performance in the long-run, thus it is 
imperative that teachers are empowered with all the necessary skills that they need to 
assess conceptual understanding of addition and subtraction in grade 3. 
 
INTRODUCTION  
The South African government (post 1994) has made it possible for a greater number 
of learners to have access to education. This increase was enabled by the passing of 
laws, under the School Act of 1996 which states that education is compulsory to all 
South Africans from the age of seven (grade 1) to age 15 or the completion of grade 9; 
however, South Africa is significantly underperforming in education, particularly in 
mathematics. This state of affairs could be attributed to the fact that we are teaching 
learners procedural skills and also assessing only those skills, rather than focusing on 
conceptual understanding. Therefore, this study seeks to explore strategies that can be 
used to enhance the process of assessing conceptual understanding of addition and 
subtraction in grade 3. It is the view of the study that if learners conceptualize basic 
operations in grade 3, the likelihood is that they will have a good basic foundation of 
mathematics and therefore will be more likely to perform well when they proceed to 
higher grades. The researcher has used a qualitative research approach. The paper is 
structured as follows; firstly introduction and aims of the study, a study of literature, 
research methodology and lastly is finding and discussions which lead to conclusion.  
Key concepts: understanding, conceptual, assessment.   
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RESEARCH QUESTION  
• What are the strategies that can be used to assess conceptual understanding of 

addition and subtraction in grade 3? 
AIMS OF THE STUDY 

The main research aims/objectives are: 
• To investigate strategies that can be used to assess conceptual understanding of 

addition and subtraction in grade 3. 
• To explore the current assessment strategies that educators have used to assess 

conceptual understanding of addition and subtraction. 
CONCEPTUAL FRAMEWORK  
Conceptual framework of conceptual understanding is driven by the way in which one 
makes conceptualization of conceptual understanding (Star...et 2013 p 5). Conceptual 
understanding is typically defined well by Saliyeva and Levesley (2018), as 
“conceptual understanding is the knowledge of underlying structure of mathematics, 
the relationship and interconnection of idea that give meaning to mathematics 
procedure”. Findell (2011) emphasizes that conceptual understanding is important, as 
it is one of the three strands of mathematical proficiency. Hiebert & Lefevre (1986), 
refers to conceptual understanding “as knowing what to do and why (rules with 
reasons). In mathematics, understanding is based on making connection between 
mental representation and concepts; which the concepts in this study is addition and 
subtraction. In mathematics, we have two types of mathematical understanding, 
namely: relational and instrumental understanding. Relational understanding is the 
same as conceptual understanding.  
LITERATURE REVIEW  
The author’s purpose was to explore strategies that educators of the department of 
education and curriculum advisors can utilize to assess conceptual understanding of 
addition and subtraction in grade 3. Most leaners follow certain procedures and patterns 
when adding and subtracting without even understanding the reasoning behind the 
procedure. Learners follow certain procedures of addition and subtraction without 
understanding what is it that they are doing and why. Assessing conceptual 
understanding means that we assess concepts that are related to the learners’ 
understanding of addition and subtraction. Conceptual understanding also help the 
learners to relate what they have learnt and their daily life experiences. Skemp (1976) 
defines conceptual understanding as the ability to deduce specific rules and procedures 
from a more general mathematical relationship. Instrumental understanding is the same 
as procedural understanding, where learners have memorized and are following certain 
steps without knowing why; most learners memorize things and it works without being 
concerned as to why that procedure is working (rules without reason).  
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According to Jonson & Siegler (2001), conceptual understanding is the comprehension 
of concept, operation and relation. According Saliyeva and Levesley (2018), 
conceptual understanding is the knowledge of underlying structure of mathematics the 
relationship and interconnection of idea that give meaning to mathematics procedure.  
Furthermore, Jonson & Siegler (2001) suggests that “conceptual understanding has the 
following characteristics namely: a) Is not fixed to a specific problem type; b) It 
generalizes; c) It does not allow a sequence, hence it requires the student understanding 
of a domain; d) It can be assessed in a novel type question. Findell (2011), Conceptual 
understanding of mathematics is important since we know that conceptual 
understanding is one of the three strands of mathematical proficiency. Lefevre et al., 
(2006), state that children with mathematics learning difficulty have poor conceptual 
understanding. ‘A foundation phase teacher educator using “good constructivist 
methodology” may say categorically that teaching the concept must come first and 
thereafter children are able to invent their own algorithms’ (Long, 2005 p 62).   
For the purposes of the study it will be proper to define assessment in ration to 
mathematics so that we can explore conceptual assessment having a picture of what is 
meant by assessment. Assessment should be a way of evaluating learners’ 
understanding of concepts and any mathematics topic that they were taught. Lee and 
Son (2015) further view assessment as learning. Moreover, Crooks (2001), uses the 
general term assessment to refer to all those activities undertaken by teachers and by 
their students assessing themselves; this provides information to be used as feedback 
to modify teaching and learning. Baird et al. (2014), define assessment as “a tool that 
awards students with opportunities to demonstrate their learning, making strong use of 
formative feedback on a timely and regular basis, and including students in the 
assessment process. Krzywacki, et al. (2012), further emphasizes that “assessment 
serves as a tool that teachers can use to measure learners’ understanding of a particular 
content or topic”. It is crucial to consider the view of Black (1998), which states 
“assessment should become both formal, and pupil driven, as a consequence of their 
role in supporting learning”. When an assessment is pupil driven that means the 
learners have conceptualized what have been taught. Looking at the above definition 
of assessment and its purpose, it is clear that assessment is an imperative tool in 
teaching and learning mathematical concepts; therefore good strategies of assessing 
conceptual understanding can improve the learners’ understanding of mathematics. 
Mahlabela, Mahlobo & Ndabe (2018, p: 13), agree that “teaching and learning of 
mathematics should be driven amongst, others conceptual understanding”. 
Hiebert and Lefevre (1986), suggest that there are two ways in which mathematical 
understanding can be achieved: (1) the construction of relationship between pieces of 
information; and (2) the creation of a relationship between existing knowledge and new 
information. Broody (2003),  says good conceptual understanding is important for 
learners’ success in mathematics. 
According to Bell (2012), “comprehending mathematical concept, operation and 
relation - knowing what mathematical symbols, diagrams, and procedures mean 
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enables you to connect ideas to what you already know”. Support retention and 
prevents common errors. Conceptual understanding serves as a mediator to assist our 
learners to bridge for the information that they already know and the current 
information that is presented to them. Thus, if teachers in grade 3 can have strategies 
to assess information that they already know and the new information. In the light 
above it is clear evidence that conceptual understanding assessment is flexible since is 
what the learners already know and the currently information for that grade. Prather & 
Alibali (2008), suggest that teachers can assess conceptual understanding of the 
learners if they award learners with opportunities to evaluate the quality of answers 
given by others i.e. if one learner gives an answer in class, the teacher can assess the 
conceptual understanding of the others by allowing them to evaluate whether answer 
one as given is correct or not, and they will do that with reasons. 
According to Gelman & Meck, (1983), assessing conceptual understanding involves 
evaluating unfamiliar procedures.  For an example, if the teacher has taught the learners 
how to add using the breaking-down method, as seen below: 
222 + 432 
(200 + 20+ 2) + (400+30+2) 
200+ 400 + 20+30+2+2 
600 + 50 +4 
654.  
Teachers can assess conceptual understanding by giving learners a sum that will 
require them to subtract using the learnt breaking-down method without even teaching 
them how to subtract, thus, assessing conceptual understanding.  Hence,  the learners 
will use their skills acquired  when doing  addition using the breaking down method to 
subtract any sum and get the answer of any sum that require the breaking down method. 
And if they don’t get the answer correct teachers or any person assessing conceptual 
understanding must know that they is limit in conceptual understanding. 
Rasmussen and Bisanz (2003), argued that conceptual understanding can be assess to 
the learners are able to invent principle based shortcut procedure. For an example if 
learners are given the following sum to solve 
450 + 451                   or 450 +451 
450 + 451 -1          450 + 450 (round off 451 to the nearest ten by subtracting 1) 
450 +450                 900 + 1 
900 + 1 
901                          901   
The example above show some of the shortcut principle based procedure, teachers or 
any examiner for conceptual understanding need to be well vested about mathematical 
concepts or principles.  
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RESEARCH METHODOLOGY 
The study has used a generic qualitative study. According to Percy, Kostere, & Kostere 
(2015), “a generic qualitative inquiry investigates people’s reports of their subjective 
opinions, attitudes, beliefs, or reflections on their experiences, of things in the outer 
world”. The aim of the research is to explore and understand good practices that are 
used by educators or any assessors of conceptual understanding. Furthermore, Phillips 
(1986) “in generic qualitative study some purists may regard research which is not 
based on theoretical frameworks or conceptual orientations, as problem-solving rather 
than scientific research”. Generic qualitative research seeks to discover and understand 
phenomenon. 
SAMPLE 
The researcher has used the convenience sample. According to Ilker, Sulaiman & 
Rukayya (2016) convenience samples are sometimes regarded as ‘accidental samples’ 
because elements may be selected in the sample simply as they just happen to be 
situated, spatially or administratively, near to where the researcher is conducting the 
data collection”. Furthermore, Ilker, Sulaiman & Rukayya (2016) emphasizes that “the 
main objective of convenience sampling is to collect information from participants who 
are easily accessible to the researcher like recruiting providers attending a staff meeting 
for study participation”. Convenience sample fit well in my study in the light that I 
needed to interview educators that are accessible and who are also willing to share their 
good practices on assessing conceptual understanding of addition and subtraction in 
grade 3.The study seeks to explore practices that educators or any person having an 
interest in conceptual assessment of addition and subtraction in grade 3. The 
participants were sampled from three different schools that are performing well 
academically insofar as grade 3 mathematics is concerned. The results that were 
considered was from 2016-2017 obtained from a certain circuit office. 
DATA COLLECTION 
The study has used group focus interview. According to Rana & Muhammad. (2009) 
“a focus group interview provides a setting for the relatively homogeneous group to 
reflect on the questions asked by the interviewer”.  The group focus interview is 
suitable to my research in the light that I aim to discover how other educators are 
assessing conceptual understanding. Group focus interview allows all participants to 
share their good practices on how they assess conceptual understanding of addition and 
subtraction in grade 3. The teachers have shared their experiences in a meeting, which 
afforded them the opportunity to assist one another through the conversations.  
Group focus interview are structured or standardized interviews. This study has used a 
structure/standardized interview as data collection tool. According to Ryan, Coughlan 
& Cronin (2009). “Structured interviews employ the use of an interview schedule 
which contain structure and explicit questions that do allow room for veering off the 
topic in the question” The rationale of the study to use structured interview is that the 
research have a background of the study and there are literature that are relevant to the 



SHORT PAPERS 

70 
 

study. In this case, the research does have a background information about good 
practices to assess conceptual understanding of addition and subtraction. 
ETHICS 
Research is fundamental since it helps us to develop new theoretical framework. This 
research data was collected with group focus interviews and the following steps were 
taken to ensure there is no harm as a result of participating in this research:  

• Participating in this research group focus interview was voluntary, and we sent 
an invitation early. And, participants were permitted to withdraw anytime when 
they are no-longer willing to continue with the interview. 

• A consent form was sent to participants in advance, so that all participants can 
read and understand it; furthermore, I have explain the content of the consent 
form without hiding any information. 

• A safety place was identified to ensure that all participants can gather in a place 
that does not put their life at risk. 

• All participants were ensured that their views will be private and confidential. 
Also, no names will be mentioned in the research. Words will also be 
paraphrased so that even those who are close to the participants will not 
recognize who was interviewed. 

• In the consent form, there is a part that binds the researcher to ensure that legal 
action can be taken of any misconduct.  

• The school concerned were given consent forms and all schools gave a written 
permission to continue to interview their teachers respectively. 

DATA ANALYSIS 
The researcher interviewed the three participates, recorded as per their permission and 
transcribed into word document. The study has used inductive data analysis.  Inductive 
data analysis require the research to develop a theory, identify recurring,  study the 
transcribed raw data compare with the recording and also with the study of literature 
or theoretical framework.  The below steps were followed as part of my data analysis: 

• The fundamental principle of my data analysis was informed by evaluation 
objectives. The main objective of the study was to explore strategies that top 
assessing conceptual understanding of addition and subtraction in grade 3.  The 
researcher did not have prior expectations of the findings. 

• A model was developed by the researcher where there was categories that were 
informed by the raw data. Key themes were identified by the researcher in the 
coding process. 

• Written reports of findings were written after many interpretation of the raw 
data. 

The researcher has used also the study of literature to support other information to be 
selected as part of findings. The study of literature have outlined certain practices and 
activities that can be used to assess conceptual understanding of addition and 
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subtraction in grade 3. Thus, strategies that the participant points and are familiar or 
supported by the study of literature were also considered as findings. 
FINDINGS AND DISCUSSIONS 
Based on the interview with the teachers, they have suggested a number of strategies 
that can be used to assess conceptual understanding of addition and subtraction in grade 
3.  The interviewee suggest that conceptual understanding of addition and subtraction 
can be assessed in word problem questions. Word problem questions require high 
cognitive thinking. They are abstract in their nature and for learners to solve them, they 
require conceptual understanding.  
From the data obtained on the interview, evaluating unfamiliar procedures that the 
learner has used to prove addition and subtraction sum. This requires teachers to be 
well vested about mathematical strategies that are related to addition and subtraction 
in grade 3. Conceptual understanding of addition and subtraction in grade 3 can be 
assessed by giving learners tasks that are new to them and that require their high 
cognitive thinking skills.  Giving learners such tasks allow the teacher to see whether 
the learners have conceptual understanding of a concept or not. The above strategy is 
in-line with what is proposed by Gelman and Meck (1983), assessing conceptual 
understanding involves evaluating unfamiliar procedures”. 
Participants shared that they assess conceptual understanding of addition and 
subtraction by encouraging the learners to use diagrams when answering a question so 
that they can see and follow the question and they will easily see what is required from 
them. According to Bell (2012), comprehending mathematical concept, operation and 
relation-knowing what mathematical symbols, diagrams, and procedures mean”. 
Assessing conceptual understanding can be done by checking whether the learner is 
able to calculate using principle-based shortcut; simply means if a learner fails to 
explain something simple, which means you do not know it. It is the considered view 
of Rasmussen, & Bisan (2003), argued that conceptual understanding can be assessed 
if the learners are able to invent principle based shortcut procedure. 
Thus conceptual understanding of the learner can be assessed if the learner is able to 
use the principle-based shortcut. Conceptual understanding can be assessed by giving 
learners addition or subtraction sums, with limited time.  
The participants indicated that they assess conceptual understanding of addition and 
subtraction by giving learners to explain steps of addition and subtraction to each other. 
When the learners are able to explain concepts to each other it means that they 
understand the concept. It is common sense that you cannot explain what you don’t 
know. Rasmussen, & Bisanz (2003), argued that “conceptual understanding can be 
assessed if the learners are able to invent principle based shortcut procedure. The 
participants also indicated that conceptual understanding of addition and subtraction 
can be assessed by given learners tasks and noting where the learners will commit 
errors. According to the participant, when a learner commits an error, it shows that 
there is limited conceptual understanding. 
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Conceptual understanding can be assessed by giving learners activities of addition and 
subtraction that will allow them to connect from one idea to the other. The participants 
further indicated that when learners conceptually understand something, it means that 
they should be able to connect from one idea to other. According to Bell (2012), 
comprehending mathematical concept, operation and relation-knowing what 
mathematical symbols, diagrams, and procedures mean. Enable you to connect ideas 
to what you already know. Assess learner’s conceptual understanding of addition and 
subtraction by giving learners opportunities to explain in peers their procedure of 
adding and subtracting. Prather & Alibali, (2008), suggest that teachers can assess 
conceptual understanding of the learners if they award learners with opportunities to 
evaluate quality of answers given by others. 
CONCLUSION  
One of the fundamental mathematical proficient strands is conceptual understanding. 
Educators need to be equipped with all necessary skills that they need in order to be 
able to assess conceptual understanding effectively in their respective classes. The 
research has explored many strategies that can be utilized by teachers in order to assess 
conceptual understanding successfully in their respective classrooms. Amongst other 
strategies is, representation, when the learners has committed errors, know that there 
is limited conceptual understanding i.e. evaluating unfamiliar procedures used by the 
learners; asking the learners to prove his answers with mathematical reasons. Further 
studies need to be conducted on “How to assess conceptual understanding of division 
and multiplication in grade 3”. 
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LOCALLY-MADE HANDS-ON 3D MATHEMATICS LEARNING/ 
TEACHING AIDS FOR DISADVANTAGED SCHOOLS 

Pepukai Nelson Bengura and Patricia Bengura 
Engabezweni High School and Kids 4 Christ School 

 
We know that the generation of today is fixated to science and technology and 
henceforth teaching/learning programmes must adapt. The workshop demonstrates 
locally made hands-on mathematics 3-dimensional teaching/learning aids which are 
for but not limited to disadvantaged schools. The aids are grouped into games, puzzles 
and lesson aids. The main purpose of the aids/puzzles/games is to promote and 
facilitate an interesting learner-centred learning/teaching process. These aids cater 
for varying cognitive levels from the foundation phase to FET phase.  The way 
mathematics is taught contributes to how learners view the subject. Proper use of 
mathematics aids and technology lessens the impact of barriers to proper 
learning/teaching of mathematics. Learning theorists and researchers including the 
founders of the Cone of experience and of the Learning pyramid, support the use of 
learning/teaching aids to increase learning and retention.  
 
OBJECTIVES 
Each aid presented herein has its specific objectives, however, the general aims for the 
project are:  
1. To foster mathematical thinking.  
2. To stimulate faster thinking in mathematics 
3. To promote smart, easy and enjoyable learning/teaching process.  
4. To enhance long-term retention  
5. To reduce mathematics phobia. 
6. To establish some other mathematics learning platforms in the form of mathematics 
clubs and mathematics shows at school level.  
7. To promote fund raising at school through mathematics department shows.  
LITERATURE REVIEW 
Background 
Kaur (2017) and Ihechukwu & Ugwuegbulam (2016) citing Onwuachu & Nwakonobi 
(2009) noted that mathematics is the foundation on which the whole essence of living 
revolves and the platform for scientific and technological innovation. The challenge in 
mathematics education is finding the best way to teach the subject, which by its nature 
is abstract. Some learners say mathematics is difficult while others say it is impossible. 
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Academically challenged learners even say mathematics is useless. The long-standing 
myth that mathematics is difficult has resulted in anxiety called math phobia, which 
Ihechukwu & Ugwuegbulam (2016) define as a feeling of anxiety that hinders one 
from efficiently tackling mathematical problems. The anxiety and negative attitude 
towards mathematics are aggravated by the fact that learners and teachers of today are 
seemingly facing more distractors to teaching and learning than before. This is partly 
because of advances in social media technologies.  
 
At teachers’ colleges, student teachers are taught how to construct and to use aids and 
they read works of great learning theorists like A. Bandura (social learning theorist), J. 
Bruner and J. Piaget (cognitive theorists) and BF. Skinner (behaviourist) to mention 
just but a few. Bandura’s learning theory brings an awareness to teachers that learning 
occurs within a social environment and as such students learn by modelling and 
interacting with others. On the other hand, Piaget’s theory of cognitive development 
explains the factors that influence individual students’ abilities to learn mathematics 
and how teachers can account for these factors when designing lessons. Moreover, as 
in Shabiralyani et al. (2015), using concrete materials is supported by many theories 
(Bruner, 2006; Dienes & Golding, 1971; Piaget, 1971; Skemp, 1987). According to 
Kurgatt & Omuna (2016), it was anticipated that it would assist the learner better 
understand and retain information, when ideas, words and concepts are associated with 
images as postulated by the poet Simonides and Aristotle in Benson (1997), thus: 
“Words are the images of things. Without image, thinking is impossible” (p.141). 
Berger (1972) explains, “Seeing comes before words, a child looks and recognizes 
before it can speak” (p.7). Furthermore, the Dale Cone of experience model is based 
on the concept that learning evolves from the concrete to abstract, Stokes (2001) citing 
Sinatra, (1986). Failure of educators to apply these guiding theories to successful 
delivery of mathematics education tantamounts to violation of good practices for the 
learners’ education. 
 
The artificial 3D visual aids presented herein include mathematical play through games 
and puzzles. The research findings by Shabiralyani et al. (2015), present visual aids as 
the best tool for making teaching effective and the best dissemination of knowledge. 
Mathematics play can be profitably used by people of all ages when faced with new 
mathematical situations (Clark-Wilson & Oldknow; 2004). According to Clark-Wilson 
& Oldknow (2004) citing Holton et al. (2001), mathematical play can extend the 
participant’s mathematical horizons; it may increase mathematical knowledge and 
hence promoting successful learning and understanding in mathematics generally. 
 
When it comes to the designing of learning experiences for the students, a teacher has 
many considerations and influences. According to Eady & Lockyer (2013), teachers 
can assess resources for how directly they cover the topic being taught, how clearly the 
information is conveyed and how directly activities within the resources support 



WORKSHOPS 
 

76 
 

student learning. In addition, teachers can ensure that the lessons they design using 
these resources are also focused on the topic and take their students’ abilities and 
experience into consideration. Furthermore, for learning to occur, the resources 
themselves need to be designed using sound educational principles, and need to be 
purposefully integrated into the learning experience by the teacher (Eady & Lockyer, 
2013). Here, teachers draw upon their expertise and experience in what to teach and 
how to teach it. 
Models on learning and teaching methods 
‘Learning Pyramid’ from “National Training Laboratories in Bethel Maine”, has 
retention rates shown as percentage rates against delivery techniques (figure 1). It 
suggests that some methods of study are more effective than others and that varying 
study methods will lead to varying retention.  

 
Figure 1: Learning pyramid, adapted from National Training Laboratories. Bethel, Maine 

Source: Heine Ventures, by Matt Langan, 2015 

The pyramid demonstrates that the best methods for learning retention are at the base 
of the pyramid. Therefore, it is best to design lessons and activities with this 
information in mind to ensure the learners are actively engaged in the learning process. 
This is achieved through discussion groups, practice activities and teaching others as 
intended in the use of mathematics aids in the workshop.  
Dale’s Cone of Experience is a model that incorporates several theories related to 
instructional design and learning processes. According to Davis & Summers (2015), 
the Cone of Experience purports to inform readers of how much people remember 
based on how they encounter the information. According to Dale’s Cone of Experience 
(1946) (Figure 2), the base of the cone is characterized by more concrete experiences, 
such as direct experiences (real-life experiences), contrived experiences (interactive 
models), and dramatic participation (role plays). Direct purposeful experiences 
represent reality or the closet things to real, everyday life. There is a lot of similarity 
between the Learning Pyramid and the Cone of Experience since both are intending to 
address the Chinese proverb which says: “what I hear, I forget; what I see, I remember 
and what I do, I understand”.  
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Figure 2: Dale’s Cone of experience 

Source: Adapted from E. Dale, Audio-visual Methods in Teaching, 1969, NY: Dryden Press. 

The use of the locally-made 3D aids presented herein is characterised by participation 
in hands-on workshop activities. The exposure of this nature, as depicted in Dale’s 
Cone of experience, makes learners generally remember 70% to 90% from the learning 
process. 
The role and the importance of mathematics learning/teaching aids 
Learning/teaching aids are educational material which a teacher uses in the classroom 
to support specific learning objectives. The list below captures the key roles and 
importance of mathematics aids according to the sources cited.  
1) Every individual has the tendency to forget. Proper use of teaching aids helps to 
retain more concepts permanently. 
2) Students can learn better when they are motivated properly through different 
teaching aids. 
3) Teaching aids develop the proper image when the students see, hear, taste and smell 
properly. 
4) Teaching aids provide complete example for conceptual thinking. 
5) The teaching aids create the environment of interest for the students. 
6) Teaching aids help to increase the vocabulary of the students. 
7) Teaching aids help the teacher to clarify the subject matter more easily and make 
learning permanent. 
8) Teaching aids provide direct experience to the students. 
9) Teaching aids can facilitate the proper understanding to the students which 
discourages the act of cramming. 
10) Teaching aids may save time and money in coverage of concepts. 
11) Teaching aids make the classroom live and active. 
Source : Source: Ministry of Education, Republic of Guyana 
https://education.gov.gy/web/index.php/teachers/tips-for-teaching/item/2143-why-are-teaching-
aids-important 
Source: INDOSS Premier Teacher training institute in Delphi 
http//nurseryteachertraining.co.in 
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WORKSHOP ACTIVITIES 
The workshop activities and approximate time allocation are summarized in Table 1. 
 

Table 1: Workshop activities 
Session Activity Aid category Activity 

duration 
Discussion 

and 
evaluation 
duration 

1 
By Presenter 
(45 minutes ) 

i) 3D question model Lesson aid 15 minutes 5 minutes 
    

ii) Addition & 
subtraction of integers 
using a number line. 

Lesson aid 20 minutes 5 minutes 

    
     

2 
By 

Participants 
(1 hour and 
15 minutes) 

i) Tower of Hanoi Game 
Instructions 

for each 
activity are 

found at 
each 

activity site 
 

Time spend 
per activity 

varies 
(average -5 
minutes per 
site if the 

group 
wants to go 
through all 
the sites) 

(1 minute 
per site) 

 
May you 
present 

discussion 
and 

evaluation 
for each 

activity on 
the given 

paper.  

ii) Tessellations Puzzle/Game 
iii) Pythagoras’ 
theorem 

Lesson 
aid/Puzzle 

iv) Magic 
triangle/square 

Puzzle/Game 

v) Triangular 
prism/pyramid 

Puzzle/Game 

vi) Rectangular prism Lesson aid 
vii) Square/Circle 
prism/pyramid 

Lesson aid 

viii) Probability cubes Puzzle/Lesson 
aid 

ix) Operations game Game 
x) Probability game Game 
xi) Geoboard Lesson aid 
xii) 991 calculators Lesson aid 
xiii) Logic loop Puzzle 
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ILLUSTRATIONS OF A LESSON AID, A GAME AND A PUZZLE 
Lesson aid: 3D Question Model 

 
 
Game/Puzzle: Tessellations 
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Puzzle: Logic Loop 
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ORGANISATION OF THE SITES 

 
Figure 3: Organization of space and sites 

CONCLUSION 
Proper use of mathematics aids and technology lessens the impact of barriers to 
learning/teaching process, resulting in effective learning, increased retention and 
increased learner success. The effective use of learning/teaching aids will largely 
depend on how the teacher uses the aids, nature of the environment and social culture 
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of the classroom. The artificial mathematics aids presented herein are not a substitute 
to smart boards, mathematics videos, charts or software. The concrete nature of the 
artificial aids gives them the potential to maximize learning as they belong to the base 
of both Cone of experience and Learning pyramid. The artificial mathematics aids 
presented herein were produced by experienced mathematics educators who in addition 
to curriculum design and other factors, considered disadvantaged schools. Designing 
and production of learning/teaching aids is not supposed to be one-person show, hence 
mathematics stakeholders are encouraged to evaluate the presented aids and to design 
and produce more mathematics aids. 
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COMPUTER WORKSHOP PROPOSAL: USING COMPUTER-
SUPPORTED LEARNING TO IMPROVE LEARNER’S ADDITION 

AND SUBTRACTION OF INTEGERS 
Shelton Farai Chadya 

OLICO Maths Education 
TARGET AUDIENCE: Senior Phase Teachers 
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30 – 40 participants in a computer 
laboratory. 
For many learners in Senior Phase addition and subtraction of integers causes 
considerable difficulty. In this computer-based workshop I will share our experiences 
using computer-supported learning to help learners with this area of work. 
Participants will be given access to the OLICO platform, https://learn.olico.org//. This 
is a free resource built to support Senior Phase mathematics learners and teachers in 
South Africa. Participants will work on activities designed to support understanding 
of integers and on drills aimed at helping learners achieve fluency in work with 
integers. This computer-based workshop will be based on our experiencing running 
after-school classes with Senior Phase learners, that maximize the effective use of 
teacher time through the use of technology.  
This workshop will focus on the use of computer in improving learners understanding 
of and fluency in working with addition and subtraction of integers in the Senior Phase. 
This is an area that causes considerable difficulty for many Senior Phase learners and 
our experience in working in computer-based after-school classes indicates that 
computer-based learning can be an effective support in addressing this problem.  
DURING THE WORKSHOP PARTICIPANTS WILL: 
1. Be given a user name and password for the OLICO platform, learn.olico.org. This 
is a free, internet-based programme that has been built specifically to support Senior 
Phase mathematics learners and teachers in South Africa. 
2. Work on a computer-based module designed to help learners understand addition 
and subtraction of integers and practice working with this concept. After participants 
have interacted with the module, we will discuss our experience in using this kind of 
computer-based learning and the ways in which it can be used to ensure effective use 
of teachers’ time.  
3. Work on some computer-based drills aimed at improving fluency in addition and 
subtraction of integers and discussion of ways in which this might be used in the 
classroom.  
REFERENCES: https://learn.olico.org/ 
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UNPACKING COGNITIVE LEVEL DESCRIPTORS IN THE GET 
SENIOR PHASE 

Salwa Charles and Cadine Webb 
Wittebome High School 

The objective of the workshop is to unpack GET Senior Phase Mathematics cognitive 
level descriptors by classifying questions of a typical examination according to these 
levels. It is therefore aimed to assist Senior Phase Mathematics educators to be able 
to use these descriptors when setting question papers. The emphasis is on ensuring 
balanced papers that meets the requirements of the CAPS document. Educators will be 
given the opportunity to actively engage and classify questions according to the 
cognitive levels grid in order to meet the required expectations as stipulated for these 
grades in the CAPS document. 
TARGET AUDIENCE: GET Senior Phase Educators (Grades 8 and 9) 
DURATION: 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30 educators 
MOTIVATION FOR WORKSHOP 
The assessments of many educators in the Senior phase do not fully comply with the 
minimum standards of formal assessments. Internal moderation reports presented at 
cluster moderation neglect addressing the cognitive analysis of formal assessments. 
This compromises the standard of the assessment and creates disadvantages for 
learners with different cognitive levels of thinking in mathematics or even sub-topics 
within the subject. 
Some of the reasons for non-compliance of analyzing cognitive levels are: 

• educators cannot differentiate between the cognitive levels or incorrectly 
categorize a question’s cognitive level; 

• educators are reluctant to create new material for formal assessments and 
refer to existing resources too often;  

• educators find it challenging to adapt an existing resource to fit the 
cognitive levels needed for an assessment (e.g. resource includes level 2 
questions, but the tasks needs a level 3 question for that topic); and 

• electronic templates to automatically analyze cognitive levels are not easily 
available to make the task of adjusting and meeting the weighting 
requirements of an assessment stress-free. 
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ACTIVITIES 
Introduction: [20 minutes] 
Presentation on the description and examples of the cognitive levels in GET 
Mathematics. Audience is encouraged to engage during presentation, ask questions, 
provide comments. 
Activity 1: [30 minutes] 
Identifying cognitive levels of a common exam paper 
Working in groups, use a common paper to develop the skill of identifying the 
cognitive level of questions. Report back from groups and engage in discussion on 
choice of level. 
Activity 2: [20 minutes] 
Cognitive analysis grid 
Complete analysis grid template and compare with minimum requirements described 
in CAPS document. (Linked to Activity 1) 
Activity 3: [30 minutes] 
Adapting resource to balance cognitive levels 
Adapt resource questions to balance cognitive level analysis grid to meet CAPS 
requirements, within a 3% leniency range. (Linked to Activity 2) 
Overall discussion: [20 minutes] 
Participants have an opportunity to comment, ask questions and reflect on overall 
presentation and concepts explored. 
REFERENCES 
Resources used during presentation and activities 
Department of Basic Education (2011). Curriculum and Assessment Policy Statement: Senior Phase. 157. 

Department of Basic Education (2018). Revised Curriculum and Assessment Policy Statement: Senior Phase. 
Revised Section 4: Assessment. 5. 
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PROBLEM SOLVING IN SCHOOL MATHEMATICS: HOW 
VISUALIZATION CAN ASSIST 

Clemence Chikiwa 
Rhodes University 

Problem solving is a fairly old strategy yet still useful in and outside school. This 
workshop serves to remind, promote and encourage teachers to be aware of the crucial 
role problem solving and visualization processes play in the teaching and learning of 
mathematics. During the workshop, use of carefully selected tasks that will exemplify 
utilization of visualization processes will be made. This workshop intends to equip 
participants with the knowledge that various problems in mathematics have more than 
one way to solve them. Simple and fairly easy-to-understand yet effective strategies 
and techniques of solving problems in mathematics will be used. The workshop intends 
to encourage participants to seek more appropriate ways to efficiently and effectively 
solve mathematical problems visually. Main focus will be on using visual techniques 
and processes to solve problems in mathematics. This is expected to translate to 
classroom practices of the teachers who will be in attendance. 
TARGET AUDIENCE: Senior and FET Phases 
DURATION: 2 hour workshop 
MAXIMUM NUMBER OF PARTICIPANTS: 40 participants (10 groups of four) 
MOTIVATION  
Problem solving and visualization 
Learning to solve problems is the principal reason for studying mathematics. This 
resonates with our everyday lives as individuals are in a continuous problem solving 
arena. “A problem is a situation that confronts the individual that requires resolution, 
and for which no path to the answer is readily known” (Posamentier & Krulik, 2015, 
p. xv). It is the individual confronted with a problem who is supposed to then find ways 
of solving the problem in the most effective and efficient way. 
In South Africa’s school system, one of the aims of the National Curriculum Statement 
Grades R-12 (NCS) is to produce learners who are able to identify and solve problems, 
and make decisions using critical and creative thinking; as well as being able to 
communicate using visual, symbolic and/or language skills (DBE, 2011). Visualization 
is thus regarded as a key factor in mathematics teaching and learning in South Africa. 
Furthermore, although it is argued that mathematical problem solving (MPS) enables 
us to understand the world around us, and to teach us to think creatively (DBE, 2011), 
literature reveals that learners express difficulty in problem solving (Fatmanissa & 
Kusnandi, 2017).  
The National Senior Certificate diagnostic report of (2017) also noted that while the 
number of candidates who correctly answered routine questions increased, 
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performance can further be improved if attention is given to areas such as exposing 
learners to complex problem solving type questions from earlier grades (DBE, 2017). 
This implies that teachers, who are implementers of the curriculum, need to be able to 
deal with MPS before they can competently teach the same in their classes. The 
percentage of problem solving in formal assessments in the mathematics Curriculum 
and Assessment Policy Statement (CAPS) is 30% (DBE, 2011), thus MPS require 
careful attention. 
Visualization plays different functions when used by learners during problem solving. 
Ho (2009) identifies seven roles of visualization: 

1. To understand the problem. When a problem is represented visually, learners 
may understand how different elements/components in the problem relate to 
each other. 

2. To simplify the problem. Visualization allows learners to identify the simpler 
version of the problem, solving the problem and then formalizing the 
understanding of the given problem, and identify a method that works for all 
such problems. 

3. To see connections. This involves relating the given problem to previous 
problem-solving experiences, relating to other mathematical 
domains/understandings, relating to everyday life. 

4. Visualization allows catering for individual learning styles. Different learners 
may have different preferences when it comes to use of visual representations 
during problem solving. 

5. Visualization can be viewed as a substitute for computation. In some instances, 
the answer to a problem can be obtained directly from the visual representation 
itself, without the need for computation. 

6. Visualization is also used as a tool to check the solution. Learners may use 
visualization to check for the reasonableness of the solution obtained. 

7. Visualization may be used to transform a mathematical problem into a 
mathematical form. 

In some mathematics problems, visual representations are inherently implied in the 
problem, yet with some it is not. Ho (2009)’s roles of visualization will form the basis 
of this proposed workshop on MPS with teachers. The selected tasks will endeavor to 
illuminate on some or all of the roles Ho (2009) identified. 
Benefits to participants 
There are critical reasons why problem solving is important in the teaching and 
learning of mathematics. Use of problem solving strategies in teaching results in many 
benefits for teachers and learners alike. Some of these benefits are discussed here.  
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Over the years, teachers have been using problem solving to develop learners’ 
understanding of mathematics. Thus problem solving in this case becomes a teaching 
strategy. Once understanding has been ensured, connection making is promoted 
thereby helping in the application of knowledge on a given topic to solve problems. 
This in turn results in the ability to use what one knows flexibly when dealing with 
new and unfamiliar situations. Understanding something well is the most enjoyable 
and intellectual experience that teachers can give to their learners. Thus because 
problem solving leads to understanding, this workshop advocates for problem based 
teaching in mathematics classes. 
This workshop aim to encourage teachers to allow mathematics to be problematic to 
their learners. This of course is to be done taking various learners’ abilities into 
cognizance. Allowing mathematics to be problematic to learners involves posing 
problems that are just within their reach and allowing them to struggle to find solutions 
and then examining the methods they have used. Such a process expands their thinking 
capabilities. Teachers, for them to allow their learners to struggle with mathematics, it 
requires them to believe that all learners need to struggle with challenging tasks if they 
are to learn mathematics deeply. When mathematics is allowed to be problematic for 
learners, making mistakes becomes a natural part of learning since mistakes will be 
viewed as sites for learning. 
This workshop will also focus on allowing mathematics tasks taught every day to be 
problems. Participants in this workshop will be asked to apply what they know about 
a simpler case to work out solutions for a more complex case. This will thus be moving 
from known to unknown and from simple to complex. 
In this workshop, participants will share their strategies, hear others’ ways of solving 
given mathematics problems and critic each other’s approaches. John Dewey (1933) 
advises that the best way to gain deeper understanding of a subject is to search for 
better methods to solve problems. Participants in this workshop will be given an 
opportunity to find their own methods, share them, hear others present alternative 
methods and to examine different methods’ advantages and disadvantages. The 
workshop assumes that learning opportunities begin as participants search for possible 
methods to solve problems, and they continue to learn as they formulate ways to justify 
their methods. The opportunities intensify as they listen to others explaining their own 
methods, critiquing them, looking at their pros and cons.    
The workshops intends to assist and encourage participants to take advantage of 
visualization processes when solving problems. The workshop is intended to help 
equip participants with simple yet effective ways of solving mathematical problems 
using among others, visual approaches. It will also be used to help as a catalyst for 
participants to later seek more appropriate ways to efficiently and effectively solve 
mathematical problems visually. There is accumulating research evidence linking 
visualization processes to deep conceptual understanding of key concepts and 
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fundamental principles in various mathematical domains (Abdullah, Zakaria & Halim, 
2012) 
The problems chosen to be solved in this workshop are tailored towards inspiring and 
invigorating participants to explore a variety of visual solutions strategically and to 
think critically. As noted by Van de Walle, Karp and Bay-Williams (2010, 32), “most, 
if not all important mathematics concepts and procedures can best be taught through 
problem-solving”. Teaching mathematics through problem solving encourages both 
teachers and their learners to ask questions that are open and that facilitate critical 
thinking. 
DESCRIPTION OF CONTENT OF WORKSHOP 
The workshop will involve mathematics tasks that cater for senior and FET phases of 
school learning in South Africa. Selected mathematical tasks will be solved through 
the incorporation of visual techniques and processes. In this workshop, teachers of 
different school phases will be encouraged to mix and share their strategies. Tasks 
given will be those that can be solved by various methods depending on the level at 
which one is teaching. Participants will be encouraged to find at least two ways of 
solving given problems. Hence teachers will be required to compare their visual 
techniques.  
STRUCTURE OF THE WORKSHOP 
The workshop will comprise mathematical problems that can be solved using various 
methods. Some will have more than one solution, one of which can be arrived at 
visually. The choice of such tasks will be made to help participants debate their 
solutions and open up to various possibilities that may be associated with a given 
question. 
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Time Facilitator’s Activities Participants’ Activities 
   
5 minutes Ice Breaker  Work on Activity 1 
5 minutes Brief introduction to 

Visualization and 
problem solving in 
Education 

Discusses Visualization 
Explaining what they understand by 
Visualization 

 
30 minutes 

Task 1 

Work on Activity 2 Task 2 
Task 3 
Task 4 

15 minutes Feedback on Activity 2 Volunteers from two groups lead the 
feedback session 

 
25 minutes 

Task 5  
Work on Activity 3 
 

Task 6 
Task 7 
Task 8 

 
15 minutes 

Feedback on Activity 3 Feedback session will be done on a 
whole group discussion. 

5 minutes Wrapping up Respond to questions posed by 
facilitator 
Participants gives their feedback 

ACTIVITIES FOR THE WORKSHOP  
Activity 1 

In a room with 10 people, everyone shakes hands with everybody else exactly 
once. How many handshakes are there?  

Activity 2 
Task 1  
In order to ship boxes of tuna fish cans, the company pack a small carton that 
holds eight cans, or a large carton that hold ten cans. They always try to use as 
many large cartons as possible, for cost-effective reasons. If an order for 96 cans 
of tuna fish is received, how should they pack them for shipping? 
Task 2 
Three tired and hungry men went to sleep with a bag of apples. One man woke 
up, ate 1/3 of the apples, then went back to sleep. Later a second man woke up 
and ate 1/3 of the remaining apples, then went back to sleep. Finally, the third 
man woke up and ate 1/3 of the remaining apples. When he was finished there 
were 8 apples left. How many apples were in the bag originally?  
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Task 3 
Vuyo has 24 metres of fencing to use for his garden, he plans to use his house 
as one side of the fence. If the garden will be a rectangular shape, what is the 
area of the largest garden Vuyo can build? 
Task 4 
Vuyo is helping her father tile a rectangular playroom floor. They use exactly 
2005 square tiles. Some are black and some are white. The border is one tile in 
width, and consists only of black tiles. The rest of the tiles are white. How many 
white tiles did they use to make the playroom floor? 

Activity 3 
Task 5 

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑓𝑓𝑓𝑓𝑓𝑓 𝑥𝑥;  𝑥𝑥2 − 4 = 0 
Task 6 

𝐹𝐹𝐹𝐹𝐹𝐹𝐹𝐹 𝑡𝑡ℎ𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑡𝑡𝑡𝑡 𝑡𝑡ℎ𝑖𝑖𝑖𝑖 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  �(10)− 𝑥𝑥2 = −1     
Task 7 
A square piece of land with a length of 10 metres on each side is divided into 4 
sections shown in the diagram. In the two grey areas, grass is planted, with 
flowers in the rest. What should be the length of the right lower square so that 
the grassy area will be minimal? 

 
Task 8 
Dakalo and Moshe walk from the train station to the hotel. They start out at the 
same time. Dakalo walks half the time at speed V1 and half the time at speed V2. 
Moshe walks half way at speed V1 and half way at speed V2. Who gets to the 
hotel first: Dan or Moshe? 

CONCLUSION 
Problem solving is a critical component of school mathematics. Visualization when 
properly used, can be helpful in mathematics education because of its diverse 
pedagogic, cognitive and epistemic purposes. To a considerable extent, success in 
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mathematics and in solving life problems owes a significant amount to visualization 
skills and processes (Abdullah, et al., 2012). Teachers’ ability to use and inculcate 
visualization skills in their learners, through processes such as problem solving, is 
necessary for successful conceptual and procedural teaching. Visualization during 
teaching and learning provides information that other means of instruction do not, this 
allow learners to develop deeper and richer concepts than they otherwise might 
(Phillips, Norris & Macnab, 2010). Thus in this workshop, problem solving will be 
treated as a means for acquiring new knowledge and not just an activity learners 
perform after they have studied various concepts. 
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BUILDING AIRPORTS: A SKETCHPAD INVESTIGATION 
Michael de Villiers 

University of Stellenbosch 
TARGET AUDIENCE: GET and FET  
DURATION: 2 hours 
MAXIMUM PARTICIPANTS: Dependent on number of computers: maximum 2 
per computer 
In this workshop participants will be given hands-on experience of dynamically finding 
the best position for building an airport for three cities of more or less equal size based 
on an activity from De Villiers (2003). It is based on a classical problem first posed by 
Fermat in the 1600's and apparently first proved by Torricelli a few years later. Using 
worksheets participants will in the first hour or so be guided through a proof of this 
optimal position using transformation geometry.  
Subsequent related problems that will be mentioned and briefly discussed further in 
the remaining time are the optimal placement: 
(1) of an airport for three cities of unequal size, 
(2) of an airport for four cities of equal or unequal size, 
(3) of a bus-station for an even or odd numbered of schools in a straight line, 
(4) of a bus-station for schools on a square grid (where distances are measured only 
along the edges of the grid), 
(5) of an airport for three cities of more or less equal size situated on a sphere, 
(6) of a spaceport for four planets, 
as well as the shortest road network connecting three or four cities. 
Use will also be made of soap bubble geometry to visually illustrate the first two. 
Overall, the workshop plans to provide an opportunity for engaging participants in 
conjecturing, logical explanation, generalizing, refutation, and verification. During the 
activity some of the roles played by proof in mathematics such as verification, 
explanation, discovery and intellectual challenge will also be briefly discussed. 
Reference 
De Villiers, M. (2003). Rethinking Proof with Sketchpad 4, Key Curriculum Press, Emeryville: USA. 
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SOUTH AFRICAN MATHEMATICS OLYMPIAD WORKSHOP 
Michael de Villiers 

University of Stellenbosch 
TARGET AUDIENCE: GET and FET  
DURATION: 2 hours 
MAXIMUM PARTICIPANTS: Dependent on size of room 
This workshop will focus on some problem solving heuristics related to a sample of 
selected problems from the SA Mathematics Olympiad (SAMO). SAMO is the premier 
mathematics competition for high school learners in South Africa, and almost 100 000 
learners participate in it. It is structured over 3 rounds, with only the top 100 from the 
2nd round invited to participate in the final 3rd round. It forms the basis of choosing 
national mathematics teams for participation in the Pan African Math Olympiad and 
the International Math Olympiad (IMO).  
After a brief introduction of Polya’s 4-step model of problem solving, participants will 
be engaged in solving the problems. The problems are typically non-standard and 
usually require some creative thinking rather than just computational or algebraic 
manipulative expertise. Though sometimes more advance mathematics knowledge is 
required at the 3rd round level, the problems from the first two rounds are accessible 
curriculum wise to all learners. 
Some of the strategies that will be demonstrated are: 
Step 1: Read and understand the problem  

• Read the problem carefully and get an overview of the problem.  
• Understand what information is given. 
• Understand what is required. 

Step 2: Devise a plan   
• Make figures/sketches/diagrams  
• Look for patterns 
• compile a table, trial and improvement, use smaller numbers. 
• introduce appropriate notation  
• use logical argument (p.18). 
In most cases you will use a combination of the above 

Step 3:  Execute / implement / carry out your plan 
• Perform the actions described in Step 2. 

Step 4:  Evaluate / check 
• Return to the original problem to see whether you have answered the question 
– does the answer makes sense. 
• Check the solution by direct substitution. 
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PLANNING AND ASSESSMENT MADE EASIER 
Amanda van der Merwe and Liezel du Toit 

Oxford University Press South Africa 
 

There is a well-known saying: "The person who fails to plan, plans to fail." 
The aim of the workshop is to help teachers think about the rationale behind proper 
planning. Planning is crucial for meaningful and effective teaching, learning and 
assessment. The workshop provides fundamental guidelines for long and medium term 
planning. A hands-on approach in seven steps to work through the process of planning 
to teach mathematics will be covered in the first part of the workshop. In the second 
part of the workshop the focus is on some aspects of the assessment of mathematics. At 
the end of the workshop participants will have confidence to set an assessment task 
incorporating four cognitive levels. 
TARGET AUDIENCE: Senior phase 
DURATION: 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 40 participants  
INTRODUCTION 
Presenters introduce themselves and discuss the focus of the workshop. 
SEVEN STEPS OF PLANNING TO TEACH MATHEMATICS 
Step 1: Time allocated on timetable of school 
The instructional time in the Senior Phase is as follows: 
 

TABLE 1: Instructional time in the Senior Phase 
SUBJECT HOURS 

Home Language 5 
First Additional Language 4 
Mathematics 4,5 
Natural Sciences 3 
Social Sciences 3 
Technology 2 
Economic Management Sciences 2 
Life Orientation 2 
Creative Arts 2 
 27,5 
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Questions to discuss: 
(a) Is the timetable at your school in line with the CAPS document? 
(b) What can or should you do if less than 4,5 hours per week is allocated for 

Mathematics? 
Step 2: Weighting of content areas  
The CAPS document gives us the weighting of content areas. 
 

TABLE 2: Weighting of Content Areas 
WEIGHTING OF CONTENT AREAS 
Content Area Grade 7 Grade 8 Grade 9 
Numbers, Operations and Relationships 30% 25% 15% 
Patterns, Functions and Algebra 25% 30% 35% 
Space and Shape (Geometry) 25% 25% 30% 
Measurement 10% 10% 10% 
Data handling 10% 10% 10% 

 
Questions to discuss: 
(a) How should the information in the above table influence our planning? 
(b) What effect should the information in the above table have on assessment? 
Step 3: Study the time allocation per topic as given in ATP 
We always have to keep the time allocation in mind. Print the page for the grade that 
you are teaching and display it in your classroom so that you can look at it regularly. 
Take note how one topic is addressed in the different terms. 
  



WORKSHOPS 
 

97 
 

TABLE 3: Time allocation for third term 
Grade 7  Grade 8  Grade 9 

Topic Time Topic Time Topic Time 
Numeric and 
geometric 
patterns 

2 weeks Pythagoras; 
Determine if 
triangle is right-
angled 

1 
week 

Numeric and 
geometric 
patterns 

1 week 

Functions and 
relationships 

1 week Area and 
perimeter; 
convert 
between SI 
units 

1 
week 

Functions and 
relationships; 
Graphs: 
interpret and 
draw 

3 
weeks 

Algebraic 
expressions 

1 week Surface area 
and volume of 
3D objects;  
Platonic solids; 
nets and models 

2 
weeks 

Area and 
perimeter of 
2D shapes: 
polygons and 
circles 

2 
weeks 

Algebraic 
equations 

1 week  Data handling: 
collect, 
organize, 
summarize,  
and present; 
Probability 

3 
weeks 

Volume and 
surface area of 
3D objects 

2 
weeks 

Graphs 2 weeks Algebraic 
equations 

1 
week 

Geometry of 
3D objects: 
Platonic solids, 
spheres and 
cylinders 
Nets 

1 week 

Transformation 
geometry 

2 weeks Functions and 
relationships: 
input, output, 
rules 

1 
week 

Data handling: 
Collect; 
organize; 
summarize, 
represent, 
analyze, 
interpret and 
report 

2 
weeks 

Geometry of 
3D-objects 

2 weeks Graphs: 
interpret and 
draw; Revision 
Test 

2 
weeks 

Total: 11 weeks Total: 11 weeks Total: 11 weeks 
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Step 4: Adapt the time allocation to the dates of the current year 
Each year and each school is different. We have to keep this in mind when we plan. 
A. Mark the beginning and the end of the term, as well as all the public holidays. 

 
B. Mark all the dates where no teaching will take place, e.g. sports days and 

exams. 
C. Write down the number of available teaching days for each week. 
D. Use the "Time allocation per topic" page and plan how the topics can be spread 

over the course of the term. 
E. Use the "Minimum requirements for assessment" (given below) and fill in 

when Assessment will take place. Also fill in the topic to be assessed. 
 

TABLE 4: Minimum requirements for assessment 
 Forms of 

assessment 

Minimum requirements per term Number 
of tasks 
per year 

Weighting Term 
1 

Term 
2 

Term 3 Term 
4 

SBA 

Test 1 1 1  3 

40% 

Examination  1   1 
Assignment 1  1 1 3 
Investigation  1  1 2 
Project   1  1 

 Total 2 3 3 2 10 
End of the year 
Examination 

    1 60% 
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Take note: 
The programme of assessment is designed to organize the spread of formal 
assessment tasks in all subjects in a school per term throughout a year. 
Step 5: Lesson planning 
Once my planning for the term is in place, I can plan for individual lessons from day 
to day. It is important to respect the requirements from individual schools, subject 
heads and curriculum advisors. 
The important principle is that the Lesson plan must work for the individual teacher. 
It should be a guideline for teaching a class on a certain day and not merely a 
document to display in a file. 
Questions to discuss: 
(a) Name at least three qualities of a good lesson plan. 
(b) How do you plan your lessons? (For one day OR for one week OR for teaching 

one topic?) Motivate your choice. 
Step 6: Use other resources to plan and enhance teaching 
* Phase overview (see the CAPS document) 
* Examples in ANA 
* Teacher's Guide 
* Learner's Book 
Questions to discuss: 
(a) Which of the above resources do you use on a regular basis? 
(b) What other resources can you recommend to your colleagues? 
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Step 7: Watch out for time eating monsters! 

Two important principles to remember: 
* The person who fails to plan, plans to fail! 

* Blessed are the flexible, because they won't break! 

 
Question to discuss: 
Share five practical tips that will result in having more time for teaching 
Mathematics. 
ASSESSMENT OF MATHEMATICS 
Quick overview 
Assessment should be both informal (assessment for learning) and formal 
(assessment of learning). In both cases regular feedback should be provided to 
learners to enhance the learning experience. 
Questions to discuss: 
(a) What is the difference between "assessment for learning" and "assessment of 

learning"? 
(b) How do you assess Mathematics informally every day in your class room? 
(c) How do you implement self-assessment and peer assessment in your class 

room? 
(d) How quickly do you give feedback to your learners after they have written a 

test or handed in an assignment? 
(e) What do you do if a learner hands in an assignment, investigation or project 

after the due date? 
Two very important principles to keep in mind 
(a) Cover ALL the concepts and skills described in the CAPS document. 
(b) The questions in a test or an exam (as well as in other formal assessments) 

must reflect the different cognitive levels as shown in the CAPS document. 
 
  



WORKSHOPS 
 

101 
 

TABLE 5: Cognitive levels 
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What will be done in the workshop: (How will the time slot be broken up?) 
 
1. Introduction 10 minutes 
2. Planning to teach mathematics in seven steps  
 Step 1: Time allocated on timetable of school 5 minutes 
 Step 2: Weighting of content areas 5 minutes 
 Step 3: Time allocation per topic as in CAPS 5 minutes 
 Step 4: Adapt the time allocation to the dates of 

the current year 
30 minutes 

 Step 5: Lesson planning 5 minutes 
 Step 6: Use other resources to plan and enhance 

teaching 
5 minutes 

 Step 7: Watch out for time eating monsters! 5 minutes 
3.  Assessment of mathematics  
 Quick overview 5 minutes 
 Two very important principles 15 minutes 
4. Discussions and tasks on Worksheet 30 minutes 
  120 minutes (2 hours) 
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FOR FURTHER READING  
Inclusive assessment 
Teachers need to develop adaptive and alternative methods to assess learners with 
barriers to learning, so that learners are given opportunities to demonstrate 
competence in ways that suit their needs. Here are some examples of how to assess 
these learners while still maintaining the validity of the assessment. 
* Some learners may need concrete apparatus for a longer time than their peers. 
* Assessment tasks, especially written tasks, may have to be broken up into smaller 
sections for learners who cannot concentrate or work for a long time, or they may be 
given short breaks during the tasks. Learners can also be given extra time to complete 
tasks. 
* Some learners may need to do their assessment tasks in a separate venue to limit 
distractions. 
* A variety of assessment instruments should be used, as a learner may find that a 
particular assessment instrument does not allow him/her to show what they can do. 
* Learners who cannot read can have tasks read to them and they can orally dictate 
answers. Assessment can also include a practical component in which learners can 
demonstrate their competence without having to use language. 
* A sign language interpreter can be used. 
* Assessment tasks could be available in Braille or enlarged with bolded text. 
* The forms of assessment used should be age and developmental level appropriate. 
The design of these tasks should cover the content of the subject and include a variety 
of tasks designed to achieve the objectives of the subject. 
CONCLUSION 
Assessment should not be seen as a dry mundane task done to please the authorities. 
Enthusiastic and passionate teachers who are confident about their effort look 
forward to learner assessments. These teachers are able to inculcate a spirit of 
excellence and competitiveness in learners. They are able to motivate learners to 
work harder and hopefully perform better.  
Learners' performance almost always correlates to the teacher’s ability and 
competence. Assessment should thus be seen an opportunity for the teacher to gauge 
her/his teaching ability. 
REFERENCES: 

Department of Education (2011). Curriculum and Assessment Policy Statement, Mathematics for Grades 7 
– 9. 

Oxford University Press. (2011). Headstart Mathematics Learner's Book for Grade 8. 

Oxford University Press. (2007). Mathematics Plus Learner's Book for Grade 8. 
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PROBABILITY: GAMES, QUESTIONS AND TREE DIAGRAMS 
Amanda van der Merwe and Liezel du Toit 

Oxford University Press South Africa  
 
Uncertainty and randomness occur in many aspects of our daily life and having a good 
knowledge of Probability helps us make sense of these uncertainties. Probability is an 
important topic in FET Mathematics and – as in all Mathematics – the foundation to 
build on is taught in the Senior Phase. The aim of this hands-on and interactive 
workshop is to assist teachers in their thinking and understanding of how to teach 
Probability so that learners are well prepared for FET Mathematics. 
TARGET AUDIENCE: Senior Phase 
DURATION: 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 40 participants 
 
INTRODUCTION 
Presenters introduce themselves and outline the content of the workshop. 
PROBABILITY GAME 
Teachers play a game (Higher or lower). They are not given any background and will 
probably(!) simply guess in which direction to go. 
EXPERIMENTAL PROBABILITY AND THEORETICAL PROBABILITY  
Discuss the difference between experimental probability and theoretical probability: 
Theoretical probability is what we expect to happen, where experimental probability 
is what actually happens when we try it out. The probability is still calculated the 
same way, using the number of possible ways an outcome can occur divided by the 
total number of outcomes. As more trials are conducted, the experimental probability 
generally gets closer to the theoretical probability. Refer to the game played, tossing 
a coin, rolling a dice, spinning a triangular spinner and drawing a card. 
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PROBABILITY OF SIMPLE EVENTS 
Simple events are the events where one experiment happens at a time, for example 
tossing of a coin or throwing a dice.  
Since the probability scale stretches from 0 to 1 the probability of the event will lie in 
this interval. Answers can be given as percentages, decimals or common fractions. 
Teachers practice finding the probabilities of simple events from questions shown on 
PowerPoint presentation. (Questions involve dice, coins and a deck of cards.) 
PROBABILITY OF COMPOUND EVENTS: TREE DIAGRAMS 
A compound event involves more than one event occurring at the same time, for 
example tossing a coin and throwing a dice simultaneously. Contingency tables and 
tree diagrams are useful to find the probability of compound events. In FET learners 
will also use Venn diagrams to calculate the probability of an event. 
The focus in this workshop is on tree diagrams. 
Work through the questions on the worksheet. 
Question 1: 
Illustrate by showing step by step how to draw a tree diagram if a coin is flipped 
twice and you want to know what the probability is to have two heads. 
Point out: 
A tree diagram shows the different events (Flip 1 and Flip 2) from left to right. 
List the outcomes as well as the probability of each outcome to the right hand side of 
the tree diagram. 
The total of the probabilities for each set of branches must be equal to one. 
To calculate the probability: "multiply from left to right; add from top to bottom" 
Note: there is a difference between the following two questions: 
Find the probability of having a head and a tail.  
Answer: P(HT) + P(TH) = 0,25 + 0,25 = 0,5 
Find the probability of having a head first and a tail second. 
Answer: P(HT) = 0,25 
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For each of Question 2 to 5: 
• Teachers draw the tree diagram. 
• Teachers answer the questions on the worksheet. 
• Teachers read off other probabilities from their tree diagrams. 
• Teachers discuss the underlying principles that learners should understand to 

be able to draw and interpret tree diagrams. 
• Teachers discuss possible misunderstandings that learners may have and how 

to address them. 

DISCUSSION 
Teachers reflect on the content of the workshop and share their thinking about 
teaching the topic of Probability with understanding. 
What will be done in the workshop: How will the time slot be broken up 
1. Introduction 10 minutes 
2. Probability game (Higher or lower?) 25 minutes 
3. Experimental probability and theoretical 

probability 
10 minutes 

4. Probability of simple events: 
Probability questions using coins, dice, cards 
and spinners 

15 minutes 

5. Probability of compound events: 
Tree diagrams 

30 minutes 

6. Discussion 30 minutes 
  120 minutes (2 hours) 

 
REFERENCES 
Department of Education (2011). Curriculum and Assessment Policy Statement, Mathematics for  

Grades 7 – 9. 

Department of Education (2013). Annual National Assessment, Grade 9 Mathematics. 

Oxford University Press. (2011). Successful Mathematics Learner's Book for Grade 9. 

Cambridge University Press. (2016). Mathematical thinking in the lower secondary classroom. 
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TEACHING VOLUME AND CAPACITY TO ENCOURAGE 
THINKING AND UNDERSTANDING 

Amanda van der Merwe and Liezel du Toit 
Oxford University Press South Africa 

 
This workshop is a hands-on session where all participants will be actively involved. 
Many learners find measurement a challenging topic. They are often unsure about the 
concepts of volume and capacity. The practical approach in this workshop will 
demonstrate to teachers how to develop the mathematical thinking skills of their 
learners by visualizing the conversion between cubic centimetres and litres. The focus 
of the workshop is how to teach so that learners have a sound understanding of basic 
concepts and then be able to think and not merely to memorize. 
TARGET AUDIENCE: Senior phase 
DURATION: 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 40 participants 
 
INTRODUCTION 
Presenters introduce themselves. 
Why the metric system matters 
Participants watch a short video clip. (Matt Anticole; TedED) 
VOLUME 
Definition of a prism 
Discuss the properties of a prism (versus a pyramid and a cylinder). 
Definition of volume 
Volume tells us the amount of space taken up by a 3D- object. 
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CAPACITY 
Definition of capacity 
Capacity tells us the amount of space inside the 3D-object. 
Activities to enhance thinking and understanding of concept 
Participants are challenged to come up with their own examples from the context of 
their learners. 
 

TABLE 1: Volume, capacity and the SI system 
Volume Capacity 
Volume tells us the amount of 3D space 
taken up by a 3D object, for example: 
* There can be something in the 
container (sweets in a box). 
* Or the container can be empty 
(nothing in box). 
* Or the container can be solid (like a 
brick). 

Capacity tells us the amount of space 
inside the 3D object. Capacity is the 
maximum amount that can fit into a 
container, for example:  
* A bucket can have a capacity of 5 
liters. 
* A container can have a capacity of 3 
cups of sugar. 

Example: 
A box of juice can hold 1 liter of juice, so the capacity of the container 
is 1 liter.  
The box of juice will take up a space of 9 cm × 5,8 cm × 19,5 cm, so 
the volume of the box is 1 017,9 cm3  

 
The International System of Units was developed in France and is shortly known as 
the SI system. 

TABLE 2: SI system 
We normally use cm3 or m3 to 
describe volume: 
1 000 mm3 = 1 cm3 
1 000 000 cm3 = 1 m3 

We normally use l (litre) or ml (millilitre) 
to describe capacity: 
10 ml = 1 cl 
1 000 ml = 1 l 

 
RELATIONSHIP BETWEEN VOLUME AND CAPACITY  
This is the next paragraph – as you can see, if you use Normal style, you do not have 
to insert empty paragraphs between paragraphs! 
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DEMONSTRATION  
Pour 1 litre of water into container of 10 cm by 10 cm by 10 cm. 
CONCLUSION 
Conclude that 1 ml = 1 cm3. 
 

TABLE 3: Relationship between the two units 
 Volume Capacity 

1 cm3 = 1 ml 
 

 

 
 

 

 
 

1 000 cm3 = 1 l 
 

 

 
 

 

 

1 m3 = 1 kl 
 

 

 
 

 

 

(Source: Headstart Maths grade 8; OUP) 
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Two important points to discuss and clarify 
It is important not to simplify the relationship between volume and capacity. While it 
is true that 1 ml of liquid takes up a volume of 1cm3 , the opposite is not necessarily 
true (as is demonstrated with the example of a brick). It is important that teachers 
understand that the relationship between ml and cm3 doesn’t necessarily go in both 
directions.  
Participants should realize that the thickness of a container has an effect on the 
capacity of the container. 
For example, in the following two containers the capacity would not be the same, as 
part of the “potential capacity” would be taken up by the material that the container is 
made up of.  
 

 
PROBLEM-SOLVING 
Participants work through problems as provided on worksheets  
Discuss the level of questions with reference to cognitive levels in CAPS 
Participants evaluate the questions in terms of cognitive levels and mark each 
question with K (Knowledge), R (Routine procedure), C (Complex procedure) or P 
(Problem-solving). 
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DISCUSSION 
Participants discuss the information given on a number of slides  
The content addressed in the workshop should have given participants the deeper 
understanding of the concepts volume and capacity necessary to participate in this 
discussion. 
GENERAL DISCUSSION TO CONCLUDE THE WORKSHOP 
Possible questions:  
* What pre-knowledge is necessary for learners to grasp the concepts of volume and 
capacity? 
* What are the advantages of understanding as opposed to memorizing? 
* Is it a good idea to teach learners that  𝑉𝑉 =  𝑙𝑙 × 𝑏𝑏 × ℎ ? 
What will be done in the workshop: How will the time slot be broken up 

 
1. Introduction 

 
15 minutes 

2. Volume 
 

15 minutes 

3.  Capacity: unpacking the concept 
 

20 minutes 

4. Relationship between volume and capacity 
 

15 minutes 

5. Problem-solving 
 

25 minutes 

6. Discussions 
 

30 minutes 

  120 minutes (2 hours) 
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THE USE OF TRIANGLES AS BUILDING BLOCKS IN ORDER 
TO CREATE A DEEPER UNDERSTANDING OF 

QUADRILATERALS  
Michelle du Toit 

M2Mathematics Tutoring and Training 
“Why can a kite become a concave quadrilateral and do other quads possess the same 
quality?” Questions like these can be answered by understanding the extent to which 
triangles are unique and can be used to teach different mathematical concepts. This 
workshop sets out to explore triangles and how, when they are manipulated by a 
specific combination of transformations and/or tessellation, will create quadrilaterals 
and similar triangles. Constructions are done in stages using the MATHOMAT 
template which provides a unique approach to learning geometry, leading into a 
deeper understanding by using a concrete method. The focus is on: Transformations 
of triangles into to quadrilaterals and other similar triangles as well as properly 
identifying quadrilateral, as well as decomposing said quadrilaterals into triangles. 
Insight will be gained on: area, perimeter, fractions, ratio, similarity and the Midpoint 
Theorem that can be taught from these constructions. This workshop will involve skill 
and knowledge gained from the Session 1 workshop on angles and transformations, 
which will be hosted by John Lawton using MATHOMAT. 
TARGET AUDIENCE:  Intermediate and senior phase teachers 

DURATION: 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 200 
MOTIVATION 
The foundation- and higher phases gets little to no exposure to working with concrete 
materials and if it is available it has lots of limitations. Geometrical ideas are being 
conveyed to students in an abstract way. Students only work with the tin-set from 
grade 7 and its use for geometry is severely limited. Another hurdle is Spatial ability, 
which is considered an intelligence on its own. This ability which does not get any 
special attention, is a necessary skill to understand and use geometry. To bring back 
concrete approaches which can also bridge the concrete into semi-concrete phases so 
that the abstract phase is better understood the MATHOMAT template is the perfect 
solution to not only teach geometry but also develop a deep understanding of the field. 
MATHOMAT allows for the student to explore, duplicate and master concepts that 
could otherwise not be experienced on a concrete level. This boosts their self-
confidence and hopefully lead them to start an exploration of geometry on their own. 
This workshop strives to underline how different types of triangles combined with 
isometries will produce composite shapes which will be quadrilaterals. Each 
quadrilateral comes from a specific triangle. The idea is to understand shapes, 
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especially quadrilaterals to such and extend that it is not parroted from a list but 
understood on a level where the student can draw conclusions from facts. 
CONTENT OF THE WORKSHOP 
This is a concrete workshop where attendees are expected to do some hands-on work. 
Participants will use the template received from session one to actively participate in 
the activities that will be demonstrated. As we progress through the workshop, 
discussions will be held on the findings. 
THE DIFFERENT TYPES OF TRIANGLES  (5 min) 
The following triangles will be introduced and constructed with the MATHOMAT 
template: 
Equilateral, scalene, isosceles, scalene-right angled as well as an isosceles-right angled. 
Their respective properties regarding the types of angles and lengths of their sides will 
be reviewed. 
All of the triangles used will be referred to as unit-triangles for their specific 
constructions. 
Distance and angle measures are preserved throughout the transformations; thus, we 
are using Isometries or Euclidean congruency. Similarity is when the ratio’s between 
distances are preserved as well as angle measure. 
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Stage One: Using triangles as building blocks  (10 min) 
Tool: MATHOMAT template 
Construction: Scalene triangle and it’s enlargement. 
Skill: Enlargement by a factor of 2, measuring angles (revised from workshop 1) 
Insight gained: Concrete proof of similarity, Non-rigid transformation. 
Demonstration and discussion, it will be concluded that: three sides differ in length and 
the three angles differ in magnitude as well as having two of them being acute and the 
third obtuse. See figure 1. 
 
     
 
 
Stage Two: Composite shape with two triangles – PARALLELOGRAM  (20 min) 
Tool: MATHOMAT template 
Construction: Parallelograms and Kites. 
Skill: Rigid Transformations – rotation, translation and reflection. 
Insight gained: Characteristics of the constructed quadrilaterals, area and perimeter. 
A set of scalene triangles will be constructed and isometries will be applied. See figure 
2 -7 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 2 Scalene Triangle 

Figure 8: Parallelogram- Longest sides of scalene 
triangles forms a diagonal. 

Figure 8: Parallelogram - Shortest sides of 
scalene triangles forms a diagonal. 

Figure 8: Parallelogram – Second longest sides 
of scalene triangle forms a diagonal. Figure 8: Kite – Reflect one scalene triangle and rotate/reflect so 

that longest sides of the triangles form a diagonal. 

Figure 8: Concave Kite, reflect one scalene 
triangle and rotate so that second longest sides 
form a diagonal. 

Figure 8:Concave Kite, reflect one scalene triangle and 
rotate so that shortest sides forms a diagonal. 
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Stage Three: Composite shape with three triangles – TRAPEZIUM (15 min) 
Tool: MATHOMAT template 
Construction: Scalene Trapezium 
Skill: Transformations – rotation, translation.  
Insight gained: Characteristics of the constructed quadrilateral, tessellation. 
This construction will form a scalene trapezium. This will lead to a conclusion that the 
perimeter is 12 units and the area amounts to 3 u2 See figure 8. 
 
 
 
Stage four: Composite shape, four triangles:  SCALENE TRIANGLE  (15 min) 
Tool: MATHOMAT template 
Construction: Similar triangle  
Skill: Non-rigid and rigid transformations, tessellation. 
Insight gained: Enlargement and the Midpoint Theorem. 
A tessellation of four scalene triangles will result in a similar triangle. (See figure 9)                                              
This enlargement made with tessellations will be compared to the enlargement made 
in stage 1 (figure 1) The comparison will be tabulated. (See table 1) 
The area of this tessellated triangle will also be compared to that of a unit triangle. 
 
 
 
 
 
                                                                                                                

Table 1 Comparing fig.1 and fig. 9 

Figure Perimeter Area Unit triangles Fraction Ratio 
1 6 units 1 u2 1 Fig1 is         ¼ 

of         Fig 9 1:2 9 12 units 4 u2 4 

Figure 9: Trapezium - Three tessellated 
  

Figure 10: Tessellated scalene triangle, similar to unit 
triangle. 
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CONCEPTS THAT FLOW FROM THE CONSTRUCTIONS: (15 min) 
Perimeter and Area  
Fractions and Ratios 
THE REMAINING TRIANGLES (20 min) 
The remaining triangles will be discussed only with regards to the specific 
transformations needed in order to create quadrilaterals.  The appendix contains the 
full list of triangle transformations and comparisons done with the MATHOMAT 
template. See Appendix. 
BRIDGING FROM QUADRILATERALS BACK TO TRIANGLES (20 min) 
Tool: MATHOMAT template. 
Construction: Golden Rectangle; shape no: 25 and Isosceles Trapezium shape no:40 
Skill: Properties of diagonals, bisecting and intersecting. 
Insight gained: Decomposing shapes - useful for circle geometry.  
The attendees will be shown how to enlarge the Golden Rectangle and the Isosceles 
Trapezium. 
Rectangle: 
The rectangle has two bisecting diagonals. The first and second diagonals if drawn 
separately will show a total of four right-angled triangles. When we only look at the 
bisecting diagonals another four triangles can be seen as two pairs of non-congruent 
isosceles triangles.  
 
 
 
 
 
 
 
 
 
 
 
 

Figure 11 :The Golden 
Rectangle 

Figure: 11 Golden 
Rectangle first 
diagonal 

Figure 12: Golden 
Rectangle, second 
diagonal 

Figure 13: Golden 
Rectangle, bisecting 
diagonals 
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Isosceles Trapezium: 
This trapezium has two intercepting diagonals. The first and second diagonals if drawn 
separately will show a total of four scalene triangles. Each pair of scalene triangles 
within one trapezium will be non-congruent. When we only look at the intersecting 
diagonals another four triangles can be seen of which only two pairs of scalene triangles 
will be congruent and the remaining two triangles will be non-congruent isosceles 
triangles. 
 
 
 
 
 
 
 
 
 
 
 
 
 
CONCLUSION: 
The more practical and concrete geometry is being taught, the more insight one has to 
the different concepts. Having a resource that is scaled properly will have students gain 
certainty on facts. Self-confidence comes from understanding how more difficult 
concepts can relate to known shapes and ideas. This workshop will enable teachers to 
draw up a lesson plan that teaches on a deep level with concrete resources and manages 
to encompass different geometrical fields that may be introduced informally or be the 
focal point of the lesson. 
REFERENCES: 
Sango, T. (2014). Mathematics Formulas. 49-54. 
Tapson, F. (2013). Oxford Mathematics Dictionary Grades 10 – 12. 53,99,139. 
Posamentier, Alfred S, Lehmann, Ingmar. (2012). The secret of triangles, a mathematical journey. 283 -287 
  

Figure 14: The Isosceles Trapezium 

Figure 15: Isosceles Trapezium, 
first diagonal Figure 16: Isosceles Trapezium, 

second diagonal Figure 17: Isosceles Trapezium, 
intersecting diagonals 
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DID SISYPHUS MAKE IT? 
MATHEMATICAL ACTIVITIES THAT COULD DEVELOP GRIT 

Neil Eddy 
Wynberg Boys’ High School 

 
How often do we require our pupils to perform tasks of rolling rocks to the top of hills, 
only to watch them tumble back down during the night? The research on grit and mind-
set by the likes of Angela Duckworth, Carol Dweck and Jo Boaler give us some 
direction on the types of activities that might relieve our pupils of the disillusionment 
of Sisyphus. We will try to establish some principles for developing tasks that build grit 
through being open-ended, through having multiple solutions, through delivering some 
control to the learner, and through requiring deeper and longer engagement than the 
regular type of question. During the workshop we will try some extended tasks based 
mostly in grade 8 and 9 algebra and geometry, looking at the theory of grit and mind-
set and using some data from my trying to make sense of them in a school environment. 
We will also consider the benefits of problem-solving through the lens of João da 
Ponte’s model of types of mathematical tasks.  
TARGET AUDIENCE: Senior Phase Teachers 
DURATION: 2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30 
CONTENT OF THE WORKSHOP 
15 minutes of introductory tasks 
15 minutes of theoretical underpinning 
30 minutes on an extended task 
30 minutes looking at the characteristics of multiple gritty tasks 
25 minutes discussion 
5 minutes wrap up 
 
REFERENCES 
Boaler, J. and M.E. Staples, (2014). Creating Mathematical Futures Through an Equitable Teaching Approach: 

The Case of Railside School. In N.S. Nasir, C. Cabana, B. Shreve, E. Woodbury, and N. Louie (Ed), 
Mathematics for Equity (pp. 11 – 34). Columbia: Teachers College, Columbia University. 

Boaler, J. (2016). Mathematical mindsets: Unleashing students' potential through creative math, inspiring 
messages and innovative teaching. San Francisco, CA, US: Jossey-Bass. 

Da Ponte, J.P. (2011). Exploring and investigating in mathematics teaching and learning. In Proceedings of 
ICME 11 (pp. 208 – 228). Monterrey, Mexico 

Duckworth, A. (2016). Grit: The power of passion and perseverance. New York, NY, US: Scribner/Simon & 
Schuster. 

Duckworth, A.L. and P.D. Quinn (2009): Development and Validation of the Short Grit Scale (Grit–S). 
Journal of Personality Assessment, 91(2), 166-174. 

Dweck, C.S., Walton, G.M. and Cohen, G.L. (2014). Academic Tenacity: Mindsets and Skills that Promote 
Long-Term Learning. Seattle: Bill and Melinda Gates Foundation. 
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THE ‘BIG IDEA’ IN MEASUREMENT 
Kaashief Hassan  

University of Cape Town 
Measurement represents an aspect of school mathematics that has a direct real-word 
application. Teachers find this everyday context appealing when faced with the task of 
teaching this predominantly abstract discipline. This default perception of 
measurement creates classroom experiences that focus on the skills employed in 
measuring various attributes of objects at the expense of generating a conception of 
what measurement is. Numerical measure (i.e. mapping the attribute of the object 
being measured to a number) entails the following principles: (i) the choice of a unit 
of measure; (ii) the comparison of an extent of the same type as the chosen unit of 
measure, against the unit of measure; (iii) the expression of the comparison as a 
number describing the compared extent in terms of the unit of measure. Measurement 
also serves as a context for the application of number knowledge. Measure mediates 
between simple computational structures for non-numeric comparisons of aggregates 
on the one hand (core domain), and simple computational structures for computations 
with numbers, on the other hand (noncore domain). Measure is structure-preserving 
in such computational contexts. It is from this perspective that materials designed for 
the use in classrooms should ideally be developed, and therefore stands to reason that 
teachers should demonstrate a profound understanding of this very position. 
 
TARGET AUDIENCE: GET Foundation and Intermediate Phase teachers  
DURATION: 1 Hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30-40  
 
MOTIVATION: 
Measurement as taught in the primary schools is often engaged in as a disjointed and 
algorithmic aspect of school mathematics. Each application of measurement becomes 
‘unique’ and specific to a particular context. Correlations between various applications 
of measurement is hardly ever made apparent and the general concept of what 
measurement is remains elusive. Learners often make errors in measurement and are 
ignorant as to when and why their measurements are problematic. The way in which 
measurement serves as a metaphor for number is a key piece of pedagogic insight that 
could be employed far more deliberately to develop better conceptions of both number 
and measurement. Often learners who struggle with number are misdiagnosed as 
displaying barriers with measurement, when in fact the output for a measurement 
activity is a number, the basis of their struggle. This workshop aims to present 
measurement as a comprehensive concept, incorporating measurement in one-; two- 
and three-dimension as well as developing a working definition of what measurement 
is. The workshop is the result of a collaborative project that served to develop materials 
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for the use in training Intermediate Phase mathematics teachers across higher education 
institutions within South Africa. 
CONTENT OF THE WORKSHOP 
5 minutes: Introduction 
45 minutes: Application through presentation of activities 
10 minutes: Discussion and evaluation 
CONCLUSION 
This workshop is an attempt at exposing teachers to a coherent approach to teaching 
measurement at primary school. It also attempts to get teachers to confront the reality 
of interpreting curriculum and translating this into the classroom. Recognizing the 
benefits of exposing learners to school mathematics as being a conception developed 
through understanding the interrelation between the five content areas constituting the 
discipline. Defining measurement from this perspective is key in teaching the content 
in a way that allows learners to develop a conception of what measurement is, rather 
than just a skill used in quantifying objects. 
 
REFERENCES 
Ciancio, D.S., Rojas, A.C., McMahon, K., & Pasnak, R. (2001). Teaching oddity and insertion to Head Start 
children; an economical cognitive intervention. Journal of Applied Developmental Psychology, 22, 603 – 
621.  

Clements, D.H., & Sarama, J. (2009). Learning and Teaching Early Math: The Learning Trajectories 
Approach. New York: Taylor & Francis. 

Lebron-Rodriguez, D.E., & Pasnak, R. (1977). Induction of intellectual gains in blind children. Journal of 
Experimental Child Psychology, 24, 505 – 515. 

PrimTED Number Sense working group. (2018). Theoretical Proposition 15. The cognitive basis for the 
growth of number knowledge and arithmetic.  

Sarama, J. & Clements, D.H. (2009). Early Childhood Mathematics Education Research – Learning 
trajectories for young children. Routledge: Taylor and Francis. 

Van den Heuvel-Panhuizen, M., & Buys, K. (Eds). (2008). Young Children Learn Measurement and Geometry 
– A Learning-Teaching Trajectory with Intermediate Attainment Targets for the Lower Grades in Primary 
School. Sense Publishers – Rotterdam/Taipei. 
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CASIO FX82ZA+ SCIENTIFIC CALCULATOR USAGE IN THE 
GRADE 7 AND 8 CLASSROOM 

Lauren Izaaks 
CASIO 

TARGET AUDIENCE: Grade 7 and 8 Maths Educators 

DURATION: 2 Hours 

MAXIMUM NO OF PARTICIPANTS:  60 (30- 40 ideal number of participants) 

MOTIVATION 

The CASIO FX82ZA- Plus Scientific Calculator has many functions that can be used 
by learners and educators in the classroom, during tests and exams.  This workshop 
will assist the educators with all the relevant functions of the Casio FX82ZA- Plus 
making it easier to understand and in turn making teaching easier. 

CONTENT 

In this workshop we will be focussing on general calculator usage aimed at Grade 7 & 
8 Educators. 

ABSTRACT 

This workshop will be aimed at increasing the knowledge and ability of Grade 7 and 8 
Educators to use the Casio Fx82ZA- Plus Calculator in their classroom.  This will 
enable educators to have a better understanding of the functions of the calculator and 
therefore making teaching and learning an easier task.  This workshop will be a hands 
on and interactive session so it is advisable that a Casio Fx82ZA- Plus Calculator is 
brought to the session.  
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REFLECTION IN MATHEMATICS TEACHING AND LEARNING 
Zurab Janelidze 

Stellenbosch University 
 
The goal of this workshop is to introduce to mathematics teachers to the idea of 
teaching mathematics through mathematical reflection, distinguished from problem-
solving or learning of procedures.    
TARGET AUDIENCE: INTERMEDIATE AND SENIOR PHASE 
DURATION: 2 HOURS 
MAXIMUM NUMBER OF PARTICIPANTS: 50 

MOTIVATION 
Mathematics is, on one hand, a subject that is compulsory in education of learnings, 
and on the other hand, it is a subject where success seems to depend on rare skills of a 
learner. But is this really so? Maybe it is not the mathematics that has these features, 
but the way mathematics is portrayed by society, teachers and lecturers? The aim of 
this workshop is to demonstrate to teachers some classroom activities that could enable 
teachers to make mathematics more accessible to learners, and more fascinating even 
to those who otherwise would appear to struggle with the subject. The fundamental 
idea is to replace the activities of learning procedures and solving problems as core 
mathematical activities with the activities of mathematical reflection. In the workshop, 
examples of such activities will be given in which the audience will have opportunity 
to engage. The workshop will also include a presentation of the philosophy of this 
approach along with an overview of relevant literature in mathematics education.  
CONTENT OF THE WORKSHOP 
15 minutes: Introduction 
45 minutes: Reflection activities with audience engagement 
15 minutes: Presentation of the philosophy of reflection and relevant literature 
30 minutes: Further reflection activities with audience engagement 
15 minutes: Discussion 
CONCLUSION 
This workshop will enrich teachers with new techniques in teaching mathematics that 
they could use in their classroom to deepen learners’ mathematical ability
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TRANSFORMATION (TESSELLATION): EXPLORING 
PATTERNS WITH SHAPES CREATIVELY AND 

MATHEMATICALLY 
Zonia Jooste and Stanley A Adendorff 

Cape Peninsula University of Technology 

Teaching in a way that is more learner-centred seems difficult for teachers to attain. 
However, the  nature of some mathematics content such as transformations and 
tessellations allow us to use practical teaching strategies to expose learners in a way 
whereby they constructively explore and learn in a hands-on and meaningful way. The 
main aim of this workshop is to expose delegates to novel and fun ways to the 
mathematics of transformations and tessellations 
TARGET AUDIENCE: Intermediate and Senior Phase Teachers/Lecturers  
DURATION: 2 hours  
MAXIMUM NUMBER OF PARTICIPANTS: 35  
MOTIVATION  
As lecturers and trainers of pre-service teachers (PSTs), we have noticed that our PST’s 
knowledge of transformations and tessellations is limited. These observations raise 
concerns that the topic is possibly not taught effectively or not taught at all in some 
schools. We therefore wish to highlight and emphasize the significance and merit of 
teaching and learning transformations and tessellations, a topic that does not only 
enhance an appreciation for the beauty and marvel of mathematics, but also serves to 
integrate numerous geometrical terms and concepts as indicated by the diagram. 
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DESCRIPTION OF WORKSHOP CONTENT  
• Participants will be given shapes (models) to do exploratory activities [15 minutes] 
   and complete a table  
• Discussion on the findings in (bullet 2)      [10 minutes] 
• Social knowledge discussion: What is tessellation?    [10 minutes]  
• Measurement activity: exploring through measurement why some regular 2D shapes 
tessellate and why others do not. Discussion of vertex arrangements in tessellations [20 
minutes] 
• Discussion of different types of tessellations – using two or more shapes to form 
tessellations [10 minutes] 
• Discussion: ideas for classroom implementation     [10 minutes]  
• Instructions for creating authentic tessellations through transformations and Escher 
methods [10 minutes] 
• Activity: participants create their own unique tessellations   [35 minutes] 
 • Reflection  
  
 

 

 

 

 

 
  

  

This workshop has been developed through the Teaching and Learning Development Capacity 
Improvement Programme which is being implemented through a partnership between the Department 
of Higher Education and Training and the European Union. 
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FUNCTIONS FOR THE FET PHASE 
Charles Khuzwayo 
Shooter and Shuter 

 
TARGET AUDIENCE:  FET Phase Mathematics Teachers 
DURATION:  2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS:  30 - 50 
 
CONTENT OF THE WORKSHOP 
5 minutes       : Introduction 
1h45 minutes : Engaging with activities in the study guide 
10 minutes     : Discussion 

Exam revision is a stressful time. No one understands this better than the creators 
of Ace it! so we’ve developed a range of study guides to help you do well in every 
subject you’re taking from Grade 8 to 12. 

Everyone has to write the same tests and exams, but we know and understand that 
every learner learns differently. Ace it! has been developed to suit individual learning 
styles, while still covering all of the important concepts and skills that you need to 
know to succeed. 

The creators of Ace it! have a long and proud history in educational materials. We rely 
on the best and most knowledgeable authors, many of whom are teachers. This means 
that you can be sure that Ace it! is a quality product, guaranteed to improve your 
results. 

Our deep knowledge of education also means that we’ve got the experience to know 
how to guide learners in the right direction, and how to make something as complex as 
meiosis or the economic cycle seem simple. 

Every Ace it! study guide has been developed to suit both the CAPS and the IEB 
curricula. So no matter your school, you know that everything you need to know will 
be in your study guide. 

You can use Ace it! throughout the year to supplement your school textbooks and 
teachers’ notes. You can also just use them for revision just before the exams. However 
you choose to use them, the Ace it! study guides are the only study guides you’ll need. 

Ace it! is available for Mathematics from Grade 8 to 12. 
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TEACHING GEOMETRY FOR DEEP UNDERSTANDING 
THROUGH ACTION LEARNING WITH THE MATHOMAT 

TEMPLATE 
John Lawton 

Objective Learning Materials Pty Ltd 
 
The structure and purpose of basic tools used in mathematics, such as rulers and 
protractors, is obscure to many students. See for instance Smith and Barrett  (2017, p. 
373) who argue that this problem reflects a wider concern that geometry is often taught 
in a procedural way which lacks depth. This workshop aims to develop a deep 
understanding of the use of MATHOMAT as a geometry tool. This is achieved through 
a focus on  understanding the important but often poorly defined concept of angle as 
well as the development of a broad and deep appreciation of the concept of symmetry. 
Engagement with the first of these topics will result in greater skill and confidence in 
the use of protractors, and in the second with an understanding of the use of potential 
symmetry operations in the Mathomat template as a geometry tool. 
TARGET AUDIENCE: Teachers of mathematics for years 4 to 9 and beyond 
DURATION: 2 hours 
MAXIMUM NUMBER OF PRATICIPANTS: 200 
MOTIVATION 
As the producer of the MATHOMAT geometry template I am frequently challenged 
with the criticism by schools that they do not have enough training to be able to fully 
utilize all of the potential in the Mathomat templates used by their students. As a PhD 
research student at Deakin University I am interested in the fact that addressing the 
opacity of tools is a major research priority in geometry education (Smith & Barrett, 
2017, p. 377). This workshop aims at achieving deep understanding of geometry tool 
use. The key to understanding this as a learning process is to be aware of the importance 
of mental imagery. As Mason and Davis (2011, p. 34) point out: “The ability to form, 
operate on and transform mental imagery lies at the heart of mathematical thinking”. 
The Mathomat geometry template can be used to invoke mental imagery. This 
workshop shows how teachers can take advantage of this characteristic of Mathomat 
to help students form dynamic, flexible and deeply internalized mental models when 
solving problems. In the workshop these mental models are used as a tool to unify the 
several different concepts of angle used in middle schools classrooms so as to 
successfully operate a protractor; as well as to appreciate the beauty and power of 
symmetry in the world around us by learning to unpack the potential symmetry 
operations in MATHOMAT as a design tool.  
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CONTENT OF THE WORKSHOP 
This is a hands-on workshop. Participants will receive a Mathomat template and 
workshop activity book. These materials are for their personal use, encouraging them 
to develop a sense of personal satisfaction and ownership of their creative design work 
in the session. Participants will be encouraged to discuss their findings collaboratively 
as the workshop progresses. 
Introduction and familiarization with MATHOMAT (10 minutes) 
An initial introduction to the Mathomat template (see Figure 1). Participants are then 
asked to consider the 2-D patterns in Figures 2 and 3 of their workshop books before 
completing their own Mathomat design, shown in  in worksheet 4 of table 1. 
Warm ups to invoke mental imagery with MATHOMAT (10 minutes) 
An introduction by John Lawton to the creative nature, and difficulty of geometry as a 
topic, by discussion of the concept of van-Hiele levels. This leads to a discussion about 
the importance and difficulty of building mental imagery when working 
mathematically. Learners use their Mathomat templates to do the “Number line flips” 
and “Breaking out of drawing space” activities in their workshop books. These are 
designed to stimulate thinking and discussion about mental imagery. Warm ups section 
concludes with discussion of classroom photographs of Mathomat in action (figures 7 
and 8).  
Using the MATHOMAT protractor (15 minutes) 
Learners are introduced to three different angle contexts, involving separate angle 
concepts, being: Corner angle (figure 10) situations, slope angle situations (figure 11) 
and angle as rotation situations (figure 12). The standard representation of angle as 
two rays meeting at a vertex (the standard angle concept)  is introduced in concrete 
terms as an image of a drinking straw (figure 9). Students are encouraged to draw 
examples of each type of angle and to learn to see all three concepts within the same 
angle context. Workshop participants are then introduced to formal units of angle 
measurement, beginning with the use of 90 degrees as a reference and concluding with 
the use of degrees for more precise angle measurement. The culmination of the work 
on angles in the workshop is instruction for the use of protractors to measure and to 
draw angles (figures 14-19). The sequence of mental and physical steps involved in 
this process is used by reference to the operation of the standard angle concept with the 
protractor.  
Symmetry and the isometries of the plane (15 minutes) 
Learners are introduced to the idea that transforming Mathomat shapes, and designs, 
so as to retain their original size and structure can be fully explained through one, or a 
combination of, the four isometries of the plane. After studying illustrations of  these 
operations in the workshop book learners are asked to select one of them and to perform 
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the sequence of actions involved in that transformation by drawing it in their workshop 
book using Mathomat as a tool.  
Symmetry operations (30 minutes) 
John Lawton introduces the idea that under certain conditions two of the isometries can 
be used to transform a 2-D object into itself. Learners then use their Mathomat 
templates to explore symmetry operations by finding line symmetry (figure 25) and 
rotation symmetry (figure 24) in real world objects illustrated in the workshop book  
given to learners. Learners are asked to work in pairs to find the number of lines of 
symmetry in their Mathomat shapes and the number of rotational symmetries in their 
Mathomat templates. Discussion is called for. If time and workshop room facilities 
permit, a 3-minute video recording of a group of year 5 students finding line symmetry 
in their Mathomat shapes and preparing a poster of their results will be shown (figure 
26 shows a still clip from the lesson video). 
Group theory and symmetry operations (10 minutes) 
John Lawton will demonstrate how to find which of two symmetry groups each non-
circular Mathomat shape (and every finite 2-D object) belongs to, by describing the 
Dihedral and Cyclic groups. Learners are asked to classify their previous drawings 
and their Mathomat shapes according to its symmetry group. 
Wrap up (30 minutes) 
DISCUSSION  

TABLE 1: Titles of figures to be used in the workshop 
Figure number Title 

Figure 1 The Mathomat geometry template 
Figure 2  2-D patterns made using Mathomat 
Figure 3  Homogeneous patterns made using Mathomat  
Figure 4 Worksheet space for drawing own Mathomat pattern 
Figure 5 The Number line flips activity 
Figure 6 The Breaking out of drawing space activity 
Figure 7 Mathomat in action 
Figure 8  Mathomat in action 
Figure 9 The use of the drinking straw to represent angle 
Figure 10 Corner angle example 
Figure 11 Slope angle example 
Figure 12 Turning angle example 
Figure 13 The standard representation of angle 
Figure 14 Practice space for learners to draw an angle with their 

Mathomat 
Figure 15  Examples of both physical and mental steps using a protractor 
Figure 16 Mathomat protractor instruction: remember to estimate 
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Figure 17 How to use the Mathomat protractor: step 1 
Figure 18 How to use the Mathomat protractor: step 2 
Figure 19 How to use the Mathomat protractor: step 3 
Figure 20 The four isometries of the plane 
Figure 21 Examples of motion drawings with Mathomat using 

isometries of the plane 
Figure 22 Use Mathomat to find the rotational symmetry in these real-

life examples 
Figure 23 Use Mathomat to find line symmetry in these real-life 

examples 
Figure 24 Worksheet to find number of lines of symmetry in Mathomat 

shapes 
Figure 25 Worksheet to find number of rotational symmetries on 

Mathomat shapes 
Figure 26 Still clip from Mathomat symmetry lesson 

 
REFERENCES 
Mason, J., & Davis, J. (2011). Fostering and sustaining mathematics thinking through problem solving. In 

Problem solving and modelling in the mathematics classroom. Melbourne: Deakin University. 

Smith, J., & Barrett, J. (2017). Learning and teaching measurement: Coordinating quantity and number. In J. 
Cai (Ed.), Compendium for research in mathematics education. Reston, Va: NCTM. 
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TEACHING PROBLEM SOLVING STRATEGIES TO LEARNERS 
Tarryn Locke 

Glenwood Preparatory School 
Problem solving is an imperative tool which teachers should be using in their teaching 
of Mathematics. Teaching, in general, is no longer simply about imparting knowledge 
to our learners. We need to develop their logical thinking and reasoning skills which 
can then be used to solve real-life problems in their future. Teaching specific problem 
solving strategies gives children who may, at first, be hesitant to tackle unfamiliar 
problems, the tools to solve problems using a suitable solving format. These strategies 
can then be applied to more challenging and divergent types of problems. Teachers, 
themselves, need to gain confidence in these problem solving strategies. In this 
workshop, we will explore and practice questions which fall into 8 specific problem 
solving strategies. 
TARGET AUDIENCE: Intermediate and Senior Phase 
DURATION: 1 ½ - 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30-40  
INTRODUCTION (10 MINUTES) 
Discussion of the need for teaching problem solving strategies as part of our 
daily/weekly Mathematics lessons. 
CONTENT (70-90 MINUTES) 
Explore 8 specific problem-solving strategies. For each strategy, the example will be 
discussed and solved visibly by the facilitator. Teachers will then apply the same 
strategy to another problem of a similar nature. Answers and methods will be 
discussed. Teachers may discuss how easy/difficult this strategy would be to use in 
their own classrooms. 
CONCLUSION (10 MINUTES) 
Discuss strategies used, and how using them will give pupils a spring-board to tackle 
all types of problems. Follow-up lessons and worksheets will be shared with teachers. 
RESOURCES 
Besides the first set of worksheets, which we will actively be doing, teachers will also 
have access or be given two follow-up worksheet sets, which can be used at their 
schools. 
REFERENCES 
https://www.teachhub.com/teaching-strategies-problem-solving 

https://www.teachervision.com/problem-solving/problem-solving 

Own worksheets developed by teachers at Glenwood Preparatory School 
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EXPLORING MULTIPLICATION IN THE INTERMEDIATE 
PHASE 

Rethabile Machaka 

Mokitlane Primary School 

This workshop aims at presenting different ways that teachers can use to effectively 
teach multiplication in mathematics classes at intermediate and senior phases. The 
teaching of multiplication in some cases is often reduced to acquiring procedural 
knowledge with little or no emphasis on conceptual understanding. The session is 
intended to create opportunities for teachers to explore the use of different strategies 
to develop conceptual understanding of multiplication. The workshop also intends to 
create awareness and reminders of various methods that teachers can use to teach 
multiplication so as to cater for different learners at the intermediate phase.  

TARGET AUDIENCE: Intermediate Phase and Senior Phase  

DURATION: 1 hour workshop  

MAXIMUM NUMBER OF PARTICIPANTS: 30 participants (5 groups of six)  

MOTIVATION: 
The ability to master basic mathematical computation is key to success with higher 
level mathematics problem. There are different ways to multiply numbers, all at 
teachers’ disposal. These include repeated addition, memorizing the grid method, long 
multiplication, Lattice Multiplication Method, Vedic Multiplication Method, Area 
Multiplication Method, Egyptian Multiplication Method, Russian Peasant 
Multiplication Method and drawing lines among others. Learning about each of these 
methods will help teachers decide which method works best for a given situation. Rote 
memorizations also known as drilling was once a widely used instructional strategy for 
the teaching and learning of multiplication. Researchers have indicated that learners 
learn differently and make sense of concepts in their own different ways. Teaching one 
concept in a variety of ways has value of incorporating inclusivity in teaching and 
learning, which is a key component as encouraged by the curriculum and assessment 
policy statement (CAPS) (DBE, 2011). Teachers who expose their learners to a variety 
of ways to solve multiplication problems increase these learners’ chances of mastering 
this content (Garain and Kumar, 2018). New strategies have emerged to help learners 
master multiplication facts.  

DESCRIPTION OF CONTENT OF WORKSHOP 
The workshop will comprise of tasks that cater for the Intermediate phase and senior 
phase. Selected mathematics strategies the teaching and learning of multiplication will 
be discussed and demonstrated. Thereafter, teachers will be encouraged to work in 
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small groups and discuss with their peers. Teachers will be expected to share even other 
methods they have and have been using in their teaching. 

Some of the methods that this workshop will involve include: multiplication by skip-
counting; Lattice Multiplication Method; Vedic Multiplication Method; The Grid 
Method; Area Multiplication Method; Egyptian Multiplication Method; Chinese 
Method of Multiplication; Russian Peasant Multiplication Method;  

STRUCTURE OF THE WORKSHOP  

 
TIME 
 

 
ACTIVITIES 

2 minutes Introduction: Brief introduction of the facilitator.  
5 minutes   Ice Breaker: Video clip  
10 minutes  Brief explanation of what literature says about multiplication and Rote 

learning 
15 minutes  Multiplication strategies  
5 minutes  Discussion  
15 minutes  Multiplication strategies  
5 minutes  Discussion  
3 minutes  Wrapping up 

 

CONCLUSION  
Teachers will be given an opportunity to engage with various methods. They will also 
be expected to note the advantages and disadvantages of various methods that can be 
used to multiply numbers. This hand-on practical workshop will allow teachers to 
explore different ways of teaching and learning multiplication. Focusing on helping 
teachers to find better ways to help learners make sense of multiplication in their own 
way.   
REFERENCES 
Campell, J. J. & Graham, D.J(1995).Mental Multiplication combinations. Duke University Research 

Studies in Education (pp. 178-189). 
Flowers J. M. & Rubenstein R. N. (2010) Multiplication fact fluency using doubles. Mathematics 

Teaching in the Middle School, 16(5), 296-301. 
Greer , B. (1992). Multiplication and Division as models of situations. In D.A Grouws (Ed.) 

Handbook of research on mathematics teaching and learning(PP.276-295). New York: 
Macmillan.  

Lampert, M. (1992). Practices and problems in teaching authentic mathematics. In F. Oser, A. Dick, 
& J. L. Parry (Eds.), Effective and responsible teaching: The new synthesis (pp. 295-313). 

Simon, M. (1986). The teacher's role in increasing student understanding of mathematics. 
Educational Leadership, 43, 40-43. 
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TEACHING GLOBAL GRAPHS TO GRADE 7 AND 8 LEARNERS 
PT Mahlabela and WT Mkhwanazi  

   Centre for the Advancement of Science and Mathematics Education and UKZN    
  
In the Senior Phase, learners “are introduced to line graphs that show functional 
relationships described in terms of dependent and independent variables” (CAPS, p. 
65). They have to analyze, interpret and draw global graphs of given descriptions of 
real life situations and identify certain trends and features. Teachers often find the 
teaching of global graphs a challenge. The workshop intends to enhance the teaching 
of this topic as functional relationships are the backbone of mathematics teaching 
and learning. If properly taught in this phase, learners do not struggle with Further 
Education and Training (FET) Mathematics.  
 
CONTENT OF THE WORKSHOP 
• Links of SP functions and relationships to Intermediate Phase (IP) and FET 

Mathematics will be explored (5 minutes) 
• Participants will be introduced to functional relationships (15 minutes) 
• They will sketch and discuss graphs that relate water levels to time for containers 

of different shapes (25 minutes).  
• They will then analyze graphs to identify trends and features that include whether 

the graphs are linear or non-linear; are they increasing, decreasing or constant; do 
they have a maximum or a minimum. (60 minutes). 

• They will reflect on the workshop activities to wrap up the presentation (20 
minutes) 

 
REFERENCES 
DBE (2018). Mathematics Grade 7 (Book 2). Rainbow workbooks. 

DBE (2018). Mathematics Grade 7 (Book 2). Rainbow workbooks. 

http://www.math.com/school/subject2/lessons/s2u1l1dp.html  

Sasol Inzalo Foundations, Ukuqonda Institute and DBE (2014). Mathematics Grade 7 (Book 2). Ukuqonda 
Institute 

Sasol Inzalo Foundations, Ukuqonda Institute and DBE (2014). Mathematics Grade 8 (Book 2). Ukuqonda 
Institute 

 

 
 

http://www.math.com/school/subject2/lessons/S2U1L1DP.html
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TEACHING NUMBER PATTERNS USING FUNCTIONS 
Mahlobo NL and Ndaba TL 

Centre for the Advancement of Science and Mathematics Education 
The teaching of mathematics should give learners broader knowledge of mathematics 
which is not confined within the topic at hand. It is therefore very crucial that 
participants in this workshop will be drawn into this particular exercise. A maximum 
of thirty (30) participants responsible for grade 10, 11 and 12 will work on worksheets 
prepared by the authors in order to explore the beauty of using functions to investigate 
some aspects of number patterns. Discussions and debates will be allowed for more 
insight and clarifications to surface within the workshop. 
INTRODUCTION 
Curriculum and Assessment Policy Statement (CAPS) suggests some specific aims of 
teaching and learning mathematics. It outlines that these serve to develop in learners: 

• an appreciation for the beauty and elegance of Mathematics 
• a spirit of curiosity and a love for Mathematics (p. 8). 

In order to successfully do the afore-mentioned, teachers should be able to broaden 
their teaching. The previous statement means that teachers should be able to 
demonstrate that mathematics topics are interwoven. When teaching patterns, they 
should in a way be able to include examples related to functions, for an example linear 
sequence should related to linear functions. This will tend to enhance mathematical 
understanding among the learners.    
The fundamental aim of this workshop is to expose to participants the possibility and 
ability to teach number patterns using linear functions.   
According to CAPS (p. 9), it further emphasizes and outlines, amongst others, the 
ability to investigate, analyze, represent and interpret information as the skills that 
should be developed in learners. The workshop also seeks to demonstrate this aspect 
of mathematics teaching and learning.  
Mason, Burton and Stacey (2010) suggest that mathematics should be taught such that 
it stimulates in learners thinking mathematically. Thinking mathematically entails 
doing investigations and coming up with conjectures. It entails making generalizations 
and justifying them. The workshop will give the participants an opportunity to engage 
in investigative exercises provided by the authors in which participants will derive a 
general formula which will describe the sequence.  
These activities will expose participants to investigation and interpretation skills 
necessary for learners broaden their knowledge through discovering the sequence using 
linear functions. Participants will investigate as to how to derive the general formula 
using graphs and also accumulate skills as to come to a generalization through patterns     
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CONTENT OUTLINE 
1. Introduction: 5 minutes 
2. Worked Example: 15minutes 
3. Activities and Comments: 90 minutes 
4. Discussions: 10 minutes 

 
WORKSHOP CONTENT 
Participants will be reminded of important features of functions, namely, the gradient, 
dependent variables, independent variables and the intercepts. One example of linear 
number patterns will be done with participants . After this exercise, participants will 
be given graph papers and some activities to do as individuals.  
Example to be done with Participants:  
Suppose we have n possibly overlapping squares that share exactly one vertex 
(corner); in other words, there is one point that is a vertex of each of the squares, but 
no other point is a vertex of more than one square. Figure 1.1 shows one way to draw 
five such squares (i.e., this is the case n = 6). How many vertices do the squares have 
in all? 

 
Fig 1: Overlapping squares 

We begin by drawing some examples, counting the number of vertices, and 
constructing the following table. We are using the notation Tn (nth term) for the total 
number of vertices of n squares to emphasize that the number of vertices is a function 
of n, though we don’t know a formula for the function yet. 

 
Table 1: Number of squares vs Number of vertices 

 
We would like to find a formula for Tn in terms of n. In this case the pattern is fairly 
easy to see: each value of Tn is 3 more than the previous value. We can see this if we 
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look at the differences between successive numbers in the sequence, writing these 
differences in a row beneath the Tn row. 

 
Fig 2: Relating terms to their positions 

                                                                                                       
If we plot the points in our table, with n on the horizontal axis and Tn on the vertical 
axis, we see that the points lie on a straight line. This leads us to guess that the 
function T (n) can be described by a linear function. 

 
Fig 3: Graph of Tn vs number of vertices 
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Fig 4: Graph of Tn vs number of vertices showing y-intercept (T0) 

 
This line has a slope of 3 (the same 3 that is the common difference we saw above), so 
the equation of the line is 𝑇𝑇(𝑛𝑛) =  3𝑛𝑛 + 𝑏𝑏  for some value of b. One way to find the 
value of b is to know that it represents the y-intercept of the line; from our plot above, 
we see that b = 1. 
Alternatively, we can choose a value of n that we know and the corresponding value 
of f (n), plug them into the incomplete formula 𝑇𝑇(𝑛𝑛) =  3𝑛𝑛 +  b, and solve for the 
value of b. Let’s use n = 1, n=2, n=3 etc.    

4 = ( 3 × 1) +  𝑏𝑏, 
                                                                    T1= 4 = 3(1) + b 
                                                                    T2 = 7 = 3(2) + b 
                                                                    T3 = 10 = 3(3) + b  
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Working out the above it is clear that b must be 1. 
So our guess for the formula of Tn is 𝑇𝑇(𝑛𝑛) =  3𝑛𝑛 +  1. 
Alternatively, we can find the value of the constant (b) by realizing that it is equivalent 
to the zeroth term. Since the constant difference is 3 and we know the first term, it is 
possible to evaluate the zeroth term by subtracting 3 from the first term. NB. We 
subtracting 3 because we want to determine the previous term.  

𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 1 = 4  
𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 0 = 4 − 3 

∴ 𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 0 = 1 
Let’s check this formula with the data we know. When n = 5, for example, we know 
that Tn = 16 (from our experimentation). And our formula says 𝑇𝑇(5) = ( 3 ×
5) +  1 =  16, which seems to check out. You can check the other points from our 
table; they should agree with the values given by our formula. 
Participants will then be grouped into groups of three where they will further engage 
into further activities. Participants will be given another worksheet with which they 
will explore the some aspects for quadratic sequences. A platform for more 
discussions within the workshop venue will be allowed after which authors will draw 
some conclusions and allow further comments among the candidates.   
 
CONCLUSION 
The participants working with authors will draw a conclusion as how they view 
integration of topics across the subject and the impact that this might have in the 
understanding of mathematics among the learners. General observations from the 
participants will be allowed followed by debates and concluding statements. 
 
REFERENCES 

1. Department of Basic Education, Republic of South Africa (2011). National Curriculum Statement 
(NCS): Curriculum and Assessment Policy Statement; Further Education and Training Phase: Grade 
10-12. Government Printing Works. 

2. Mason J, Burton L and Stacey K (2010): Thinking Mathematically (2nd Edition); Pearson Education 
Ltd; London. 

3. Siyavula Volunteers (undated). Everything Maths, Grade 10 Mathematics: Department of Basic 
Education and Shuttleworth Foundation; Republic of South Africa   
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GAMES FOR NUMBER SENSE IN THE FOUNDATION PHASE 
Anga Mamfanya 

OLICO Mathematics Education 
Foundation Phase learners need to make sense of the number system and work fluently 
with numbers in order to deal with and solve more complex problems. Games provide 
a fun and accessible way for learners to engage with numbers and to develop and 
improve their strategic thinking. In the workshop participants will play games that we 
have used successfully with Foundation Phase learners in our mathematics clubs and 
discuss ways they can be used in classrooms. 
 
TARGET AUDIENCE: Foundation Phase Mathematical Teachers 
DURATION: 1 Hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30 – 40  
MOTIVATION 
Games can be used to strengthen number sense among learners in the Foundation 
Phase. Such games have been trialed and tested in the Maths Clubs at OLICO and have 
shown to improve learner understanding of number and of addition and subtraction 
facts. 
CONTENT OF THE WORKSHOP 
The one hour session will be split into four 15 minute intervals. The purpose, rules and 
variations will be explained. Participants will play the game themselves. Reflection 
and discussion time will be catered for at each interval. Participants will work with a 
game as follows: 

• 1st interval: The Lily pad board game for number sense, addition and number 
bonds (single digit addition and subtraction).  

• 2nd interval: Backwards race from 10 for single digit subtraction for subtraction 
and strategic thinking.  

• 3rd interval: Snakes and ladders and variations of this game to improve number 
sequences and basic (double digit) addition and subtraction. 

• 4th interval: 2 clips game games for practice of addition facts and strategic 
thinking.  

RESOURCES 
- Lily pad board game 
- 2 clips addition 

CONCLUSION 
Games for number sense help to make mathematics more fun and when used the right 
way they can help make mathematics make sense too. 
REFERENCES 
Reed, K. E., & Young, J. M. (2017). Games for Young Mathematicians: Jumping on the Lily Pad 1-

10. Waltham, MA: EDC, Inc. 
Maths Clubs. https://mathsclubs.co.za/activities/two-clips-addition/ (Accessed: 22 April 2019). 

https://mathsclubs.co.za/activities/two-clips-addition/
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GEOMETRY: CONSTRUCTIONS 
Marietjie Martins-Mjijwa  and Chris Mjijwa 

Gauteng Department of Education 
Geometrical constructions are an essential skill in Geometry. Understanding that   
through Mathematics construction, the origin of which is a point, Geometry diagrams 
(Grade 10 Quadrilaterals) develops a deeper understanding for FET riders (50 marks 
in the final paper, Grade 12). Constructing 30º, 45º, 60º, 90º angles. Bisecting line 
segments and angles. Constructing and finding the properties (Grade 9 and 10) of 
quadrilaterals, triangles and circles. 
 
TARGET AUDIENCE: Intermediate phase with emphasis on senior phase as the 
preparation for the FET phase.  
DURATION:  2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS: 40-50 
WHAT WILL BE DONE  
The planned activities utilize the main and most important construction tools in the 
geometry: compass and ruler. These tools are key in the sense that with them, learners 
can draw: 
1. Any given angle. 
2. Parallel and perpendicular lines. 
3. Geometrical figures like circles and polygons. 
 
Each participant will have a compass end ruler/ straight edge. 

1. Greeting and introducing presenter (5min.) 
2. The handling of the compass is illustrated and practiced by the participants. During this 

session they will be asked to construct specific geometry constructions. (Handouts) (10min). 
3. Constructing 30º, 45º, 60º, 90º angles will be illustrated and each participant will do the actual 

constructions for each angle. (25 - 30min.) 
4. Bisecting angles and line segments illustrated and participants to do the practice. (20-30min.) 
5. Discussion of the basic constructions and relating these to each other. Which Triangles can 

be constructed? (Findings in 3 and 4) (15min.) 
6. Activity: Let us construct isosceles, scalene, right-angled and equilateral triangles, square and 

rectangle using only compass and straight edge. (15 - 20min.) 
7. Questions and Discussions. (10 min.) 
8. A complete figure will be constructed. 

 
CONCLUSION 
Although we used only a ruler and compass there are other tools that further ease 
drawing: protractor (for measuring angles), set squares (for drawing parallel and 
perpendicular lines) and divider (for measuring distance between 2 points or drawing 
angles and lines). 
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GEOMETRY: UNDERSTANDING RIDERS 
Marietjie Martins-Mjijwa  

Gauteng Department of Education 
 
Understanding of Riders is a challenging phenomenon. It is however needed to be 
explained: shapes, quantities like area, perimeter and the characteristics of circles. 
These Mathematics concepts do appear in Foundation and Intermediate phase. In the 
workshop the aim will be to develop a deeper understanding for any rider by applying 
previous knowledge of Geometry (Grade 1 – 9). The fact that Geometry makes 50 out 
of 300 marks in the final paper, Grade 12 yet all Phases contribute to these 50 marks. 
 
TARGET AUDIENCE: Intermediate phase with emphasis on senior phase as the 
preparation for the FET phase.  
DURATION: 1 Hour   
MAXIMUM NUMBER OF PARTICIPANTS: 40-50 
WHAT WILL BE DONE  
Participants will be welcomed and the Facilitators introduced.  
Then the official workshop will commence. 
A grade 10 rider, a grade 11 rider and grade 12 rider will be used to illustrate the 
different Steps. 

1. Each participant will be provided with the Rider in three phases 
2. Step 1: A page containing only the sketch. From the sketch they will be 

requested to identify all the possible geometry knowledge. These will then be 
discussed in terms of usefulness. This activity will last 25minutes. 

3. Step 2: The Given information will then be provided. It will be read for 
understanding what more information can be added. This activity will last 
15minutes. 

4. Step 3: Now only will the actual questions appear.  
Using all the knowledge acquired in Step 1 & 2, we can proceed to answer in a 
logical way with reasons. This activity will take 15 – 20minutes. 
 
CONCLUSION 
The Educators should now be able to see the links from Foundation phase to the 
application in the Final Grade 12 Examination. 
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A REFLECTION ON THE INTERPRETATION OF GRAPHS OF 
FUNCTIONS IN THE FET PHASE 

WT Mkhwanazi and PT Mahlabela 
UKZN  and Centre for the Advancement of Science and Mathematics Education 

 
TARGET AUDIENCE: Further Educations and Training (FET) Phase  
DURATION: 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30 
 
MOTIVATION FOR THE WORKSHOP 
Functions and relationships are fundamental in mathematics, hence the Curriculum and 
Assessment Statement (CAPS) prescribes them across all the phases of schooling. 
Graphs are one method of representing functional relationships that CAPS 
recommends across all grades.  While CAPS clarifies concepts and skills that should 
be learnt in this topic, it does not clearly articulates what should be done in problem 
solving. This only becomes evident in the assessment tasks set by the Department of 
Basic Education (DBE). As a result, we have observed that most teachers 
overemphasize sketching of graphs at the expense of interpretation of graphs. The main 
purpose of the workshop is to share with FET teachers how to interpret graphs of 
functions. Another reason for conducting the workshop on this topic is because graphs 
permeate the entire curriculum. The knowledge of their interpretation is essential for 
other topics done in mathematics such as analytical geometry and calculus to mention 
a few. Knowledge of the interpretation of graphs is of great significance in social, 
environmental and economic settings. 
 
DESCRIPTION OF THE CONTENT OF WORKSHOP 
• The workshop will take the participants through the content of functions in the FET phase. 

Teachers will be given about 15 minutes to jot down, and then report back on Grade 10 – 
12 concepts and skills on functions prescribed in the CAPS.  

• They will then be tasked to identify links between functions and other mathematics topics 
for about 15 minutes. These will then be discussed as one big group. 

• For about 80 minutes they will do activities on the interpretation of graphs. For each 
activity, there will be about 10 minutes allocated to wrapping up discussions. 

• The last 10 minutes will be used for questioning and wrapping up the entire presentation. 
 
WORKSHOP ACTIVITIES 
Activity 1 [15 minutes] 
According to CAPS, which concepts and skills on functions should be taught to FET learners? 
Activity 2 [15 minutes] 
Which other FET mathematics topics have links with functions? Justify your choice of topics? 
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Activity 3 [40 minutes] 
Carefully study the Graphs 1 – 4. For each graph determine: 

• the intersection of the graph with the axes. 
• intervals where the graph is increasing/decreasing. 
• intervals where the graph is positive/negative. 
• the turning points (where applicable). 
• intervals where the graph is concave upward/downward (where applicable). 
• equations of asymptotes (where applicable). 
• axis of symmetry (where applicable). 

 
Activity 4 [20 minutes] 
Carefully study Graph 5 and then determine: 

• the equations of the graphs of f and g. 
• interval(s) where f(x) > g(x). 
• interval(s) where f(x) < g(x). 
• interval(s) where f(x) is decreasing. 
• interval(s) where f(x) > 0. 
• Interval(s) where g(x) is increasing. 
• interval(s) where g(x) < 0. 

 
Activity 5 [20 minutes] 
Carefully study Graph 6 and then use it to find: 

• the gradient of the tangent to the curve y = f(x) when x = 0. 
• the value of x for which there will be a tangent to the curve        y = f(x) that will be 

parallel to the tangent at x = 0.  
• the interval(s) where f is increasing. 
• the interval(s) where f is decreasing. 
• The coordinates of the turning points of f and state, with reasons, which of these is a 

local maximum & which one is a local minimum. 
 
WRAPPING UP AND CONCLUSION [10 MINUTES] 

• Workshop coverage not exhaustive. 
• Represents a brief reflection on the interpretation of graphs. 
• Highlighted what CAPS prescribes for teaching at the FET.  
• Unpacked significant concepts and skills for mastering the interpretation of 

graphs. 
• Realization that the same ideas are relevant when interpreting graphs of 

trigonometric functions with added concepts like periodicity, etc.   
• Study of functions is fundamental to further mathematical concepts such as 

calculus, etc. 
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APPLICATION OF CALCULUS (INTEGRATION) FOR 
NATIONAL CERTIFICATE VOCATIONAL (NC(V) TVET 

MATHEMATICS (LEVEL 3 AND LEVEL 4) AND FET 
TECHNICAL MATHEMATICS (GRADE 11 AND GRADE 12) 

Batseba Mofolo-Mbokane 
University of the Witwatersrand 

 
The content for this workshop is based on how Differentiation is linked to Integration 
and on the application of integration to calculate the area of the region bounded by 
different graphs (straight lines and different curves). The process starts with the use of 
the Riemann Sums for approximation of the area by summation of many thin 
rectangles. Most of the NCV lecturers and the technical high school teachers do not 
have the proper content knowledge for Integration, as they did not do it as part of their 
professional development. The use of the 1st principle and idea of the limiting process 
and continuity are also known and taught superficially. 
 
TARGET AUDIENCE: TVET College NC(V) Level 3 and Level 4 and FET Phase 
(Technical Mathematics)   
DURATION: 2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS: 40-50 
MOTIVATION FOR THE WORKSHOP  
The aim of this workshop is to link use principles of differentiation to introduce 
application of integration. The application of integration regarding the Riemann sums 
have its roots from the Limiting process (Idea of a limit as x approaches a certain value 
on a given interval) and the Differentiation from the 1st principle. That is done with 
reference to finding the gradient of a tangent of a curve by using secants so as to 
calculate the average gradient. Integration and its application are new topics introduced 
in mathematics learned at institutions that prepare learners for technical and vocational 
fields.  National Certificate Vocational NCV Mathematics was introduced in 2007 at 
the Technical and Vocational and Training (TVET) Colleges while the first Grade 12 
cohort of Technical Mathematics set for Matric examinations in October 2018. It is 
important that lecturers at the TVET Colleges and teachers at the Technical high 
schools are able to teach this challenging new content (which is aimed to be part of the 
Vocational education at both institutions). Based on my experience in teacher training 
for NC(V) Lecturers and contacts I have with Technical High school teachers, 
interventions are required to assist in teaching of Integration,  which is also included 
as first year University Curriculum and excluded at the normal Academic curriculum 
at High Schools. 
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CONTENT OF THE WORKSHOP  
Description of content of workshop 
The content is based on how Differentiation is linked to Integration. It starts with the 
application of the Riemann Sums. In this case, thin rectangles are chosen to get the 
better approximation of the area of the region bounded by the graphs. The use of 
Riemann sums when calculation the area of the Region bounded by Graphs through 
summation of the rectangles. These rectangles will later be called the rectangular strips. 
 
What will be done in the workshop?  
Step 1: Problem solving (30 minutes) 
The session will start with an Ice Breaker activity. Each group, about 4 in a group will 
be provided with a Booklet to work on as they solve the activities from the Workshop 
material. The activities will be given to individuals as hands-on sessions where 
Participants will be actively involved in doing the activities from the workshop 
material.  
 
Step 2: Presentation (30 min)  
The presenter will present via PowerPoints while interacting with the teachers. 
Geogebra (using sliders) will be used with examples from lower grades to demonstrate 
how the thin rectangles are summed to approximate the area of the region by the graphs. 
The demonstration will be based on what teachers know so that they build on their pre-
knowledge. Examples used will include the straight-line graphs that have the bounded 
area as rectangles and triangles before introducing curves.  
 
Reference  
Calculus Early Transcendentals. 6th Edition - J. Stewart .  NC(V)) PAPER 1 (Level 3,  Nov 2009) 

The Geogebra Classic 6.2 used has been downloaded. 
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FINANCIAL MATHEMATICS IN MATHEMATICAL LITERACY 
MADE EASY BY USING CASIO FX-82ZA+ NATURAL 

TEXTBOOK DISPLAY CALCULATOR 
 Lediha ‘Mack’ Mokonyane 

Casio  
TARGET AUDIENCE: Mathematical Literacy teachers 
DURATION: 1 hour 
MOTIVATION 
The knowledge of financial literacy is a must as most of our lives ‘revolve around the 
world of finance’, as we all hope or aspire to acquire one or more tangible belongings 
such as car, house or business. The knowledge of which type of interest and interest 
rate works best for you and your financial capability will at most save you in not 
making an uninformed decision which will not leave you financially stranded. The use 
of Casio scientific calculator notably the Fx-82ZA+ can enable the teacher or learner 
in maximizing the full functions of the scientific calculator as it was developed in 
collaboration with the South African curriculum. The Fx-82ZA+   can assist with 
calculating compound interest, compounded annually, semi-annually and quarterly 
through table mode function. This function will provide the end user with an in-depth 
answer, as the answer will be in table format and it will give the end user the 
opportunity to easily identify growth rate of an investment or loan repayment over a 
period of time. This workshop will seek to assist teachers by equipping them with the 
skill of knowing how to utilize some of the functions that they may have not been 
familiar with in regards to operating the Fx-82ZA+ Casio scientific calculator. In order 
to improve knowledge of financial literacy in mathematical literacy and improve 
learning in the classroom overall. 
 
PLANNING  
5 Minutes: Introduction  
15 Minutes: Computational Mode 
20 Minutes: Table Mode 
20 Minutes: Discussion  
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FX-82ZA PLUS 
MATHS LITERACY 

 
LIKE US ON 

 
CASIO CALCULATORS SOUTH 

AFRICA 

VISIT OUR WEBSITE FOR 
RESOURCES 

 

www.casiocalcs.co.za 

 
[MODE] 1. Computational – normal scientific calculations 

2. Statistics – data handling & regression 
3. Table – graph work & functions 

 
 

How to CLEAR (Initialise) your calculator: 

 
This returns the MODE & SETUP to the initial default settings 

& clears the MEMORY. 
 

Casio Scientific Technology Tip 

ONLY use  when switching the scientific calculator on. 

To clear your screen, rather use  this saves your calculator’s temporary memory 
(see the  in the top right corner of the screen) 

Use  to review previous calculations. 

http://www.casiocalcs.co.za/
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MODE 1: COMPUTATIONAL 

A. COMMON FRACTIONS 

= 
20
41

 
Improper fraction 

= 2,05 Decimal 

= 2
20
1  Mixed number 

 

Calculator Key:  
 
 
Conversion between improper fraction and 
decimal  
 
Conversion between improper fraction or 
decimal to mixed number  

  

B. MIXED NUMBERS  

1. 2
4
3  × 4

12
5  

 
   =............. OR ............. OR .............. 
 

Calculator Keys:  

 

C. CONVERSIONS 
 
Convert 4.2m into feet and round of to one 
decimal point 
 

1. ……..ft. 
 
 

Note  1 foot = 0.3048m 
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Casio Scientific Technology Tip 

ONLY use  when switching the scientific calculator on. 

To clear your screen, rather use  this saves your calculator’s temporary 
memory 

(see the  in the top right corner of the screen) 

Use  to review previous calculations. 
 

How to set your calculator to round off to 2 decimal places 

 

Key Sequence: 

 
Now select decimal places 

 

 

 
How to clear your calculator from rounding off to 2 decimal places 

 

Keys Sequence: 

 
Select 

 

 

Norm 1 is the default setting and gives answers in scientific notation. e.g. 1 ÷ 50 000 = 
2 x 10-5 
Norm 2 is generally preferred as answers are only expressed in scientific notation 
when they are too big to fit on the screen. e.g. 1 ÷ 50 000 = 0.00002 

 

PERCENTAGES 
A. PERCENTAGE INCREASE 

Example: 
Increase 500kg by 12% 

= 560 

Key Sequence: 
500+12q(O500= 
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B. PERCENTAGE DECREASE 
Example: 
Decrease 500kg by 12% 

= 440 

Key Sequence: 
500p12q(O500= 
 

 

TIME CALCULATIONS                  
A. CONVERTING FROM A DECIMAL TO HOURS, MINUTES 

AND SECONDS 
How long will it take to travel a distance of 487km, if your average speed is 
80km/h? 

 
distanceTime
speed

=  = 
80
487  

=.................... 

 

=..........hours..........minutes &..........seconds 

 

FINANCIAL MATHS IN TABLE MODE 
A. COMPOUND INTEREST ANNUALLY  

 
Lucy will be a student at the university for four years. Analysts have predicted that 
transport costs will increase at a compound interest rate of 8% per annum. 
Calculate how much she will need to budget for her weekly transport in April 2020, 
2021 & 2022. 
Transport costs R200.00 per week. 
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1 000 is invested at a compound interest rate of 10% per annum. Calculate the value 
of the investment after: 

i. 1 year 
ii. 2 years 

iii. 3 years 
iv. 4 years  

 

 
 
 
 
 
 
 

Given: 
P = R200 

i = 8% = 
8
100

 = 0,08 

n = x years 
A = ? 

Formula: 
𝑨𝑨 = 𝑷𝑷(𝟏𝟏 + 𝒊𝒊)𝒏𝒏 

 
𝑨𝑨 = 𝟐𝟐𝟐𝟐𝟐𝟐(𝟏𝟏+ 𝟎𝟎.𝟎𝟎𝟎𝟎)𝒙𝒙 

Key Sequence: 

• Input f(x)formula  
• g(x) =  
• Set boundaries for your table: 

 
 

         3= 

 

 
 

1. 2020  = R216 
2. 2021  = R232.28 
3. 2022  = R251.94 

 

On screen: 
 
 

 
 

 
 

 
 

Given: 
P = R1 000 

i = 10% = 10
100

 = 0,1 

n = x years 
A = ? 

Formula: 
𝑨𝑨 = 𝑷𝑷(𝟏𝟏 + 𝒊𝒊)𝒏𝒏 

 
𝑨𝑨 = 𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏(𝟏𝟏+ 𝟎𝟎.𝟏𝟏)𝒙𝒙 
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Key Sequence: 

• Input f(x)formula  
• g(x) =  
• Set boundaries for your table: 

 
 

 
 

i. 1 year; A = R1 100,00 
ii. 2 years; A = R1 210,00 

iii. 3 years; A = R1 331,00 
iv. 4 years; A = R1 464,10 
 

On screen: 

 
 

 
 

 
 

 
 

 

B. COMPOUND IN TEREST SEMI-ANNUALLY 
 

R2000 is invested at an interest rate 12%, compounded semi-annually for 4 years. 
What is the value of the investment after each term? 
 

Given: 
P = R2 000 

i = 12% = 12%
2

 = 0.06 

n = x years 
A = ? 

Formula: 
𝑨𝑨 = 𝑷𝑷(𝟏𝟏 + 𝒊𝒊)𝒏𝒏 

 
𝑨𝑨 = 𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐(𝟏𝟏+ 𝟎𝟎.𝟎𝟎𝟎𝟎)𝒙𝒙 
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Key Sequence: 

• Input f(x)formula  
• g(x) =  
• Set boundaries for your table: 

 
                4O2= 

 
      0.5 

 
 

i. Term 1 = R2120 
ii. Term 1.5 = R2182.67 

iii. Term 2 = R2247.2 
iv. Term 2.5= R2313.63 
v. Term 3= R2382.03 

vi. Term 3.5 =R2452.45 
vii. Term 4 = R2524.95 

viii. Term 4.5 = R2599.599 
ix. Term 5 = R2676.45 
x. Term 5.5 = R2755.575 

xi. Term 6 = R2837.038 
xii. Term 6.5 = R2920.9096 

xiii. Term 7 = R3007.26 
xiv. Term 7.5 = R3096.16 
xv. Term 8 = R3187.696 

 

On screen:  
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MATHEMATICS AND LANGUAGE: SUPPORTING 
MATHEMATICAL PRACTICES FOR ENGLISH LEARNERS IN 

SECONDARY CLASSROOMS 
Judit Moschkovich 

University of California 
TARGET AUDIENCE: Secondary school teachers: Grades 6-12 
DURATION: 1.5 Hours 
NUMBER OF PARTICIPANTS: 30-40 participants 
DESCRIPTION 
This workshop presents research-based recommendations for mathematics instruction 
for English Learners (ELs) in secondary classrooms. The workshop has three parts. 
The first part summarizes what research says about effective teaching for ELs and 
effective mathematics teaching. In the second part, I use two vignettes (each with a 
video clip and short transcript) to illustrate recommendations for supporting 
mathematical reasoning for English Learners in secondary classrooms. The third part 
reviews principles and resources for mathematics instruction for English Learners in 
secondary classrooms. Lastly, there will time for reflection in small groups and 
questions. The presentation will last 1.5 hours: There is a 15-minute presentation 
summarizing the research, then participants spend about 30-45 minutes in pairs or 
small groups working on each of the two math problems in the vignettes and discussing 
each of the two the video clips. Each small group discussion is followed by a 5-10 
minutes presentation of my analysis of each video clip (total of 10-20 minutes). There 
will be a 10 minute summary of resources available online and about 15 minutes for 
question and answer. 

1. Summary of research: 15 minutes 
2. Video Analysis in small groups 
a) Video Clip 1: about 25 minutes total, 5 minutes working on math problem, 10-

15 minutes discussing video clip in small groups, 5-10 minutes presentation of 
my analysis 

b) Video Clip 2: about 25 minutes total, 5 minutes working on math problem, 10-
15 minutes discussing video clip in small groups, 5-10 minutes presentation of 
my analysis. Participants will watch video clips (and read transcripts) to identify 
student participation in mathematical practices and the resources students use to 
communicate mathematically. They will work in pairs or small groups to 
examine three mathematical practices in detail: reasoning abstractly, 
constructing arguments, and attending to precision. 

3. Principles, guidelines, and resources for mathematics instruction for ELs (10 
minutes) 

4. Reflection, Questions, Discussion-15 minutes 
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REFERENCES 
Moschkovich, J. N. (2011). Supporting mathematical reasoning and sense making for English learners. In M. 
Strutchens & J. Quander (eds.), focus in high school mathematics: fostering reasoning and sense making for 
all students. Reston, VA: NCTM, 17-36. 

Moschkovich, J. N. (2010). Language, culture, and equity in secondary mathematics classrooms. In J. Lobato 
and F. Lester (eds.), Teaching and learning mathematics: Translating research for secondary school 
teachers, Reston, VA: NCTM, 75-80. 

Moschkovich, J. N. (2009). Using two languages when learning mathematics: How can research help us 
understand mathematics learners who use two languages? Research brief and clip, national council of teachers 
of mathematics, available online at 
http://www.nctm.org/uploadedfiles/research_news_and_advocacy/research/clips_and_briefs/research_brief
_12_using_2.pdf 
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GAMES FOR PRACTISING SIMPLE ADDITION AND 
SUBTRACTION 

Ingrid Mostert 
Axium Education and Nelson Mandela Institute (Fort Hare University) 

In order for learners to be able to add bigger numbers they need to know the bonds of 
ten and the addition and subtraction facts to 20 ‘off by heart’. There is a difference 
between being able to using counting to work out the answer to 2 + 5 = 7 and knowing, 
without counting, that 2 + 5 = 7. To move from ‘counting’ to ‘knowing’ learners need 
lots of practice. However there is little time in the school day to let learners practice. 
One way for learners to practice their basic addition and subtraction facts is to teach 
them simple games that they can play in class, during break and at home. In this 
workshop you will learn to play these games and you will be provided with a 
description of how to play the games to take home and share with your colleagues. 
TARGET AUDIENCE: Foundation phase teachers 
DURATION: 2 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 60 
MOTIVATION FOR WORKSHOP 
One of the five strands of mathematical fluency as identified by Kilpatrick et al (2001) 
is procedural fluency. Fluency without understanding can result in learners who know 
what to do but don’t know why they do it. However, being able to carrying out 
procedures flexibly, accurately, efficiently, and appropriately is often the means by 
which learners are able to access more complex concepts. In the foundation phase, 
fluency in addition and subtraction of smaller numbers (numbers under 20) allows 
learners to more easily add and subtract larger numbers.  
DESCRIPTION OF CONTENT 
The focus of the workshop is to demonstrate to teachers how to play a number of 
different games. Participants will be put into groups of four and after each game has 
been demonstrated they will have an opportunity to practice playing the games.  
The games will be group according to the resources required to play the games: No 
resources, dice, cards, and printed pages.  
Introduction [15 min]: 
Introduction and discussion about the importance of fluency of addition and 
subtraction number facts 
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Games with no resources [15 min] 
1, 2, 3 Show! (addition and difference) 
Fizz-pop (make 10) 
How many? 
Games with dice [10 min] 
How many to 20? 
Count down from 99 
Games with cards [45 min] 
Salute 
Make 10 
Make 10 pyramid 
Make 10 memory 
Flip out 
Games with printed papers [35 min] 
Addition Bingo 
Pyramid sums 
Two clips addition 
 
CONCLUSION 
Being able to confidently and fluently add and subtract numbers from 1-20 provides 
learners with necessarily tools to be able to add and subtract larger numbers. Without 
repeated practice, most learners will struggle to learn the basic addition and subtraction 
facts. Because learners enjoy games they tend to do play them many times, thus getting 
lots of practice doing addition and subtraction sums.  
ACKNOWLEDGEMENTS 
Many of these games come from the work by the South African Numeracy Chair 
Project at Rhodes University (www.ru.ac.za/sanc) and from the Olico maths clubs 
website (www.mathsclubs.co.za). 
REFERENCE 
Kilpatrick, J., Swafford, J. and Findell, B. (eds) 2001. Adding it up: Helping children learn mathematics. 

Mathematics Learning Study Committee, National Academy Press, Washington. 

  

http://www.ru.ac.za/sanc
http://www.mathsclubs.co.za/
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USING DIFFERENT APPROACHES TO HELP LEARNERS MAKE 
SENSE OF 3-DIGIT ADDITION AND SUBTRACTION 

Ingrid Mostert 
Axium Education and Nelson Mandela Institute (Fort Hare University) 

 
By the end of grade 3 learners should be comfortable with 3 digit addition and 
subtraction. However many learners still find addition, and particularly subtraction 
difficult and often revert to counting in ones as a calculation strategy. CAPS 
recommends number lines as a tool for more efficient addition and subtraction 
strategies. In this workshop we will compare the use of number lines with the use of a 
different approach that uses ‘mathematical drawings’ and a ‘break down both 
numbers’ strategy.  
TARGET AUDIENCE: Foundation phase teachers 
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 60 
MOTIVATION FOR WORKSHOP 
There are many examples from the annual national assessments of learners drawing 
circles and counting in ones to do calculations with large 2-digit numbers (see Hoadley, 
2007). More efficient strategies that are mentioned in the curriculum and assessment 
policy statement (CAPS) are the use of number lines (for foundation phase and beyond) 
and the condensed column method (for intermediate phase and beyond). When doing 
calculations on a number line, a “count on” strategy is used and only the second number 
is broken down. In contrast, the condensed column method makes use of a “count all” 
strategy and both numbers are broken down. These two different approaches can make 
the shift from addition and subtraction strategies in the foundation phase to those used 
in the intermediate phase difficult for some learners. What this workshop offers is an 
alternative approach to the addition and subtraction of 2 and 3-digit numbers in the 
foundation phase using “mathematical drawings”. Because this approach is based on a 
“count all” strategy where both numbers are broken down, it can provide a bridge 
between the commonly used learner strategy of counting in ones and the condensed 
column method.  
DESCRIPTION OF CONTENT 
5 minutes: Discussion about why certain addition and subtraction calculations are more 
difficult than others (i.e. when 10s and 100s need to be crossed). 
5 minutes: Discussion about prevalent strategies used by learners to do addition and 
subtraction (from small single digit numbers to large double digit numbers)   
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5 minutes: Introduction of mathematics drawings with an emphasis on ten ones make 
one ten.  
15 minutes: Demonstration showing how to use mathematical drawings to do addition 
and subtraction of 2-digit numbers. Each example will also be done on a number line 
to show the similarities and differences between the two approaches. After the 
demonstration participants will work through a few examples in their groups 
15 minutes: Demonstration showing how to use mathematical drawings to do addition 
and subtraction of 3-digit numbers. Each example will also be done on a number line 
to show the similarities and differences between the two approaches. After the 
demonstration participants will work through a few easier examples in their groups 
10 minutes: Participants will be work through a series of mixed addition and 
subtraction sums, getting progressively more difficult with the final sum being a 
subtraction sum which crosses both a 10 a and a 100. Participants will be encouraged 
to solve problems using both number lines and mathematical drawings.  
5 minutes: Final discussion to get feedback from participants about the feasibility of 
using mathematical drawing in foundation phase classes.  
CONCLUSION 
It is imperative that we continue to find ways to help learners shift from counting in 
ones when adding and subtracting numbers to more efficient ways of calculating. One 
approach through number lines which are a widely used tool both in South Africa and 
internationally. This workshop offers an alternative approach through the use of 
mathematical drawings, not to replace the use of number lines, but to complement it.  
REFERENCE 
Hoadley, U. 2007. The reproduction of social class inequalities through mathematics pedagogies in South 

African primary schools. Journal of Curriculum Studies, 39(6): 679–706. 
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TEACHING EUCLIDEAN GEOMETRY USING A DIGITAL TOOL 
Mvuseleli Mpembela  

Oxford University Press 
Anyone who has studied and understood Geometry, will confirm that it provides many 
foundational skills and helps to build the skills of logical and  creative thinking, 
deductive and  analytical reasoning, spatial understanding and problem-solving. This 
workshop will assist mathematics teachers with the teaching of Euclidean Geometry 
using a digital tools so they can encourage these skills in their learners. The digital 
tool we will be using is an App: Critical concepts in Mathematics with videos and 
simulations explore Euclidean Geometry.  
TARGET AUDIENCE: Grade 12 Mathematics Educators 
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30 
MOTIVATION 
We are in the 4th industrial revolution. The fourth industrial revolution is the current 
and developing environment – the new chapter in human development, enabled by 
extraordinary technology advances and trends such as the Internet of Things (IoT), 
robotics, virtual reality (VR) and artificial intelligence (AI). In the 21st century 
education is technology-driven. Being able to teach confidently using digital tools is 
critical to the success of teaching and learning mathematics. But most mathematics 
teachers still feel uncomfortable teaching using digital tools. A digital tool is any 
Information and Communication Technologies tool (ICT) such as an interactive 
presentation or an App with videos, simulations or interactive activities available to 
teachers to enhance learning in the classroom. ICT with videos and simulations can 
help a lot with for a section such as Euclidean Geometry. 
DESCRIPTION OF CONTENT 
10 minutes: Motivation and background 
20 minutes: Euclidean Geometry 
20 minutes: Proportionality Theorem 
10 minutes: Conclusion and findings 
CONCLUSION: 
Introducing Euclidean Geometry visually and allowing learners to work through a 
variety of practical examples gives them a more solid understanding of the concept, 
and also brings in an element of fun and participation in the classroom. 
REFERENCES: 
Zoom in Mathematics Grade 12, Oxford University Press, 2019  
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GEOGEBRA WORKSHOP FOR MATHEMATICS TEACHERS 
AM Msomi  

Mangosuthu University of Technology 
TL Ndaba and T Mahlobo 

 Centre for the Advancement of Science and Mathematics Education 
GeoGebra is a free open-source dynamic mathematics software. It is suitable for the 
learning and teaching of mathematics at all levels of education. In this workshop, we 
present GeoGebra software as a tool that educators can utilize to illustrate 
mathematics concepts in order to enhance students’ understanding and appreciation 
of the subject. Additionally, we suggest how geometric constructions and 
transformation geometry, Euclidean geometry, basic Statistics concepts and number 
patterns be taught applying GeoGebra with students at secondary schools. Finally, the 
engagement of educators at primary and secondary schools in the GeoGebra teaching 
as a part of technology integration will be discussed.  
 
TARGET PARTICIPANTS: Intermediate and GET Phase. 
DURATION: 2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS: 40 
 
MOTIVATION 
Learners in the intermediate and GET Phase have challenges in comprehending 
geometric constructions, transformation geometry, Euclidean geometry and basic 
Statistics concepts in mathematics. They often rely on memorization in order to 
perform well in these areas. In this workshop, we will look at practical activities using 
interactive geometric system with an intention to increase students’ cognitive abilities.  
 
CONTENT OF THE WORKSHOP 
Activity 1: Introduction to GeoGebra and geometric constructions      30 minutes 
Activity 2: Geometry, statistics and number patterns                            60 minutes 
Overall discussion: Integration of GeoGebra in classroom                   30 minutes 
 
CONCLUSION 
This is a hands-on and minds-on workshop on using GeoGebra. No prior exposure to 
GeoGebra is assumed. Participants will be guided to use the basic features of 
GeoGebra. Basic familiarity with using a computer will be a prerequisite. 
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MATHEMATICS FOR THE INTERMEDIATE PHASE 
GT Msomi 

Shooter and Shuter 
TARGET AUDIENCE:  Intermediate Phase Mathematics Teachers 
DURATION:  2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30 - 50 
 
CONTENT OF THE WORKSHOP 
5 minutes: Introduction 
1h 45 minutes: Engaging with activities in the study guide 
10 minutes: Discussion 
 
SHUTERS PREMIER MATHEMATICS GRADE 4, 5 & 6 
TEACHER'S GUIDE and LEARNER'S BOOK 
A carefully structured and well-paced learning experience which offers: 

• The content presentation is scaffolded  
• The textbook provides clear explanations of new concepts and well-

constructed examples  
• The layout is accessible and easy to navigate  
• Activities move from simple to complex and stimulate critical thinking 

Teacher's Guide 
• There are step-by-step guidelines for all the activities  
• Provides all the required Assessment Tasks which are aligned to the 

Curriculum and Assessment Policy Statement  
• Tests and exams with relevant memoranda that can be photo copied 
• Daily mental programmes which can be photo copied and is also available 

on a printable CD 
• Caters for diversity 
• Accessible font and supportive artwork 
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DATA HANDLING AND PROBABILITY FOR THE GET PHASE 
Lazi Mtwa 

Shooter and Shuter 
TARGET AUDIENCE :  GET Phase Mathematics Teachers 
DURATION:  2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30-50 
 
CONTENT OF THE WORKSHOP 
5 minutes       : Introduction 
1h45 minutes : Engaging with activities in the study guide 
10 minutes     : Discussion 

Exam revision is a stressful time. No one understands this better than the creators 
of Ace it! so we’ve developed a range of study guides to help you do well in every 
subject you’re taking from Grade 8 to 12. 

Everyone has to write the same tests and exams, but we know and understand that 
every learner learns differently. Ace it! has been developed to suit individual learning 
styles, while still covering all of the important concepts and skills that you need to 
know to succeed. 

The creators of Ace it! have a long and proud history in educational materials. We 
rely on the best and most knowledgeable authors, many of whom are teachers. This 
means that you can be sure that Ace it! is a quality product, guaranteed to improve 
your results. 

Our deep knowledge of education also means that we’ve got the experience to know 
how to guide learners in the right direction, and how to make something as complex 
as meiosis or the economic cycle seem simple. 

Every Ace it! study guide has been developed to suit both the CAPS and the IEB 
curricula. So no matter your school, you know that everything you need to know will 
be in your study guide. 

You can use Ace it! throughout the year to supplement your school textbooks and 
teachers’ notes. You can also just use them for revision just before the exams. 
However you choose to use them, the Ace it! study guides are the only study guides 
you’ll need. 

Ace it! is available for Mathematics from Grade 8 to 12. 
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MATHEMATICS FOR THE FOUNDATION PHASE 
Zandile Zinhle Nduli 
Shooter and Shuter 

TARGET AUDIENCE: Foundation Phase Mathematics Teachers 
DURATION: 2 Hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30-50 
 
 
CONTENT OF THE WORKSHOP 
5 minutes       : Introduction 
1h45 minutes : Engaging with activities in the study guide 
10 minutes     : Discussion 
 
Shuters Premier Mathematics authors have vast experience teaching in the Foundation 
Phase so the series is carefully planned and written in accordance with the Curriculum 
Assessment Policy Statement (CAPS). There is a logical progression of concepts for 
all five content areas for Mathematics throughout the books, with worksheets in the 
Workbook and activities in the Learner’s book which provide the opportunity for the 
learners to practice the concepts that have been taught. The work pace has been slowed 
down to provide an opportunity for concepts to be understood before moving on to the 
next stage. In order to accommodate all learners, some examples have been completed 
so that the learners can see exactly what is required of them, and some units have an 
extra challenge to extend faster workers. There are also suggestions for games and 
outdoor activities that will help to reinforce concepts. 
 

Shuters Premier Mathematics series has the following components: 
Learner’s Book 

• Colourful and supportive illustrations 
• Accessible language and method 

Workbook 
• Interesting, learner centred activities that make Mathematics both challenging 

and fun 
• Activities that progress from basic drawing of symbols and numbers to more 

challenging tables and data handling 
• Functional illustrations that provide support for the learners 
• A variety of engaging activities that cater for the different learning styles 

Teacher’s Resource Book 
• Provides methodological guidance for the teacher on every unit and activity 
• Makes helpful cross-references to the Learner’s Book and Workbook 
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• Provides a practical and user-friendly Year Plan for the grade which gives a clear 
outline of what is covered in each grade 

• Provides the required assessment tasks which are aligned to the curriculum 
Contains photocopiable assessment forms and templates 
 
Measurement, Time, Length, Mass, Capacity/ Volume are the topics that gives 
challenge, Shuter’s Top Class has simplified these topics and made it  possible for 
learners to tackle them with enjoyment and understanding. 
 
TIME 
The topic has been tackled moving from familiar to unfamiliar (known to unknown) 
At this stage learners are familiar with months of the year and days of the week. 
They then move to more complex activities like problem solving, bonds, number line 
etc.  
There are notes for teacher where there is a need for further explanation. 
The activities are user friendly with clear and bright illustrations. 
They use their fingers to count. 
There is integration as they do the paper cutting which involve Life Skills. 
 
MEASUREMENT and LENGTH 
There is cohesion in the lessons; moving from time to mass. 
The measurement of length has been introduced starting from what learners have learnt 
from time. 
In this topic too, there is personal involvement of learners as they stand according to 
their heights. 
This instills the topic to learners and they cannot easily forget it. 
 
MASS CAPACITY AND VOLUME 
This topic has been introduced starting from shapes. 
Learners will be using familiar objects for capacity like their lunch boxes (plastic 
containers). 
There are also assessment activities provided. 
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CONSTRUCTING TRIGONOMETRIC REASONING 
Julius Olubodun 

ORT South Africa 
One of the key values of teacher support at ORT South Africa is creating environments 
for learners to do mathematics and to make sense of it. During our Classroom Based 
Supports (CBS) we often witness the difficulties faced by FET teachers trying to engage 
their learners productively, when teaching Trigonometry, with little or no success. 
Learners have started working with right angled triangles in grade 8 where The 
Theorem of Pythagoras was introduced in and continued in grade 9 as part of 
Measurement (Department of Education, 2011a, pp. 31, 105, 137). Trigonometry in 
FET begin with the right angle triangle in definition of the trigonometric ratio 
(Department of Education, 2011b).  
In our Learning Enhancement Programme (LEP), we encourage the use of learners’ 
knowledge of measurement to develop and retain knowledge of trigonometry beyond 
the ratios. Research (Brown, 2006) shows that learners’ understanding of three major 
ways to view sine and cosine is essential for conceptual understanding of coordinate 
trigonometry. 
This workshop will empower FET teachers to help their learners to use basic processes 
involving strips of paper (Angular Kit) to construct different forms of triangles and 
discover the equivalent right angle triangles. We hope our engagements during the 
workshop will lead to more discoveries, by the participants, of other areas where their 
leaners can explore and apply these strategies in solving problems in trigonometry. 
TARGET AUDIENCE: FET teachers 
DURATION: 2 hours  
NUMBER OF PARTICIPANTS: up to 50  
MOTIVATION 
Directives by the Department of Education (2011b, p. 15) to “extend the definitions 
definitions of sin θ, cos θ and tan θ”, “derive and use values of the trigonometric ratios”, 
“establish the sine, cosine and area rules”; and that learners need to know “where 
reduction formulae come from” seems to have been informed by research (Gur, 2009) 
finding that mathematics learners who acquire trigonometric knowledge by rote 
learning and teacher talk tend to forget soon after the learning take place. The use of 
“Angular Kit” will ensure the presence of context while retaining the cognitive demand 
of these activities. This session will equip the participants with strategies to create 
opportunities for all learners to link knowledge of angular measurement and 
transformation to make sense of trigonometric identities, and trigonometric functions. 
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CONTENT OF THE WORKSHOP 
10 minutes: Trigonometry of Right angle triangle in quadrant 1   
60 minutes: Extend the definitions of sin θ, cos θ and tan θ,  

Deriving the values of the trigonometric ratios. 
Deriving Reduction formulae     

30 minutes: Solve selected NSC trigonometric questions with own strategies.  
20 minutes: Discussions           
 
CONCLUSION 
This workshop will help teachers to create meaningful learning experiences for each 
and every learner in their classrooms without the need to memorize, thereby 
overcoming the problems of forgetting created by rote learning. 
With the skills of transformation and representing identities of angles after 
transformation, teachers will be able to empower their learners to deconstruct 
trigonometric problems and find solutions using relationships they can demonstrate on 
the Cartesian plane. 
 

REFERENCES 
Brown, S. A. (2006). The trigonometric connection: students' understanding of sine 

and cosine. Proceedings 30th Conference of the International Group for the 
Psychology of Mathematics Education (p. 228). Prague: PME30. 

Department of Education. (2011a). Curriculum and Assessment Policy Statements 
Grades 7 - 9: Mathematics. Pretoria: Department of Education. 

Department of Education. (2011b). Curriculum and Assessment Policy Statements 
Grades 10 - 12: Mathematics. Pretoria: Department of Education. 

Gur, H. (2009, May). Trigonometry Learning. New Horizons in Education, 57(1), pp. 
67 - 80. 
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FACILITATING AN INQUIRY-BASED MATHEMATICS 
ACTIVITY IN MEASUREMENT 

Gary Powell1, André Lamprecht2 and Barrie Barnard3 
University of Cape Town1, Western Cape Education Department2 and  African 
Institute for Mathematical Sciences Schools Enrichment Centre (AIMSSEC)3 

 
Due to the highly specified nature of the current version of the South African schools’ 
curriculum, along with its close alignment with workbooks and approved textbooks, 
there exists a perception that many mathematics lessons have become examples of 
curriculum delivery rather than teaching. This is not how the curriculum, however, is 
intended to be interpreted. Inquiry-Based Education presents an opportunity to break 
the cycle of scripted delivery wherever it may exist and encourages teachers to 
cultivate a learning environment that helps students explore relevant content through 
questions and experiences. While many teachers may recognize the value of inquiry-
based learning, they may find it to be a difficult to implement in the mathematics 
classroom. It can, however, offer useful opportunities to introduce concepts, or to 
apply existing knowledge to a context-bound learning situation.  This workshop will 
explore this method of teaching through an investigation in measurement, providing 
an opportunity for questioning and experiencing the concept of size within a 2-
dimensional context. 
TARGET AUDIENCE: Intermediate Phase and Senior Phase teachers 
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30 
MOTIVATION 
The concept of measurement remains a difficult one for teachers to explain, and for 
learners to understand, especially since the skill of measurement is so well-rooted 
within everyday practices outside of mathematics education. The concept of size is thus 
deliberately not made explicit at the outset of this workshop, as this becomes a point 
of discussion and clarification during the activities. 
This aim of this workshop is to investigate ways of measuring three shapes, and to 
compare the different measurements as recorded so as to arrive at a generalizable 
conclusion which will address certain misconceptions within the teaching of geometry. 
Research has shown that learning is often best achieved when learners are actively 
questioning and investigating contexts while drawing on current knowledge and 
experiences. (PrIMas Project, 2013). An inquiry-based approach, therefore, to solving 
the problem as posed to the audience, will demonstrate how learners can engage with 
the concepts being presented, formalize their thinking in terms of a written hypothesis, 
and then collaborate in proving their hypothesis. 
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CONTENT OF THE WORKSHOP 
Participants will be presented with three different 2-dimensional shapes, printed on one 
A3 sheet of paper. The instruction will be for them to not only find out which shape is 
the biggest, and which is the smallest, but also to prove why this is so. 
Activity Objectives Duration 

1.  Workshop introduction: Inquiry-Based Mathematics 
Education 5 minutes 

2.  Presenting the context/problem: “Prove which shape is the 
biggest.” 10 minutes 

3.  Individual and group hypotheses/solutions 10 minutes 
4.  Investigation and recording of measurements 10 minutes 
5.  Presentation of findings 15 minutes 
6.  Concluding comments 10 minutes 

 
CONCLUSION 
While this workshop provokes thought around area and perimeter, and the relationship 
between these two concepts in terms of 2-dimensional shapes, it also models an 
inquiry-based approach to teaching these two concepts in school mathematics. While 
highlighting the mathematical content, the workshop will also clarify the stages of 
inquiry-based education which involves, communication, hypothesis, analysis, and 
proof.  
REFERENCES 
PrIMas Project (2013). www.primas-project.eu, Coordinator: Katja Maaß, University 

of Education Freiburg, Germany (Pädagogische Hochschule Freiburg), p 1. 
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TEACHING PROPERTIES OF SHAPES AND OBJECTS IN 
GEOMETRY 

Gary Powell and Rajendran Govender 
University of Cape Town and University of the Western Cape 

 
Experience indicates that Geometry remains a neglected part of Mathematics within 
the school curriculum. Previously, in the absence of the current curriculum 
pacesetters, Geometry was often relegated to being taught during part of the last 
school quarter each year. Due to its visual inherency, Geometry may also suffer the 
fate of remaining just that: visual representations dependent on facsimiles. However, 
if, during the course of their study of Mathematics, students are required to prove 
theorems based on elements within space, they will need to be able to apply spatial 
reasoning to postulate, prove and justify solutions based on relationships between 
these elements. The most fundamental aspects of Geometry must therefore be taught 
with a view to spatial reasoning – this from an early age at primary school level. 
TARGET AUDIENCE: Primary school teachers 
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30 
MOTIVATION 
If we assume that the two key fields of knowledge in Mathematics (Ma, 1999) - number 
and space - are taught badly at schools, and a number of systemic tests indicate this, it 
may just be that numbers are more “robust” in terms of how they may be worked with 
and how they may lend themselves to algorithms and resulting mechanical 
manipulation.  
Geometry, on the other hand, may depend on a different type of reasoning, which may 
not lend itself readily to procedural thinking. Mathematical engagement with the 
properties related to points, lines, figures and objects requires more than recognition of 
prototypes, or memorization of properties, but visualisation and spatial reasoning as 
well. 
The Van Hiele Levels of spatial reasoning identify that learners may function at 
differing levels when engaging with geometric shapes and objects (Teppo, 1991). In 
cognizance of these levels, this workshop will attempt to show teachers how to get 
learners to move beyond the most basic levels. 
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CONTENT OF THE WORKSHOP 
Activity Objectives Duration 

1.  Exploring dimension 10 minutes 
2.  Looking at 3-D; 2-D and more (using properties) 15 minutes 
3.  Properties of 3-D objects in school mathematics 15 minutes 
4.  Properties of 2-D shapes/figures in school mathematics 15 minutes 
5.  Spatial reasoning and geometric elements - conclusion 5 minutes 

 
CONCLUSION 
The intent of this workshop is to model an approach which focusses on spatial 
reasoning borne out of deep knowledge and understanding of geometric properties can 
influence how teachers regard geometric elements (points, lines, figures and objects) 
as these are described in the curriculum. It will develop teachers’ spatial awareness, 
and resultant spatial reasoning, and if and how this awareness can be acted out in 
teaching. The workshop will highlight the properties of points, lines, figures and 
objects, and more importantly, demonstrate how teachers can encourage reasoning in 
terms of these properties.  
The workshop will draw the attention to Geometry as a tool for developing reasoning 
and logic, instead of just an area in school mathematics that needs to be covered. 
ACKNOWLEDGEMENTS 
This publication has been developed through the Teaching and Learning Development 
Capacity Improvement Programme which is being implemented through a partnership 
between the Department of Higher Education and Training and the European Union. 
 

REFERENCES 
Ma, L. (1999). Knowing and teaching elementary mathematics – teachers’ understanding fundamental 

mathematics in China and the United States, Routledge. 

Teppo, A. (1991). Van Hiele Levels of Geometric Thought Revisited. The Mathematics Teacher Vol. 84, No. 
3 (pp. 210-221). 
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TEACHING THE CONCEPT OF ANGLE AT PRIMARY SCHOOL 
Gary Powell1, Duncan Mhakure2, Kaashief Hassan3 and Rajendran Govender4 
Schools Development Unit1 and Centre for Higher Education Development2 

 University of Cape Town1,2,3 and University of the Western Cape 4 
 
The concept of an angle is a widely researched topic in geometry – studies have 
identified challenges experienced by students in lower primary school on the concept 
of angle. While there is a general acknowledgement that studies on angles vary in terms 
of their definitions, the notion that angle is a complex idea remains undisputed among 
the researchers (Browning et al., 2007). Thus, to understand the concept of the angle, 
this workshop provides three perspectives that can be used to define the complex nature 
of an angle. In geometry, angles can be categorized and defined using three 
perspectives as a: geometric shape; a dynamic movement; and measure (Fyhn, 2007). 
One the reason why the concept of angles is difficult to understand at the lower primary 
school level is that a variety of definitions are used to refer the concept - each one of 
these perspectives exhibit benefits and limitations during the instruction of angles 
(Casas-Garcia & Luengo-Gonzalez, 2013).  
 
TARGET AUDIENCE:  Primary School teachers  
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 50 
MOTIVATION 
The learning of the concept of angle, like other concepts in geometry and measure, 
present several challenges to the students in the lower primary school grades (Devichi 
& Munier, 2013) – this leads to students having a weak foundation and understanding 
of the concept of an angle. This position of students of struggling with foundational 
concepts, such as angles, hinders their future understanding of concepts such as 
trigonometrical functions which require a solid understanding of the concept of the 
angle (Smith et al., 2014) Part of these difficulties are associated conceptualization of 
the angle as a measurement (Freudenthal, 1983), understanding of operations involving 
angles (Usiskin, 1987), and the application of angles in different contexts during 
problem solving and/or mathematical modelling (Devichi & Munier, 2013; Smith et 
al., 2014). While students find the application of angles to real life problems 
manageable, they struggle with the transition of angles to more abstract applications. 
This aim of this workshop is to deepen our understanding of the concept of angle, and 
to suggest hands-on instructional activities that can be used by the teachers to teach the 
concept. Therefore, this workshop seeks to address the following questions: What are 
the most important perspectives of the concept of angles in geometry and measurement 
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at primary school level? What are the possible teaching and learning activities that can 
be used by teachers to promote learners’ facility of the concept of angle? 
 
CONTENT OF THE WORKSHOP 

Activity Objectives Duration 

1.  Workshop introduction – assessing teachers’ 
understanding of the concept of angle 10 minutes 

2.  Activities on angles as geometric shapes 15 minutes 

3.  Activities on angles as a dynamic-movement 15 minutes 

4.  Activities on angles as measure 15 minutes 

5.  Evaluation of the workshop 5 minutes 

Working in groups, participants will be asked to develop appropriate activities which 
will model the concept of angle as it manifests itself as a shape, a movement, and as a 
measure. 
The presenters will, in the event of misconceptions or inappropriately developed 
activities, suggest or demonstrate concept-relevant activities. 
This workshop will also address misconceptions about angles related to arc size, arm 
length, orientation, and area. 
 
CONCLUSION 
This workshop provides a detailed analysis of the concept of angle, and the 
corresponding activities that can be used by teachers to teach the concept. The 
workshop will also give teachers an opportunity to reflect on their knowledge and 
instructional strategies on angles – the goal of the workshop is to empower teachers on 
the different perspectives of the concept of angle. Whilst the workshop presents 
activities on the learning and teaching of angles, further research is required to 
investigate how the learners’ productive struggles during the learning of the concept of 
angles can be supported.  
 
ACKNOWLEDGEMENTS 
This publication has been developed through the Teaching and Learning Development 
Capacity Improvement Programme which is being implemented through a partnership 
between the Department of Higher Education and Training and the European Union. 
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USING MULTIPLE MEMORIES AND SOLVING EQUATIONS 
USING A CASIO SCIENTIFIC CALCULATOR 

Astrid Scheiber 
CASIO 

 
TARGET AUDIENCE: Further Education & Training Educators 
DURATION: 2 hours 
MAXIMUM NUMBER OF PARTICIPANTS: 30 
MOTIVATION: Adequate knowledge of calculator skills makes the teaching of 
financial maths and functions easier and enables the educator to assist their learners 
more efficiently. This workshop will guide you through the calculator functions, using 
the CASIO FX-82ZA PLUS Scientific calculator. 
 
CONTENT: This workshop will cover: In-putting values into the multiple memories 
of the CASIO calculator, using the saved values and recalling what has been saved. 
Using TABLE MODE – to solve simultaneous, quadratic and cubic equations. 
 

Introduction 5 minutes 
In-putting values into the memories 5 minutes 
Using the saved values 5 minutes 
Recalling what has been saved 5 minutes 
Financial mathematics – Future Annuities 20 minutes 
Using TABLE MODE to find points of intersection of a 
straight line and a parabola and the turning point of the 
parabola 

25 minutes 

Using TABLE MODE to solve simultaneous equations 15 minutes 
Using TABLE MODE to find the roots of a quadratic 
equation 15 minutes 

Using TABLE MODE to find the roots of a cubic 
equation 15 minutes 

Discussion 10 minutes 
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MULTIPLE MEMORIES 

 
 
There are 8 memories (indicated by A, B, C, D, E, F, X, Y) other than the one 
associated with the M+ key, and they all work in exactly the same way. 
These memories work in Computational MODE 
 

To assign the result of 3 + 5 to 
memory A    

To multiply the contents of 
memory A by 10    

To recall the contents of memory 
A   

 
If you use the memory keys, you do not have to key in the same numbers repeatedly, 
which helps save time and prevents confusion. 
 
On the calculator, financial mathematics calculations are done as a continuous 
calculation. 
 

LIKE US ON 

 
CASIO CALCULATORS 

SOUTH AFRICA 

VISIT OUR WEBSITE FOR 
RESOURCES 

 

www.casiocalcs.co.za 

 
 
 
 
 
 

http://www.casiocalcs.co.za/
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Example 1 
What would an investment of R500 be worth in 6 years’ time, if for the first 3 years it 
earns 12,3% p.a. compounded monthly and for the last 3 years it earns 13,5% p.a. 
compounded half-yearly? 
 

T0  T3 T6 
    

    
 12,3% compounded monthly 13,5% compounded half yearly  
R500    

𝐴𝐴 = 𝑃𝑃(1 + 𝑖𝑖)𝑛𝑛 

𝐴𝐴 = 500 �1 +
0.123

12 �
3×12

�1 +
0.135

2 �
3×2

 

 

STORE: �1 + 0.123
12

� INTO MEMORY A    

 

STORE: �1 + 0.135
2
� INTO MEMORY B    

 

 
And then complete the calculation 
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Example 2 
A man borrows R5 000 and agrees to repay the amount as follows: R2 000 after 2 
years, R3 000 after 3 years and the balance at the end of 7 years. How much must he 
pay if interest is at 12,5% p.a. compounded quarterly for the first three years and 
13,25% p.a. compounded monthly thereafter? 
 

T0 T2 T3 T7 
     

     
R5000 R2000 R3000 X 
 12,5% compounded quarterly 13,25% compounded monthly  

 
𝐴𝐴 = 𝑃𝑃(1 + 𝑖𝑖)𝑛𝑛 

0 = 5000 �1 +
0.125

4 �
3×4

�1 +
0.1325

12 �
4×12

− 2000 �1 +
0.125

4 �
1×4

�1 +
0.1325

12 �
4×12

− 3000 �1 +
0.1325

12 �
4×12

− 𝑋𝑋 

 

STORE: �1 + 0.125
4
� INTO MEMORY A    

 

STORE: �1 + 0.1325
12

� INTO MEMORY B    
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And then complete the calculation 
 

    
   

 
 

 

 
 

• The Memory Keys save time – fewer calculator keys are pressed. 
 

• The Memory Keys do not have to be cleared to be used again. When saving a 
new value, it overwrites the existing value. 

 

MODE 3: TABLE 

  
Find the points of intersection of the straight line f(x) = x – 3 and 

the parabola g(x) = x2 – x – 6 when x ε [- 3 ; 4] 
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Key Sequence: 

• Input f(x) formula  
• Input g(x) formula  
• Set boundaries for the table: 

 
 

 
 

Point of Intersection (-1 ; -4) 
 
 
Point of Intersection (3 ; 0) 
 

On screen: 

 
 

 
 

 
 

 
 

 

 
* ZOOM IN * between x = 0 and x = 1 to find the turning point of g(x) 

g(x)

f(x)

-7
-6
-5
-4
-3
-2
-1
0
1
2
3
4
5
6
7

-4 -3 -2 -1 0 1 2 3 4 5
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Key Sequence: 

•  
• Change the boundaries of the 

table 
 

 
Reduce the 
STEPS/INTERVALS for a 
more detailed table. 

 
 
Turning point of g(x): (0,5 ; -6,25) 

On screen: 
 
 
 

 
 

 
 

 
 

SOLVING EQUATIONS 
1. Simultaneous equations with 2 unknowns 

Solve for x and y: 
3𝑥𝑥 + 2𝑦𝑦 = −8 
5𝑥𝑥 − 4𝑦𝑦 = −6 

Manipulate 

𝑦𝑦 =
−3𝑥𝑥 − 8

2  

𝑦𝑦 =
5𝑥𝑥 + 6

4  

Key Sequence: 

• Input f(x) formula  
• Input g(x) formula  
• Set boundaries for the table: 

 
 

 

On screen: 
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𝒙𝒙 = −𝟐𝟐 𝒂𝒂𝒂𝒂𝒂𝒂 𝒚𝒚 = −𝟏𝟏 

 

 

DON’T FORGET 
𝒇𝒇(𝒙𝒙) & 𝒈𝒈(𝒙𝒙)− 𝟐𝟐𝟐𝟐 𝒙𝒙 𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗 

𝒇𝒇(𝒙𝒙) − 𝟑𝟑𝟑𝟑 𝒙𝒙 𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗 
 

HOW TO CHANGE: 

 

Now try:   �𝟏𝟏
𝟒𝟒
�
𝒙𝒙

= 𝐥𝐥𝐥𝐥𝐥𝐥𝟏𝟏
𝟒𝟒
𝒙𝒙  Start: 0 End: 9 Steps: 0,5 
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2. Quadratic equation 
Generate a TABLE for the equation and read off the x-value where f(x) = 0 
 

𝒙𝒙𝟐𝟐 − 𝟓𝟓𝟓𝟓 + 𝟔𝟔 = 𝟎𝟎 
 

Key Sequence: 

• Input f(x) equation  
to input the variable x: 

 
• g(x) =  
• Set boundaries for your table: 

  

  
  

 
𝑓𝑓(𝑥𝑥) = 0 𝑎𝑎𝑎𝑎 𝑥𝑥 = 2 𝑜𝑜𝑜𝑜 𝑥𝑥 = 3 

On screen: 
 
 

 
 
 
 

 
 

 

DOMAIN: Negative & positive values of the constant 

STEPS: Reciprocal of the co-efficient of the highest power of x 

 
Now try:   𝟑𝟑𝟑𝟑𝟐𝟐 − 𝟓𝟓𝟓𝟓 = 𝟐𝟐 
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3. Cubic equation 

Generate a TABLE for the equation & read off the x value where f(x) = 0 

𝟐𝟐𝒙𝒙𝟑𝟑 + 𝟑𝟑𝒙𝒙𝟐𝟐 − 𝟏𝟏𝟏𝟏𝟏𝟏 − 𝟔𝟔 = 𝟎𝟎 

Key Sequence: 
 

• Input f(x) equation  
• g(x) =  
• Set boundaries for your table: 

  

  

  
 

• Turn g(x) off 

 
 
 
 

𝑓𝑓(𝑥𝑥) = 0 𝑎𝑎𝑎𝑎  

𝑥𝑥 = −3 𝑜𝑜𝑜𝑜 𝑥𝑥 = −
1
2  𝑜𝑜𝑜𝑜 𝑥𝑥 = 2 

On screen: 
 

 
 

 
 

 
 

 
 

 
 

Now try:   𝒙𝒙𝟑𝟑 − 𝟑𝟑
𝟐𝟐
𝒙𝒙𝟐𝟐 − 𝟒𝟒𝟒𝟒 + 𝟔𝟔 = 𝟎𝟎   
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TECHNOLOGY-ASSISTED TEACHING OF INCOME TAX: 
MATCHING DIGITAL ASSETS TO  LEARNING STYLE FOR 

DEEPER UNDERSTANDING 
 

Michelle Sephton and Mvuseleli Mpembela 
Oxford University Press, Cape Town, Western Cape 

TARGET AUDIENCE: FET Phase, Mathematical Literacy Educators 
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30  
MOTIVATION 
Increasingly learners are exposed to technology and they are used to its features: 
colour, sound, movement and instant feedback. Technology provides a richer learning 
experience, and we can harness this power in the classroom to ensure a deeper 
understanding of Mathematics.  
Through the careful and considered use of suitable technology, the different learning 
styles of learners can be supported. Technology provides a medium that engages 
different parts of the brain, making it easier for learners to remember what they learn. 
This workshop focusses firstly on introducing seven learning styles and demonstrating 
how the use of different digital assets (videos, audio clips, animations, games and 
activities) can support each of these learning styles, making it possible to engage all 
learners in the class. Then the workshop flips around and educators can experience the 
teaching of income tax (one of the Gr 12 Mathematical Literacy topics) through 
technology.  
After attending the workshop, participants will have a summary of the key aspects of 
income tax in worksheet format, and should feel more confident in the selection of 
digital assets to suit the type of topics they teach and the learners in their classes.  
CONTENT 
The following will be covered in the workshop: 

• Matching digital assets (tools) to different learning styles  
• Using technology to teach income tax  

Participants will gather in pairs or groups three at a computer, with digital programme 
Income Tax already pre-loaded.  
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Activity Detail Time 
allocation 

Introduction and 
orientation 

Participants are shown how to use the digital 
product.  
Aim and content of workshop is described. 
Worksheets are handed out and explained. 

15 minutes 

Completion of 
Worksheet 1 

Through a “treasure hunt” participants use the 
computer programme to match digital assets to 
learning styles. 

15 minutes 

Completion of 
Worksheet 2 

Participants complete the worksheet on income 
tax allowing them to experience how 
technology can assist in teaching. 

20 minutes 

Question and 
answer section  

Any general questions are addressed. 10 minutes 

 
REFERENCE 
Income tax, Zoom in on Mathematical Literacy Grade 12, Oxford University Press, 
2019 
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MEERKAT MATHS FOR MINIS 
Eurika Jansen van Vuuren 

 
University of Mpumalanga 

 
TARGET AUDIENCE: Foundation Phase teachers 
DURATION: 1 hour 
MAXIMUM NUMBER OF PARTICIPANTS: 40 
MOTIVATION 
When children start school they already have a “mathematical learning history” (Fritz, 
Ehlert & Balzer, 2013) and extensive mathematical knowledge on which schooling is 
based. However, children do not start school with equal mathematical prerequisites. In 
fact, they individually differ in their level of knowledge due to their individual 
development. The Meerkat Maths programme is based on precursor skills for 
mathematical development (Desoete et al. 2009) and was developed by Jansen van 
Vuuren, Herzog & Fritz, A (2018) as part of the TLCDIP initiative. This specific lesson 
is developed as part of a whole arts-integrated course to address pre-numerical skills 
that many Grade R’s lack.  
CONTENT OF THE WORKSHOP 
5 minutes: Introduction 
How did the programme develop? 
45 minutes: Modelling of a lesson 
How is it presented? 
10 minutes: Discussion 
What are your thoughts? 
 
A lesson from the programme will be modelled to provide a glimpse into the research-
based Maths programme for Grade R and the Foundation Phase. 
LESSON PURPOSES 

• To perceive characteristics by seeing and experiencing 
• To verbally express characteristics (e.g. adjectives like round, red, rough etc.) 
• To augment learning of classification through percussion and singing 
• To combine objects that share characteristics  
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LESSON DESCRIPTION 
       Activity 1 

The lesson starts with a story that is built with magnetized characters on a storyboard 
whilst reading. A second reading allows learners to interact with the storyboard. The 
story focusses on classification of story characters and everyday objects. 
Activity 2 
The learners are now taught a song that is also illustrated on the storyboard and the 
lyrics are taught through the use of pictures.  
Activity 3 
Drama: The learners may now re-enact the story through re-telling the story and 
adding characters and objects to the storyboard. The acquisition of vocabulary through 
the use of flashcards is extremely important since it will eventually assist with 
describing what they are seeing.  
Activity 4 
Classification: Each group is presented with a variety of coloured flowers and must 
classify them according to colour and then according to size.  
Activity 5 
Percussion for classification: Each learner is presented with a percussion instrument 
(4 types). Each type must sit together. The teacher will now place differently-sized 
coloured flowers in a pattern on the board and each instrument type will have to play 
their instrument when their colour is pointed towards. Different variations are done – 
also using size as classification and the teacher can apply different patterns to make it 
interesting. The teacher could also place a odd picture (animal) between the flowers 
and ask the learners what is strange about the grouping.  
Activity 6 
Worksheets are now given to each child to complete, using their knowledge of 
classification. A variety of worksheets are available. 
CONCLUSION 
Many programmes are available to assist teachers to develop pre-numerical skills in 
young children. This programme uses a holistic, child-friendly approach to equip 
learners with the necessary pre-numerical skills to be successful in Mathematics in the 
higher grades. 
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HOW I INTRODUCE GRADE 4 LEARNERS TO LENGTH USING 
STRING 

Ashika Hearne and Tulsi Morar 
Triomf Primary School 

TARGET AUDIENCE: Intermediate Phase 
DURATION: 1 Hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30-40 

INTRODUCTION 
According to many education researchers (Yackel, Cobb & Wood, 1992) learners learn 
best when they interact and share their learning experiences with peers. Vygotsky's 
social construction theory (1962) states that learners can learn from each other when a 
concept it is too difficult for them to understand. Vygotsky introduced the Zone of 
Proximal Development theory which state that a learner can master the task to perform 
and understand the concept when they interact with their peers and teacher.  
For learners to understand mathematics concepts in the classroom, the teacher has an 
important role to play. According to Wood, Bruner and Ross (1976) the teacher should 
us scaffolding in the classroom. According to Bruner’s Scaffolding theory, it is 
important that the teacher provide learners with abundance of support in the initial 
stages of learning a new concept. The motivation for scaffolding is that once learners 
have a thorough foundation of the concept, learner’s confidence increases, and they 
can then complete tasks independently.  
 
Bruner identified 3 modes of representation of learning, namely, enactive, iconic, and 
symbolic. The enactive stage which refers to learning through actions. 
The iconic stage refers to the learners’ use of pictures or models.  The symbolic stage 
which refers to the development of the ability to think in abstract terms. 
 
For the purposes of this presentation, I use the principles of the enactive that state that 
learners must be actively engaged in the activity. All the activities are done in the 
classroom where learners are to work in pairs or in groups. The teacher facilitates the 
process.  
CONTENT 
PHASE: INTERMEDIATE 
For all the activities, the resources needed to teach the length lesson is string and a ruler 
or tape measure. If there are 40 learners in the class, the teacher must have at least 20 
by 2metres pieces of string if learners are to work in pairs.  
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Activity One: How tall are you? 
Step 1: The teacher asks the learners how tall they are. Learners must please write 
down their answers on a sheet of paper.  
Step 2: Ask learners to pair themselves and on learner collects the string.  
Teacher gives the instruction that they are to wrap the string 3 times around their 
friends head.  
Step 3: Learners must now, measure the string on a tape measure or ruler the length 
that went around the head. They are to write down the measurement. They must now 
swop and the friend must do the same.   
Step 4: The teacher then instructs the learners that one of the learners must stand against 
the wall. The other learner must mark off the height. Using the tape measure or ruler, 
they are to measure from the floor up to the position marked.  
Step 5: They are to write down their answers.  
Activity 2- Using arm Span to calculate your height 
Arm span is used to estimate your height. Generally, the arm spam to height ratio is 
approximately is one to one. Therefore your arm span is equal to you height. Arm-span 
is the distance between the middle finger tips of each hand when you stretch out each 
hand as far as you can.  
Steps 1-5. This activity is the repeat of the steps above, although this time the learners 
are to measure their arm span. 
CONCLUSION 
This is fun activity to do with the learners with a very cheap resource, namely string. 
The benefit of the lesson is that learners can guestimate their lengths and can visually 
see how long a metre. Furthermore, the lesson can be expanded to the conversions of 
units.  
REFERENCES 
Cobb, P., Yackel, E. & Wood, T. (1992). A constructivist alternative to the representational view of mind in 

mathematics education. Journal for Research in Mathematics Education, 23(1), 2-33. 

Vygotsky, L. S. (1962). Thought and language. Cambridge MA: MIT Press. 

Wood, D., Bruner, J., & Ross, G. (1976). The role of tutoring in problem solving, Journal of Child Psychology 
and Psychiatry. 17, 89-100. 
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IMPLEMENTING PROBLEM SOLVING INTO THE 
INTERMEDIATE CLASSROOM 

Tarryn Locke 
Glenwood Preparatory School 

TARGET AUDIENCE: Intermediate Phase 
DURATION: 1 Hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30-40 

INTRODUCTION 
It is important for us as teachers to realize that the demands of education, and the type 
of child we are dealing with, is changing. Individuals can no longer function optimally 
in society by just knowing the rules to follow to obtain a correct answer. By using 
problem solving in Mathematics, to develop reasoning and logical thinking, we can 
mold children to become young adults who will take risks, challenge themselves, think 
out of the box, and solve the issues of our world. Teachers need to gain the knowledge, 
skills and confidence themselves, before they can impart this way of thinking on their 
learners. 
CONTENT  
Mathematics is that subject that appears on the daily timetable of all classes around the 
country. Yet most pupils are bored by the structure and repetition of these lessons. 
They’re commonly very teacher-focused lessons. Other pupils find the subject 
difficult. How can we appeal to all types of learners in this subject? We will discuss 
ways to implement problem solving into schools, within the classroom, in daily 
lessons, or through extra-mural clubs. Besides using the usual routine word problems, 
more inspiring is the inclusion of non-routine contextual problems, puzzles and games. 
Methods used in my classroom and at my school will be shared. The advantages and 
positive impact of integrating problem solving into our Mathematics teaching will be 
discussed. Possible negatives will also be touched on. 
CONCLUSION 
To appeal to the children of the future and adequately prepare them for the demands of 
an ever-changing society, the way we teach Mathematics must adapt. Problem solving 
is a key ingredient to making Mathematics lessons more relative, interesting and 
developmental. The talk will end with a variety of resources, including puzzles and 
games, being shared.  
REFERENCES 
https://www.learner.org/courses/teachingmath/gradesk_2/session_03/section_03_a.html  
https://www.mathgoodies.com/articles/problem_solving 
https://nzmaths.co.nz/benefits-problem-solving 
https://nrich.maths.org/10334 
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HOW I TEACH EUCLIDEAN GEOMETRY TO DEAF 
AND BLIND LEARNERS 

SC Mdlalose 
Thiboloha Special School 

Deaf, hard of hearing, partially sighted and blind learners are struggling with 
mathematics most in particular Euclidean geometry topic because of the societal 
barrier (social background), disability barrier (stigma), systemic barrier (inadequate 
resources) and pedagogical barrier (inappropriate teaching style and methods). It is 
best that educators of the deaf and blind learners are fully equipped with educational 
equipment(for the blind and partially sighted learners such as braille machines, 
embosser printer, computer jaws, slate and stylus, apex and voice recorder whereas 
for the hard of hearing and deaf learners such hearing aids and educational apps), not 
just having this above mentioned assistive devices and apps but also have the skills and 
passion to use them effectively, in addition educators in special schools should be 
equipped with practical skills on differentiation of curriculum and adaptation of 
assessment across the grades. Educators should act as a role models in inspiring 
learners to be interested in the mathematics topic such as Euclidean geometry as it is 
part of our daily lives. 
INTRODUCTION  
IN ORDER TO MEET THE NEEDS OF INDIVIDUAL LEARNERS, 
TEACHERS MUST: 

1. Know your learners strengths, interest, ability, needs and experience irrespective 
of barrier or disability. 

2. Design and administer a baseline assessment using prior knowledge from 
previous grades. 

3. Analyze the responses of baseline assessment to help you prepare and plan a 
lesson (content differentiation and adaptation of assessment, teaching material 
and assistive devices) to the needs of your learners. 

SPECIFIC TIPS WHEN WORKING WITH LEARNERS WHO ARE 
EXPERIENCING BARRIERS NORMALLY MEMORY AND 
CONCENTRATION BARRIERS IRRESPECTIVE OF DISABILITY. 

• Reduce distractions in class (keep the learner focused on one task and busy with 
many positive activities as possible). 

• Demonstrate your activities to learners of what is required of them to do than 
simply telling them what to do. 

• Make an eye contact or hold learner’s hand and lowering your temper by getting 
down to learner’s level, will also calm the learner to be positive. 

• Complete one activity at a time, be sure that the activity is clear to learners when 
one activity has ended (by breaking down the activity into smaller 
developmental steps). 
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• Praise and encourage learners if they are following the activity very well which 
build their confidence, interest to the subject and positive attitude. 

• Allow learners extra practice but be careful not to hold them back for long time, 
come concepts especially high cognitive level 3 may not be mastered by all 
learners. 

• Learning can be assisted by the use of voice or video recorder or any form that 
a learners can easily access later, this intervention as the learners to learn at 
different pace and understanding. 

EUCLIDEAN GEOMETRY BACKGROUND 
Geometry is an axiomatic system in which all theorems are derived from a small 
number of axioms. It is a mathematical system attributed to mathematician EUCLID. 
EUCLID was born in 365BC in Alexandria, Egypt, and died about 265BC. He is well 
known for his book, ELEMENTS, a work on geometry. In his Book he started with 
definitions of the terms he was going to use for e.g. Point, lines, circle etc. 
APPROACH 
TYPE 1  
Using the theorem statements to write the acceptable reasons 
Using the theorem statements to draw a diagram and mathematical statement   
TYPE 2 
Application of theorem statements on riders using transparent paper when solving 
riders: 
TYPE 3 
Proof type riders approach 
1. Read the given information and respond to / use all key words  
2. Fill in the information on the sketch - as all immediately apparent logical deductions. 
3. Look carefully at what you are asked to prove there is always 3 steps to follow. 
 Step 1: Ask a question of WHEN ARE SUCH CONDITIONS TRUE  
 Step 2: Give possible answers to the question above. 
 Step 3: Prove one of the answers in Step 2 above. 

CONCLUSION 
In conclusion, deaf and blind learners are struggling with mathematics in particular 
Euclidean geometry topic because of language barriers and pedagogic barriers but with 
the above ideas and comment I do believe that some deaf learners and not just learners 
with special needs but even all learners would seem to improve in answering the 
Euclidean geometry if they were taught with the different approaches. 
REFERENCES  

1. Mathematics CAPS documents, Department of education, Pretoria 2014 
2. Mathematics CAPS examination guidelines, Department of education, Pretoria, 2014 
3. National senior certificate(NCS) diagnostic report, Department of education, Pretoria, 2018 
4. Guideline on working with learners with different diversity and disability 2005. 
5. Guideline for inclusive education on creating a learning programme 2009. 
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HOW I TEACH  PATTERNS, FUNCTIONS AND ALGEBRA IN 
THE FOUNDATION PHASE 

Moji Grace Nkanyane 
Mananga Primary School 

TARGET AUDIENCE: Foundation Phase teachers 
DURATION: 30 minutes 
NUMBER OF PARTICIPANTS: 30 
INTRODUCTION 
Patterns, Functions and Algebra is one of those mathematics content areas that also 
needs much attention in the early learning. Teachers are acquainted with Geometric 
and number patterns but sometimes find it challenging when getting deeper with 
Functions and Algebra. 
FUNCTIONS = A relation in which each element of the domain is associated with 
exactly one element of the domain. 
ALGEBRA = A system for computation using letters or other symbols to represent 
numbers with rules for manipulating these symbols. 
MY EXPERIENCE IN TEACHING THIS CONTENT AREA 
I found it helpful to resort to drawings and usage of some objects including stones and 
sticks, which made my work easier. These also helped my learners develop an 
understanding of the rules in the functions. 
CONTENT 
During my presentation I will show the importance of the content area and its impact 
in future, when learners will be doing Functions and Real Algebra at an advanced stage. 
My presentation will be coupled with some activities on slides and handouts will also 
be issued to enable the participants to be attentive and hands on too. 
REFERENCES 
DBE Curriculum And Policy Statement Mathematics Grade R to 3. Gr.3 workbook (20 -21) 

Pretoria Government printers. 

Pamela Austin,Zilpah Jones, Julie Hechter, Jeanette Marchant (2018) Viva Mathematics Gr.4 Learner’s book  
pages 13, 95 – 98, and 215 – 216. VIvlia Publishers and Printers. 

Jean Jenkins et al Classroom Mathematics (2008) Gr.2 pages 21 & 86 LB Heineman Publishers. 
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USING FUNCTIONS AS A MEANS TO EASE THE LEARNING OF 
“UNKNOWNS” 

Siya Nyathi  
Zakhele Primary School 

Algebra is an important part of school mathematics, but it is challenging for learners 
to learn. The way functions are taught in schools needs some improvement. Numerous 
times when learners are introduced to functions in junior secondary schools, the 
definition is glossed over. The instruction is lacking and a deeper understanding of this 
important concept is lost. These cause problems when the learners are required to use 
this knowledge of functions in later classes, particularly in the FET Phase. In this work 
functions will be taught through the strands of mathematical proficiency model to 
empower and excite learning. This model will encourage learners to see beyond their 
own desks, beyond their teacher, beyond their classroom into an area of adventure and 
mission to learn. 
TARGET AUDIENCE: Senior Phase Educators 
DURATION: 1 Hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30-40 
MOTIVATION 
Number patterns in the current curriculum (DoE, 2003), National Curriculum 
Statements (NCS), is a topic that starts in Grade 1 and stays in the curriculum until 
Grade 12 . The significance of number pattern in the curriculum is reinforced by a great 
deal of research in mathematics education, where mathematics in general has been 
described as the study of patterns (Mason, Graham, & Johnston-Wider, 2008); and 
where observing patterns in algebra is seen as a natural tendency for some people and 
is one approach that is used to address difficulties in mathematics because expressing 
generality is seen as an indication of understanding (Kieren, 1989; Watson, 2009). 
Number patterns in the South African official national assessment (National Senior 
Certificate Examinations) is a highly valued topic and occupies at least three questions 
with about 25 marks or more out of the total of 150 marks. Zaskis and Liljedahl (2002) 
have described this topic of number patterns as the heart and soul of mathematics. But 
Driscoll (1999) Vermeulen (2007) describe this topic as the proper bridge for early 
grades between arithmetic and algebra. Number patterns has one of its key 
mathematical practices the process of generalization, this process underpins the whole 
essence of learning algebra in particular and mathematics in general (Mason et al., 
2008). Literature on number patterns shows that there are more studies on this 
particular topic conducted with the learners, from primary to grade 9. 
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 STRANDS OF MATHEMATICAL PROFICIENCY 
 

 
What is algebra according to mathematical proficiency? Algebra is a systematic way 
of expressing generality and abstraction, including algebra as generalized arithmetic. 
Algebra is also a syntactically guided by transformation of symbols. There are three 
activities that are involved in school algebra namely: representational activities, 
transformational activities and justifying activities. 

1. Representational Activities: involve translating verbal information into 
symbolic expressions and equations that involve functions. 

1.1 Generating equations that represent quantitative problem situations in which 
one or more of the quantities are known. 

1.2 Functions describing geometric or numeric sequences. 
1.3 Expressions of the rules governing numerical relationships. 
According to mathematical proficiency the strands that are involved by performing 
these activities are conceptual understanding and strategic competence. 
2. Transformational (Rule-based) Activities: they involve collecting like terms, 

factorization, expansion, substitution, solving equations and simplifying 
expressions. These activities are largely concerned with changing the form of an 
expressions or equation to an equivalent one using the rules for manipulating 
algebraic symbols. 

The strands of mathematical proficiency involved here are conceptual 
understanding, procedural fluency and strategic competence. 
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3. Generalizing and Justifying Activities: these include problem solving, 
modelling, noting structure, justifying, proving and predicting. These activities 
often use its language and tools, for example the consecutive numbers problems. 

All the strands of mathematical proficiency come together in these activities especially 
the adaptive reasoning. 
FIVE REPRESENTATIONS OF FUNCTIONS 
There are five representations for growing pattern namely: 1. Table or Chart; 2. Flow 
diagrams; 3. Formulae; 4. Algebraic Equations and 5. Graphs. The same five 
representations are used for all functions, not just patterns. 

1. Function Table: 
Rule:  
Input (a) Output (b) 
12 8 
1 7 
10 6 
9 5 

   
Table 1.1 Showing a function table (Source, Loots & de Lange, 2003, p.23) 
First, there is a table or chart for the pattern. The relationship can be found in the table. 

2. Flow Diagram: 
Complete the following flow diagram: 

 
Diagram 2.1 Showing a flow diagram (Source, Loots & de Lange, 2003, p.27) 
Again a relationship can be found in the flow diagram.  
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3. Formulae: 
For what values of x is: 

3.1 3x + 7 = 19 
3.2 5(x – 4) = 30 

Using either the table or the flow diagram, the functional relationship is generalized 
into a formula or symbolic statement of the function. 

4. Algebraic Equations: 
4.1 Solve: x if 3(x – 2) = x + 2 

 
5. Graph 
5.1 Draw a graph of: 1. Y = 2x 
5.2 Draw a graph of : 2. Y = 2x + 1 

 
Figure 5.1 Showing a graph (Source, Loots & de Lange, 2003, p.95) 
We have created a graph of the pattern, probably using the table to get the numbers or 
by plugging numbers into the formula. The graph shows us the relationship in a picture 
form. We can see how quickly the step values increase depending on how steep the 
graph rises from left to right. We can even learn that straight-line graphs have a 
constant recursive relationship. The constant recursive relationship could be 
determined from the graph.  
ACTIVITY I USED: 
To explore these five representations further, we will use the context of a dragon-fly: 
‘A dragonfly, the fastest insect, can fly a distance of 50 metres in about 2 seconds. How 
long will it take for the dragonfly to fly 375 metres? 
I will provide some information in the cells and the teachers’ objective is to fill the 
missing information for each row. The participants will work individually on this task. 
The catch in this activity is to see which function representation will participants use 
the most to solve this problem on functions such as table, flow diagrams, formulae, 
algebraic equations or graph. 
CONCLUSION 
Kaput (1999), defines modelling as the process of beginning with real phenomena and 
an attempt to mathematize them. That means that, in some way mathematics is used to 
both record the phenomena and search for patterns or regularities that can then be 
expressed using the mathematical models such as tables, flow diagrams, formulae, 
equations and graphs. These models not only allows for a good descriptions of the 
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phenomena but also permit predictions without the necessity of actually engaging in 
further experiments. In Kaput’s description of algebraic thinking, modelling reflects 
algebra as a ‘web of languages’ that permeates all the other aspects of mathematics. 
 
REFERENCE 

1. Clements, J. (1982). Algebra word problem solutions: thought processes underlying a 
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(Schools) Policy. Pretoria: Government Printer.  
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USING SELECTED CONCRETE TEACHING AND LEARNING 
MATERIALS TO TEACH FRACTIONS 

Siya Nyathi 
Zakhele Primary School 

The purpose of the study was to research and improve my own practice of teaching 
fractions. The issue here was that the concept of fractions was not readily understood 
by learners in Grade 7. This work was remedial, to re-teach fraction concepts using 
selected concrete teaching and learning materials, to make the lessons as concrete as 
possible and to enhance concept development. A significant obstacle to understanding 
fractions is that learners think that a fraction is two different numbers when they see 
the numerator and the denominator of the same fraction. They confuse fractions with 
whole numbers. 
 
TARGET AUDIENCE: Senior Phase Grade 7 Educators 
DURATION: 1 Hour 
MAXIMUM NUMBER OF PARTICIPANTS: 30-40 
MOTIVATION 
My ex-learners often visited me with fraction problems when they were doing Grades 
8, 9 and 10. These problems led me to reflect on my mathematics teaching, and to 
investigate the Mathematics and English Language results in the school. Fractions are 
well known to be difficult for learners to master, to the extent that De Turck, (2008) 
argues that they should be removed from the curriculum, because they are as obsolete 
as Roman numerals. He maintains that learners in the primary school are not ready to 
grasp the concept of fractions because it is too abstract. In his opinion the problems 
learners experience are due to the methods used by teachers such as emphasizing 
algorithmic procedures ( e.g. invert and multiply) without any understanding by 
learners of why this is appropriate. He makes a strong case for using concrete teaching 
and learning materials such as decimal devices, measuring jugs, weighing scales and 
tape measures when teaching this concept. His view is supported by Wu (2005) who 
argues that rational numbers are difficult to teach at primary school, because the 
learners do not yet possess the conceptual sophistication needed to work knowingly 
with the concept of fractions. Learning fractions is also important because it is the first 
excursion into abstraction. To learn the concept of fractions, learners need a clear and 
accurate definition of terms. They need to be able to regard fractions as numbers, and 
to be fluent in fraction arithmetic (Wu, 2005). One day I went to the school library to 
look for a Secondary Mathematics textbook “Just Mathematics” Grade 10 (Fitton, De 
Jager & Blake, 1996). I paged through the book to learn about the algebra topics. To 
my great surprise I realized that many of the topics have their roots in fraction concepts, 
for example combining like terms, a strategy used in the addition and subtraction of 
fractions. The importance of a thorough understanding of fractions for the development 
of further mathematic proficiency is illustrated by looking at other aspects of 
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mathematics. The entire study of linear equations is dependent on the slope of a line, a 
fraction representing the rate of change. Solving systems of linear equations is 
dependent on the ability to form equivalent equations and manipulate fractions, which 
often are part of the solution. To solve rational expressions it is necessary to apply 
generalized fraction concepts. Solving quadratic equations by completing the square 
also requires fluency with fraction manipulation. 
 
LESH TRANSLATION MODEL (Lesh et al., 2003) 

 
This model is built on the constructivist theories of Piaget, Bruner and Dienes. It 
suggests that basic mathematical ideas can be expressed in five different modes: 
manipulative, pictures, real-life contexts, verbal symbols and written symbols. This 
model stresses that understanding is reflected in the ability of the learners to represent 
mathematical ideas in multiple ways and the ability to make connections among the 
different embodiments. This model emphasizes that translation within and between 
various modes of representation makes ideas meaningful to learners. This model 
suggests that the development of deep understanding of fractions requires experience 
in different modes, and experience in making connections between and within these 
modes of representation. A translation requires a re-interpretation of an idea from one 
mode of representation to another. This movement and its associated intellectual 
activity in the learners reflect a dynamic view of instruction and learning.  
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CONCRETE TEACHING-LEARNING MATERIALS 
“I hear and I forget, 
I see and I remember, 
I do and I understand”. (Confucius 551 – 479 B.C.) 
 
The above proverb illustrates the importance of using concrete teaching and learning 
materials when teaching abstract concepts in mathematics such as fractions. The 
particular concrete materials used in this study are described in this section.  
Cuisenaire rods 
Cuisenaire rods are bars that use length and color to represent fractions. They were 
used to demonstrate equivalent fractions, shown by trains (rods line up end to end) of 
the same length. There may be several groups of equivalent fractions for each unit. The 
numerator of each fraction is the number of rods used in the fraction. The denominator 
of each fraction is the number of rods that are used if the train is equal to the unit. 
Fraction circles 
The fraction circles set used in this study consisted of six circles that show wholes, 
halves, thirds, fourths, fifths and sixths. The teacher’s set had magnetic strips on the 
back so that the pieces could be stuck to the chalkboard. Fraction circles are normally 
used to engage learners in exploring and discovering relationships between the pieces, 
and sometimes to solve problems that require the four basic operations such as 
addition, subtraction, multiplication and division of fractions. Fraction circles may also 
be used to record fractions that name the different pieces or combination of pieces. 
Fraction Strips 
In this study I used 20cm paper strips. The strips can be folded and learners asked for 
example, how many parts are there? How many folds are there? What do we call each 
part? Show me one-half of the paper strips? Fraction strips provide a concrete 
foundation for comparison activities. Learners can compare the relative sizes of unit 
fractions given different wholes, such as ‘if the dark green strip is a whole, which strip 
is one-half, one-fourth, or one-fifth?’ 
Discrete materials 
The understanding of fractions as a part of a set of discrete objects or counters (as 
opposed to a continuous whole) requires a large number of discrete objects. Different 
varieties of beans are useful in this regard as they are cheap and readily available. For 
this study, white and brown beans were used as concrete teaching and learning 
materials. 
Number lines 
Number lines can be used to assist learners to develop a visual understanding of the 
numerical value of fractions and to develop an understanding of fractions as parts of a 
whole. Number lines assist learners to know how to calculate unit fractions of a range 
of numbers. First, learners should count how many sections the number line is broken 
into (they should count from one whole number to another). This number becomes the 
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denominator of the fraction. The learners should count to see how far an arrow is placed 
on the same line. This number becomes the numerator of the fraction. 
 
ACTIVITY I USED 
Ntombi, Thandi, Pinky, Gugu, and Thobile have 8 bars of chocolate that they want to 
share equally among the 5 of them so that nothing is left. How many pieces of chocolate 
will each child get? 
After giving the learners a chance to write their answers, the following prompts were 
used: 
1. Which concrete teaching and learning materials can you use to model this problem? 
2. Why do you choose these concrete teaching and learning materials? 
3. How many chocolates will each child get? 
4. How many chocolates are left over? 
5. How will you share the ‘left over’ chocolates amongst the 5 children? 
6. Now how many chocolates will each child get? 
7. Altogether, how many chocolates did each child get? 
CONTENT OF THE WORKSHOP 
5 minutes: Introduction 
45 minutes: Application of the methods in several situations 
10 minutes: Discussion 
CONCLUSION 
Learners who have difficulty translating a fraction concept from one representation to 
another are the same learners who have difficulty solving problems and understanding 
computations. As learners move between and among these representations for a 
fraction concept, there is a better chance of a fraction concept being formed correctly 
and integrated into a rich web of ideas. Translation activities can be used for lessons 
and for diagnosis. For example, learners may be given number lines (symbols), get that 
many Cuisenaire rods (a different manipulative), and write a story in which that 
fraction is used and makes sense (real-world situation). 
REFERENCES 
De Turck, D. (2008). Fractions should be scrapped. Retrieved 23 January 2008, from 
http://www.usatoday.com/tech/science 
Fitton, S. De Jager, C. & Blake, P. (1996). Just Mathematics 10. Cape Town: Maskew Miller 
Longman. 
Lesh, R., Cramer, K., Doerr, H., Post, T. & Zawojewski, J. (2003) Using a translation model 
for curriculum development and classroom instruction. In Lesh, R., Doerr, H. 
(Eds.) Beyond Constructivism. Models and Modeling Perspectives on Mathematics 
Problem Solving, Learning, and Teaching. Lawrence Erlbaum Associates, Mahwah, 
New Jersey. 
Wu, Hung-His (2005). Key Mathematical Ideas in Grades 5-8. Text of a presentation at the 
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EXPLORING SECONDARY MATHEMATICS TEACHERS’ 
USAGE OF THE CURRICULUM TRACKER IN THE ILEMBE 

AND PINETOWN DISTRICTS 
Yeshvira Brijlall 

University of KwaZulu-Natal 
The status of mathematics results in South Africa is still a cause for concern. One of 
the reasons leading to poor results in South Africa was the lack of curriculum coverage 
(Craig Pournara, Mpofu, & Sanders, 2015). To curb this crisis, Programme to Improve 
Learning Outcomes in partnership with the Department of Basic Education launched 
a programme called Jika iMfundo.  The aim of this project was to explore Mathematics 
teachers’ usage of the curriculum planner and tracker in secondary schools in the 
uThungulu and Pinetown districts. The purpose of introducing the curriculum tracker 
is to help teachers unpack CAPS. With this initiative PILO in partnership with 
Department of Basic Education in KZN hope that the implementation of Curriculum 
tracker in other districts as well would ensure full curriculum coverage, thus leading 
to improvement of maths results in schools.  
 
MOTIVATION AND BACKGROUND OF THE STUDY 
The focus in this study is specifically towards the Curriculum Tracker and Planner by 
Jika iMfundo. The aim of the Jika iMfundo tracker and planner is to assist teachers and 
management to improve the teaching and learning in schools by working in districts to 
provide support to schools that need it, to support school management teams to lead 
learning and lastly to support teachers to cover the curriculum whilst assisting learners 
to perform better.  
The purpose of introducing curriculum tracker is to help teachers unpack CAPS. With 
this initiative PILO in partnership with Department of Basic Education in KZN hope 
that the implementation of Curriculum tracker would ensure full curriculum coverage, 
thus leading to improvement of mathematics results in schools.  
The programme has been piloted to two districts (Pinetown and King Cetshwayo) over 
a period of three years (2015-2017).  In 2018, the project has been extended to other 
four districts with iLembe being one of those. Preliminary findings from piloted 
districts collected by PILO coaches have shown a low rate of utilization of the 
curriculum tracker by mathematics teachers in secondary schools. However, it does not 
show the reasons for such low utilization. 
Research Questions  
The study was guided by the following three questions: 

1. To what extent have mathematics teachers used the curriculum planner and 
tracker? 
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- What are the challenges that hinder mathematics teachers from using the 
curriculum tracker? 

- What are the enabling factors that enhance the use of the curriculum tracker by 
the mathematics teachers? 

2. How has the curriculum planner and tracker influenced the rate of curriculum 
coverage? 

3. To what extent has mathematics teachers and HOD’s taken ownership of the 
PILO activities? 

LITERATURE REVIEW 
Teachers are able to develop new ideas for teaching when they consider the role 
mathematical tasks play on student’s learning. Participation in Professional 
Development programmes made changes to their knowledge and instructional practice 
(Boston, 2013; Jita & Mokhele, 2014). Teacher knowledge is often linked to learner 
achievement in mathematics, in that the more knowledgeable the teacher is the better 
prepared their learners are ((Beswick, Callingham, & Watson, 2012). Intervention – 
Transition Maths, 1+9 programme (Mc Auliffe, 2013; Craig  Pournara, Hodgen, Adler, 
& Pillay, 2015). Looking at curriculum coverage in Mathematics Shield and Dole 
(2013) states that curriculum documents for mathematics aim to cover a greater depth 
of knowledge and content rather than just a superficial coverage of the curriculum. The 
way in which teachers perceive the documents differ from teacher to teacher as they 
each draw their own interpretations. Hence, the way different teachers ensure 
curriculum coverage would differ with some going in-depth whilst others may just 
touch on the surface of the content to be covered (Shield & Dole, 2013). These are the 
challenges that were found in previous research pertaining to other intervention or 
learning programmes. Implementing a learning programme needs more than just 
workshops, it requires proper support and monitoring (Jantjies & Joy, 2016; Kelly, 
Gningue, & Qian, 2013). Challenges faced by some teachers involve poor learner 
performance and motivation (Jantjies & Joy, 2016). In addition, other challenges stem 
from socio-economic factors, cultural differences, absenteeism, language barriers, 
access to technology and resources (Kelly, Gningue, & Qian, 2013).  
THEORETICAL FRAMEWORK 
Theory of change is used as the theoretical framework of this study. This theory 
encapsulates how and why an initiative or programme works and can be used to explain 
the links between actions taken to achieve a goal and the outcomes of the programme 
or intervention. To achieve change, a sense of urgency needs to be established; as the 
relevant stakeholders such as teachers and HOD’s will not be willing to adapt to change 
if they are unable to see a need for it. Teachers must become agents of change (Kotter, 
1996). 
METHODOLOGY AND DATA COLLECTION 
The study is underpinned by the interpretive paradigm with a research design that is 
qualitative. The research design is that of a qualitative design which is an interpretive 
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research approach that investigates people within situations and contexts, it relies on 
multiple types of subjective data (Christensen, Johnson, & Turner, 2014). The research 
style is that of a case study, A case study is a research style in which it provides a 
detailed in-depth description and analysis of one or more cases such as a person, group 
of people or an organisation. This research deals with people and is within a school 
context. As this study deals with specific people, the sample procedure is purposive. 
Purposive sampling is selecting participants in a way that is non-representative of a 
larger population and satisfies a specific need or purpose based on the objectives of the 
study (Christensen, Johnson, & Turner, 2015). For a purposive sample, the researcher 
uses their own judgement in selecting participants that are most likely to suit the 
objectives of the study. Participants selected were Mathematics teachers and HOD’s 
involved in the Jika iMfundo initiative.  

Table 1. Data Collection Methods 
Research Question  Participants Methods 
1. To what extent have 
mathematics teachers used 
the curriculum planner 
and tracker? 

Teachers Survey, Questionnaire 
(Both from secondary 
data) 
Interviews (Primary)  
Document analysis  

2. How has the curriculum 
planner and tracker 
influenced the rate of 
curriculum coverage? 

Teachers/HOD’s Interviews 
Learner Books 

3. To what extent has 
mathematics teachers and 
HOD’s taken ownership 
of the PILO activities? 

Teachers/HOD’s Interviews 
Document Analysis  
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EXPLORING SECONDARY (9, 10 & 11) MATHEMATICS AND 
SCIENCE TEACHERS’ USAGE OF THE CURRICULUM 

TRACKER IN THE PINETOWN AND KING CETSHWAYO 
DISTRICTS 

Njabulo Happyboy Dube 
University of KwaZulu-Natal 

INTRODUCTION  
In South Africa has been a number of professional developments aiming to improve 
mathematics and Science pass rate. Others are focusing on developing teacher 
pedagogical content knowledge. E.g. 1+9 programme, Master science etc. Others are 
focusing on addressing challenges of teaching of mathematics. E.g. Dinaledi School 
project, Wits Maths Connect project etc. While this project focusing on improving 
teacher knowledge and addressing challenges. PILO is one project focusing on 
addressing challenges associated with curriculum coverage across all phases. PILO 
aims to assist teachers and HOD in Mathematics, Science and Languages to track 
curriculum coverage in order to achieve the expected outcomes. Therefore the purpose 
of the study is to explore how mathematics and science teachers use the curriculum 
tracker to track the curriculum for the purpose of covering curriculum. 
RESEARCH QUESTIONS  

Influenced by the purpose of this study and objectives, the researcher aim to answer 
the following research questions: 

1. To what extent have Mathematics and Natural Science teachers used the 
curriculum tracker to track curriculum coverage? 

2. Why have teachers used or not used the curriculum tracker to track curriculum 
coverage? 

3. How have the HODs used the curriculum tools to manage curriculum? 
4. How has the curriculum tracker influenced the rate of curriculum coverage? 

THEORETICAL FRAMEWORK 
The current research will be framed within the whole teacher approach. Teaching is 
incredibly difficult work, but training teachers and expecting them to adjust their 
teaching practice is even more challenging. Therefore this frame work will look at how 
teachers adjust in the new curriculum tracker. This study will look at how the teachers 
approach the new curriculum tracker in the school, whole teaching focuses on a balance 
between the whole and the part. It challenges the common practice of breaking the 
curriculum into subjects, units, and lessons. According Chen & Chang (2006) teacher 
approach professional development should be multidimensional and targets teachers’ 
attitudes, practices, and skills, development of programs for beginning and novice 
teacher. The purpose of professional development is to build capacity of current trends 
and best practices of education. The whole teacher approach is deemed appropriate for 
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this study because understanding the extent teachers use curriculum does not only 
revolve around knowing the use, it involves understanding their physical, emotional 
and cognitive experiences as they engage with the tool. This aligns with whole teacher 
approach as Chen and McCray (2012, p.9) articulate that teacher approach attends 
simultaneously to the social/ emotional, cognitive and behavioural aspects of teacher 
growth. 
When analyzing these data the research adhered to the framework that was offered and 
defined by Chen and Chang (2006), which is the whole teacher approach looking at 
teacher development aspect knowledge of curriculum tracker, Practice the extent of 
using the curriculum tracker and their attitude can either be positive or negative. In 
this chapter the focus is on the positive attitude because it will explain the enabling 
factors associated with usage of curriculum tracker by teachers and other curriculum 
tools by HOD’s. The secondary data from the PILO survey and interview were 
analyzed and evaluated using the coding and themes. 
RESEARCH METHODOLOGY (DATA COLLECTION) 

Research question Participants Method 
1. To what extent have mathematics 
and Science teachers used the 
curriculum tracker to track 
curriculum coverage? 

Teachers Survey 
Questionnair
es 
Interview  

2. Why teachers have used/ have not 
used the curriculum tracker to track 
curriculum coverage? 

Teachers Document 
analysis 
Interview 

3. How has the HOD’s use 
curriculum tools to manage 
curriculum? 

Teachers 
HOD’S 

Learners’ 
book 
Interview 
  

4. How has the curriculum tracker 
influenced the rate of curriculum 
coverage? 

Teachers 
HOD’s 

Learners’ 
book 
Interview 
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EXPLORING THE EXTENT GRADE 9 MATHEMATICS 
TEACHERS’ ENGAGE WITH LEARNERS’ ERRORS IN THE 

TEACHING AND ASSESSMENT OF MATHEMATICS AT HARRY 
GWALA DISTRICT 
Tawia Iddrisu Frimpong 

University of KwaZulu-Natal 
INTRODUCTION 
There is much evidence showing that attending to learners’ errors during the process 
of teaching has the potential to improve learner performance (Sapire, Shalem, Wilson-
Thompson, & Paulsen, 2016). In South Africa, there is little attention paid on the extent 
mathematics teachers engage with learners’ errors in the teaching and learning of 
mathematics. As a result, there is a huge gap in the error’s learners make in 
mathematics and the assessment of mathematics since year by year the same errors 
keep on repeating itself. This is evident in diagnostics reports by educators themselves 
at the end of quarterly test and the department of education (DBE) at the end of yearly 
examination. This study requires the urgent need for teachers to engage with learners’ 
errors in the teaching and assessment of mathematics.  
RESEARCH QUESTIONS 
This study used the following research questions to enabled readers to understand 
how grade 9 mathematics teachers engage with learners’ errors in assessment and 
teaching of mathematics.  
1. To what extent (if any) do grade 9 teachers engage with learners’ errors in the 

process of teaching and assessment in mathematics. 

2. Why do teachers in grade 9 do or do not engage with learners’ errors when 
 teaching or assessing mathematics 

THEORETICAL FRAMEWORK 
Drawing from literature, the frame work used for this study was error analysis by 
Shalem, Sapire and Sorto (2014) and mathematical knowledge for teaching by Ball, 
Thames, & Phelps (2008). According to Sapire et al. (2014 pg. 2) “error analysis is an 
integral part of teacher knowledge”. To analyze teacher knowledge of error analysis, 
Sapire et al. (2014 pg. 4) remaindered people to adhere to the following six criteria 
when analyzing learners errors: procedure understanding of the error, conceptual 
understanding of the error, awareness of the error, diagnostic reasoning of the error, 
use of everyday knowledge and multiple explanation of the error. Ball et al. (2008) on 
the other hand also defined mathematical knowledge for teaching as “mathematical 
knowledge that teachers need to carry out their work as teachers of mathematics”. This 
study used three of the six domains proposed by Ball et. al (2008) which talk about 
mathematical knowledge for teaching. These domains are: Common Content 
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Knowledge (CCK), Specialized Content Knowledge (SCK) and Knowledge of Content 
and Students (KCS). The interconnectedness of the error analysis and mathematical 
knowledge for teaching is shown in a figure below. 
 

 
Figure 1: Combined framework of error analysis and mathematical knowledge for 
teaching. 
METHODOLOGY (DATA COLLECTION) 
I will use observation, interviews and document analysis as a method to generate data 
from the participants and the tool I will use are observation schedule, interview 
schedule, and learners’ tasks or test sheet analysis. 
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Method of 
generating data 

Instrument for 
generating data 

Research question Participants 

Observation/focus 
group interview 

Video recorder How do Grade 9 teachers 
engage with learners’ 
errors in teaching and 
assessment of 
mathematics 
 

Teachers 

Interviews Audio recorder 
Interview schedule (semi- 
structured with open-
ended questions) 

Why do teachers in grade 
9 do or do not engage with 
learners’ errors when 
teaching or assessing 
mathematics 

Teachers 

Document 
analysis/ focus 
group interview or 
discussion 

Learners’ scripts/ exercise 
book/ learners’ 
workbook/. 

To what extend do grade 9 
teachers engage with 
learners’ errors in their 
teaching of mathematics 
 

Teacher 
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HOW TO INTRODUCE FRACTIONS TO GRADES 4 TO 6 
Maboe AM, Tshatshu V, Mothibedi SE and Mahlanza MC 

Potchefstroom Primary School and Akofang Primary School 
 
The terminology, naming and concepts used to introduce fractions are being 
scrutinized here.  A questionnaire was circulated to schools in which teachers were 
asked questions about how they introduce fractions to their learners. It was found that 
the teachers gave more attention to classroom practical’s and calculations. This means 
that the teachers were lacking in teaching learners important principles required to 
identify fractions. The lack of the teachers in spending more time showing the learners 
how to identify and separate fractions using the denominators was found to be a 
possible key in unearthing the confusion. This kind of work will help shed light into 
whether the teachers do have a contribution into the confusion of learners, and if so to 
what extent. 
INTRODUCTION  
Learners have their own way of constructing logic hence they can perform simple and 
routine mathematical operations with relative ease. Fractions on the other hand pose a 
different challenge to the learners. Fractions have their own rules that may be beyond 
the learners’ common sense. Fractions are introduced to learners during grade 4 and 5. 
During these two years, there is one thing in common; learners are taught to work with 
fractions containing the same denominator. It is only when they get to the 6th grade 
that the learners are taught to calculate fractions with two different denominators. A 
closer analysis into the performance of learners in the grades stated above indicated 
that the learners are not coping well with fractions. is proposed that the method which 
is used to introduce the learners to fractions may need further review. The terminology, 
naming and concepts used to introduce fractions are being scrutinized here. Thus this 
study was done in order to raise the curtain and expose the inner weaknesses in teaching 
fraction to first year pupils. 
METHODOLOGY 
Permission was obtained from the district director of Kenneth Kaunda to distribute and 
collect a questionnaire to JB marks and Matlosana primary schools. A questionnaire 
was used to obtain the teachers’ responses. Each school was allocated a letter and a 
number to protect the identity of the school for example K1, P1, etc. Then the teachers’ 
responses were counted in order to process them further. The questions on the 
questionnaire were grouped into 4 categories: identifying fractions, teacher interaction 
with the learner, classroom practical activities, and calculations. The reason for setting 
up the questionnaire in this way is that it would help shed light into whether the teachers 
do have a contribution into the confusion of learners, and if so to what extent. 
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RESULTS 

 
Figure 1: Diagrammatic representation of the questionnaire results.  
 
Each bar represents the total number of similar responses for that specific question. 
The letters A, B, C …J were used to represent question numbers 1, 2, 3…10 
respectively. This conversion was done to avoid confusion since the numbers on the y-
axis represent the total number of votes from teachers. The red circle shows even votes 
DISCUSSION  
This investigation was done in an effort to trace the possible source of confusion that 
the intermediate phase learners experience when doing fractions. Hiebert and Hierbert 
(1983) argued that learners are likely to experience difficulties in the interpretation of 
fraction later on if the teachers did not give a complete introduction to fraction vs whole 
relationships.  A questionnaire was put together in order to investigate this. The first 
nine questions teachers seem to give positive answers in majority. However on the last 
question teachers responses were almost even (figure 1). From this we can start 
suggestions that it’s possible that teachers do not think it is that important to call a half 
as it is. Instead some teachers seem to call it “1 over 2”. This is a minor inconsistency 
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that could lead to confusing consequences for learners.  The confusion with the word 
“over” could lead to learners thinking that the numerators are more important that the 
denominators. Hence the learners might start identifying fractions by using the 
numerators instead of the denominators. Furthermore the learners might be tempted to 
do to the denominators exactly as they have done to the numerator during calculations 
which is to just add the numerators together.  It is not known how far this phenomenon 
could be widespread into our schools country wide. The sooner we start doing 
something about it the sooner our kids can be alleviated from the fear of fractions. 
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PUBLISHING IN PEER-REVIEWED JOURNALS 
Anthony A Essien 

University of the Witwatersrand 
Associate Editor of Pythagoras 

 
Writing an academic paper can be overwhelming, hard to get down to and hard to 
finish. Yet, writing is a central aspect of our scholarly identity. In this special interest 
group on writing, we would explore what it entails to write for publication. In doing 
this, we would examine what to do when preparing a manuscript for publication; how 
to make arguments in one’s writing; reasons why manuscripts are rejected and how to 
get one’s manuscript accepted; and how to choose journals for one’s manuscripts. 
Writing is hard work. But seeing one’s work in print – in a good journal – makes it all 
worthwhile. 
 

PROBLEM SOLVING SPECIAL INTEREST GROUP 
VG Govender 

Eastern Cape Department of Education and Nelson Mandela University 
Problem solving is an integral part of Mathematics teaching and learning across all 
grades. Learners should be involved in problem solving from their early school years 
and should also be exposed to concepts and topics beyond computation to get a more 
complex and accurate picture of the discipline. This will definitely aid their 
mathematical development as they move through the grades. Much of this development 
will depend on the role of the teacher and this SIG attempts to contextualize this 
important role by discussing the importance of integrating problem solving activities 
within the classroom and the need to provide mathematics enrichment opportunities 
for learners. This may occur in mathematics competitions such as Olympiads, 
challenges and relays (among others).  
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ETHNOMATHEMATICS SPECIAL INTEREST GROUP 
Mogege Mosimege 

University of the Free State 
THE IMPORTANCE AND ROLE OF ETHNOMATHEMATICS SPECIAL 
INTEREST GROUP 
The Curriculum and Assessment Policy Statement for Mathematics for all the Phases 
(Foundation, Intermediate, Senior, Further Education and Training) identifies a 
number of Principles which are intended to guide and direct interaction and learning in 
mathematics classrooms. One of the Principles is stated as ‘Valuing Indigenous 
Knowledge Systems: acknowledging the rich history and heritage of this country as 
important contributors to nurturing the values contained in the Constitution’ (DBE, 
2011). This Principle calls upon mathematics educators to have an understanding of 
Indigenous Knowledge Systems (IKS) broadly and how it can be interpreted and 
enacted to guide classroom interactions. One of the ways in which this Principle can 
be interpreted and made real is through ethnomathematical research activities. One of 
the early definitions of ethnomathematics is given by D’Ambrosio (1984) in which he 
states that ‘Societies have, as a result of the interaction of their individuals, developed 
practices, knowledge and in particular jargons and codes, which clearly encompass the 
way they mathematise, that is the way they count, measure, relate and classify and the 
way they infer. This is different from the way all these things are done by other cultural 
groups. We are interested in a relationship between ethnomathematics and society, 
where ‘ethnos’ comes into the picture as the modern and very global concept of ethno 
as race and/or culture, which implies language, codes, symbols, values, attitudes, and 
so on, and which naturally implies science and mathematics practices’. A few years 
after the work by D’Amrosio another ethnomathematician Gerdes (1994) defines 
ethnomathematics as ‘the field of research that tries to study mathematics (or 
mathematical ideas) in its (their) relationship to the whole of cultural and social life’. 
The two definitions give the breadth and scope of the kind of mathematical processes 
and concepts and the kinds of activities that the Special Interest Group (SIG) in 
Ethnomathematics can be involved with. Other activities that the SIG on 
Ethnomathematics can undertake are: 

(i) Analysis of the CAPS for identification of ethnomathematical activities for 
implementation in mathematics classroom in the different Phases 

(ii) Analysis and identification of real-life situations and contexts in relation to 
mathematics content in the CAPS and related documents 

(iii) Establishment of individual and collaborative research activities in 
ethnomathematics 

(iv) Pursuance of postgraduate studies in ethnomathematics by AMESA 
members. 
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